u]

=,

IIpononyemovcs euxopucmanus xeamepHi-
OHUX Mampuyb 011 NPeOCMAaABLeHHS MYIAbmU-
NAIKAMUBHUX KOMNO3UYIU, K MAIOMb CKANAD -
Hi ma eexmopHi 000YmMKU LOMUPLOX BEKMOPIE.
3uaxoodamocs Qopmyau mampuunozo npeo-
cmaenenns onepauiii 6exmopmoi anzedpu, aKi
Oe3nocepednvo adanmosani 00 KOMR 1OMePHUX
mexHonoe2iil

Kntouosi cnosa: keamepnioni mampuui, 6ex-
MOPHI MaAMPuUYyi, MYJIbMUNTIKAMUCHT KOMNOIU-

uii, momosicnocmi eexmopnoi anzedpu
=,

u |

IIpednazaemcs ucnoav3oeanue xeamepuu-
OHHBIX Mampuy, 0151 NPeOCMAasaeHUss MYAbmu-
NAUKAMUBHBIX KOMNOIUUULL 6eKMOPHOU ajze-
Opvt, codeprcawux cxkanapuvie U GeKmMopHvle
npoussedenus uemvipex 6exmopos. Haxooamcs
dopmynvt mampuunozo npedcmagnenus one-
pauuil 6exmopHoi anzeGpul, Henocpedcmeen-
HO adanmuposanHvie K KOMNLIOMEPHLIM Mex-
HOJl02UAM

Knrouesvie cosa: xeamepnuonnvie mampu-
Ubl, GEKMOPHbLIE MAMPUUDL, MYJLMUNIUKA-
MmueHbvle KOMROZUUUU, MOHCOECTEA 8eKMOPHOTL

anzeopol
=,

u |

It is proposed to use quaternionic matrices
Jfor presentation of vector algebra multiplica-
tive compositions, that have scalar and outer
products of four vectors. New formulas of matr-
ix presentation of vector algebra operations are
Jound. These formulas are directly adapted to
computing experiment

Key words: quaternionic matrices, vectorial
matrices, multiplicative compositions, identiti-
es of vector algebra
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ITocranoBka 3amaun

KBaTepHuoOHHBIE MaTPHI[BI HAXOASAT IIPUMEHEHUE B
Pa3JMYHBIX HAMPABICHUSAX HAYKM U TEXHUKHU KakK ya00-
HBIII MaTeMaTUYeCKU armapar, alallTUPOBAHHDIN K KOM-
MBIOTEPHBIM TeXHOJOTHAM [5, 6, 7, 10]. B manmoit ctathe
MJLTIOCTPUPYETCS IPUMEHEHMe KBATEPHUOHHBIX MATPUIL B
BEKTOPHOI ajirebpe Ha IpuMepe PACCMOTPEHUS CJIOKHbBIX
BEKTOPHO-CKAJISAPHBIX ITPOU3BEACHUI, COCTABICHHBIX U3
YyeThlpeX Pas3JuyHbIX BeKTOPoB. CHcTeMaTHYeCKU BbIBO-
JSATCS TOKAECTBA BEKTOPHOU asreOpbl, CBA3BIBAIOI[NE
YyeTbIpe BEKTOPA, IJle Hapsay ¢ U3BECTHBIMU Pe3yJibTaTa-
MU YCTAHABJUBAIOTCS HOBBIE TOXAecTBa. [lomydeHHble
TOK/IECTBA SIBJISIIOTCS] MOOOYHBIM PE3YIBTATOM OCHOBHOM
3a/1a4M: MATPUYHOTO MPE/CTABICHUS CJIOKHBIX BEKTOPHO-
CKAJISIPHBIX TIPOU3BEIEHUH YeThIpeX BeKTOpoB. Vckomas
3ajlaya PEIIaeTcsl B Pa3BEPHYTOM BujE, Cledyst 00Iemy
aJITOPUTMY, NU3JI0KEeHHOMY B [9].

3aaHbl YeThbIpe Pa3jMdHbIX BEKTOPA: E,B,E,a, KOTO-
PBIM COTOCTABJSIOTCS KBATEPHUOHHDLIE MATPUIIBI, OTpe-
aensiembie Gasncom E, m Ef (i=1,2,3) u uzomopdunie
BEKTOPY ¥ IPOTHBONOJNOKHOMY BekTopy [8]. Tpebyercs
MPEACTaBUTh PACCMATPUBAEMBIMI KBATEPHUOHHBIMHU Ma-
TPUTIAMU MYJIbTUTIUKATUBHBIC KOMIO3UIIUNA UEThIPEX
BEKTOPOB, COMEPIKAINE CIOKHBIE CKATSIPHO-BEKTOHBIE
MPOU3BEICHUS.

Pemenue 3agaun

I. ®opMmupyiorcss KBaTeDHHOHHbIE  MATPHILBI
A, B,,C,,A},B;,C, 9KBUBasIeHTHbIE 3a/[JaHHBIM M [IPOTU-
BOTIOJIOKHBIM BEKTOPAM:



0 a a, a, 0 a a, a
P T I
-a, a, 0 -a -2, —a; 0 a
-a, —-a, a 0 —a; a, -a 0
0 b, b, b, 0 b b, b
B - b 0 -b, by B = =b, 0 b, -b,
-b, b, 0 -b, -b, -b, 0 b
b, -b, b, 0 -b; b, -b, 0
0 ¢ ¢ ¢ 0 ¢ ¢ ¢
Co = 0 s @ , Cg = S ’ oo
-, ¢ 0 —c -, ¢ 0 ¢
-, —¢, ¢ 0 - ¢ —¢ 0
0
d = d, di =
a racke dy=| ) ow o=0 d, d, dy|, rae
2
dy

a,b;,c;,d,(i=1,2,3) u3BecTHbIC KOMIIOHEHTBI BEKTOPOB B
HEKOTOpOM Gasuce.

