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This paper describes a mathematical model built 
for turbulent heat and mass transfer processes in the 
case of electron beam melting of titanium alloy ingots. 
The object of research is the conditions that ensure 
the quality of ingots. The model makes it possible to 
calculate the distribution of hydrodynamic flows in 
the liquid metal and temperature fields in the ingot, 
to determine the profile of the metal crystallization 
front, taking into account the interphase transition 
zones. The model solves the problem of finding the 
necessary melting regimes of ingots by calculation, in 
contrast to high-cost natural experiments. The ther-
mal and hydrodynamic processes during the melt-
ing of a cylindrical ingot with a diameter of 110 mm 
of the newest titanium alloy Ti-6Al-7Nb for medical 
use were calculated and its melting parameters were 
determined. The small diameter of the ingot signifi-
cantly facilitates its further machining. The geometry 
of the two-phase zone of the liquidus-solidus tran-
sition, which determines the crystallization front of 
the metal, was calculated. The position and geometry 
of this front greatly affects the quality of ingot for-
mation and the concentration of the distribution of 
alloying elements and the homogeneity of the metal 
across its volume. A sufficiently flat crystallization 
front has been obtained, under which the given con-
ditions are ensured. It was found that heat trans-
fer in the liquid phase of the metal is mainly caused 
by heat and mass transfer due to its movement, and 
heat and mass transfer significantly depends on the 
power of the electron beam and its distribution on 
the surface of the bath. According to the calculated 
regimes, at the Institute of Electric Welding named 
after E. O. Paton, the National Academy of Sciences 
of Ukraine, high-quality ingots for the needs of the 
medical industry were smelted. The castings are used 
for the manufacture of light and ultra-strong endo-
prostheses and implants, which are chemically neu-
tral and biologically and biomechanically com patible 
with the human body and do not cause rejection
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1. Introduction

The development and introduction into production of 
modern effective technical solutions for smelting special tita-
nium alloys with optimal management modes of technologi-
cal smelting processes are the priority tasks of special electro-
metallurgy. When solving these problems, knowledge about 
the flow of heat and mass transfer processes in high-tempera-
ture melts during the formation of ingots is important.

Articles made of special titanium alloys are used in medi-
cine for the manufacture of biocompatible light and strong en-
doprostheses and implants [1]. Such articles should have a long 
service life while the alloys should be alloyed with non-toxic 
and biologically compatible elements with the human body.

Metal implants occupy more than 60 % of the market, in 
which titanium and alloys based on it are the favorites. The 
strength indicators of titanium alloys exceed stainless steels and 
are at the level of cobalt alloys; such an important indicator as 
the modulus of elasticity of titanium alloys is two times lower 
than that of both of them [1]. For example, the modulus of elasti-
city of titanium alloys is 55...112 GPa, chrome-nickel stainless 
steels – 210 GPa, chrome-cobalt alloy – 240 GPa. This is a very 
attractive indicator of medical titanium alloys for the manufac-
ture of osteosynthesis implants and bone and joint endopros-
theses. Titanium alloys guarantee higher mechanical compati-
bility with bone structures of the body, in which the modulus 
of elasticity is approximately 27.8...30.0 GPa in the longitudinal 
direction, 11.0...11.5 GPa in the azimuthal and radial directions.
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Currently, the low-toxic, corrosion-resistant [2] alloy Ti-
6Al-4V, which is superior to cobalt-based alloys and stainless 
steels in terms of biological compatibility, is widely used in 
medicine. In stainless steels, the mass concentration of nickel 
and chromium elements toxic to the human body exceeds 30 % 
by mass. In the Ti-6Al-4V medical alloy, the content of danger-
ous vanadium is an order of magnitude lower – 4 % by mass.

Designing new medical titanium alloys without the con-
tent of toxic alloying elements and their smelting technology 
is an urgent task of modern metallurgy.

For use in medical and surgical purposes, the newest tita-
nium alloy Ti-6Al-7Nb has been developed, similar in mechan-
ical properties to the alloy Ti-6Al-4V [3], in which niobium is 
used instead of vanadium. This alloy has excellent corrosion 
resistance and is harmless to the human body, with excellent 
biological compatibility, it is plastic and has an even lower va-
lue of the modulus of elasticity – below 40 GPa and is gradu-
ally replacing the Ti-6Al-4V alloy. The latest medical titanium 
alloys alloyed with niobium and zirconium and molybdenum 
and zirconium have also been designed.

In the future, titanium alloys may become the main metal 
materials for the manufacture of implants and endoprostheses, 
displacing stainless steel and cobalt alloys. In addition, the ap-
plication of various methods of surface modification of finished 
articles from them – mechanical [4], thermal [5], cryogenic [6], 
electro-erosion [7], and chemical processing, dusting, etc., even 
more significantly improves such product parameters as modu-
lus of elasticity [7], corrosion [8], and wear resistance [6, 9, 10], 
adhesion, biocompatibility, antibacterial properties, reduction 
of ion release to prevent inflammation [11].

In the Institute of electric welding named after E. O. Pa-
ton, the National Academy of Sciences of Ukraine, a tech-
nology has been devised for the production of high-quality 
defect-free ingots of titanium alloys, including those for 
medical purposes, with a guaranteed chemical composition, 
by the electron beam melting (EBM) technique.

One of the key processes during the smelting of high-
qua lity ingots of titanium alloys is the crystallization of the 
metal. The transition of a metal from a liquid state to a solid 
state is accompanied by complex processes of heat and mass 
transfer, rapid physical and chemical processes. The non-uni-
formity of temperatures in the volume of the metal of the 
ingot affects the formation of the profile of the crystallization 
front and leads to differences in the structure and chemical 
composition of the metal in the center and periphery of the 
ingot, the presence of shrinkage and liquation phenomena, 
etc. These factors significantly affect the final metal structure 
of titanium alloy ingots and their quality.

In metallurgy, conducting full-scale experiments is associ-
ated with considerable material costs, which determines the 
prospects of using CFD modeling of high-temperature pro-
cesses of heat exchange and hydrodynamics (CFD – compu-
tational fluid dynamics). Numerical modeling, based on a small 
amount of experimental data, and with incomparably lower 
material costs, makes it possible to calculate and obtain qualita-
tive and quantitative patterns of phenomena occurring during 
metallurgical processes with sufficient accuracy for practice.

Numerical calculation methods and modern computer 
packages of mathematical modeling programs make it possi-
ble to take into account indicators of physical quantities in 
the form of functional dependences on the necessary parame-
ters, for example, on temperature, pressure, etc. It is possible 
to set the distribution of parameter values in space and time 
and get significantly closer to real processes.

Naturally, the flatter the crystallization front of metal 
alloys and the more uniform temperature distribution in the 
ingot, the more uniform the distribution of alloying elements 
in the radial direction of the ingot. This will create conditions 
for obtaining a more uniform structure of the solid metal of 
the ingot. Given this, there is an urgent scientific task of 
building a mathematical model of heat and mass transfer pro-
cesses during the formation of an ingot of the newest medical 
titanium alloy Ti-6Al-7Nb. The model should make it possi-
ble to determine by calculation such melting regimes by the 
EBM technique, which will provide a flatter metal crystalli-
zation front to obtain high-quality ingots. In practice, such 
studies, in contrast to very expensive full-scale experiments, 
could significantly reduce the cost of the process of searching 
for melting modes of ingots and increase the quality of mol-
ten metal. Similar studies for the Ti-6Al-7Nb alloy during 
EBM are relevant in the field of special electrometallurgy.

