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The object of this paper is a helical 
blade in a shredding drum from a sweep 
surface. Such drums are used in harves-
ters for crushing plant mass. If the flat 
blades are installed on the drum, cutting 
of the plant mass occurs simultaneous-
ly along the entire length of the blade. 
This could cause a pulsating dynamic 
load. If a flat knife with a straight blade 
is installed at an angle to the axis of the 
drum, then the distances from it to the 
points of the blade will be different, as 
well as the cutting conditions along the 
blade. The elliptical shape enables the 
same distance from the axis of rotation to 
the points of the blade, but this does not 
solve the problem. Many short flat knives 
with a straight blade can be mounted on 
the drum, placing them in such a way that 
the time between the individual knives is 
minimized. However, all these disadvan-
tages can be eliminated by a helical knife 
with a blade in the form of a helical line.

The design of a helical knife from 
an unfolding helicoid has been consid-
ered. In differential geometry, the bend-
ing of unfolded surfaces of zero thickness 
is considered. Bending of the workpiece 
into a finished product occurs with mi- 
nimal plastic deformations, the magni-
tude of which depends on the thickness of 
the workpiece sheet. The methods of dif-
ferential geometry of unfolding surfaces 
were applied to the analytical description 
of the surface of the helical knife.

The parametric equations of the un-
folding helicoid were derived according to 
the given structural parameters of the knife 
in space and on the plane. That has made 
it possible to mathematically describe 
the contour lines that cut the knife from 
the surface and on its sweep. Formulae 
for calculating a flat workpiece through 
the structural parameters of the knife 
have been derived. Thus, with the spe-
cified structural parameters of the knife 
R=0.25 m, τ=20°, j=65°, according to the 
resulting formula, we find the radius of the 
knife blade on a flat workpiece: R0=4.8 m
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1. Introduction

Shredding drums are used in forage harvesters. Flat or 
screw-shaped knives are attached to them. Flat knives are easy 

to manufacture but they cannot provide the grinding quality 
of screw-type ones [1]. During drum operation, it is necessary 
to ensure its uniform load. With helical knives, this happens 
due to the fact that after the end of the cutting process with  
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one knife, the next knife immediately begins work. If a flat 
knife is fixed on the drum so that its blade forms a certain angle 
with the counter-cutting plate by analogy with a helical one, 
certain problems arise. Firstly, the quality of cutting along the 
length will not be of the same quality as that of helical knives, 
and secondly, if the blade is straight, it has a variable gap with 
the counter-cutting plate during operation. To eliminate this 
drawback, the blade must be outlined along the arc of the 
ellipse. In order to bring the drum with flat knives closer to 
the work with helical ones, the flat knives are made short and 
placed on the drum in such a way as to balance the load on it as 
much as possible. Thus, in terms of the quality of grinding and 
the uniformity of the load, screw-shaped knives are superior to 
flat ones, but they are more difficult to manufacture.

Thus, the issue of simplifying the process of manufactur-
ing helical knives is relevant that can be resolved by design-
ing them from an unfolding surface. In this case, it is possible 
to find its exact sweep, which, when bent into the finished 
article, would undergo minimal plastic deformations.

2. Literature review and problem statement

In agricultural machines, the shape of the surface of the work-
ing bodies significantly affects the technological process. These 
surfaces are in contact with the process material. In the process 
of their interaction, certain requirements must be met. If the 
technological material is grain, then it is necessary to prevent its 
injury during interaction. In paper [2], the impact of the bucket 
working body of the grain mixture transporter on its injury is 
investigated. In [3], a similar study concerns cultivator paws.  
But the issues related to the possible variability of the forms 
of working bodies remained unresolved. After all, the shape 
of the working surface in tillage tools is of great importance.

In paper [4], a methodology for modeling soil cultivation 
is proposed, which allows analyzing the power characteristics 
of working bodies and the quality of the soil at the stage of 
designing soil cultivation machines. The resulting characte-
ristics make it possible to optimize the structural and tech-
nological parameters of the working bodies of the machines. 
But the authors did not focus on the issues of manufacturing 
working bodies of appropriate forms.