I1. CTposiTcS MyJIBTUTIINKATUBHBIE KOMIIO3UITUU HIC-
XOJHBIX KBaTEPHHOHHBIX MaTPHIL 110 cJeyIomeii cxeme:

-~ Co G

B,—C; B—C/

B C, A/ C,
AO\

Bt (& B, Co

RN . ™S )

C, C,

OTKyma ycTaHABANBAIOTCSI MYJIBTUIIINKATUBHBIE KOM-
MO3UIUYU KBAaTEPHUOHHBIX MaTPHUL, COOTBETCTBYIOLIUX
4eThIPEM 3a/ITaHHBIM BEKTOPaM, B KOJIUYECTBE OIIpejeisie-
MOM B BH/I€ 2° , A UMEHHO:

Ao ‘Bo ‘Co 'dov

Ao 'Bo 'C(t) 'dw

A,-Bi-C,-
A,-B;-Cy-
A(tJ 'Bo 'Co ’
Ay-B,-Cy-
Ay-B;-C,-
Ay-By - G-

NG W

ITI. OnpenenstioTest, UCXO/s M3 CBOMCTBA ACCOIUATHB-
HOCTHU YMHOKEHUSI MATPUTL, CJIEY IOTIHE ITSITh BO3MOKHBIX
MOCJIeJIOBATEIBHOCTEN MEePEMHOKEHNS YCTAHOBJIEHHBIX
BOCBMU MYJIbTUIIJIMKATUBHBIX KOMITO3UIIUIT KBaTePHHUOH-
HBIX MATPHUIL, T.€.:

 MBoCoedy =A,[B, (Cd)]:
=[(A0B,)-Cy]-dy =[ Ay (B,-Cy) ] -d,
AO-BO.C;-dO=AO-[Bo-(cg-do)]=A0.[(Bo-Cg).d0]=

.:[(Ao'Bo)'CB]'do:[Ao'(Bo'CB)]'do:(Ao'Bo)'(C(l)'do)r

f)‘(Co'do)]:Ao'[(BB‘Co)'do]:
. =[(Ao 'B(t))'co:l'do =[A0 (BB 'Co)]'do =(Ao 'B(t))'(co 'do)v

[(B C)d]

D(Cy )

A,-By-Cyody=A,[B

AO'B(t)'C(t)'do:Ao'[Bé'(CB'do)]:Ao'[(B(t)'c(t))'do]:
=[(A0B) CoJ o =[ A0 (B Ci) | dy = (A, BL)(C ),

5 AB'BO‘Co‘do:AZ'[BO'(Co'do)]:Ag'[(Bo'co)'do]:
.:[(AB'BO)'CO]'dO:[AB'(BO'CO)]'dO:(A([)'BO).(CO'dO)’

6 A([]-B”-C:,-d”=A([]~|:B(]~(Cf]-d0):|=A:,-[(B(]~C:])-d0:|=
:[(A;‘Bo)'cg]'do:[AB'(BO'CB)]'d ( 0° o) (Ct -d )7

t'(C 'do)]:Aé'[(Bé'Co)'do]:
=|:(A3‘BB)'C0:| do I:At (BB'CO)]'d(>=(A6'B3)'(Co'd0)7

Ay-By-Cyed,=A}[B

t t t At t t _ At t t _
8 Ao'Bo'Co'do—Ao'[Bo'(Co'do)]—Ao'[(Bo'co)'do]—
._ t t t _ t t t _ t t t

= [(Ar> 'B())'Co]'do = [Ao '(Bo 'Co)]'do - (Ao 'Bo)'(co 'd0)7
IV. CocraBieHHBIM BOCBMU MYJbTHUIIJIMKATUBHBIM
KOMIO3UIIUAM KBAaTEPHUOHHBIX MaTpUI], C Y4Y€TOM
IIATHU BapUaHTOB aCCOMUATUBHOCTHU, CTAaBUTCA B COOT-
BETCTBUEC MYJIbTUIIJIMKATUBHBIEC KOMITIO3UIIUN YE€THIPDEX

BEKTOPOB, COJEPIKAIINE CKANSPHBIC U BEKTOPHbIE TIPO-
N3BeJEHUS:

Ay[B,(C,0d,)]-
H ~(a-b)(c-d)+a [bx(cxd)] ‘;
H—E[b (cxd)] ( XB)(E‘7)+5X[BX(EX8):H

A, [(Bo o Co)do] -

1.1.

!

1.2.

1.3.

—(E‘B)(E-a)+[(axb)xc] d
~[(&xb)-c]d-(a-b)(exd)+[(

[Ao (Bo O] ON ]do -

a><b ><c

1.4 %H (b c)(a-a)+[5x(gx6)]-a ‘;
H b><c)]d—(b~6)(5xa)+[5x(gx6ﬂxa‘
(A, 0B,)(C,0d,)—>
b ~(a-b)(e-d)+(@xb)-(cxd)




2.1. AO[ ,(Chod, )]_>

22.A,[(B,0C;)d, |-

2.3.[(A,0B,)C;]d, -

2.4.[A,(B,0C})]d, -

3.1. A(, [B([] (Co S) d())] -

32.4,[(B,0C,)d, |-

33.[(A,0B;)C, |d, -

34.[A,(B,0C,)]d, - (

35.(A,0B})(C,0d,)—>

a5 (o] ol .d)+:.[1))x(c><(;)

42.A,[(By0Cy)d, | = | _(z'c)(a'd% '

o L
3.[(A,0B;)C; |dy =~ _9

44.1 A, (B ©C} - (b C)(a d)+|:5><(7 H
[ o(B) 0)]d0 —[5-(B><E):|d+2a[(b><c) a] (B-E)(axd a>< b><c >< H

5. (8, 0B)(ci0d) o |2l

a) (axb) (cxd) _ _ H,
+2[ (cxd)]b—(ﬁxb)x(éxd)“



5.1.A4[B,(C, 0d,)] -

52.A)[(B,0C,)d, |-

53.[(A)0B,)C, |d, -

b - I
~[(axb)-c]d-2[(axc)-d]b+2[(axD)-d|e+(a-b)(exd)-[ (axD)xc]x H

5.4.[Ay(B,0C,)]d, -

[a:(bxc)]d-2a[ (bxe)-
55.(A,0B,)(C, 0d,) - (

(axb)(c-d)+(a-b)(cxd

6.1.A;[B,(C) 0d, )] - |-

6.2. Ay (B,0C})d, |-

63.[(A)©B,)C) |d, = |=——=— i.i . [(

6.4.[ Ay (B, 0Ch)]d, -

~(a-b)(c-d)-(axb)-(cxd)

6.5.(A; ©B,)(C, © —>H H
( ’ 0)( ! do) H(axb)(c d) (a b)(cxd)+2[ (cxa)]b (ﬁxg)x(éxa)H’