2. Literature review and problem statement

With the development of computer technology and the 
appearance on the market of powerful software packages ca-
pable of solving multiphysical problems, it became possible 
to implement numerical mathematical modeling of complex 
technical systems. This also applies to solving a number of 
problems of heat and mass transfer in the metallurgical in-
dustry. Sufficiently high accuracy of mathematical modeling 
with comparison with experimental data is confirmed by many 
scientific and technical publications. Thus, in [12], multiphase 
modeling of the metallurgical process of secondary aluminum 
purification with optimization of its modes was carried out. 
Liquid metal flows and temperature fields were calculated. 
The prospects and effectiveness of mathematical modeling 
in the search for technological modes were shown, which is 
confirmed by experimental data and implementation. But in 
the work, the side surfaces of the ingot are heated to prevent 
premature crystallization of the metal, which distinguishes 
this process from the process considered in the indicated 
work, in which the side surfaces of the ingot, on the contrary, 
are cooled. Also in the paper, the values of the main thermo-
physical parameters used in the calculations are given for 
two temperature values – liquidus and solidus. Outside of 
this temperature range, calculations may give some error. It 
can be assumed that such data on secondary aluminum were 
not available. In general, measuring or finding published 
dependences of thermophysical parameters of new alloys on 
temperature is a rather serious problem. In work [13], ma-
thematical modeling of temperature fields during casting of  
a billet from an Al-5.25 % Cu alloy was carried out. A feature of 
the simulation is the meshless numerical approach used for the 
first time during macro-segregation simulation. In the work, 
the Boussinesq approximation was used to model buoyancy ef-
fects due to density differences, but the assumption was made 
that the density of the solid and liquid phases was constant 
and the same. The difference between the specified calculation 
model and the model proposed by the authors of this study 
is that it considers laminar flows of melt movement, which 
are characteristic of the applied technological speeds of ingot 
formation. For turbulent flows, this model needs refinement. 
The same applies to paper [14], which describes the numerical 
simulation of ring electromagnetic mixing in the process of 
uniform casting with direct cooling of aluminum alloy blanks. 
The simulation made it possible to investigate flow regimes, 
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isotherms, and the metal solidification profile. Comparison 
of simulation results and experiments showed that the model 
provides good agreement with real processes. The results of 
numerical mathematical modeling [15] of vertical casting of 
aluminum alloys show that the temperature distribution and 
the velocity field in the melt and in the two-phase region dif-
fer significantly under the conditions of different schemes for 
supplying liquid metal. The calculations give a clear idea of the 
distribution of liquid metal flows and temperature changes in 
the cross sections of the ingot. A comparison with experimen-
tal data shows that mathematical models are a powerful tool 
for optimizing heat and mass transfer processes in liquid metal 
ingots. The numerical method of finite differences was used in 
the problem considered in the work, but for the problem of the 
authors of this study, the numerical method of finite elements 
will be a more acceptable method. In work [16], numerical 
mathematical modeling provided predictions on the limit 
speed of casting. It was established that in case of intensive 
supply of molten metal into the bath, turbulent flows in the 
melt occur, which is facilitated by the developed forced con-
vective flows downstream. The paper uses the averaged values  
of the main thermophysical parameters, as in [12], except for 
thermal conductivity. Averaging the values introduces a cer-
tain error in the obtained calculation results in comparison 
with reality. It can also be assumed here that this problem of 
increasing the accuracy of calculations has not been solved due 
to the lack of dependence of these data on temperature. The 
results of calculations of mathematical modeling of casting alu-
minum ingots [17] show that in this process the temperature 
field, flows of liquid metal and the profile of the crystallization 
boundary strongly depend on the intensity of ingot cooling. 
This, in turn, affects the macro- and microstructure of the 
metal, which determine the quality of the resulting ingots. The 
model made it possible to obtain a good match of the results 
with reality, which was carefully confirmed by laboratory test 
data. However, the work does not include the equations of the 
mathematical model and the boundary conditions that were 
used for calculations, which makes its analysis impossible. 
The same applies to work [18], which shows the importance 
of modeling a complex of metallurgical processes during the 
smelting of large-sized steel ingots. It was concluded that 
mathematical modeling began to play an extremely important 
role in the search for melting modes, which significantly re-
duced the cost of their search and increased the quality of the 
obtained metal. The analysis of heat transfer in the crucible 
during electron beam melting of steel [19] revealed that in or-
der to better understand the thermal behavior of the metal in 
the crucible, it is advisable to use numerical three-dimensional 
modeling of these processes. The comparison of measured and 
calculated temperatures showed a satisfactory agreement of 
the results, which proves that the numerical model is an effec-
tive tool for modeling industrial processes. But in the work, 
experimental confirmation of the model was obtained when 
the source of heating of the electron beam on the surface of the 
melt is simulated by the thermal effect of the arc. This leads to 
some inconsistency of the conducted experiment, both with 
mathematical modeling and with the process of heating by an 
electron beam. In works [20, 21], the heat capacity of the phase 
transition is calculated using the Gaussian function, which is 
multiplied by the value of the latent heat of fusion of the metal. 
But this requires an additional determination of the width of 
the span of this function along the abscissa axis, which may 
affect the accuracy of the obtained data. In works [22, 23], the 
problem of mathematical modeling of heat and mass transfer 

in the case of forming ingots of titanium alloy Ti-6Al-4V with 
a diameter of 400 and 600 mm was solved. The surface of the 
melt in the crystallizer is heated by two electron guns. The 
laminar [23] and turbulent [22] motion of the metal melt in 
the crystallizer was considered. However, approximations of 
the thermophysical parameters of the alloy from the tempera-
ture at the points of phase transitions of the metal have sharp 
stepwise jumps in the values of the functions. This can lead to 
errors in the numerical solution of differential equations using 
the finite element method for the temperature values at these 
points. Also, the parameters of heat dissipation into the wall 
of the crystallizer from the liquid metal of the bath and the 
parameters of heat radiation from the ingot surfaces are also 
quite roughly defined.

Thus, our review of the literature demonstrates the possi-
bility of fairly high accuracy of numerical mathematical model-
ing of metallurgical processes during the melting of ingots and  
a significant reduction in the cost of searching for the parame-
ters of melting modes, which significantly increased the quality 
of the molten metal. However, some issues are not resolved 
in the considered works, in particular, they do not take into 
account the dependence of the thermophysical parameters of 
the metal on the change in temperature [12, 16], and where 
it is taken into account, there are sharp jumps and breaks in 
the values of these functions at the points of phase transi-
tions [22, 23]. Not turbulent, but laminar flows of liquid metal 
were considered [13, 14, 23]. Basic equations of mathematical 
models are not given [17, 18]. The heat capacity of the phase 
transition is not calculated rationally enough [20, 21]. The pa-
rameters of heat removal into the wall of the crystallizer need 
clarification [22, 23]. All works consider alloys different from 
the one used in this work. In most cases, metal melts are defined 
as incompressible rather than incompressible liquids. Shapes of 
crystallizers and their sizes also differ. This also applies to the 
geometry of the jets of liquid metal poured into the crystallizers. 
Solving these issues could increase the accuracy of calculations 
in the case of a through-flow crystallizer of small diameter with 
a relatively high rate of liquid metal pouring into it, sufficient to 
ensure the turbulence of melt flows in the crystallizer.

3. The aim and objectives of the study

The purpose of our work is to determine patterns in the 
turbulent processes of heat and mass transfer in the case of 
electron beam melting of ingots of titanium alloys based on 
the construction of a mathematical model of these processes. 
The practical use of this model makes it possible to deter-
mine the parameters of technological melting regimes, which 
ensure high quality ingots of titanium alloy Ti-6Al-7Nb for 
medical purposes, based on the calculated shape of the metal 
crystallization front profile.

To achieve the goal, the following tasks were set:
– to build a mathematical model of thermal processes in 

the ingot under the condition of the turbulent nature of the 
movement of the molten metal;

– to construct a mathematical model of turbulent hydro-
dynamic processes in the ingot;

– to take into account the thermophysical characteristics 
of the metal, including their change in the interphase transi-
tion zones;

– to establish by using mathematical modeling methods 
the distribution of turbulent hydrodynamic flows and tem-
perature fields in the ingot and metal crystallization front.
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4. The study materials and methods

The object of our study is the conditions that ensure the 
quality of ingots of the newest titanium alloy Ti-6Al-7Nb 
for medical use when smelted by the electron beam melting 
technique. The subject of the study is the regularities of the 
distribution of hydrodynamic flows in liquid metal and tem-
perature fields in the ingot, which affect the crystallization 
front of the metal, which is an important factor in obtaining 
high-quality ingotsThe main hypothesis of the research as-
sumes that the position of the electron beam on the surface of 
the mirror of the bath of molten metal and its power are the 
main factors influencing the process of the formation of the 
crystallization front of the metal in the ingot. Accordingly, 
the quality of the metal in the ingot depends on this.

Research was carried out for an ingot with a diameter of 
110 mm with a speed of its extraction in a continuous crystal-
lizer of 20 kg/h. This speed of ingot formation and intensive 
supply of liquid metal to the crystallizer contributes to the 
fact that the flows in the bath have a turbulent nature of 
movement in most of its parts:

– the standard (classical) k-ε model of turbulence is ap-
plied, which is based on the fact that the Reynolds numbers 
are large, the turbulence is in equilibrium in the wall regions, 
and the energy is equal to the dissipation. This somewhat 
limits the accuracy of the model, especially near the walls, but 
is a trade-off with significant savings in computing resources;

– the method with a fixed grid is applied. In this method, 
the liquid and solid phases are treated as a single liquid-phase 
region, and the solid metal is simulated as a volume in which 
the metal motion is completely suppressed by the Darcy 
braking force (except for the ingot withdrawal rate);

– the interphase boundary "liquidus-solidus" of the L-S al-
loy is expressed by a viscous transition zone. The liquid phase is 
defined by a temperature that exceeds the liquidus temperature, 
the solid phase is defined by a temperature that is below the soli-
dus temperature. The transition zone is limited by these tem-
peratures, in which the parameters of the metal change according 
to a given law relative to the volume fraction of a certain phase;

– the volume fraction of the metal in the transition zone, 
depending on the temperature, is described by a smoothed 
function using the mathematical error function "erf";

– approximation dependences of thermophysical param-
eters of titanium alloy are constructed in such a way that 
they have smooth transitions with stepwise jumps of values 
in phase transitions using the "erf" function. For this purpose, 
the temperature limits of phase transitions are somewhat 
artificially expanded [24];

– the considered turbulent dynamic viscosity coefficient 
μT is not a property of the liquid but is determined by the 
nature of the flow according to the Boussinesq hypothesis;

– coefficient of turbulent thermal conductivity λT in li-
quid metal is used, which takes into account heat transfer 
from turbulent pulsations of metal flows;

– the classic Kays-Crawford model is used, which pro-
vides approximate values of Prandtl turbulent numbers PrT 
with overestimation of Nusselt numbers Nu, but is suitable 
for approximate calculations and forecasts;

– it is believed that the distribution of thermal power 
from the center of the electron beam on the surface of the 
bath mirror varies according to the Gaussian law.