The experience of Great Britain regarding the issues of clas-
sical tillage, working bodies of tools and tools on its condition 
after performing the relevant operations is outlined in [5]. The 
authors took into account the variability of the forms of working 
bodies, but the issue of their manufacture remains unresolved.

The process of manufacturing the working bodies of till-
age tools by bionic methods was studied in [6]. But the pro-
posed approach cannot be used for the design of helical work-
ing bodies. The authors of study [7] propose the design of 
working bodies of machines and tools by means of computer 
modeling. This makes it possible to simulate the interaction 
of the proposed structures with the soil environment at the 
same time as to study the feasibility of the proposed solutions.  
However, the issue of manufacturing working bodies of ap-
propriate forms remains unsolved.

The first step to the production of working bodies is the 
construction of their sweep. Work [8] substantiates the geomet-
ric model and parameters of the surface of the cultivator paw, 
taking into account its subsequent manufacture. The method of 
designing the surface of the cultivator paw has been developed, 
which includes the formation of the guide curve, the construc-
tion of the surface frame, the determination of horizontal, fron-

tal, profile sections, and the construction of the sweep. However, 
the proposed technique is relevant only for unfolding surfaces. 
For folded surfaces, only an approximate sweep can be obtained.

Screw surfaces have become widespread in agricultural 
machines. Helical surfaces can be folded and non-folded. The 
design of a harrow with screw working bodies is considered 
in [9] without analysis of the type of surface, and this is criti-
cally important for the issue of its manufacture. Study [10] 
considers the issue of generating structures of energy-saving 
transport and technological systems with helical working 
bodies by the synthesis of hierarchical groups using mor-
phological analysis. However, in the study, the question of 
obtaining a flat workpiece of the working body for its further 
manufacture remained unsolved.

Works [11, 12] consider the construction of a spiral de-
scent, in which the working surface is an folded (oblique) 
helicoid. The disadvantage of these studies is that it is pos-
sible to obtain only an approximate sweep for the proposed 
surface. Instead, in [13] a screw tillage body is considered, the 
working surface of which is made in the form of an unfolding 
helicoid. The authors emphasize that the unfolded surface is 
characterized by the manufacturability of the production of 
the working body as it makes it possible to calculate the geo-
metric dimensions of the flat workpiece, which is formed into 
the finished product by simple bending with the minimization 
of plastic deformations. The proposed approach is limited to 
the design of auger soil tillage bodies, but it can be adapted to 
solving a wide range of problems, in particular helical knives.

In the shredding drums of forage harvesters, the working 
bodies are knives, which can be flat or helical, that is, have 
a helical shape. The first ones are easy to manufacture and 
must be installed at an angle to the counter-cutting plate, but 
at the same time, the constancy of the cutting angles is not 
ensured [1]. To reduce this disadvantage, they must be made 
as short as possible, which complicates the construction of 
the drum due to the large number of knives, each of which is 
attached in a certain order, that is, the drum is made section-
al. The helical blade can have the form of unfolded or folded  
helicoid. To facilitate the manufacture of the knife, it is sug-
gested to give it the shape of an unfolding helicoid (unfolding 
helical surface). In this case, one can accurately calculate the 
contours of the flat workpiece. When it is formed into a finished 
product, plastic deformations will be minimal, which reduces 
the energy consumption of manufacturing the final product. 
Works [14, 15] consider the strengthening of surfaces and 
preventing their wear. In these works, the issue of increasing 
the wear resistance of parts already after their manufacture by 
applying a suitable coating is considered. However, this issue 
can be partially resolved already at the stage of designing  
a flat blank for manufacturing a working body.