7.1.A; [B(t) (Co od, )] -

7.2. A5 (B0 C, )d, |-

73.[ (A 0B})C, |d, >

74 Ay (By©Cy)]d, -

| G- (e *\;
<) @) (a B)(ex)+ (@b (exa)

75.(A;0B;)(C,0d,) -




8.1.A;[B)(C) 0d, )] - |-=——=

82.A;[(B,0C;)d, |- | =

83.[(A;0B;)Cy |d, -

8.4.[A(ByoCy)]d, -

_ —(@D)(E-d)+(axb)(exd)
(Exb)(E-d)+(§-b)(Exd)—(éxb)x(Exd)‘

)

V. Anre6pa1/1!{eCKHe CYMMbI COCTaBJIEHHBIX BOCbMU MYJIBTUITINKATUBHBIX KOMITO3U I KBAaTE€PHUOHHDbIX
MaTpull HIPeACTaBJIAIOTCA B BU/I€ IIPOU3BEAECHUA aJII‘e6p3.I/I‘{eCKI/IX CYMM UCXO/IHBIX KBATEPHUOHHDbIX
MaTpuIL:

1 A()B()C[)d() + A()B(T)C[)d() + A(t)B()C(]d() + A:)B:)C()d() +

“+A,B,Cid, + A B{Cid, + AiB,Cid, + AiByCid, =(A, + A} )(B, + B} )(C, +Cy ) d,

AB,C,d, +A,BC,d, —AB,C,d, —A'BIC,d, +
“+A,B,Cid, + A, BiCid, — A{B,Cid, — AiB{Cid, = (A, - A} )(B, + Bg)(co +Cy)d,

AB,C,d, —A,B;C,d, +A;B,C,d, —A;B;C,d, +
‘ +A0B0C(t)d0 - A()B(T)C(t)do + A:)B()C(t)do - A:)B:)C(T)do = (Ao + A(t) )(Bo - BB)(CO + C(t))do

A()B()C[)d() + A()B(T)C[)d() + A(t)B()C(]d() + A:)B:)C()d() -
"—A,B,Cid, - AB{Cid, — AiB,Cid, — AiBiCid, =(A, + A} )(B, + B} )(C, - Cy)d,

AB,C,d, —A,BC,d, —AB,C,d, + A'BIC,d, +
“+A,B,Cid, — A B{Cid, — A{B,Cid, + A{BiCid, =(A, - Af)(B, - Bg)(co +Cy)d,

AB,C,d, +A,B;C,d, —A;B,C,d, —A;B;C,d, —
‘ _A()B()C(t)do - A()B(T)C(t)do + A:)B()C(t)do + A:)B:)C(T)do = (Ao - A(t) )(Bo + BB)(CO - C(t))do

A()B()C()do - AOBLCUdo + A:iBt)C()d() - A:)B(t)codo -
"—A,B,Cid, + A B{Cid, — AiB,Cid, + AiByCid, =(A, + A} )(B, - B} )(C, - Cy ) d,

A,B,C,d, —A,B,C,d, —A;B,C,d, + A;B;C,d, —

"—A,B,Cid, + A, B{Cid, + A{B,Cid, — A{B{Cid, =(A, - A})(B, —B;)(CO -Cy)d,

VI. CocTaBisgioTcss BoceMb KOM6I/IHaHI/II>'I MYJbTUIIJINKATUBHBIX KOMHOSI/IHI/Iﬁ KBAaTCPHUOHHBIX Ma-
Tpuig, ¢ yueToMm CBOMCTBA aCCOIMATUBHOCTHU MaTPpUYHDBIX HpOI/IBBeI[eHI/Iﬂ (HHTb BO3MOJKHbBIX BapDUaHTOB
MIOCJa€10BATECJIbHOCTH YMHOKCHHN A KBATECPHUOHHBIX ManI/ILI)I

(Ao +A5)(By+B;)(Cy+Ci)dy = Ay [ By (Cody )]+ Ay [ By (Cody) ]+ AG [B (Codly )]
AL By (Cody) |+ A [ By (Cidy) |+ A [ By (Cidy ) |+ AL [ By (Cidy ) |+ A [ By (Cidy ) |



(Ao - AI))(BO + B(t))(co + Cs)do =4, [Bo (Codo)] +A, [B:J (Codo )] _A(t) [Bo (Codo)] -
b A5 [ By (Cody ) |+ A [ By (Cidy ) |+ A [ B (Cidy ) |- A5 [ B (Cidy ) |- AL Bi (Cidy )]
(Ao + AI))(BO _B(t))(co + Cs)do =4, [Bo (Codo)] —-A, [B:J (Codo )]+ A(t) [Bo (Codo)] -
h A5 [ B (Cody) |+ Ay [ By (Cidy ) |- A [ By (Cidy )]+ AL [ B (Cidy ) |- AL By (Cidy )]
(Ao + AI))(BO + B(t))(co _Cs)do =4, [Bo (Codo)] +A, [B:J (Codo )]+ A(t) [Bo (Codo)] +
e +A(t) [Bf) (Codo )] - Ao [Bo (C:Jdo):l - Ao [BB (Csdo )] - AB [Bo (C:Jdo):l - A(t> I:BB (Cf)do )]’
Ag[ By ] o[BS (Codo) |- AL [ B, (Cyd, )]+
A [ ido) |- As[ By (Cidy ) |+ A By (Cid, ) |
o (A,—A})(B, +Bt)(C Ct)d =A,[B,(C,d,) ]+A [B5(Cody) |- As[ By (Cydy)]-
AL By (Cody) |- A [ By (Cidy) |- A [ By (Cidy) |+ Ad[ By (Cidy ) |+ A [ By (Cidy ) |
(Ao + AB)(BO _B(t))(CO _Cg)do = Ao [Bo (Codo)] - Ao [BB (Codo )]+ A(t) [Bo (Codo)] -
H A5 [ B (Cody ) |- A [ By (Cidy )|+ A [ B (Cidy ) |- A5 [ By (Cidy ) ]+ AL BS (Cidy )]
(Ao - AB)(BO _B(t))(CO _Cg)do = Ao [Bo (Codo)] - Ao [BB (Codo )] _A(t) [Bo (Codo)] +
Lo +A5[B)(Cydy ) |- Ay [ B, (Cid, ) |+ A, [ By (Cidy )|+ Ay [ By (Cid, ) |- AL By (Cidy )]
)i (Ag+A)(By+BY)(Co+ Ch)dy = Ay [(B,Cy)dy |+ A [(BC, ), |+ AL [(B,C, ), |+
AL (BICo )dy [+ A (BACh)dy |+ A [ (BiCS)d, |+ As [ (B,CY)d, |+ Ay [( Cy)d, |,
- (Ag=Ab)(By+BY)(Co+ Ch)dy = Ay [(B,Cy)dy |+ A [ (BIC, ), |- AS[(B,C, ), |-
A5 (BIC,)d, |+ A (B,Co)d, |+ A [ (BiCH)d, |- AS[ (B,Ch)d, |- A [( Cy)d, |,
(Ao + A(t))(Bo _B(t))(co + C(t))do = Ao [(Boco)do] - Ao [(B(t)co)do]*' A(t) [(Boco)do] -
Al [(BYC, )d, [+ Ao [ (BoCo)d, |- A, [(BiCy ), |+ AS[ (B,Ch)d, |- As[ (BiC)d, ]