Adopted simplifications are as follows:
– it is considered that the metal melt during the melting 

of the ingot is poured into the crystallizer continuously at 

a constant speed and with the maintenance of the average 
speed of drawing the ingot for the entire time of melting;

– a liquid metal bathtub mirror is considered a flat surface;
– the lower part of the calculation area is limited by the 

plane of the cross-section of the lower part of the ingot at 
such a distance from its upper part where thermal processes 
no longer affect the thermal processes in its upper part in the 
region of the metal crystallization front;

– molten metal is considered an incompressible vis-
cous liquid;

– since the pressure change in the molten metal is insig-
nificant, the specific heat capacity from the work performed 
as a result of the pressure change can be neglected;

– it is considered that the thermal conductivity of the 
copper wall of the crystallizer is ideal;

– to take into account the flow near the walls, analytical 
wall functions are used, which make theoretical deviations 
from the physical wall but give acceptable forecasts;

– the heat capacity in the α-β and L-S phase transition 
zones of the titanium alloy is taken into account by adding 
the equivalent heat capacity and the heat capacity, which 
takes into account the latent heat of phase transitions;

– heat capacity, which takes into account the latent heat 
of vaporization of the metal, is indirectly taken into account 
by the specific power of evaporation from the surface.

The mathematical model was built on the basis of funda-
mental physical laws of heat transfer, hydrodynamic laws of 
heat and mass transfer. Time-averaged equations such as the 
Reynolds-averaged Navier-Stokes (RANS) equations, the 
Boussinesq approximation and his hypothesis for turbulent 
flow, and the Darcy braking force were applied. The basis of 
the calculations was the standard k-ε model of turbulence. The 
finite element numerical method and an HP ProLiant ML350 
Gen9 SFF server with two 14-core Xeon E5-2680V4/2.4 GHz 
processors were used to calculate the three-dimensional ma-
thematical model. Smelting of ingots took place on the research 
equipment at the Institute of Electric Welding named after 
E. O. Paton, the National Academy of Sciences of Ukraine.

The necessary regimes and parameters of melting of the 
ingot were searched by the method of mathematical modeling 
of the thermal and hydrodynamic processes occurring in it.

5. Results of investigating a threedimensional 
mathematical model for calculating turbulent processes of 

heat and mass transfer

5. 1. Mathematical model of thermal processes in a cy
lindrical ingot under the condition of turbulent movement 
of the metal melt

For a stationary process under the condition of turbulent 
movement of liquid metal, taking into account the phase tran-
sition from its liquid to solid state, the heat transfer equa-
tion, W/m3, can be written in the following form [22, 25]:

ρCpu·ÑT+Ñ·q = Q+Qp+Qvd; (1)

q = –λeffÑT. (2)

Here, ρ is the specific density of the metal, kg/m3;  
Cp is the specific heat capacity of the metal, which takes into 
account the heat of the phase transition, J/(kg·K); u is the 
metal movement speed vector determined by hydrodynamic 
calculation, m/s; Ñ – nabla operator, m–1; T – temperature, K;  
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q – specific heat flow vector due to thermal conductivity (heat 
flow density), W/m2; Q – specific power from additional 
internal heat sources (in the problem under consideration, 
such sources are absent and Q = 0 W/m3); Qp is the specific 
heat capacity from the work performed when the pressure 
changes (since the pressure change is insignificant, this 
heat capacity can be neglected, i.e. Qp ≈ 0 W/m3); Qvd is 
viscous dissipation [26], or thermal power per unit volume,  
W/m3 = Pa/s, released as a result of performing work with the 
presence of viscous friction with the presence of turbulence 
in the metal melt and determines the intensity of irreversible 
transformation mechanical energy for heat (in the problem 
under consideration, the value of Qvd is not significant since 
the speed of movement of the metal to release heat is not 
high, so this parameter can be ignored in the heat problem, 
Qvd ≈ 0 W/m3); λeff is the effective coefficient of thermal con-
ductivity, which takes into account molecular and turbulent 
thermal conductivity, W/(m·K). Hereafter, to simplify the 
writing of the equations, the dependence of the thermo-
physical parameters of the metal (T), λeff(T), Cp(T) etc. on 
temperature is not explicitly shown.

To determine the specific heat capacity of the metal Cp, tak-
ing into account the latent heat of fusion – enthalpy HL-S, J/kg,  
in the phase transition, the Apparent Heat Capacity Me-
thod [27] is used. In the method, it is considered that the 
release of latent heat of fusion during the crystallization of the 
metal occurs in the temperature range between the tempera-
ture of the liquidus TL and the temperature of the solidus TS. 
Here, the indices L and S denote liquidus and solidus, that is, 
liquid and solid phases. In this temperature range, the speci-
fic heat capacity Cp:

Cp = Ceq+CL-S, (3)

where Ceq is the equivalent heat capacity of the transition 
zone; CL-S is the heat capacity of the latent heat of the phase 
transition.

The equivalent heat capacity is determined from the 
following formula:

C
F C F C

F Feq
L S L L L S S S

L S L L S S

=
+ −( )
+ −( )

− −

− −

ρ ρ
ρ ρ

1

1
. (4)

Here, FL-S is an approximation function that determines 
the distribution of the volumes of liquid and solid metal 
in the two-phase liquidus-solidus zone in the temperature 
range TL…TS and will be defined below; ρL, ρS and CL, CS are, 
respectively, the specific density of the metal and its heat 
capacity at the liquidus and solidus temperature points.

To determine the heat capacity CL-S, an approximation de-
pendence is used that meets the following condition [12, 28]:
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The nature of the heat capacity CL-S distribution in the 
transition zone corresponds to the temperature derivative of 
the approximation function FL-S. This derivative will also be 
defined below.

Accounting for the latent heat α–β of the Hα–β transition 
is similar, but for its temperature range Tα…Tβ with its appro-
ximation function Fα–β, which determines the distribution 
of phase volumes in the artificial temperature range Tα…Tβ  
of the α–β phase transition zone and also will be determined 

below, and by the heat capacity of the latent heat of the phase 
transition Cα–β.

The effective coefficient of thermal conductivity is calcu-
lated according to the following formula:

λeff = λ+λT, (6)

where λ is the coefficient of molecular thermal conducti-
vity, W/(m·K); λT is the coefficient of turbulent thermal 
conductivity in liquid metal, W/(m·K), taking into account 
the additional heat transfer mechanism associated with 
turbulent pulsations of metal flows. The values of λT can be 
obtained from the following formula [29]:
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Here, μT is the coefficient of turbulent dynamic visco-
sity, Pa·s, the definition of which will be discussed below;  
PrT is the turbulent Prandtl number, which can be calculated 
with sufficiently high accuracy for gases and liquids in the 
case of PrT ≤ 1 and Pr ≥ 1 [30] by an approximation formula 
in accordance with the Kays and Crawford model [31, 32]:
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where PrT∞ is the turbulent Prandtl number at a long dis-
tance from the wall, taken equal to 0.85, with PrT < 1.7, and 
in the case of Pr → 0, heat transfer will take into account only 
molecular conduction. In general, the Prandtl number takes 
into account the influence of the physical properties of the 
coolant on heat transfer.

For liquid metal flows at PrT >> 1 and Pr << 1 [30], the 
Kays-Crawford model holds but gives overestimated predic-
tions of the Nusselt numbers Nu. For liquid metals, Pr ≤ 1, 
and does not strongly depend on temperature. Therefore, 
formula (8) for liquid metals can be used for estimation cal-
culations in the first approximation.

The formula for determining the PrT number is known, 
obtained in [33], on the basis of data [34], based on simulated 
transport equations for turbulent kinetic energy and turbu-
lent heat flow. The peculiarity of the formula is that it gives 
average values of PrT throughout the boundary layer, as it 
does not take into account their spatial distribution. In the 
case of flow in pipes and channels:

Pr .
.