Paper [16] considers the modeling of a helical knife using 
SolidWorks software, and paper [17] presents a new machine 
for cold drawing of a spiral blade. This technology of making  
a knife implies a high labor intensity of the process due to sig-
nificant plastic deformations of the workpiece. Meanwhile, this 
process can be improved by analyzing the surface of the knife 
with the involvement of the differential geometry apparatus. 
These questions remained outside the attention of researchers 
due to the simple, in their opinion, shape of the knife. A knife 
with a simpler shape, whose cross-section is a straight line, is 
more difficult to manufacture than a knife whose cross-section 
is a curved line – the involute of a circle. However, it was not 
possible to find an analytical description of the shape of the 
helical knife and its flat blank in the available literature.
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3. The aim and objectives of the study 

The purpose of our study is to develop an analytical de-
scription of the shape of the helical knife for the shredding 
drum and its flat workpiece based on the condition that the 
surface of the knife is unfolded. This 
will make it possible to minimize plas-
tic deformations when bending a flat 
blank into a finished product.

To achieve the goal, the following 
tasks were set:

– according to the given structu-
ral parameters of the knife, derive the 
parametric equations of the unfolding 
screw surface and analytically outline 
the contours of the knife on it;

– to find the contours of a flat 
workpiece for making a knife, indicat-
ing the required dimensions.

4. The study materials and methods

The object of our research is the 
helical blade for the shredding drum 
from the unfolded surface for the pur-
pose of finding the exact contours of its 
flat workpiece.

The main hypothesis of the study assumes that the re-
placement of the folded surface of the helical knife with an 
unfolding one could simplify the knife manufacturing tech-
nology. In the work, a simplification is adopted, according to 
which the thickness of the material from which the knife is 
made is not taken into account. The assumption is that this 
will not affect the accuracy of the construction of the knife 
sweep in the form of a flat workpiece.

Research materials are based on the provisions of the 
internal geometry of the surfaces. According to this theory,  
a piece of the unfolded surface can be bent into a flat compart-
ment and vice versa, while the correspondence between the 
points of the surface and the points of the flat compartment 
is established, which makes it possible to find the contours of 
the flat workpiece based on the known contours of the piece of 
surface. Correspondence is determined by the first quadratic 
form of surface equations in space and on the scan, which is 
a confirmation of the reliability of mathematical statements.

5. Results of investigating the unfolding surface,  
for which the guiding spiral line is the blade of the knife

5. 1. Cutting a piece from the helical surface that corre-
sponds to the contours of the helical knife

Fig. 1, a, b shows a schematic representation of a drum 
with a helical knife in projections. At any point, the cross sec-
tion of the knife is a segment of a straight line that makes an 
angle j with the radial direction (Fig. 1, b). Its other struc-
tural parameters are the radius of the drum R, its length L, the 
angle τ, which forms the outer helical line of the knife (blade) 
with the axis of rotation or counter-cutting plate.

The helical surface for cutting a knife from it for conve-
nience is designed with a vertical axis of rotation. The guide 
curve is taken as a knife blade, i.e. a helical line with a rise angle  
of 90°–τ. A folded helical surface (straight open helicoid) 

will be formed by the helical movement of the horizontal 
segment so that it intersects the knife blade and forms a con-
stant angle j with the radial direction, as shown in Fig. 1, b.  
The surface formed in this way is shown in Fig. 1, in which 
the contours of the knife are indicated by a thick line.

The blade from the surface of the unfolded helicoid is 
formed by a set of rectilinear generatrices tangent to the 
helical line, which for it is called the turning edge. The para-
metric equations of the torso-helicoid are written:

X a u= +cos cos sin ;α β α  (1)

Y a u= −sin cos cos ;α β α

Z a u= −α β βtg sin ,

where α and u are independent variable surfaces, and α is the 
angle of rotation of the point around the axis when it moves 
along the turning edge, u is the length of the rectilinear 
generatrix, the count of which starts from the point on the 
turning edge; a is the radius of the cylinder on which the 
turning edge is located (Fig. 2, a); β is the angle of elevation 
of the turning edge.

When changing the sign before u in equations (1), the  
linear generatrix will be directed upwards. Fig. 2 shows the 
constructed projections of the unfolded helicoid section, 
which with the proper parameters will be a helical knife 
with the simplification that its thickness is zero. Also, the 
proportions of the surface section do not correspond to the 
proportions of the knife, but at the same time it is convenient 
to mark the necessary parameters to find their connection 
with the structural parameters of the knife.