(A,—A})(B, Bt)(C +ct)d

1.5.+At[ B3 (Cod B (il

(A()"'A(t))(Bo"'B )(Co Co)do A, BoCo do:l"'A)I:( 0 o :|+ o[( 0~0 do]"‘

“if(mic)a]-a[(nci)a]-a (e ] s[e.ca ] (e ]
2.5.(A0—A;)(BO—B‘)(CO+Ct)d = A,[(B,Cy)d, |- A, [(BiC,)d, |- Ay [(B,C,)
3] (BiCa)d, J+ [ (B,C3)d, |- o[BoCS o] A[(B.CI)d, J+ ai[ (BiC) ]’
(A, —A})(B, +By)(C, ~Ch)d, = A, [ d, |+ A,[(BiC,)d, |- A;[(B,C,)d, |-

_Ag[(BgCO)d ] [(B C! ) ] [( ) 0]+A [( )do]+At [( g)do],

o (Aot (BB (€0 i) = A LB, |- A (B0, ]+ A [(BC)e, ]-
R, [( C)d] sleij]en ()

A [(B C )d ] A [(B C. )d ]+A [(B C )d0]+A;[(Bocg d, |- As[(BiCY)d, |,



(Ag+Ap)(By+BY)(Co+Ch)dy =[(AB,)Cy dy +[ (ABy)C, |dy +[ (AiB, )C, |, +
-+ (ABY)C, [y +[(A0B,)Cy Jdy + (4,8 )Cy Jdy +[ (A5, )Cy Jdy +[ (A5B3)C3 ]do,
(Ag—Ab)(By+BY)(Co+Ch)dy =[(AB,)C, ]dy +[ (AB})C, |dy - [ (AlB, )C, |, -
(ase)cuJag+[eaoBc Jau [ (A8 )i Jdo[(AsB)C ][ (aiBi) i
(Ao +A})(B, =B, )(C,+Ch)d, =[(A,B,)C, |dy = [ (A,BS)C, |d, +[ (ALB, )C, |, -

e Ja, s fmc . [<AB> o+ (e Ja,~[(m)ci
34(A +A})(B, +B})(C, - C} )d, =[(A,B, Co]do+[( )Co]do+[(A{)B(,)C0]d0+
[ (AB)Co Jds [ (AsB,)C3 ], [(AB)C Jao = (AiB,)Ci Jd, ~[(a5By)ci ],
SS(AU !

+[(A3BY)C, |dy +[(AgB,)Ch Jdo = (A0B})Cy |dy = [ (ASB,)C; |d, +[ (ASB; ) ]
(Ag—A))(By+BY)(Co = Ch)dy =[(A,B,)Cy dy +[ (A,By)C, |dy - [ (AiB, )C, |, -
C, Jdy =[(A,B,)C; |, [ (A,BY)C) Jd, +[ (AFB, ) Ch dy +[ (ASBS) Ch ]ds
(Ag+Ab)(By=BY)(Co = Ch)d, =[(A,B,)Cy Jdy ~[ (AsB})C, |dy +[ (AiB,)C, |, -
C, Jdy =[(A,B,)C; Jd, +[ (A,BY)C5 |, [ (ATB, ) Cy Jdy +[ (ASBY) Ch ]dy
(Ag—Ab)(By = BY)(Co = Ch)d, =[(A,B,)Cy Jdy = [ (AeB})C, |dy - [ (AsB, )C, |d, +

i)

))C

)

)C

)

)

)

B;)C

»)(B, =B, )(C,+Ci)dy =[(AB,)C, |d, ~[ (A,B})C, |d, =[ (AsB,)C, Jd, +
)

)

iB1)

)

)

)

0B )Co ]y =[(A0B,)C3 Jd, +[(A,B3)Co Ja, +[(43By) 5 Jd [ (AB3)C; ]
)

41.(A +A})(B, +BY)(C, +C} )d, =[ A, (B,C,)]d, +[ .(B gco)]d0+[Ag(BOCO)]do+
+{ A5 (BIC ) [+ [0 (BCY) [y [ A (B1CH) Jd [ 45 (B,CH) Jd, + [ 43 (BiCH)
(A, - A} )(B +B})(Cy +Ch)dy =[ A (B,Co) |dy +[ Ay (BIC, ) [, ~[ A (B,C,) |d, -
s (BiC ) Jdy [ (BCY) [y [ A (BiCH) Jd = [ 45 (B,Ci) Jd, = [ 43 (BiCH) ],
(Ao +A4)(By=BY)(Co+Ch)dy =[ Ay (B,Cy) ]dy = [ Ao (BIC, ) |dy +[ A} (B,C, ) ]d, -
[ A (BIC, ) Jdo +[ Ao (B,Co) [dy ~[ A (BICy) |, +[ Ad (B,Cy) ]do ~[ Ad (BiCh) |,
4.(A +A )(B +B4)(Cy = Cy)dy =[ A, (B,Co) ]y +[ Ay (BICy) |y +[ A) (B,Cy) Jdy +
+[ AL (BICy) Jdo [ Ao (B,Ch) Jdo ~[ Ao (BIC) [dy = [ AS(B,Cy ) [dy - [ Ab(BiC; )]
(A, A)( BY)(Cy +Cy )y =[ Ay (B,Co) ]dy =[ A, (BIC,) ]dy ~[ A} (B,C,) ]d +
+L A3 (B1Co)u + [ A0 (BiC ]y ~[ A (BiCH) o = [ 44 (B,C ) [ +[ 45 (B,
(A, - AL )(B +B4)(Cy = Cy)dy =[ A, (B,Co) Jdy +[ Ay (BICy) |dy =[ A} (B,C,) ] dy -
[0 (BiC)Jdy ~[ 40 (B,C3)]dy ~[ 4 (BiCE) ]y +[ 45 (B,C5) dy +[ 45 (B C3) ]y,
(A, +A)( B))(C, —Ch)d, =[ A, (B,C,) |d, —[ A (Bgc )]do +[ A (B,C, ) ]d, -

0 (BiC)Jdo =0 (BiCE) ]y +[ 4 (BCE) o ~[ 45 (B,C5) o +[ 45 (B1C5) ],

4.5.

