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The object of this study is the monitoring 
processes of airspace in the visible and infrared 
frequency ranges using an infocommunication 
network of optoelectronic tracking stations.

The problem addressed is the assessment 
of accuracy in positioning aerial vehicles in 
airspace, considering random and systematic 
errors in video surveillance.

The proposed method allows for the ana-
lytical evaluation of variance in the coordi-
nates of aerial vehicles in airspace at any given 
moment, depending on the variance in errors 
from all components of the video surveillance 
process.

The following results are reported:
– mathematical models for both open and 

covert video surveillance by the infocommuni-
cation network of optoelectronic stations based 
on the trajectories of aerial vehicles, which 
enable the estimation of their coordinates for 
each moment of video surveillance;

– analytical relationships between the 
variance of geolocation of aerial vehicles and 
the variance of errors in all components of the 
video surveillance process.

A key feature of the method is its practi-
cal independence on the type and size of aerial 
vehicles. The method requires the availability 
of metrological characteristics of the optoelec-
tronic station instruments and synchronized 
measurements of azimuth, elevation angle (for 
covert), and slant range (for open video sur-
veillance).

The numerical values of the root mean 
square deviations of the positioning errors of 
aerial vehicles under various video surveillance 
conditions range from 0.1 to 0.35 meters, con-
firming the effectiveness of using the infocom-
munication network of optoelectronic stations 
as an instrumental tool for high-precision tra-
jectory measurements
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1. Introduction

Modern optical-electronic stations (OESs) with video 
cameras in the visible and infrared frequency range and laser 
rangefinders (LRs) have significantly increased efficiency and 
expanded the possibilities of continuous airspace monitoring.

The use of OES allows for the detection, recognition, 
and high-precision tracking of small-sized highly dynamic 
aerial vehicles (HDAVs), manufactured, in particular, using 
stealth technology.

In addition, OESs, compared to radar stations, provide 
a significant increase in the accuracy of determining the 
parameters of trajectories of all types of aircraft.

During open observation, OESs provides direct mea-
surements of three parameters characterizing the location 
of the aircraft in the airspace in the spherical coordinate 
system: azimuth, angle of elevation and inclination, range.

When using a group of radars connected to each other 
by an information communication network (ICN), there is 
a problem related to estimating the limits of positioning ac-
curacy of stationary or moving sources of radio radiation by 
difference-far-range and angle-measuring methods. In terms 
of radar theory, this problem belongs to the field of multi-po-
sition passive radar systems and, despite the large body of 
research on its solution, it remains relevant.

In the case of the use of a group of OES, combined 
with each other by ICN, the possibility of not only open 
but also covert video surveillance of the trajectory of the 
aircraft movement also appears. It is believed that in such 
a case UAV is not irradiated by LR and does not have the 
opportunity to establish the fact of its detection and ac-
companiment.

This is possible in the case when the detected UAV is 
accompanied by at least two OES ICN.

Copyright © 2024, Authors. This is an open access article under the Creative Commons CC BY license
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In [15, 16], a description and individual characteristics of 
ground-based optical, optical-electronic, quantum-optical, 
laser-television means and systems of high-precision trajec-
tory measurements, which are used at scientific research test 
sites, cosmodromes, laboratory-testing bases, and test sites, 
are given.  Therefore, for a more accurate representation of 
the airspace survey, it is necessary to unravel other LOS 
visibility conditions, which are possible by modern OES.

Since each OES has a limited viewing area, when build-
ing an effective system of video surveillance of the airspace 
over a large area, it is necessary to use OES ICN. The sys-
tematic solution to the problem of building OES ICN [17, 18] 
includes the solution of an ordered set of interrelated tasks. 
One of the primary tasks is to determine the minimum 
number and optimal placement of OESs in such a way as 
to minimize the total volume of dead zones in the field of 
airspace video control and increase the accuracy of aircraft 
positioning for each time point t of video surveillance of the 
OES ICN aircraft. Therefore, ICN of OES must be spatially 
distributed, echeloned, highly reliable, and viable through-
out the entire period of its operation

In addition, OES ICN should be considered as an in-
strumental means of video surveillance and high-precision 
trajectory measurements.