Pr Re
..T = +

⋅
0 9

182 4
0 888  (9)

Based on equation (9), in [30], an expression for calculating 
the Prandtl number at a large distance from the wall was in-
troduced into the Kays-Crawford model (8) for more accurate 
prediction of heat transfer in fluids with a low Prandtl number:

Pr .
Pr Re

..T

D
∞ = +

⋅
0 85 0 888  (10)

Here D is a constant equal to 100 (but it can be refined); 
Re is the Reynolds number.
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Formula (10) makes it possible to use expression (8) 
for all molecular Prandtl numbers for the conditions of  
a fully developed flow, as well as for a thermal flow deve-
loping under various boundary conditions at the wall [30]. 
This gives refined PrT values for low Prandtl number  
flows (liquid metals). The refined model (8), (10) was 
named the extended Kays-Crawford model. For liquids 
and gases, the model reduces to the original Kays-Craw-
ford model.

With regard to the flows of liquid metal in the bath 
considered in this paper, it should be noted that in this 
case both Kays-Crawford models will give an approximate 
result. The classical model gives exaggerated values of Nu 
numbers for liquid metals, and the extended model requires 
the determination of Reynolds numbers, which depend 
on the characteristic geometric size of the system and the 
flow rate. For pipes and channels, Reynolds numbers are 
determined uniquely. But their definition in the researched 
problem is a significant challenge. Their imprecise definition 
can give a higher error than in the case of using the classic 
Kays-Crawford model. In addition, the extended model was 
developed based on data obtained in the case of flows in 
pipes and channels.

Also, for estimation calculations of the value of the coef-
ficient of turbulent thermal conductivity λT, in formula (7) 
it is possible to directly specify values of PrT from the range 
of their predicted values. For example, in work [22], data on 
the values of PrT numbers, which lie in the range of 1...10  
for liquid metal, were given.

The classic Kays-Crawford model was used, which gives 
an approximate value of PrT. The calculated parameters 
of the considered processes are compared with the results 
obtained at the given PrT numbers using formula (7). 
They were comparable in terms of PrT numbers in area 1, 
where the depth of the bath and the flow of molten metal 
are close. Comparisons were also made with the results 
obtained using the extended Kays-Crawford model with 
a change in Reynolds numbers in the range Re = 104…105. 
Changes in the values of Re numbers affected the flow of 
molten metal in the bath, but the depth of the bath did not  
change significantly.

In the transition zone, the coefficient of turbulent ther-
mal conductivity was not used. The effective thermal con-
ductivity in this zone was calculated from the molecular ther-
mal conductivities of the liquid and solid phases according  
to the following formula:

λeff = FL-SλL+(1–FL-S)λS. (11)

To take into account heat transfer, a near-wall function is 
used, which is based on the universal temperature distribu-
tion near the wall. At the same time, the heat flow through 
the wall qw, W/m2, from the Launder-Spalding model, will 
be equal to [35, 36]:

− ⋅ = =
−
+n q q C u

T T
Tw p

wρ τ . (12)

Here n is the vector normal to the surface; uτ is the 
friction speed given by the properties of the wall, m/s; 
Tw – wall temperature, K; T+ is a dimensionless value of 
temperature, which is calculated according to the empiri-
cal formula [29, 37] with dimensionless coefficients δw

+ , δw1
+ , 

δw2
+  and β:
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κ is Von Karman’s constant, equal to 0.41.
Formula (12) is oriented to sufficiently large Reynolds 

numbers, and for their small values, the formula gives an 
approximate result.

Equations (7), (8), (12), and (13) combine thermal and hy-
drodynamic problems in the statement of non isothermal flow.

Heat supply in the model is balanced by heat removal 
due to evaporation and radiation from the mirror of the 
metal bath; heat transfer to the crystallizer; radiation from 
the surface of the ingot into the crystallizer below the point 
of detachment of the ingot from the walls of the crystallizer; 
radiation outside the crystallizer; thermal conductivity of the 
ingot at the lower limit of the calculation area.

Below are the boundary conditions for heat fluxes.
Fig. 1 schematically shows 1/2 part of the ingot in its con-

ventional cross-section along its vertical axis of symmetry in 
the middle of the conditional spot on the surface of the bath 
from the stream of liquid metal pouring into the bath. That is, 
1/2 part of the model is considered, since its conditional parts 
are symmetrical and identical in this cross-section.

 

G2 

G3 

G4 
G6 

G7 

G5 

G1 

Fig.	1.	Calculation	model	of	the	ingot	

At the boundary G1, which is limited by the area of 
pouring liquid metal into the crystallizer, there is an en-
trance to the system – Inflow, and the following equations 
correspond to it [25]:

–n·q = ρΔHu·n; (14)

ΔH = ΔHT+ΔHp; (15)

ΔH C TT pT

T

in

= ∫ d . (16)
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Here, ΔH is the change in melt enthalpy (thermal ener-
gy), which depends on the temperature difference and pres-
sure difference [38] (Maxwell’s ratio), respectively, on the 
components ΔHT and ΔHp, J/kg; u is the speed of the melt 
jet at the inlet; Tin is the temperature of the metal at the 
inlet (the temperature of the metal poured from the interme-
diate container [39]), K.

As was noted in the description before using equation (1),  
if the change in pressure can be neglected, then the ΔHp 
component can also be omitted here. In this case, an isobaric 
process with p = const is considered, and equation (15) will 
take the form ΔH = ΔHT, where the change in enthalpy ΔHT is 
determined by Kirchhoff’s thermochemical law (16) [40, 41]. 
Therefore, the boundary G1 will correspond to the condition of 
the 2nd kind for an "open" wall. For estimation calculations, this 
limit can also be determined by the condition of the isothermal 
process of the 1st kind, setting instead of formulas (14) to (16) 
the temperature on the surface of the region T = Tin.

At the boundary G2, which is limited by the area of the 
mirror of the metal melt in the crystallizer, with the excep-
tion of the boundary G1, there is heating of the melt from the 
electron beam (condition of the 2nd kind), its cooling due to 
evaporation (condition of the 2nd kind), and radiation (con-
dition of the 3rd kind):

–n·q = qeb–qev–qrad2. (17)

Here qeb is the specific heat flux averaged over the surface 
of the molten metal bath mirror from the electron beam that 
uniformly heats this surface, W/m2:

qeb = Peb/Sdz; (18)

Peb – thermal power from the electron beam, W; Sdz – surface 
area of the molten metal bath mirror, m2; Sdz = πr2; r is the ra-
dius of the molten metal bath mirror, m. The heat flux qeb is 
distributed over the surface of the molten metal bath mirror, 
usually uniformly (14) or (and) according to the Gaussian 
distribution along the radius. In the latter case, the Gaussian 
distribution of thermal power from the electron beam on the 
surface of the bath and the radius of the spot from the beam are 
taken into account; qev – specific heat flux due to evaporation 
of liquid metal from the surface of the bath mirror, W/m2;  
qrad2 is the specific heat flux of radiation from the surface of 
the liquid metal bath mirror, W/m2, [42]:

q T Trad vault2 2
4 4= −( ) ε σ ; (19)

ε2 is the dimensionless coefficient of the reduced degree of 
blackness of the system of surfaces of the bodies "liquid metal  
of the bath mirror – the vault of the vacuum chamber", 
between which the process of radiant heat exchange takes 
place; σ = 5.67·10–8 W/(m2·K4) – Stefan-Boltzmann con-
stant; Tvault is the temperature of the vacuum chamber vault 
above the bathtub mirror.

The coefficient of the reduced degree of blackness of the 
system of surfaces of two bodies a and b on the i-th boundary 
is calculated according to the following formula [43]:

ε
ε εi

a b

=
+ −

1
1 1 1

. (20)

Here, εa and εb are coefficients of the degree of blackness 
of the respective surfaces.