4.6.

4.7



(Ao - A(t))(Bo _B(t))(co _C(t))do = [Ao (Boco)]do - [Ao (B(t)co)] do _[A(t) (BOCO)]dO +

B T e O S A P e O Pt e

(Ao + A(;)(Bo +B, )(Co + C(t))do =(A4B,)(Cyd, )+ (AOBB )(Codo )+ (ABBO )(Codo )+
' +(AIB})(Cydy )+ (AB, ) (Cidy )+ (AB} ) (Cid, )+ (ALB, ) (Cid, ) +(A5B} ) (Cid, ),

(A, —A})(B, +By)(C,+Cy)d, =(AB,)(Cyd, ) +(AB} )(C

5'2'—(Aglag)(coc‘lo)+(AOB )(Cid, )+(A,BY)(Cid, )~ (ALB,)(C

(A, +A})(B,—B})(C,+Cy )d, =(A,B,)(Cyd, ) —(A,BY)(Cyd
5.3.

—(AsBY)(Cydy )+ (A B, )(Cid, ) - (AB} ) (Cid, ) +(AsB, )(C
i (Ay+A})(B,+B})(C,—C} )d, =(A,B,)(Cydy ) +(A,BY)(Cody )+ (ALB, )(Cod, ) +
" (

(AIBT) Codo)_( )(Cod ) (A BB)(ngo)_(ABBO (Cado)_(Ang

(Ao - A:»)(Bo _B(t))(co + C(t»)do = (A()B())(Codo)_(AoBB (Codo)_(A(t)Bo (Codo)"'
+(A5BB)(C0d0 ) + (AOBO)(C:)dO ) - (AOBB )(C:)do ) - (ABBO (Cado ) + (ABBS )(ngo )v

)
5.6 (AO _A(t))(BO +Bg)(co _C(t))do = (AOBO)(COdO)+(AOBB)(C d

_(A(t)B(t))(Codo ) - (AOBO)(C(t)do ) - (AOBB )(ngo ) + (ABBO (C d

(Ao +A(§)(B0 _BB)(CO _C(t))do = (AOBO)(Codo)_(AoB
L AB) € - (B )€+ (A BE) ) (ALB, ) (i, b+ (A28 i),

58 (Ao _A(l))(Bo _B(l))(co _C(l))do = (AOBO)(COdO)_(AOB(L))(COdO)_(A(L)BO)(COdO)+

H(AIBY)(Cody) —(AB,)(Cid, )+ (ABY) (Cid, )+ (AfB, ) (Cid, ) (AiB}) (Cid,)
VILIIo coctaBieHHbBIM KOMOMHAIMAM MYJIBTUILIMKATUBHBIX KOMITO3UIUI KBATEPHUOHHBIX MATPHIL, C

Y4eTOM aCCOIMAaTUBHOCTU YMHOKEHUSI, HAXO/SATCS COOTBETCTBYIONNE UM MYJIBTHUILIMKATHBHbBIE KOMIIO-
3UIUK BEKTOPHOU aJireGpbl JJist YeThIPEX BEKTOPOB:

A()I:B()(Codo)]"'Ao [B[t) (Codo)]"'A [ 0 Codo :|+At [B Codo
(o)

+A,[ B, (Cid, )|+ A, [ By (Cid, ) |+ A5 [ By (Cid, )]+ AL By (Cidy )] - 8

Ao [Bo (Codo )] + Ao [BB (Codo )] - AB [Bo (Codo )] - AB [BB (Codo)] +
1.2 0

Ao [Bo (C(t)do ):| + Ao I:B(t) (C(t)do ):I - A(t) [Bo (C(t»do ):| - A(t) I:B(t) (C(t)do ):I -8 W ;

A, I:Bo (Codo )] —A, [B(t) (Codo )] + A [ 0 Codo ] [B Codo )] +

13 [By (Cidy) - A [ B (o, )]+ As[ B, (Cid )]0 [ By (Cid, )] SH%H

Ao By (Cody) [+, [ B (Codo ) [+ A5 [ By (Codo ) |+ A5 [ By (Cody )] -
1.4.

A, [ B, (Cydy ) |- A [ B (Cid, ) |- Ab [ By (Cidy) |- AL [ By (Cid, ) |- 8

~a[b-(exd)| ;



Ag[By(Codg) = A [ BY(Cydy) |- Af [ By (Cydy ) ]+ A [ BS (Cydy) |+

15, [By (i, )]~ A [ By (Cid, ) |- 45 [ B O(Cf)do)]+Af][BB(CEd<.)]—>8H%H;

A, [Bo (Codo ):I +A, [BB (Cod, )] - A, [BO (Codo ):I -4 [BB (Codo )] -
L6 A [ By (Cody) ]~ A [ B (Cidy )]+ A5 [ By (i, ) |+ A5 [ B (€3, ) ] » SH%H

A, [Bo Codo)] ()[B(t) Codo ]+A()[ (»(Codo)] 0 [B(t) (Codo)]
1.7.

A [ By (Cidy ) |+ A, [ By (Cidy ) |- AL B (Cidy ) ]+ AS[ BS (Cidy )] - 8

|

~|:B><(E><H)] ;

Ao [Bo (Codo )] - Ao [BB (Codo )] - AB [Bo (Codo )] + AE [BB (Codo )] -

-A, [Bo (Crid() )] +A, I:B(t) (C([)do )] + At [ 0 (Codo )] 0 I:B(t) (Codo )] 0

EX[BX(EXH)] '

1.8.