And this means that the metrological characteristics of 
OES ICN trajectory measurements are estimates of math-
ematical expectations of the coordinates of the location 
of aircraft for each time point t of video surveillance and 
estimates of variances in their errors for each of the coordi-
nates. The problem of estimating the positioning accuracy 
of OES ICN aircraft is currently practically unsolved, and 
its solution is one of the urgent tasks of high-precision tra-
jectory measurements in the visible and infrared frequency 
ranges. Moreover, the methods for estimating the accuracy 
of aircraft positioning should work in real-time systems with 
built-in analytics and minimal costs of computing resourc-
es. Therefore, the construction of mathematical models of 
video surveillance and an analytical method for evaluating 
the metrological characteristics of OES ICN of trajectory 
measurements for each time point t is a relevant task that is 
solved in this study.

3. The aim and objectives of the study

The purpose of our study is to devise an analytical meth-
od for estimating the variance in aircraft positioning errors 
for each fixed moment of video surveillance of OES ICN 
along its trajectory. This will make it possible to increase the 
effectiveness of both the results of the study of the dynamic 
characteristics of all types of aircraft during their range 
tests, as well as the effectiveness of all types of means for 
defeating air targets under combat conditions.

To achieve the goal, the following tasks were solved:
– to build mathematical models of open and hidden video 

surveillance of OES ICN along the trajectories of aircraft 
movement and use them to estimate mathematical expecta-
tions for the coordinates of aircraft location in air space for 
each moment of video surveillance time;

– to derive analytical dependences for calculating the 
variance in aircraft positioning errors for each time point 
depending on the variance in all types of random video 
surveillance errors of OES ICN along the trajectory of the 
aircraft movement;

In the case of using OES ICN, the problem of high-preci-
sion trajectory measurements is solved for video surveillance 
of the trajectory of the aircraft but the assessment of actual 
accuracy of UAV positioning in a real time scale for each 
time point remains extremely relevant.

2. Literature review and problem statement

A large body of research addressed the tasks related to us-
ing OES for monitoring air, land, and sea space. In works [1, 2], 
separate studies on OES monitoring are reported but the 
issue of accuracy of their application in various situations is 
not considered. Paper [3] raises the question of improving 
accuracy methods. However, the problem of high-precision 
trajectory measurements and accuracy of aircraft positioning 
for each time point remains extremely relevant.

The problem of high-precision trajectory measurements 
and positioning accuracy of aircraft for each time point is 
studied in [4, 5] but partial cases of measurements and accu-
racy are also considered.

The mathematical model and method of optimal place-
ment of optical-electronic systems for trajectory measure-
ments of aerial objects during testing are presented in 
works [6, 7] but there is no emphasis on the principles of 
optimal placement of objects.

In [8, 9], an information and measurement system based 
on a wireless sensor information communication network for 
polygonal tests of guided and unguided rockets are investi-
gated but there are unsolved issues related to measurement 
accuracy when using a wireless network.

 The solution to this problem requires a detailed analysis 
of the causes of occurrence, degree of influence, and methods 
of suppression (neutralization) of all types of systematic and 
random errors of video surveillance of OES ICN of aircraft 
movement trajectories, which is addressed in work [10] but 
the results are not given.

In [11, 12], it is not the assessment of the positioning 
accuracy of radio radiation sources (RRS) that is considered 
but the limits of accuracy using the difference-distance mea-
suring and/or angle measuring method of positioning. The 
methods are used both during the positioning of stationary 
RRSs, for example, base stations of mobile communication 
networks [11], and mobile RRSs, for example, subscriber sta-
tions [12]. The researched task of DRI positioning in terms 
of radar theory belongs to the field of multi-position passive 
radar systems. Therefore, it becomes necessary to consider a 
general approach to the assessment of the limits of accuracy 
in the positioning of radio radiation sources (RRS) by other 
approaches and methods.

Works [13, 14] show that modern OES for trajectory 
measurements are implemented in a modular design and 
contain the following modules:

1. A rotary support platform (RSP) with a two-axis gim-
bal suspension, on which an optical-electronic module with 
a system of global positioning, leveling of the platform, and 
its gyro stabilization is placed.

2. Optical-electronic module – with visible and infrared 
video cameras and a laser rangefinder.

The OES provides, under the LOS (Line of Sight) con-
ditions, a circular survey of the airspace in the optical and 
infrared frequency ranges, detection, identification, recogni-
tion, and automatic support of aircraft. However, approaches 
to other frequency ranges are not considered.
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– to conduct a numerical modeling study of resulting 
dependences for their consistency and reliability.