The cross-section (perpendicular to the axis of the sur-
face) of the folded helicoid will be a straight line since all its 
generatrices are parallel to the horizontal plane (Fig. 1, c). 
For an unfolded helicoid, this will be a well-known curve – 
the involute of a circle. To find its equation, you need to set 
the constant value of the coordinate Z = Zh in the last equa-
tion (1). From here, the dependence u = u(α) can be derived:

u
a Zh=

−α β
β

tg
sin

, (2)

 

     
а b c

Fig.	1.	Graphical	illustrations	of	the	shape	of	a	helical	knife	from	a	folded	surface:		
a	–	diagram	of	the	location	of	the	knife	on	a	drum	with	a	horizontal	axis	of	rotation;	

b	–	side	view,	on	which	the	knife	blade	is	projected	by	an	arc	of	a	circle;		
c	–	a	spatial	image	of	a	knife	in	a	vertical	position,	as	a	section		

of	a	helical	surface
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when Zh = 0 and substituting (2) into the parametric equa-
tion (1), an involute arc will be described, which limits 
the length of the knife below, and when Zh = L – above.  
Fig. 2, b shows the constructed torso-helicoid, in which the 
recti linear generatrices are tangents to the turning edge 1 and  
when meeting the horizontal plane (that is, at Zh = 0) in the 
intersection with it give involute 2. The part of the involute 
that concerns the torso strip (helix-shaped knife) is indicated 
by a thick line. In all the given dependences (1) to (3), the 
radius a and the angle β refer to the turning edge. They need 
to be expressed through the parameters of the knife.

Fig. 3, a shows the top view of the unfolded helicoid de-
picted in Fig. 2, b. 

The result of its cross-section is involute 2, which is 
indicated by a thick line within the section between the 
radii R and r. The angle j between the radial direction 
and the tangent to the involute at the point of the blade 
is shown. Fig. 3, b introduces other notations, in parti-
cular, an additional angle γ was introduced to show that 

the angle j is present in the right triangle OAB. From it, 
the expression for the radius a can be found through the 
parameters of the knife:

a R= cos .j  (3)

It is appropriate to find the expression of the an-
gle β through the parameters of the knife. For this, the 
length of the rectilinear generatrix u, which corresponds 
to the helical line of radius ρ on the surface, must be deter-
mined. The distance ρ from the point of this helical line to 

the axis of the helicoid is determined  
as follows:

ρ β

ρ
β

2 2 2 2 2 2

2 2

= + = + ⇒

⇒ =
−

X Y a u

u
a

cos

cos
.  (4)

When ρ = R, from (4) the expres-
sion u for the helical line – the knife 
blade – will be derived. 

By substituting the value of a from 
(3) and the value of u from (4) taking 
into account ρ = R into the parametric 
equations (1) of the surface, the equa-
tions of the helical line, the knife blade, 
can be obtained:

x R R= +cos cos sin sin ;j α j α  (5)

y R R= −cos sin sin cos ;j α j α

z R R= −α j β j βcos sin .tg tg

The tangent to the helical line (5) forms an angle τ with 
the surface axis (that is, with the Z axis). It can be written as 
the angle between the tangent vector to the helical line (5) 
and the Z axis. The expression for this angle can be derived 
after finding the derivatives in equations (5):

cos
cos

cos

cos
cos sin

.τ
j β

j β
β

τ
j τ

=
+

⇒ =
tg

1 tg
Arctg

22
 (6)

Fig.	2.	Projections	of	the	unfolded	helicoid	strip	with	the	turning	edge,		
which	is	helical	line	1:	a	–	frontal	projection	(generatrices	of	the	unfolded	helicoid	

are	directed	upwards);	b	–	axonometric	projection	(generatrices	of	the	torso-
helicoid	are	directed	downwards)

 

 
а b

 
а b

Fig.	3.	The	top	view	of	the	helicoid	torso	shown	in	Fig.	2,	b :	1	–	turning	edge,	2	–	circle	involute;		
a	–	the	selected	strip	of	the	unfolded	helicoid	and	its	cross-section,	which	is	indicated	within	the	strip	of	the	involute	circle;	

b	–	designation	of	the	necessary	parameters
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In the equations of the unfolded helicoid (1), constants α and 
β are expressed through the structural parameters of the knife 
according to (3) and (6). The interval in which the variables α 
and u acquire values was considered on a specific example.