Ag[(B,C)d, [+ A, [ (BIC, )d, |+ AL [(B,C,)d, |+ A (BIC,)d, |+
2.1.+AO[(BOC3)d0]+A0[(Bgcg)d0]+A;[(BOCB)d0]+A5[(Bgcg)do]—>8 a'[(bXC)Xd]_(a.C)(b'd);
A[(BCy)dy ]+ A [ (BIC, )d, |- AS[(B,Co)d, |- Ay [ (BIC, )d, |+

2.2. ‘

+Ao [(B()C(t))do] + Ao I:(B(t)cg)do] - A(t) [(Boc(t))do] - A(t) I:(B(t)ctt))do] -8 T I:(B % E) % a

(=)

| S

~(axc)(bd
Ao [(Boco)do] - Ao I:(B(L)Co)do :I + AB [(Boco)do] - AE I:(B(L)Co)do ] +

23, [ (B, )dy - A, [ (BICS )dy |+ A5 [ (B,C3)dy |- As[(Bich)dy | 8

Ag[(B,Cy)d, [+ 4, [(BIC, )d, |+ A5 [(B,C,)d, |+ Ay [ (BIC, )d, |-
2.4
4 .

A, [(B,Cy)dy |- A [ (BiCh)d, |- Ab[ (B,Cy)d, |- AL (BICY)d, |- 8 W ;

Ao [(Boco)do] - Ao I:(B(t)co)do] - A(t) [(Boco)do] + A(t) [(Bgco)do]*'
25 4A, [(B,Co)d, |- A, [(BiCh)d, |- As[ (B,Co)d, |+ AL[ (BiCy)d, | -8 QH;

Ao [(Boco)do] + Ao I:(B(L)Co)do :I - AB [(Boco)do] - AE I:(B(L)Co)do ] -

26._y, [(BOCL)dO]— A, [(B;C;)d0]+A3 [(BOCB)do]+A5 [(BBCB)do] - SH%H;

Ao [(Boco)do] - Ao I:(B(L)Co)do]"' AB [(Boco)do] - A(L) I:(B(L)Co)do] -
2.7.

A, [(B,C)d, |+ A [ (BiCo)d, |- As[(BCY)d, |+ AL (BiCh)d, | -8 3.9)(b-d :



Ao[(B,Cy)dy |- A [ (BIC, )d, |- AS[(BCy)d, ]+ AL (BYC, )d, |-

2.8.

H . |
a6l

A, [(B,Cy)d, |+ A [ (BiCh)d, |+ AS[ (B,C)d, |- AL (BYCS)d, |- 8

[(AuB,)C, Jd, +[ (A,B))C, Jd, +[(AsB,)C, Jd, +[ (ATBY)C, dy +
+[(AB,)Cy ]dy +[ (ABY)CY dy +[ (AiB,)CY |dy +[ (AB)Cy |d, — 8

3.1.

—(a~b(2(c'd) |

[(AuB,)C, Jd, +[ (A,B))C, |d, =[(AsB,)C, |y = (ASBY)C, dy +

3~2’+[(AoBo>Cé]do+[(A0Bs)cs]do—[(AaBo)cs]do—[(AsB;)c;]doas

| .
I[(wxB)<e xd-[{axb)-dfe]

[(AuB,)C, Jd, = (A,B})C, Jd, +[ (AsB,)C, |, [ (ATBY)C, dy +

3.3-+|:(A()B‘))Cg]do—[(A(]B(‘])C(‘,]d(,+[(A3B,)Co]d —[(asBy)Cy do—>8H H

[(AuB,)C, Jdy +[ (A0B})C, |, +[ (ATB,)C, |, +[ (A4BY)C, ] d, -

3.4.

_[(AOBO)Cg]dO _[(AOBB)C(t)]do _[(ABBO)Cg]do _[(ABBB)Cg]do -8 0

| I
H a><b H] [(axc a><b H

[(AuB,)C, Jdy = (A,B})C, Jdy =[(AsB,)C, Jdy +[ (ASBY)C, dy +

3.5. +[(A0B0)Cé]do _[(AOBB)Cg]dO —[(ABBo)CB]dO +[(A5BB)C8]d0 - SH%H;

[(AuB,)C, Jd, +[ (A,B))C, |d, =[(AsB,)C, ], [ (AFBY)C, ]d, -

36 [ (a8 ) o[ (a8 s + [ (asBu)csJa, +  (Asei)csJo, s

[(A0B,)C, Jd, [ (A0BY)C, Jd, +[ (ASB,)C, Jdy [ (A4BY)C, ]d, -

3'7'—[(AoBo>Cé]do+[(A0B3)Cs]do—[(AsBo)cs]do+[(A5B;)c;]do -8

[(axB)XE]-a ;

0

[(AOBO)Co]dO - [(AUBB)Co]do - [(AEBO)Co]do + [(ABBB)CU]dU -

3.8.
_[(A()Bi))c(t)]d() + I:(A()B(t))c(r)]do + [(A:)Bo)c(t):ldo _I:(A([)B(t))c(t)]do -8

[(axz)-d]b—(a-b)(exd)|

[, (B,C,) Jd, +[ A, (BIC, ) |d, +[ A (B,C,) ], +[ AS (BIC,) | dy +
41, [ax(bxz)]-d-(a-o)(b-d)|
0 ;

+ [Ao (B()C(t» )] do + [A() (B(T)C(t) )] do + [A(T) (B()C(r) ):I do + I:A(t) (B(T)C(t) )] do -8




[Ao (Boco)]do + [Ao (B(L)Co):l do _I:A(L) (BOCO)]dO _I:AB (B(L)Co):ldo + [Ao (BOC(L))]do +[A0 (B(L)C(L) )]do -

4.2.

-[AN(BCy) |dy - [AS(BiC; ) |d, — 8

0 .
5[(Bx6)~&]+[ax(BxE)]x&—[a(BxE)]H—(EH)(axE)"
[Ao (Boco)]do - [Ao (B(L)Co )] do + I:AtL) (BOCO)]dO _I:AB (B(L)Co):ldo +

5 (3,4 [ (31 [ 4 3,3 [ 4 i -

[Ao (Boco )]du + [Ao (B(t)co ):| dy+ [A(t) (Boco )]do + [A(t) (B(t)co ):| d, -

4.4.

~[Ao(B,Cy) [do ~[ Ao (BiCy) [dy ~[ Ab(B,C; ) |dy - [ Ab(BiC; ) |dy — 8 0

~a[(bx¢)-d] !