4. The study materials and methods

The object of our research is the process of devising and 
researching an analytical method for assessing the accuracy 
of positioning of aircraft in the air space. As a measure of 
accuracy of aircraft positioning, the estimates of variance in 
errors are used for each of the coordinates of aircraft location 
in the air space at each time point, depending on the error 
variances of all component video surveillance processes.

The research hypothesis assumes that the errors of all 
components of video surveillance processes are random vari-
ables with a normal distribution law and known parameters.

The following assumptions were accepted. To determine 
the coordinates of aircraft location in the airspace relative to 
the location of OES, two instrumental coordinate systems 
of OES video cameras are used: the instrumental spherical 
coordinate system (ISCS) and the instrumental Cartesian 
coordinate system (ICCS). The global geodetic coordinate 
system WGS-84 is used to quantitatively describe the po-
sition and movement of aircraft in near-Earth space. The 
estimates of coordinates of aircraft location were obtained 
as a result of the formation and solution of the NAU math-
ematical model of open video surveillance by the analytical 
method and numerical MNC of the redefined LAU systems 
of the mathematical model of covert video surveillance. The 
variances in the estimates of coordinates of aircraft location 
from the variances in the errors of all the component pro-
cesses of video surveillance were calculated according to 
analytical dependences, which were derived by the method 
of statistical linearization of nonlinear functions of random 
arguments.

The following simplifications were adopted. Lineariza-
tion of nonlinear functions of random arguments by expand-
ing them into a Taylor series was carried out with accuracy 
up to linear terms. To increase the accuracy of variance esti-
mates, expansion into a Taylor series can be carried out with 
accuracy up to the quadratic terms (covariance matrices).

The research was carried out analytically using the 
methods of probability theory, mathematical statistics, lin-
ear algebra, and included the following:

– selection and justification of coordinate systems, math-
ematical models of open and hidden video surveillance, and 
methods for researching the results of video surveillance;

– identification of the sources of systematic errors as-
sociated with both the design features of the practical im-
plementation of OES, as well as with errors in the horizon-
talization of OES RSP and the binding of the instrumental 
coordinate systems of OES to the local meridian;

– assessment of the degree of influence of systematic 
errors on the effectiveness of estimates of the coordinates of 
aircraft location.

The principal research implied obtaining, by the method 
of statistical linearization, analytical dependences of vari-
ance in the estimates of coordinates of aircraft location on 
variances in the random errors of all components of video 
surveillance processes. Verification of the resulting depen-
dences was carried out by a numerical method.

The equipment used in the research was a test sample of 
OES with its metrological characteristics and proprietary 
specialized software [4].

5. Results of investigating the analytical method for 
assessing the accuracy aircraft positioning in the air space

5. 1. Construction of mathematical models of open 
and covert video surveillance by the information commu-
nication network of optoelectronic stations based on the 
trajectories of aircraft movements

To use OES as an instrumental tool when conducting 
external trajectory measurements, the video camera is in-
stalled on RSP. This provides the ability to rotate the video 
camera in two planes – a horizontal plane (in azimuth) to an 
angle of n×360 and a vertical plane (in position) to an angle 
of 0–90 degrees.

Visible and infrared video cameras are used as tools. 
Therefore, to determine the coordinates of aircraft loca-
tion in relation to the coordinates of OES location, two 
instrumental coordinate systems of the video cameras of 
OES are used: the instrumental spherical coordinate sys-
tem (ISCS) and the instrumental Cartesian coordinate 
system (ICCS).

It is assumed that the beginning of the instrumental 
systems of video cameras coincides with the location point of 
video camera matrices of the visible (Ос) and infrared (Оp) 
frequency range through which the optical axes of the video 
cameras pass. Theoretically, the coordinate axes ISCS and 
ICCS of OES video cameras have the following directions: 
the Y axis is directed vertically upwards, the X axis is direct-
ed to the north, the Z axis so that the coordinate system is 
right. Since the video cameras are installed on RSP, the spa-
tial position of which is an adjustable value, the direction of 
the coordinate axes of the instrumental coordinate systems 
of OES video cameras, as a rule, does not coincide with the 
theoretical directions.

To compensate for this discrepancy, two instrumental 
coordinate systems OES ICS and OES ICCS are also used. 
They have a common origin that coincides with the point of 
intersection of the axes of the gimbal suspension O (Fig. 1), 
and the direction of the axes coincides with the theoretical 
direction of the axes of the video cameras.