Substitution of the expression a from (3) and β from (6) into 
the second formula (4) and the transformation give the result:

u
R

=
−( ) +( )ρ j j τ τ

j τ

2 2 2 2 2 2cos cos sin cos

cos sin
. (7)

Let the knife parameters be as follows: R = 0.25 m,  
τ = 20°, j = 65°. Substitution of the given data into formula (7) 
makes it possible to obtain the value of u for a given value of the 
radius ρ. For example, at ρ = R, which corresponds to the blade 
of a knife, the value of u is u = 1.49 m. At u = 0, equation (1) will 
describe another spiral line – the turning edge. These values will 
correspond to the maximum possible width of the knife in the 
form of the length of the arc of the circle involute (cross-section 
of the knife), which is located between the corresponding cir-
cles (Fig. 3, b). The width of the knife was limited by an internal 
spiral line, which corresponds to a radius of ρ = 0.2 m. Substi-
tuting this value into formula (7) gives the result: u = 1.12 m. 
Therefore, the u parameter will vary within u = 1.12...1.49. The 
resulting section of the unfolded helicoid will be located bet-
ween uniaxial cylinders of 0.2 m and 0.25 m radii.

The limits of change in the angle α depend on the length 
of the knife, which in turn depends on their number on the 
drum. The load on the drum should be balanced, and this 
will be on the condition that when cutting with one knife 
is finished, the next one immediately begins work. From the 
last equation (1) at u = 0 we write: Z = a·α·tg β. If the number 
of knives is n, then for one knife its rotation angle should  
be α = 2π/n. Therefore, Z = 2a·π·tg β/n. The value of Z will be 
the length of the knife, i.e. L according to the designations  
in Fig. 1, a. When n = 6, we shall obtain: Z = L = 0.72 m.

When constructing a section of the surface (1), which 
corresponds to the contours of the knife, the change in para-
meters u and α can be taken within larger limits and the de-
sired section can be cut from the obtained surface. Fig. 4 shows  
the constructed surface of the unfolded helicoid with lines 
that cut out the desired section on it. Numbers 1 and 2 indi-

cate the involutes that limit the length of the knife. They are 
constructed by substituting expression (2) into the surface 
equation (1).

By analogy with the section of an open helicoid (Fig. 1, c), 
which is formed by the helical movement of a horizontal 
rectilinear generatrix, the section of an unfolded helicoid 
can also be formed in this way. At the same time, instead of 
a rectilinear generatrix, there should be an arc of an involute 
circle, the plane of which during helical motion remains par-
allel to the horizontal plane of the projections. The strip (sec-
tion of the surface) with this formation technique is built  
in Fig. 4, c. At the same time, the rotational movement of the 
involute arc around the axis of the helicoid and its transla-
tional movement along the axis must be aligned.

5. 2. Finding the contours of a flat workpiece for mak-
ing a screw-shaped knife from it

For unfolded surfaces, one can find their parametric equa-
tions on the sweep, that is, after bending them onto a plane. 
They are found by means of differential geometry on the basis 
that the lengths of the lines on the surface do not change after 
bending. Without going into the subtleties of the transition 
from the equations of the unfolding surface in space to its equa-
tions on the plane, the result takes the following form:

X
a

u0 2= ( )+ ( )
cos

cos cos sin cos ;
β

α β α β  (8)

Y
a

u0 2= ( ) − ( )
cos

sin cos cos cos .
β

α β α β

It is possible to make sure that the parametric equa-
tions (1) and (8) describe the same helical surface of the 
unfolded helicoid in space and on the plane by finding the first 
quadratic form of these equations. A pair of numerical values 
of coordinates α and u defines a point on the surface in space 
according to equations (1) and the corresponding point on the 
sweep according to equations (8). The dependence u = u(α), 
which is the internal equation of the line, when substituted 
into parametric equation (1), describes the line on the surface 
in space, and when substituted into equation (8), it describes 
the corresponding line on the sweep. 