At the boundary G3, which is limited by the walls of the 
crystallizer, there is both convective and radiant heat ex-
change (conditions of the 3rd kind):

− ⋅ = − ≥ >
− ⋅ = − − ≥ ≥

− ⋅ =

n q

n q

n q
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 (21)

where qconv3 is the specific heat flow in the case of convective 
heat exchange, W/m2, passing along the height through the 
section of the crystallizer wall with temperature Tcryst, which 
is in contact with liquid metal having a temperature higher 
than the liquidus temperature TL [42]:

qconv3 = h3(Tcryst–T); (22)

h3 is the coefficient of heat transfer from the surface of the 
liquid metal of the ingot, which integrally takes into account 
the heat transfer from it through the wall of the crystallizer 
to the cooling water, W/(m2·K). In this section, it is taken 
as such that it decreases linearly from the value of hin to the 
value of hL as the temperature of the melt decreases:

h h h h
T T
T TL in L

L

in L
3 = + −( ) −

−
; (23)

′qconv3 is the specific heat flow in the case of convective heat 
exchange, W/m2, passing in height through the section of the 
crystallizer wall that is in contact with the metal of the ingot, 
which has a temperature below the liquidus temperature TL 
and higher than the temperature of the detachment of the 
ingot from the wall of the crystallizer Tsep due to shrinkage 
metal because of its cooling:

′ = ′ −( )q h T Tconv crvst3 3 ; (24)

′h3 is the coefficient of heat transfer from the surface of the in-
got metal, which integrally takes into account the heat trans-
fer from it through the wall of the crystallizer to the cooling 
water, W/(m2·K). In this section, it is taken so that with  
a decrease in the temperature of the ingot metal, it decreases 
according to the law of the approximation function FL–sep (to 
be defined below), from the value of hL to the value of hsep:

′ ( )= +h h F h FL L sep sep L sep3 1 ; (25)

′qrad 3 is the specific heat flux from radiation from the surface 
of the ingot metal, W/m2, falling on the area of the crys-
tallizer wall with the temperature of the ingot metal below 
the liquidus temperature TL and above the ingot separation 
temperature from the crystallizer wall Tsep:

′ = ′ −( )q T Trad cryst3 3
4 4ε σ ; (26)

′ε3 – dimesionless coefficient of the reduced degree of black-
ness of the system of body surfaces in this area:

′ = −( )ε ε3 3 1 FL sep ; (27)

ε3 is the dimensionless coefficient of the reduced degree of 
blackness of the system of surfaces of bodies "cast metal – 
wall of the crystallizer", between which the process of radiant 
heat exchange takes place; qrad3 is the specific heat flux from  
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radiation from the surface of the ingot metal, W/m2, falling 
on the area of the crystallizer wall with the temperature of 
the ingot metal below the ingot separation temperature from 
the crystallizer wall Tsep:

q T Trad cryst3 3
4 4= −( )ε σ . (28)

At the boundary G4, which is limited by the vertical walls 
of the ingot that came out of the crystallizer, there is only 
radiative heat exchange (condition of the 3rd kind):

–n·q = qrad4. (29)

qrad4 is the specific heat flux of radiation from the side surface 
of the ingot metal, W/m2, falling on the wall of the vacuum 
chamber with the temperature Twall:

q T Trad wall4 4
4 4= −( )ε σ . (30)

ε4 is the dimensionless coefficient of the degree of black-
ness of the system of surfaces of bodies "cast metal – wall of 
the vacuum chamber" in this area.

On the boundaries G5 and G6, which are limited by the 
cross-sectional plane – Symmetry, which runs along the ver-
tical axis of symmetry of the ingot along its height and in the 
middle of a conditional spot on the surface of the bath from 
a jet of liquid metal pouring into the bath (condition of the 
2nd kind):

–n·q = 0. (31)

The boundary G7 is limited by the cross-sectional plane of 
the lower part of the ingot at such a distance from its upper 
part, where thermal processes no longer affect the thermal 
processes in its upper part in the region of the metal crystal-
lization front. This border is a conditional exit from the sys-
tem – Outflou. The distance to it is determined by iterative 
calculation. On this boundary, the condition of the 2nd kind 
of adiabatic process of the "closed" wall (thermal insulation) 
is selected:

–n·q = 0. (32)

This boundary G7 can also be described by the equations 
of the 2nd kind condition (14) to (16), for u is the casting 
speed, and the approximate value of the temperature T7 on 
the boundary G7 is chosen as the temperature value of the 
lower boundary of the integral of equation (16), which is 
specified when making calculations.

Naturally, both the one and the second condition at the 
boundary G7 will give only approximate calculated values of 
the temperatures in the lower part of the ingot.

The vault and walls of the vacuum chamber have water 
cooling.

5. 2. Mathematical model of turbulent hydrodynamic 
processes in the melt of a cylindrical ingot

Mathematical modeling of hydrodynamic processes in 
the case of continuous supply of incompressible titanium 
melt to the crystallizer is performed using the model of 
Reynolds-averaged Navier-Stokes (RANS) equations for 
momentum conservation and the continuity equation for 
mass conservation. For a stationary process, the model takes 
the following form [22, 36, 44, 45]:

ρ(u·Ñ)u = Ñ·(pI+K)+Fd+ρg; (33)

K = (μ+μT)[Ñ·u+(Ñ·u)T]; (34)

ρÑ·u = 0, (35)

where p is the average pressure value, Pa; I is a unit tensor;  
K – tensor of viscous stresses, Pa; Fd is the Darcy braking 
force vector, which is introduced artificially to reduce and 
suppress velocities in the viscous and solid zones, Pa/m; 
g – free fall acceleration vector, m/s2; μ is the coefficient of 
molecular viscosity of the liquid metal, Pa·s.

The introduction of the coefficient of turbulent dynamic 
viscosity μT into the Navier-Stokes equation, which is not 
a property of the liquid, but is determined by the nature 
of the flow, is determined by the Boussinesq hypothesis for 
turbulent flow, by analogy with Stokes’ law for laminar flow. 
Since in equation (33) in the last term ρ depends on the 
temperature T, the idea of the Boussinesq approximation is 
used in this case. In it, the product ρg affects the process of 
convection due to changes in temperature, due to the fact 
that the acceleration of free fall g is of sufficient magnitude 
for this product to be significant.

Averaging according to Reynolds leads to the non-clo-
sure of the Navier-Stokes equations, which can be closed 
by semi-empirical turbulence models, which determine the 
value of the coefficient of turbulent dynamic viscosity μT. For 
the numerical calculation of hydrodynamic problems, there 
are several models that differ from each other in the accuracy 
of the description of the turbulent flow and the complexity 
of the solution. One of the most widely used models is the 
k-ε model of turbulence [36, 44, 45], the standard version of 
which was devised and improved in works [35, 46–48]. The 
model has a fairly high rate of convergence of results and uses 
relatively small volumes of the computer’s operational mem-
ory. More complex and accurate turbulence models make it 
possible to more accurately calculate the structure of motion 
in near-wall regions. But in the problem under consideration, 
this is not so important since in these areas there is mostly 
solid metal, the direction and speed of which is known, and is 
determined by the speed of drawing the ingot.

The standard k-ε model is one of the most common mod-
els of turbulence – Turbulent Flow. Two additional trans-
port equations and two dependent variables are introduced 
into the model: k – turbulent kinetic energy (kinetic energy 
of turbulent pulsations), J/kg; ε is the rate of turbulent 
dissipation (the rate of energy dissipation of turbulent pul-
sations), J/(kg·s) = m2/s3. The k-ε turbulence model relies 
on several assumptions, the most important of which is that 
the Reynolds number is sufficiently large. It is also import-
ant that the turbulence is in equilibrium in the near-wall 
regions. This means that energy equals dissipation. These 
assumptions limit the accuracy of the model as they do 
not always correlate with reality. Thus, the model does not 
always respond properly to flows with pressure gradients, 
which can lead to an underprediction of the spatial extent 
of recirculation zones. In the case of simulation of rotating 
flows, the model may show incomplete agreement with the 
experiment. The model is suitable for incompressible flows, 
weakly compressible flows, and compressible flows with low 
Mach numbers (less than 0.3). But in most cases, the lim-
ited accuracy of the model is a fair trade-off for the volume 
of computational resources saved, compared to using more 
complex turbulence models.
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Turbulent dynamic viscosity, Pa·s, in the k-ε turbu-
lence model:

µ ρ
εµT C
k

=
2

. (36)

Here, Cμ = 0.09 is Taudsen’s empirical constant [49].
The values of k and ε are determined by solving two equa-

tions [29, 36]. The differential equation (with the dimensio-
nality of terms in Pa/s) in the partial derivatives of the first 
order for the kinetic energy of turbulent pulsations k:
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µ
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+ ( ) −k k PT

k
T , (37)

where σk = 1 is a constant; P(u) is a function that takes into ac-
count the occurrence (production) of turbulence P(u), Pa/s:

P
T

u u : u u( ) = Ñ⋅ Ñ⋅ + Ñ⋅( )( ). (38)

The differential equation (with the dimensionally of 
terms Pa/s2) in the partial derivatives of the first order for 
the energy dissipation rate of turbulent pulsations ε:
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.  (39)

Here the constants σε = 1.3; Cε1 = 1.44; Cε2 = 1.92, the 
values of which for this problem can be taken from the Laun-
der-Sharma [46, 50] and Launder-Spalding [35] models.

The Darcy braking force, Pa/m, can be calculated from 
the following formula [51–53]:

F u ud
L S

L S
cast

C F

q F
=

−( )
+

−( )−

−

1
2

3 , (40)

where C ≈ 102…104 kg/(m3s); q ≈ 10–2…10–4 are constants 
whose ratio C/q must be sufficient to suppress movement in 
solid metal when FL-S = 0 (except for the melting rate of the 
ingot ucast). In a liquid metal, when FL-S = 1, the Darcy force 
Fd = 0, and should not affect the motion [51]. In the transition 
zone, the current corresponds to the Darcy force.