The use of OES ISCS and ICCS makes it possible to 
determine the estimates of aircraft location in relation to the 
location of a specific OES. The WGS-84 geodetic coordinate 
system is used to conduct external trajectory measurements 
along the entire trajectory of the aircraft.

Thus, estimates of aircraft location in relation to the 
position of a specific OES were obtained.

The World Geodetic Coordinate System WGS-84 is 
intended for the quantitative description of the position 
and movement of objects located on the Earth’s surface 
and in space around the Earth. The position of aircraft in 
the WGS-84 system can be found in the form of spatial 
rectangular coordinates (X, Y, Z)Т, where X, Y, Z are the 
coordinates of aircraft [km] in the Greenwich coordinate 
system (GCS) or its coordinates (B, L,H)T in the geodetic 
coordinate system (GDCS).

Coordinate B – geodetic latitude – the angle between 
the normal from the location point of aircraft and the plane 
of the equator [rad].

Coordinate L – geodetic longitude – the angle between 
the plane of the meridian of aircraft location point and the 
plane of the initial meridian [rad].

Coordinate H – geodetic height – segment of the 
normal from aircraft location to the surface of the ellip-
soid [m].
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Geodetic coordinates refer to the global ellipsoid, the 
dimensions and shape of which are determined by the values 
of the semi-major axis and compression. The center of the el-
lipsoid coincides with the origin of the WGS-84 coordinate 
system, the axis of rotation of the ellipsoid coincides with 
the Z axis, and the plane of the initial meridian – with the 
XOZ plane.

Instrumental coordinate systems of OES are strictly 
related to the design features of OES implementation, its 
spatial location on the surface of the earth, and the direc-
tion of the OX axis, relative to which the azimuth is count-
ed (measured).

The main source of instrumental (systematic) errors in 
measuring the azimuth and angle of aircraft location relative 
to the location of OES are:

1) the actual deviation of the origin of ISCS and ICCS 
of video cameras from the origin of ISCS and ICCS of 
OES (crossing points of the axes of the gimbal suspension 
of OES RSP);

2) errors between the directions of ISCS and ICCS axes 
of OES video cameras and the directions of ISCS and ICCS 
axes of OES.

Fig. 1, a shows the appearance of the design implemen-
tation of OES. The actual deviation of the beginning of the 
action of video cameras of the visible Ос, the infrared Оp of 
the frequency range, and the laser rangefinder ОD from the 
point of intersection of the axes of the gimbal suspension 
OES RSP (b).

These deviations are one of the sources of constant in-
strumental errors in measuring the azimuth and elevation 
angle of aircraft.

They can theoretically be easily eliminated by moving 
the origins of the Ос, Оp and ОD coordinate systems to the 
point of intersection of the RSP gimbal suspension axes.

The value of the systematic error in the estimation of the 
coordinates of aircraft location i depending on the actual 
deviation of the start of ISC of the video cameras and the 

laser rangefinder from the point O is calculated 
according to the formula:

2 2 2� �,i i i ix y zρ = + + 1, 2, 3,i = 	 (1)

where (xi, yi, zi)T are the location coordinates of 
the video camera matrices of the visible range 
i=1, the infrared frequency range i=2, and the 
laser rangefinder i=3. For small-sized OES, they 
are insignificant and are practically neglected.

Each OES for each time point under the 
open video surveillance mode provides measure-
ment of three parameters – azimuth αi, elevation 
angle βi, and slant range Di from OES to the 
aircraft, which determine the location (αi, βi, Di) 
of aircraft in the IR of cameras. Next, these co-
ordinates are transformed into the coordinates 
of aircraft location (X/,Y/,Z/)T in the ICCS of 
the video cameras. Under actual conditions, 
adjustment technologies are used to minimize 
the discrepancy between the directions of 
ICCS axes of the video cameras and the axes 
of ICCS of OES (horizontalization of RSP 
and binding of the X axis of ICCS of the vid-
eo cameras to the local meridian). Since the 
further processing of the results of trajectory 
measurements is carried out in the ICCS of 
OES, the coordinates of the location of air-

craft in the ICCS of video cameras of the visible and in-
frared frequency range (X/,Y/,Z/)T must be translated into 
the coordinates (X,Y,Z)T of the ICCS of OES. If the IDBC 
of the video cameras completely coincides with the IDBC 
of OES, such a translation is carried out by equating the 
corresponding coordinates, i.e., X=X/, Y=Y/, Z=Z/.