[Ao (Boco)]do - [Ao (B:)CO):I do _[A(t) (BOCO)]dO +|:A(t) (Bgco)]do +

A3 [ (B,C) o [ A (BiCo) ]do ~[ A5 (B,Cy) ], + [ A3 (BiC ) ]dy =

[Ao (Boco)]do + [Ao (B(L)Co )] do _I:AtL) (BOCO)]dO _I:AB (B(L)Co):ldo -

A6 _[A, (B,CE)Jdy - [ A (BICH) Jd, +[ 45 (B,CH) |d, +[ A5 (BiC3 ) ]dy — SH%H

[Ao (Boco)]do - [Ao (B(L)Co):l do + I:A(L) (BOCO)]dO _I:AB (B(L)Co):ldo -

Lt [ s o, [as o [ i Jo, o DT

[Ao (Boco )]do - [Ao (BBCO )] do - [Af) (BOCO )]do + I:A(t) (BBCO )] do -

48 ‘ 0 ‘
=1 Ay (B,Cy ) [dy +] Ay (BCh ) |dy +| A (B,Ch ) |dy —| Ap(BiCy) |[dy = 8|————=————=7—]|-
[ ( ):l [ ( ):I [ ( )] [ ( ):I ‘(axc)(bd)—(axd)(b-c)‘

(AB,)(Cydy)+(AB} ) (Cody)+(AiB, )(Cod, )+ (ALBS)(Cyd, ) +

5'1'+(AOBO)(ngO)+(AOBg)(cgd0)+(AgBO)(cgd0)+(Ang)(cgdo)—>8 W

(AOBO)(COdO ) + (AOBB)(Codo ) - (A:JBO )(Codo ) - (AEBB )(Codo ) +

5.2.
+(A0B())(C(t)d0) + (AOB(TJ)(C(t)dU ) - (A(TJBU)(C:)dU ) - (A(tJB(tJ )(ngo) -8 —(axl(a))(cd) ;

(AUBO)(COdO ) - (AOBB)(Codo ) + (ABBO )(Codo ) - (ABBS )(Codo ) +

) ()34 ) o (i i) 5o

(A(]B(] ) (Codo ) + (A()B(t) ) (Codo ) + (A(t)B[) )(Codo ) + (A:)B(t) )(Codo ) -

5.4.
_(AOBO)(CBdO) - (AUBB)(CBdo ) - (ABBO)(C:)do ) - (ABBB )(C:)do) -8 0

|
() T x|




(AyBy)(Cody) —(AgBL)(Cody) —(ALB, )(Cody ) +(ALBL)(Cydy ) +
55 i) (e (i) 2

(AoBo )(Codo ) + (AOBS )(Codo ) - (ASBO )(Codo ) - (A:)B:) )(Codo ) -

t t t t t t t t 0
5.6. —~(A,B,)(Cid,y )~ (A,BY)(Cidy ) +(AsB, ) (Cod, )+ (AsBY)(Chd,y ) — 8H6H;

(AoBo )(Codo ) - (AoBtt) )(Codo ) + (ABBO )(Codo ) - (ABB:) )(Codo ) -
5.7.

—(AB,)(Cidy )+(A,B})(Cidy )~ (ALB, )(Cid, ) +(AsB} ) (Cydy ) — 8

(5 X b)(~)(c X H) ;

(AoBo )(Codo ) - (AOBB )(Codo ) - (ABBO )(Codo ) + (ABB:) )(Codo)_
5.8.

—(A,B,)(Cid, )+(A B} )(Cid, )+(AB, ) (Cid, ) - (AsB )(Cid, ) = 8

| 0 |
H[E(Exa)]B—(a.B)(Exa)"

ComocraBiisgs TMOJIy4Y€HHbIE PE3YJ/IbTAaTbl, HAXOAUM BEKTOPHO-MAaTPUYHBIC COOTBETCTBUA B BU/IE

bxc)xd] (a-c) ‘

8 0 ‘
o ERED_[ExExa)]d-@aopa) |-E b))
| o T 0 N
RN NS IS I I T |
8 |-(@xD)(c-d)| |-(axb)(c-d)| Hax[(bxc)xd] (axc)(b- d)H
1.2. ‘ 0 ‘
‘ [(bxc) d]+[a><(b><6)]><a [ (bxc):ld—(B-a)(axc)‘

1 Off (o (o} (o} (O
s BB

%(A0+Ag)(BO+Bg)(CO—C5)do: _a[g (de)]: _a[(bi S d]:
1.4.=H o 7‘ _
HI:(axb) d]c [(axc)-d]b—[(axb) c]d‘ |
it EHE-OL
s e




_H[(EXE)HJB—(EB)(Exd)‘ ‘(axc)(b d) (axd b c H H cxd)]b (a-B)(Exa)‘.

OTKy[[a CJHEeIYIOT TOX/IECTBa BeKTOpHOI/I aﬂre6pb1, CBA3bIBaome MYJIbTUIIJIMKATUBHbBIE KOMIIO3U-
U1 4YE€ThIPEX BEKTOPOB:

Ex[(gxc)x&]—(ﬁxé)(g-a)z[(axg)xc]xd [(dxb) d](
ax[(BxE)xa]—(5><E)(EH):5[(B><c)~a]+[5x(b><c) xa—[a~(5xc)]a—(5 a)(axc)
[(axB)xE]xH—[(ExB)H]E:5[(B><c) d]+[a><(b><c)]xa—[w(gxc)]a—(g d)(axc)

b)-d d]b-[(axb)-cd, -a[b-(exd)]=(axb)x(cxd)-[a-(exd)]b,
~a| (bxe)-d|=[(axb)-d]e-[(axc)-d]|b-[(axb)-c|d -a[(bxe)-d|=(axb)x(cxd)-[a-(exd)]b,
[(dxb)-a]é—[(axc) H]b—[(ﬁxg)-ﬁ]a:(axB)x(Exd)—[é (Exa)]g

1.5.0=0
17. @[ bx(exd)]=(a-¢)(b-d)-(b-¢)(a-d)
E[Bx cx =[(a><B)><c] d



[(axB)xE]~H=(5xB)~(Exa). 0

W e%(AO—AB)(BO—BB)(CO—Cg)dO;

a TaKiKe

—

) 0

) (5><E)><(E><H)—[5~(E><H)]E
axd)(po)=[@xe)dfo-(ab)(exd)  ~glArABB)C,~C)d,
axd)(b-c)=[-fexd) |- (x-B)fexd), 0
[(axz)-d]b-(a-b)(exd)=[a-(exd)|p-(a-b)(exd) aj[(bXC)Xd]_(aXC)(b.d)

—>§(A0 —Ay)(B,+B})(C,+C} )d,;

N

OTMeTuM, 4TO HEKOTOPbIE U3 ATUX TOXK/ECTB M3BECT-
Hbl. Hanpumep, Toxx1ecTna:

- Jlarpanxa [1]

B ke ad ‘ b><c ><d (a-c) H
(ﬁxb)-(éxd):if a9, -

be b | |
- OnpenenuTenn rpaMh/i 1[34] npu a=¢ u b=d %é(AoJFAB)(Bo‘FB[)(Co‘FC )d :
[bx(dxb)] & i 2',,
a bb " IpyTHe.