Wall functions. In the case of solving a hydrodynamic 
problem in the near-wall regions, it is necessary to set the 
condition of the absence of sliding, or its presence.

No Slip is a boundary condition in the modeling of solid 
walls. A no-slip wall is a wall where the fluid velocity rela-
tive to the wall velocity is zero. For a stationary wall, this 
means that u = 0.

Presence of slip specifies the condition of no penetra-
tion, u·n = 0. It is assumed that there are no viscous effects on 
the sliding wall and, therefore, no wall layer develops. From 
a modeling perspective, this may be a reasonable approxi-
mation if the main effect of the wall is to prevent fluid from 
escaping the region. 

The flow near a solid wall for turbulent flow is different 
from free flow. The assumptions used in the k-ε model will 
not be valid near the walls. Although there is a low-Reynolds- 
number k-ε turbulence model that describes the flow in the 
near-wall regions, its use is not always practical because of 

its very high requirements. Therefore, analytical expressions 
known as near-wall functions are used to describe the flow 
near the walls. The use of these functions implies a theoreti-
cal departure from the physical wall. The wall functions give 
acceptable predictions as long as they do not exceed some 
upper bound on the turbulent Reynolds number. This limit is 
almost never lower than 50, and in many practical problems 
reaches several hundreds. The highest accuracy is achieved if 
it is also greater than 25, which roughly corresponds to the 
beginning of the logarithmic layer. The boundary conditions 
for the velo city are the condition of no penetration u⋅n = 0 
and the condition of shear stresses. Therefore, we shall solve 
the problem of hydrodynamic processes assuming the pre-
sence of sliding.

Below are the boundary conditions for hydrodynamic flows.
At the boundary G1:

nT(–pI+K)·n = –p0; (41)

u·t = 0; (42)

k U Iref T= ( )3
2

2
; (43)

ε µ= C
k
LT

3 4
3 2

, (44)

where p0 is the initial value of pressure at the inlet of the 
molten metal flow on the surface of the bath, Pa; k and ε are  
the approximate values of the kinetic energy and energy 
dissipation rate for the flow of molten metal pouring in [36];  
Uref – average flow speed, m/s; IT is the intensity of turbu-
lence, a dimensionless quantity; LT = 0.07L, where L is the 
characteristic cross-sectional size of the spot from the flow 
jet flowing onto the surface of the bath, m.

At the boundaries G2…G6:

u·n = 0; (45)

K–(K·n)·n = 0; (46)

Ñk·n = 0; (47)

Ñε·n = 0. (48)

At the boundary G7:

u = u0; (49)

Ñk·n = 0; (50)

Ñε·n = 0. (51)

Here u0 is the vector of the ingot pulling speed, m/s.

5. 3. Taking into account the processes in the inter
phase transition zones of metal and its thermophysical 
characteristics

For the numerical calculation of thermal and hydrody-
namic processes in the case of the presence of a phase tran-
sition in the metal, the method of finite elements with fixed 
and movable calculation grids can be applied, if dispersed 
media are not taken into account.

In the fixed mesh method, the liquid and solid phases 
are treated as one region. At the same time, the interphase 
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boundary is not clear and there is a viscous transition zone 
in it, in which the parameters change according to a certain 
law relative to the volume fraction of a certain phase. This 
approach is used to calculate the processes of melting and 
crystallization of alloys where there is a transition zone bet-
ween solid and liquid phases.

The moving grid method does not contain an interphase 
transition zone, so its application is appropriate for processes 
that occur in pure metals or in metals with a small volume of 
alloying elements.

With continuous supply of liquid titanium alloy to the 
crystallizer, the position of the interphase boundary can be 
calculated using the Phase Field Method [54] with a fixed 
grid. At the same time, the liquid phase is determined by  
a temperature higher than the liquidus temperature TL, the 
solid phase is determined by a temperature lower than the 
solidus temperature TS, and the transition zone is limi ted by 
the temperatures TL and TS. The volume fraction of metal FL-S 
in the transition zone, depending on the temperature, can be 
described by a smoothed function using the mathematical 
error function "erf". For the smoothed function:
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where ymin = 0, ymax = 1.
When using the "erf" function, the proposed smoothing 

function yerf,Down-Up from the x argument during a step tran-
sition along the ordinate axis from the lower (Down) level 
ymin to the higher (Up) level ymax will be written in the form:
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and its derivative ′ −y Down Uperf,  with respect to the argument x:
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 (54)

and the smoothing function yerf,Up-Down during a step transi-
tion along the ordinate axis from a higher level ymax to a lower 
level ymin takes the following form:

y x x x y y x x

y

Up Downerf , min max min max min,erf max,erf

ma

, , , , , ,− ( ) =

= xx min

min max

max min

max,erf min,erf

erf
−

⋅ −
− +

−
−










y x
x x

x x
x x

2
1 2




























+ ymin ,  (55)

and its derivative ′ −y Up Downerf, with respect to the argument x:
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Here, xmin, xmax are the specified minimum and maximum 
values along the abscissa axis, at which the minimum and 
maximum values along the ordinate axis ymin, ymax approach 
their specified values; xmin,erf, xmax,erf are the minimum and 
maximum values along the abscissa axis of the "erf" func-
tion, at which it approaches the values along the ordinate 
axis –1 and 1. Usually, at xmin,erf = –2, the function erf(–2) =  
= –0.99532, and at xmax,erf = 2, the function erf(2) = 0.99532, 
which is a good approximation to –1 and 1, but if a greater 
approximation is needed, the value xmin,erf = –e can be taken, 
where the function erf(–e) = –0.99988, and when xmax,erf = e, 
the function erf(e) = 0.99988.

The use of the "erf" function is appropriate since it is em-
bedded into almost all computer calculation packages, and, 
accordingly, it is relatively fast for calculations.

Fig. 2 shows the dependences yerf,Down-Up, yerf,Up-Down and 
y′erf,Down-Up, y′erf,Up-Down on temperature T at xmin = TS; xmax = TL, 
values ymin = 0; ymax = 1 and xmin,erf = –2, xmax,erf = 2. Essentially, 
the yerf,Down-Up curve reflects the increasing dependence of 
the FL-S value, and yerf,Up-Down – the decreasing dependence of  
the value (1–FL-S)  in the two-phase zone of the liquidus-soli-
dus transition.
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Fig.	2.	Dependences	on	temperature	T:		
yerf,Down-Up	–	continuous	thickened	growing	curve;		
yerf,Up-Down	–	intermittent	thickened	falling	curve;		

′ −y Down Uperf, 	–	a	continuous	thinned	curve	with	positive	values;	
′ −y Up Downerf, 	–	an	intermittent	thinned	curve		

with	negative	values

By applying these functions, it is possible to obtain the 
dependences of the FL-S and Fα–β values in the corresponding 
temperature ranges, using similar formulae (52).

For the considered alloy, the temperatures are: on the 
artificially extended boundaries of the α–β phase tran-
sition Tα = 1253 K, Tβ = 1283 K at the actual temperature 
Tα–β = 1283 K; on the boundaries of the S–L of the phase  
transition TS = 1873 K, TL = 1923 K, with the actual tempera-
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ture TL-S = 1923; temperature of separation of the ingot 
from the wall of the crystallizer Tsep = 1640 K; evaporation 
temperature Tev = 1970 K; metal temperature at the inlet to 
the crystallizer Tin = 2061 K. Latent heat (enthalpy) of phase 
transitions relative to 25 °C (298 K): Hα–H25 = 6.36·105 J/kg,  
Hβ–H25 = 6.84·105 J/kg and Hα–β = Hβ–Hα = 4.8·104 J/kg;  
HS–H25 = 1.180·106 J/kg, HL–H25 = 1.466·105 J/kg and HL-S = 
= HL–HS = 2.86·105 J/kg.

It should be noted that the introduction into consider-
ation of the temperature range of phase transitions, in which 
the thermophysical properties of the material do not have 
sharp stepwise jumps, but smoothly change in an artificial 
range set by the user, is a well-known approach [24]. This 
approach is widely used in the modeling of thermal processes.

A key element of the modeling approach is the introduc-
tion of a so-called soft zone at the solid-liquid interface, where 
thermophysical properties are "smeared" in a user-specified 
range of melting temperatures.

The accuracy of the mathematical description of the ther-
mophysical characteristics of the titanium alloy as a function of 
temperature determines the accuracy of the calculations of all 
parameters and characteristics in the simulation of the move-
ment of the hydrodynamic flows of the titanium alloy in the 
process of melting the ingot during EBM. Therefore, important 
attention should be paid to the performance of this task.