It is assumed that the ICCS of video cameras and the 
ICCS of OES have a common origin, but usually differ by 
corresponding angles in the direction of each coordinate 
axis. To compensate for this discrepancy, a matrix of ro-
tations of the video cameras’ ICCS with respect to OES’s 
ICCS is used. Each of the turning angles (αx, αz, αy) due to 
the adjustment of OES RSP can turn out to be both positive 
and negative. Therefore, there are n=23=8 rotation matrices. 
Without violating commonality, the rotation matrix for pos-
itive angles αx, αz, αy was considered:

( ) ( ) ( ) ( )
11 12 13

21 22 23

31 32 33

, , ,xzy x z y x x z z y y

P P P

P P P P P P P

P P P

 
 α α α = α ⋅ α ⋅ α =  
  

(2)

where elements of the matrix Pxzy(αx, αz, αy) take the follow-
ing form:

P11=cosαzcosαy; P12=–sin αz; P13=cosαzsinαy;

P21=cosαxsinαzcosαy+sinαxsinαy; P22=cosαxcosαz;

P23=cosαxsinαz;

P31=sinαxsinαzcosαy–cosαxsinαy; P32=sinαxcosαz;

P33=sinαxsinαzsinαy+cosαx cos αy.		  (3)

In this case, the estimates of the coordinates of aircraft 
location in the ICCS of OES are equal to:

OCOC

OP

Y

X

Z

Z

Y

X Z

Y

X

GPS receiver
Thermal
imager

Laser 
rangefinder

Video
camera

a                                                           b 

Fig. 1. Instrumental tool for conducting external trajectory measurements: 	
a – appearance of the design implementation of the optical-electronic station; 
b – direction of the axes of coordinate system of the video cameras and the 

laser range finder in an opto-electronic station
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( ) ( ) ( )� �, , ,xzy x z yP ′= α α α ⋅p px xω ω  	  (4)

where

( ) ( ) ( ) ( )( )� � � �, , ,
T

p p px y z′ ′ ′= ω ω ωpx ω  

( ) ( ) ( ) ( )( )� � � �, ,
T

p p px y z′ ′= ω ω ωpx ω  

are the estimated coordinates of the point in the ICCS of 
video cameras and in the ICCS of OES.

The value of the systematic error of estimating the co-
ordinates of HDAV location depending on the adjustment 
errors of OES RSP was calculated according to the formula:

( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( )2 2 2

�

� � � � � � .x x y y z z

ρ ω =

′ ′ ′= ω − ω + ω − ω ω − ω
	 (5)

Various technologies and equipment, including laser, 
optical, and navigation, are used to minimize errors between 
the directions of the axes of ICCS of video cameras and 
the ICCS of OES [2]. An analysis of instrumental errors of 
aircraft location estimates related to random errors of RSP 
adjustment was carried out using the method of simulation 
modeling. The model of normal distribution of random errors 
with non-zero positive values of mathematical expectations 
of turning angles (αx, αz, αy) and (σαx, σαz, σαy) – variances 
in the residual errors of turning angles of OES RSP after its 
adjustment is used as a model of RSP adjustment.

Fig. 2, a, b shows the dependence of change in the values 
of the systematic error ( )�ρ ω  in the estimation of coordinates 
of aircraft location on change in the azimuth and the eleva-
tion angle at the given values of the mathematical expecta-
tions and variances in OES platform adjustment errors.

Estimates of mathematical expectations and variances 
in the systematic error ( )�ρ ω for different values of the slant 
range to aircraft are given in Tables 1, 2.