 
а b c

Fig.	4.	Projections	of	the	section	of	the	unfolded	helicoid	(1	–	arc	of	the	involute	of	the	circle	at	Z = 0,	2	–	at	Z = L):		
a	–	frontal	projection;	b	–	horizontal	projection;	c	–	the	axonometry	of	the	section,	the	generating	curve		

of	which	is	the	arc	of	the	involute	of	a	circle
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For example, when substituting (2) into (8) when Zh = L, 
involute 1 was obtained (Fig. 5, a), and when Zh = 0 – invo-
lute 2. Accordingly, when substituting expression (7) (in 
this case, it is a constant value) in (8), the curve of knife 
blade 3 at ρ = R = 0.25 m and the opposite curve (4) at ρ = 0.2 m 
were obtained.

The knife sweep can be built more simply. Its blade on the 
sweep and the opposite curve turn into arcs of circles. The 
radii of these circles can be found as follows. The distance 
from the origin of the coordinates to an arbitrary point on the 
sweep (8) is determined from the formula:

ρ
β

β0 0
2

0
2

2 2 4

2= + =
+

X Y
a u cos

cos
. (9)

All values included in expression (9) are constant, therefore 
the distance ρо is constant, that is, the corresponding curve will 
be a circle. Substitution into formula (9) of the expressions 
included in it from (3), (6), (7) makes it possible to obtain an 
expression for ρо through the structural parameters of the knife:

ρ
j

ρ τ j τ0
2 2 2 2 21

= +( ) +( )
cos

cos .R ctg ctg  (10)

At ρ = R = 0.25 m, formula (10) gives the radius R0 of the 
arc of the circle that outlines the blade on the sweep, and at 
ρ = 0.2 m – the radius rо (Fig. 5, a). With the given parame-
ters of the knife: R0 = 4.8 m, ρо = 4.7 m. Two concentric circles 
can be built according to the obtained dimensions (Fig. 5, b).

To find the boundaries of the section between concen-
tric circles, one can proceed as follows. By substituting the 
value ρ = a in (10), the radius ао of the circle, into which the 
turning edge on the sweep is transformed, is determined. 
Its length s, within the length of the knife L, is the same 
in space and on the sweep. In space, it is located through  
the elevation angle β: s = L/sinβ. On the sweep, it corre-
sponds to the arc AB (Fig. 5, b) and is found through the 
angle αо: s = ао·αо. Hence, the central angle αо for the arc AB 
can be determined: αо = L/(ао·sinβ). 

Switching to the structural parameters of the knife makes 
it possible to obtain the following expression:

α
j τ

τ j τ τ
0

2

2 2 2
=

+
L

R

cos sin

cos cos sin
.

cos
 (11)

Based on the known value of the angle αо according  
to (11), the arc AB can be placed on a circle of radius ао.  
From points A and B, involutes are drawn to this circle, 
which, at the intersection with circles of radii ro and Ro, 
cut the blade of the knife from the ring. Analogously to the 
angle αо, the angle ψ can be found: ψ = L/(Rо·cosτ). When 
moving to the structural parameters of the knife, the result is 
a formula that exactly coincides with formula (11), i.e. ψ = αо. 
This means that the knife blade rests on the same central  
angle as the arc AB. For the given structural parameters of 
the knife, this angle is ψ = αо = 0.765 rad.

6. Discussion of results regarding the design of a helical 
knife and the construction of its sweep

Design and manufacture of helical knives are not given 
due attention in the scientific literature due to the suppos-
edly simple shape of this part. The designation of the knife 
indicates that its surface is helical. However, a helical surface 
can be linear or non-linear, and non-linear surfaces are all 
non-expandable, and a linear surface can be both non-ex-
pandable and expandable. The simplest helical knife based 
on its surface structure is a knife whose cross-section is  
a rectilinear segment (Fig. 1). However, its surface is folded, 
and it is impossible to accurately find the contours of a flat 
workpiece. Accordingly, when molding the approximate 
workpiece into the finished product, plastic deformations 
occur, in which cracks and even metal rupture may occur if 
the plasticity threshold is exceeded.