It is known that the finite element numerical method is 
sensitive to gaps in function values and sharp stepwise jumps 
in values. Stepwise jumps in values are generally observed 
at α-β and L-S phase transitions. If there is a step transition, 
then the method cannot always find a solution and the cal-
culations fail. It is important to make such a mathematical 
description of the functions so that there is a smooth tran-
sition in stepwise jumps of values. It is convenient to realize 
this with the obtained functions yerf,Down-Up and yerf,Up-Down, 
or using the values Fα–β, 1 – Fα–β, FL-S, 1 – FL-S, taking into 
account the increase or decrease of the values in the phase 
transitions. The approximate dependences of the thermo-

physical parameters of the titanium alloy are constructed 
exactly in this way and have smooth transitions in stepwise 
jumps of values (Fig. 3).

Fig. 3 shows approximation curves of the simulated cha-
racteristics of the Ti-6Al-7Nb alloy used in the calculations 
versus temperature.

5. 4. Results of mathematical modeling of turbulent hy
drodynamic processes and temperature fields in the ingot

A through-flow crystallizer with an internal diameter of 
110 mm and a height of 150 mm was used for the research. The 
ingot extraction speed was chosen to be 20 kg/h (0.489 m/h). 
The pouring of pre-molten metal from the intermediate con-
tainer onto the surface of the bath takes place near the wall 
of the crystallizer in a square spot of 10 × 10 mm with a speed 
of the melt jet of 52.4 m/h. The surface of the molten metal is 
heated by an electron beam with a power of 16 kW with an ef-
ficiency of 75 %, which moves in a circle around the periphery 
of the melt bath with a Gaussian distribution of the thermal 
power from the electron beam (Fig. 4).

The number of nodes of the calculation grid was taken at 
the level of 2.7·106.

Calculations were performed for three-dimensional mo-
deling of the system under consideration. The simulation 
results are shown in Fig. 5–9.

Fig. 5, a shows the directions of the velocity vectors of 
liquid metal flows, with the deduction of the ingot pulling 
speed downwards in the axial direction. A cross-section along 
the vertical axis of symmetry of the ingot through the middle 
of a conditional spot on the surface of the bath from a stream 
of liquid metal poured into the bath is considered. The size 
of the vectors is chosen on a logarithmic scale proportional  
to the speed of the melt movement.

Fig. 5, b shows a plot of temperature distribution on the 
surface of the liquid metal bath under the Gaussian distribu-
tion of the heat power floor from the electron beam along the 
periphery of the melt.
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Fig.	3.	Approximate	dependences	of	simulated	thermophysical	parameters	of	Ti-6Al-7Nb	titanium	alloy	on	temperature	T:		
а	–	specific	density	ρ;	b	–	thermal	conductivity	λ;	c	–	specific	heat	capacity	Cp;	d	–	specific	heat	capacity	Cp		

taking	into	account	the	latent	heat	of	phase	transitions	α–β	and	L-S;	e	–	evaporation	losses		
from	the	surface	of	the	melt
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Fig.	4.	Distribution	of	the	thermal	power	of	an	electron	beam	

over	the	surface	of	the	ingot
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Fig.	5.	In	the	cross-section	along	the	vertical	axis	of	
symmetry	of	the	ingot	through	the	middle	of	the	conditional	

spot	on	the	surface	of	the	bath	from	the	stream	of	liquid	
metal	pouring	into	the	bath,	the	following	are	presented:		

a	–	flows	of	liquid	metal	in	the	bath;	b	–	temperature		
on	the	surface	of	the	bath

Fig. 6, a demonstrates the directions of the velocity vec-
tors of liquid metal flows, with the deduction of the ingot 
pulling speed downwards in the axial direction. A cross-sec-
tion along the vertical axis of symmetry of the ingot at an 
angle of 90° from the middle of the conventional spot on the 
surface of the bath from the jet of liquid metal poured into 
the bath is considered. This is a plane perpendicular to the 
plane from Fig. 5, a. 1/2 part of the drawing is presented 
since its other half is symmetrical.

Fig. 6, b shows a plot of temperature distribution on the 
surface of the bath of molten metal.
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Fig.	6.	In	the	cross-section	along	the	vertical	axis	of	
symmetry	of	the	ingot	at	an	angle	of	90°,	the	following	are	

presented:	a	–	streams	of	liquid	metal	in	the	bath;		
b	–	temperature	on	the	surface	of	the	bath

Fig. 7 demonstrates the three-dimensional distribution 
of the temperature field and the direction of the velocity vec-
tors of the metal flows in the crystallizer with the deduction 
of the ingot pulling speed to the bottom.

 

Fig.	7.	Three-dimensional	distribution	of		
the	temperature	field	and	metal	flows	in	the	crystallizer		

with	deduction	of	the	ingot	pulling	speed		
to	the	bottom
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Fig. 8 shows the distribution of the temperature field and 
metal flows in the crystallizer (top view).

 
Fig.	8.	Distribution	of	the	temperature	field	and	metal	flows	

in	the	crystallizer	(top	view)

Fig. 9 demonstrates the directions of liquid metal flows, 
taking into account the speed of drawing the ingot to the bot-
tom in the axial direction. A cross-section along its vertical 
axis of symmetry through the middle of a conditional spot on 
the surface of the bath from a jet of liquid metal pouring into 
the bath is considered.

 
Fig.	9.	Directions	of	liquid	metal	flows	taking		

into	account	the	rate	of	pulling	the	ingot	downwards		
in	the	axial	direction	in	a	cross-section	along	its	vertical		

axis	of	symmetry

For experimental verification of the constructed mathe-
matical model according to the technological parameters 
used in the simulation, namely: melting rate, 20 kg/h; power 
of electron beam heating of the surface of the melt in the 
crystallizer, 16 kW. Using the EBM technique with an in-
termediate capacity [55, 56], a Ti-6Al-7Nb titanium alloy 
ingot with a diameter of 110 mm and a length of 630 mm 
was obtained (Fig. 10), from which a transverse template 
was cut (Fig. 11).

 
Fig.	10.	An	ingot	of	Ti-6Al-7Nb	titanium	alloy	with		

a	diameter	of	110	mm	and	a	length	of	630	mm,	obtained		
by	the	technique	of	electron	beam	melting	[57]

 
Fig.	11.	Macrostructure	of	the	cast	metal	of		

a	Ti-6Al-7Nb	titanium	alloy	ingot	with	a	diameter		
of	110	mm	[57]

Fig. 11 shows the macrostructure of the metal of the 
transverse template of the Ti-6Al-7Nb titanium alloy ingot 
with a diameter of 110 mm, melted by the EBM technique. 
The structure of the metal was revealed by the method of 
chemical etching of the surface of the template.

6. Discussion of results of the mathematical modeling  
of turbulent processes of heat and mass transfer

Taking as a basis the most successful elements of the im-
plementation of mathematical models, mainly from [22, 23], 
by eliminating the main unresolved issues noted in them, we 
modernized them to solve the problem of finding the neces-
sary parameters for the formation of a high-quality ingot of 
the latest medical titanium alloy Ti-6Al-7Nb. Faster pouring 
of liquid metal into a crystallizer of smaller diameter is taken 
into account, which led to the formation of turbulent flows 
of liquid metal. Heating of the melt surface in the crystallizer 
by only one electron gun is taken into account. The approach 
to constructing approximate dependences of thermophysical 
parameters of metal on temperature has been modernized,  
in which sharp jumps and breaks in the values of these func-
tions in two-phase zones have been eliminated at the points 
of phase transitions. Another function has been proposed to 
take into account the heat capacity of the phase transition. 
The parameters of heat dissipation into the wall of the crys-
tallizer from the liquid metal of the bath and the parameters 
of heat radiation from the ingot surfaces were more precisely 
determined. That has made it possible to identify the regula-
rities of turbulent heat and mass transfer processes during the 
formation of an ingot of the newest titanium alloy Ti-6Al-7Nb 
with sufficient accuracy for practice.

Owing to the constructed mathematical model of ther-
mal (basic formulae (1), (2), additional formulae (3) to (8), 
(11) to (13), and boundary conditions formulae (14) to (32))  
and turbulent hydrodynamic (basic formulae (33) to (35), 
k-ε formulae of the model (36) to (40) and boundary con-
ditions formulae (41) to (51)) of processes in the ingot, as a 
result of three-dimensional mathematical modeling, we have  
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calculated temperature fields and hydrodynamic flows in 
the case of forming an ingot of the newest titanium alloy 
Ti-6Al-7Nb by the EBM technique. At the same time, ther-
mophysical characteristics of the metal, which depend on 
temperature, were applied, and interphase transition zones 
were taken into account. That has made it possible to reveal 
the regularities of the distribution of hydrodynamic flows in 
the liquid metal and temperature fields, as well as the crystal-
lization front of the metal during the formation of the ingot.