Analysis of the dependence of OES measurement in-
strumental error in the coordinates of aircraft location on 
the studied parameters allows us to draw the following 
conclusions:

Table 1

Estimates of mathematical expectations and variances for 
different values of the slant range from OES to aircraft 

D=1000 m
Α 0° 15° 30° 45° 60°

,ρ  m 0.2274 0.1934 0.1596 0.1388 0.1596

σρ, m 0.0262 0.0471 0.0711 0.0895 0.0711

D=5000 m
Α 0° 15° 30° 45° 60°

,ρ  m 1.1372 0.9668 0.7982 0.6942 0.7981

σρ, m 0.1311 0.2355 0.3554 0.4473 0.3554

D=10000 m
Α 0° 15° 30° 45° 60°

,ρ  m 2.2745 1.9336 1.5964 1.3885 1.5963

σρ, m 0.2621 0.4711 0.7108 0.8947 0.7109

D=15000 m
Α 0° 15° 30° 45° 60°

,ρ  m 3.4117 2.9004 2.3946 2.0827 2.3944

σρ, m 0.3932 0.7066 1.0662 1.3420 1.0663

Table 2

Estimates of mathematical expectations and variances for 
different values ​​of the slant range to aircraft

D=1000 m

Β 0° 30° 45° 60° 75°

,ρ  m 0.2127 0.2289 0.2489 0.2667 0.2787

σρ, m 0.0691 0.0714 0.0552 0.0371 0.0185

D=5000 m

β 0° 30° 45° 60° 75°

,ρ  m 1.0635 1.1446 1.2445 1.3335 1.3933

σρ, m 0.3453 0.3572 0.2762 0.1854 0.0927

D=10000 m

β 0° 30° 45° 60° 75°

,ρ  м 2.1270 2.2893 2.4891 2.6670 2.7865

σρ, м 0.6906 0.7144 0.5525 0.3708 0.1854

D=15000 m

Β 0° 30° 45° 60° 75°

,ρ  м 3.1905 3.4339 3.7336 4.0005 4.1798

σρ, м 1.0358 1.0716 0.8287 0.5562 0.2782

1. The dependence of the numerical value of instrumental 
error ( )�ρ ω  (Systematic error) in determining aircraft coor-
dinates is non-linear on the studied parameters.

αх=0.2 mrad, αy=0.1 mrad, αz=0.2 mrad, D=1000 m
0.3
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0.15

0.1

0.05
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b 

Fig. 2. Dependence of the instrumental error: a − on the 
change in azimuth; b – on a change in the location angle

a 
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2. In order to minimize the impact of instrumental error, 
the technology for adjusting the OES RSP should be devised 
and implemented in such a way that the maximum adjust-
ment error does not exceed ±0.2 mrad along each axis.

3. To reduce the dependence of instrumental error on the 
influence of external factors (environmental temperature), 
it is necessary to use a gyro-stabilizing OES RSP based on 
laser gyroscopes.

4. These methods make it possible to reduce the instrumen-
tal errors of OES measurement of azimuth and elevation angle, 
but it is practically impossible to completely eliminate them.

5. An effective way to minimize systematic errors is the 
use of spatial redundancy of video surveillance of aircraft 
trajectory at each time point by several spatially separated 
OES in the ICN of OES [12].

During the analysis of the sources of influence of random 
errors of direct measurements of azimuth, elevation 
angle, and slant range on the statistical properties 
of estimates of parameters of aircraft trajectories, 
the following assumptions were adopted:

1) all measurements of model parameters yield 
random errors;

2) the metrological characteristics of measuring instru-
ments are known a priori, that is, the statistical properties 
of measurement errors are known a priori (the normal dis-
tribution law of measurement errors with zero mathematical 
expectation and known variance);

3) the results of calculating the parameters of aircraft 
trajectories for each time point are also random variables, the 
statistical properties of which are determined by the type of 
nonlinear equations of the mathematical model and the statis-
tical properties of errors in the measured parameters.

The “EPS-Dream-10Hz” receiver is used for direct mea-
surements of the coordinates of OES location in the GDCS 
and in GCS at each OES of ICN. It is designed for automatic 
continuous evaluation of current coordinates.

Simultaneously with solving the main navigation task, 
the receiver “EPS-Dream-10Hz” enables reception and 
consideration of differential corrections (when working 
under differential mode (DGPS)) and exchange of infor-
mation with external systems and devices. The accuracy of 
determining the coordinates of OES location – root mean 
square error (RMS): autonomously – 1.5 m; SBAS – 0.9 m; 
DGPS – 0.5 m.

A 1PPS signal at the output of the “EPS-Dream-10Hz” 
receiver was used to synchronize the timer of the personal 
computer and PCM, which ensures the accuracy of synchro-
nization with SCP.