- Jitsnepa-Jlarpanska [3] Ucnonb3yst npuBeneHHble 0a30Bble COOTBETCTBUS,

. B . BBIBOJISITCSI MHBIE MATPUUHBIE MPEACTABJICHUS IS OT-
(Exb) =52b2—(§~b) , JIeJIbHBIX MYJbTUIIJIUKATUBHBIX KOMIIO3UIIMI BEKTOPHOU

aJareOpsi.

- 1 Ipyrue hopMyJIbl IIpumep 1. YuutsiBas, ato
axb)x(cxd)=b|a-(cxd]|-a|b-(cxd)|= ‘ 0
e x4 o) e

=c[a (bxd)|-d[a(bx7)],
[(bxc)-d]a-[(axc)-d]e+
+[(5xB)H]E—[(5xB)~E]H:0.
VIIL YeTanaBiuBaioTesi MaTpiumbie hopMyIIs, s 0

[PEACTABICHUS MYJIbTUILIMKATUBHBIC KOMIIO3UIIMHU BEK- —b|:5~(6><d)]
TopHOiT anre6psl. Hampumep:

—(a-bo)(c-d)

—>é(AO+Ag)(BO+BB)(CO—Cg)dO

—>é(B0 +B})(A, +A})(C, - C} )d,,

COCTAaBUM ajirebpandecKkyio CyMMy 3STHUX COOTBET-
{ CTBUI BUA:
—>§(AO+A5)(BO+Bg)(C0+Cg)d0; 0

(5><B) (cxd c><d b

o
sk

c><d ‘

- é(Ao + Ag)(Bo +BB)(C0 _Cg)do? - é(AO +A0)(B° +By )(CO CO)d

|
o)
||
ol
ol
X
[=N]
N
| S—f

_é(Bo +B(t))(Ao +AB)(C0 _C(t))do'

|
—
ol
X
(=P
ol
X
jal]
N
—

1
——(A,+A})(B,—By)(C,-C;)d,;

8< 0 0)( 0 0)( 0 0) 0 OTkyaa cieayeT GpopMyaa MaTPUUHOIO MpeACTaBIe-
HUS TPOMHOTO BEKTOPHOTO IIPOU3BEICHUS BU/IA:

axb)-(cxd 1 . . . 0
Sl B Y e UM
0 . —>é[(A0+A5)(BO+B{,)—(BO+BB)(A0+A5)](CO—Cf,)do.
(axB)(c d) —>§(AO—A;)(BO+Bg)(co+cg)do;
IIpumep 2. [IpyHuMast Bo BHUMaHUE, 4TO



| 0
|

Ex[(gxé)xa]—(ﬁxé)(ﬂa)‘ ”
_)é(Ao _A:))(BU +B‘t>)(cﬂ +C‘T’)d"
u

0 1

—(ET)(EH) —>§(A0—Ag)(co+cg)(BO+Bg)d0,

Hafl[[eM Pa3HOCTh!:

0 |
ax|(bxe)xd|-(@xa)(b-d)

-

| o |
~(@xc)(b-d)|
LA (B B+, -
A4+ (B, + B,

T.e. Ui TPOWHOrO BEKTOPHOTO IPOU3BEJICHUS BUA
Ex[(bxé)xd] mosiyauM (GOpMyTy MATPUUYHOTO TPE-
CTaBJEHUS:

Ex[(gxé)xa]

—>é(AO—A;)[(BO+B;)(C0+C5)—(C0+Cg)(BO+Bg)]dO.

N

[Tpumep 3. Tak kax

—%(A0 +Ap)(B,+B;)(C,+C})d,

u

EIT 1 e,

1

—>§(A0 +Ap)(B,+By)(C, +C})d, -
1

—g(A0 +Ap)(C, +Ch) (B, + B} )d,,

T.e. [Jig CMeNIaHHOIO IIPOU3BeJEeHUS BHUJA
ﬁ~|:(b><€)><d noayynM (Gopmysy MaTpUyHOTrO Ipej-
CTaBJECHUS:

§~|:(B><E)><a]

0

-

—>é(A0 +A)[ (B, + B} )(Cy +Cy) ~(Cy + Cy) (B, + By ) |d,

BriBoab!

PaspaboTaHHbBI aJrOPUTM MPEACTaBACHUSA KBaTep-
HUOHHBIMU MAaTPUIAMU MYJIbTUIIUKATABHBIX KOMIIO3M1-
Uil (BEKTOPHO-CKAJSPHBIX ITPOU3BEJCHNIT) BEKTOPHOM
aareGpbl CUCTEMAaTUUYECKH MPUMEHEH K YeThIpeM pas-
an4yHbIM BekTOopaM. [losydyennbsle kKoMmakTHbIe MAaTPUY-
Hble COOTBETCTBUS CJOKHBIM ITPOU3BEJCHUSM YeTbIpex
BEKTOPOB HEIOCPEJACTBEHHO AJANTHPOBAHLI K KOMIIBIO-
TEPHBIM TEXHOJIOrUsiM, obecriedynBaioT 3G deKTUBHbBIE
BBIUMCJINUTEIbHBIE AJTOPUTMBI, YCKOPSIOT MPOTPaAMMU-
posanue, observaior Bepudukanmio. Llexn ampobamn
MeTO/la CJIYKUT PSIJI BBIBEJIEHHBIX TOXK/ECTB BEeKTOPHON
aJreOpbl, B TOM YHCJIE H3BECTHBIX, CBSI3BIBAIONINX YeTHIPE
BekTopa (ToxzaecTBo Jlarpanika, onpegenurens ['pamma
U IpyTHe).
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