A characteristic feature of the modeling was that thermal 
and hydrodynamic processes during ingot formation by the 
EBM technique were investigated for the newest titanium 
alloy Ti-6Al-7Nb. Smelting of ingots took place in a con-
tinuous crystallizer with an internal diameter of 110 mm. 
Castings are intended for the needs of the medical industry.

Fig. 5, a demonstrates that the streams of molten metal 
spread from the place of its pouring, forming several vortices, 
in contrast to one large vortex at 5.5 times larger diameter of 
the crystallizer – 600 mm from work [22]. The lack of axial 
symmetry of the melt movement is due to the ingress of the 
liquid metal current along the wall of the crystallizer through 
a spot measuring 10x10 mm and confirms the need to use 
three-dimensional modeling. Fig. 5, a shows the temperature 
isotherms of the liquidus TL (upper curve) and solidus TS (lower  
curve) at the boundary of the crystallization front. The 
position and geometry of this front (Fig. 5, 6, 9) largely 
determines the quality of ingot formation and the concen-
tration of distribution of alloying elements in its volume. 
The flatter the front, the more uniform the distribution of 
alloying elements in the radial direction of the ingot and the 
more uniform the structure of the solid metal. In comparison 
with the crystallizer of a larger diameter from work [22], this 
condition is ensured to a greater extent for a crystallizer with 
a diameter of 110 mm.

An important criterion for the quality of ingots of titani-
um alloys is the smooth appearance of their surface. Therefore, 
during melting, it is also necessary to strive for the liquid me-
tal of the bath to be in contact with the wall of the crystallizer 
as little as possible, in order to avoid corrugations on the side 
surfaces of the ingots. The correct choice of the position of the 
electron beam in the radial direction on the surface of the bath 
provides this condition, and the intensity of the beam – the 
depth and geometry of the crystallization front. From the plot 
of temperature distribution on the surface of the bath of mol-
ten metal (Fig. 5, b), one can see that the maxima on the curve 
are due to the concentrations of thermal power introduced by 
the beam of the electron gun. It is this distribution of tem-
peratures that contributes to ensuring the required shape of 
the metal crystallization front in Fig. 5, a.

In the cross-section of the ingot in Fig. 6, a, two developed 
eddy currents and two more symmetrical to them are observed.

Flows of molten metal for different vertical sections of 
the ingot in Fig. 5, 6, a differ because they depend on the 
place where the liquid metal is poured into the crystallizer.

This is well illustrated by the three-dimensional distribu-
tion of the temperature field and metal flows in the crystalli-
zer in Fig. 7, 8. The top view shows a pronounced radial dis-
tribution of metal flows, largely caused by the concentration 
of thermal power from the electron beam and the action of 
flows from liquid metal pouring into the crystallizer.

Fig. 9 illustrates a complete picture of the distribution 
of the speed of hydrodynamic flows in the ingot, taking into 
account the speed of pulling the ingot downwards in the 
axial direction.

The results of the calculations of the trajectories of metal 
movement showed the adequate use of the Darcy function to 
inhibit the movement of metal in the solid phase.

As a result of the calculations, it was found that the heat 
transfer in the liquid phase of the ingot in the turbulent regime is 
mainly caused by the heat and mass exchange due to the move-
ment of the molten metal. At the same time, the power of the 
electron beam and the type of its flooring on the surface of the 
bath have a very significant effect on heat and mass exchange.

In the 110 mm diameter Ti-6Al-7Nb titanium alloy cast 
by the EBM technique (Fig. 10), the surface is free of casting 
defects, there are practically no corrugations on it, and there 
is only some roughness. Such ingots at the current level of 
development of the melting of titanium alloys are defined as 
ingots of high quality. The technology of casting such ingots 
from the Ti-6Al-7Nb titanium alloy, the main parameters of 
melting, and the analysis of the structure of the obtained 
metal were described in detail in [57]. From the macrostruc-
ture of the metal of the transverse template cut from this 
ingot (Fig. 11), one can see that the structure of the metal is 
homogeneous over the entire cross-sectional area of the in-
got, which confirms its high quality. This indirectly confirms 
the presence of a crystallization front close to flat.

Casts are intended for the needs of the medical industry 
for the manufacture of light and ultra-strong endoprostheses 
and implants, which are chemically neutral and biologically 
and biomechanically compatible with the human body and 
do not cause rejection.

Among the factors that affected the accuracy of the cal-
culations are the simplifications and assumptions used during 
the construction of the mathematical model, the number 
of which can be reduced in the further improvement of the 
model. But they did not fundamentally affect the revealed 
general tendencies of ingot formation.

Our work is useful for foundry engineers in order not 
to rely on the extremely expensive experimental method 
of trial melting in the search for the necessary parameters 
of the melting regimes. This refers to the determination of 
the parameters of technological modes, when it is necessary 
to apply a crystallizer with different dimensions, different 
from the one for which the melting modes have already been 
worked out, or to use a new alloy. Therefore, with the help of 
mathematical modeling, it is possible to calculate and predict 
the necessary operating parameters of melting, which signifi-
cantly reduces the cost and simplifies the stage of searching 
for parameters of melting modes.

Since the improved and refined approximation depen-
dences of the thermophysical parameters of the titanium alloy 
Ti-6Al-7Nb are used in the work, the modeling of heat and 
mass transfer processes for this alloy has high reliability, close 
to practical results. If one switches to another titanium alloy,  
it is necessary to determine and approximate the dependence of 
its thermophysical parameters on temperature. Therefore, the 
use of a mathematical model with thermophysical para meters 
of the Ti-6Al-7Nb alloy for other alloys could lead to the 
possible obtaining of insufficiently reliable calculation data.

It should be noted that at a reduced rate of liquid metal 
supply to the crystallizer, the turbulent hydrodynamic pro-
cess of the molten metal flows in the bath can go into the 
laminar mode of flow spreading. The same applies to ingots 
of large diameter. In this case, the mathematical model of tur-
bulent heat-mass exchange processes would give notoriously 
unreliable patterns of the distribution of the temperature field 
and hydrodynamic flows of the liquid metal, and accordingly,  
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the shape of the metal crystallization profile. This is a draw-
back of the developed model. Therefore, in order to study 
the laminar processes of the movement of melt flows in the 
Ti-6Al-7Nb titanium alloy ingot, it is necessary to build an 
appropriate mathematical model. In the future, this will be 
an advancement of research into this area.

7. Conclusions 

1. A three-dimensional mathematical model of thermal 
processes in the ingot, which is melted by the electron beam 
melting technique, in which the beam moves in a circle 
around the periphery of the melt bath according to the Gaus-
sian distribution of the thermal power from the beam, has 
been built. The model, subject to certain defined limitations, 
makes it possible to calculate the stationary temperature field 
in the case of turbulent movement of the molten metal with 
consideration of the coefficient of turbulent thermal conduc-
tivity, coefficient of turbulent dynamic viscosity, turbulent 
Prandtl number, and viscous dissipation. The process of heat 
transfer is used, taking into account the near-wall functions 
and radiation.

2. A three-dimensional mathematical model of stationary 
turbulent hydrodynamic processes in the melt of a cylindri-
cal ingot was constructed, based on the Reynolds-averaged 
Navier-Stokes equations (RANS). For the closure of these 
equations, the classical semi-empirical k-ε turbulence model 
was used, which allowed us to calculate the hydrodynamic 
flows of molten metal in the bath with melt.

3. To provide a correct solution to the problem of calcu-
lating the turbulent processes of heat and mass transfer in the  
ingot, functional dependences of the thermophysical charac-
teristics of the newest titanium alloy Ti-6Al-7Nb on tempera-
ture were modeled. The mathematical error function "erf"  
was used for the interphase zones. This ensured the continui-
ty of the functions and their derivatives for stepwise changes 
in the values of thermophysical characteristics in phase tran-
sitions. The use of the developed dependences of thermo-
physical parameters on temperature has made it possible to 
more correctly calculate the specified processes, in relation 
to the use of averaged values of thermophysical parameters 
in many mathematical models.

4. Based on the results of mathematical modeling, tem-
perature fields and turbulent hydrodynamic flows of molten 
metal in a titanium alloy Ti-6Al-7Nb ingot with a diameter of 
110 mm were obtained. The geometry of the liquidus-solidus 
two-phase zone was defined, which determines the crystalli-
zation front of the metal, the position and geometry of which 
significantly affects the quality of the ingot formation. On the 
basis of calculated data, it was found that the heat transfer in 

the liquid phase of the ingot under a turbulent mode is mainly 
due to the heat and mass transfer due to the movement of the 
molten metal, and the distribution of power of the electron 
beam on the surface of the bath has a very significant effect 
on the heat and mass transfer. It is shown that in the case of 
an electron beam heating power of 16 kW and a melting speed 
of 20 kg/h, a sufficiently flat crystallization front is formed, 
which ensures a uniform distribution of alloying elements in 
the ingot and its homogeneous fine-grained structure.
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