Our results are explained by the fact that it is proposed 
to adopt the surface of the helical knife in the form of an 
unfolded helicoid. A feature of the unfolded helicoid is that 

the cross-section of its surface is an involute arc, 
the parameters of which are strictly coordinated 
with the parameters of the knife. The process 
of formation of folded and unfolded helicoids 
is similar: while in the first case the surface is 
formed by the helical movement of a straight-
line segment (Fig. 1, c), in the second – by the 
helical movement of an involute arc (Fig. 4, c). 
However, in the second case, it is possible to ac-
curately build the sweep of the knife, that is, the 
contours of the flat workpiece. When it is bent 
into the finished article, plastic deformations 
caused by the thickness of the workpiece will 
also occur, but they will be minimal. It is these 
features of the proposed solutions that pro-
vide advantages. In contrast to [17], in which 
the manufacture of a knife by cold drawing of  
a workpiece is considered, in this work a flat 
workpiece with precise curvilinear contours is 
proposed. This became possible owing to the 
analysis of the knife surface from the point of 
view of the differential geometry of surfaces.

Our solutions resolve the problem specified 
in the second chapter. It involves devising  
a methodology for the accurate calculation of  

Fig.	5.	The	sweep	of	the	knife:		
a –	built	according	to	equations	(8)	by	substituting	the	internal	equations	

of	the	contour	lines	into	them;	b –	constructed	according	to	equation	(10),	
as	a	section	between	two	concentric	circles

а b  
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a flat workpiece for a helical knife from the unfolded surface, 
while in works [6, 16, 17] this was not paid attention to, and 
the production of knives was carried out from approximate 
blanks without taking into account the type of surface.

There are limitations on the length of the knife due to the 
technology of its manufacture. For example, one can theore-
tically imagine a knife in which the blade has one full turn, 
that is, the angle of its twist is 360° (for example, Fig. 2, a). 
However, it is technologically difficult to manufacture, so it 
is necessary to limit the twisting angle to 90°.

The disadvantage of our study is that the thickness of the 
knife is assumed to be zero. However, this does not detract 
from the practical value of the results since such an assump-
tion is quite acceptable for parts of small thickness, and the 
error in the calculations decreases with a decrease in the 
thickness of the part.

Further development of the study may focus on an unam-
biguous correspondence between points and lines on the 
surface and on the sweep for other unfolded surfaces. This 
would make it possible to precisely build the contours of flat 
workpieces for the manufacture of work surfaces that are 
expandable.

7. Conclusions

1. Analysis of the surface of the helical knife has revealed 
that it can be a section of both folded and unfolded helicoids. 
Although the surface of the unfolded helicoid is more com-
plex in its structure, in this case it is possible to accurately 
construct the sweep of the knife in the form of a contour of 
a flat workpiece. This is an advantage in the manufacture of 
a knife due to the reduction of plastic deformations. In this 
regard, the parametric equations of the unfolded helicoid 
were constructed, to which the structural parameters of the 
knife were entered. The internal equations of the curved lines 
that outline the contours of the knife on the surface of the 
unfolded helicoid were also derived.

2. On the basis of the theory of differential geometry, the 
parametric equations of the unfolded helicoid were built af-
ter its alignment with the plane. These equations established  
a one-to-one correspondence between the points on the heli-
coid sweep and the points on the surface in space. This corre-

spondence has made it possible to derive the internal equations 
of the contours of the knife. Substituting them into the para-
metric equations of the helicoid gives the contours of the knife 
on the surface, and when substituting them into the parametric 
equations of the sweep – the contours of the flat workpiece. 
Since the helical line – the blade of the knife – turns into an arc 
of a circle on the sweep, a simplified technique for constructing 
a flat workpiece was devised. It implies finding the concentric 
circles that outline the flat workpiece and the central angle 
on which the knife blade rests. Appropriate calculations were 
performed for the specified structural parameters of the knife.
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