When carrying out tractor measurements by the method 
of open observation, for each time point t, OES measures 
three parameters: the azimuth ( ),tα ω  of elevation angle 

( )tβ ω  and the slant range ( )tD ω  from OES to aircraft. 
The vector of measured parameters ( ) ( ) ( )( ), ,

T

t t tDα ω β ω ω    
determines aircraft location in ISCS at the time point tk. In 
this case, the components of the vector of estimates of the 
coordinates of aircraft location ( ) ( ) ( )( )� � �, ,

k k k

T

it it itx y zω ω ω in 
the ICCS of OES are determined by the following expres-
sions [18, 19]:

( ) ( ) ( ) ( )� �� �cos cos ,
k k k kit it it itx Dω = ω β ω α ω 	 (6)

( ) ( ) ( )� �� cos ,
k k kit it ity Dω = ω β ω 	  (7)

( ) ( ) ( ) ( )� �� �cos sin .
k k k kit it it itz Dω = ω β ω α ω 	 (8)

We shall consider vector ( ) ( ) ( )( )� � �, ,
k k k

T

it it itx y zω ω ω as es-
timates of the mathematical expectations for the coordinates 
of aircraft location in the ICCS of the i-th OES at the time 
point tk. The model for recalculating the vector of coordinates 
of aircraft location from ICCS − tk-th OES into the vector 
of estimates of the coordinates ( ) ( ) ( )( )* * *, ,

k k k

T

it it itx y zω ω ω of 
aircraft location in GCS takes the form of an affine trans-
formation [18, 19]:

( )
( )
( )

( )
( )
( )
( )

( )
( )
( )

*
0

*
0

*
0

� �

� �

��

.

k
k

k k

k
k

it Giit

it it Gi

it Giit

x xx

y y y

z zz

ω ωω

ω = ω ω

ω ω

+

ω

⋅iGA ω 	 (9)

The transformation matrix AiG(ω) takes the following 
form:

where (Bi(ω),Li(ω), Hi(ω))T is the vector of coordinates of the 
location of the 1st OES in WGS-84; ( ) ( ) ( )( )0 0 0

� � �, ,
T

Gi Gi Gix y zω ω ω  
is a vector of estimates of the 
mathematical expectations of the coordinates of the location 
of the 1st OES in GCS. Since the aircraft at the time point tk 
is at different distances from each i-th OES, the estimates 

( ) ( ) ( )( )* * *, , ,
k k k

T

it it itx y zω ω ω  i=1, 2, …, n, must be considered as 
the results of indirect non-equipoint measurements. In this 
case, estimates of the mathematical expectation for the coor-
dinates of aircraft location in GCS at the time point tk are 
equal to [17, 18]:

( ) ( )*

1 1

� ,
k k

n n

Gt xi it xi
i i

X W x W
= =

ω = ω∑ ∑ 	 (11)

( ) ( )*

1 1

� ,
k k

n n

Gt yi it yi
i i

Y W y W
= =

ω = ω∑ ∑ 	 (12)

( ) ( )*

1 1

� ,
k k

n n

Gt zi it zi
i i

Z W z W
= =

ω = ω∑ ∑ 	 (13)

where 21 ,
G kxi iX tW = σ  21 ,

G kyi iY tW = σ 21 ,
G kzi iZ tW = σ  i=1,2,…,n.

Estimates of variances in the mathematical expectation 
for the coordinates of HDAV location in GCS at the time 
point tk are equal to:

2

1

1 ,
G k k

n

iX t Xit
i

W
=

σ = ∑  2

1

1 ,
G k k

n

iY t Yit
i

W
=

σ = ∑

2

1

1 .
G k k

n

iZ t Zit
i

W
=

σ = ∑ 	 (14)

Estimates of the mathematical expectations for the coor-
dinates of aircraft location in GCS, calculated according to 
(11) to (13), take into account the spatial redundancy of the 
measurements of coordinates of aircraft location in the ICS 
of OES. They are less biased and more efficient compared to 
the estimates obtained from each i-th OES.

When carrying out trajectory measurements by the 
method of covert observation of aircraft location, for each 
time point t of each i-th OES, two parameters are measured: 
the azimuth ( )itα ω  and the angle of the site ( ).itβ ω  In this 

( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

cos sin cos cos sin

sin sin sin cos cos ,

cos sin 0

i i i i i

i i i i i

i i

L B L B L

L B L B L

B B

− ω ⋅ ω ω ⋅ ω − ω
= − ω ⋅ ω ω ⋅ ω ω

ω ω
iGA ω

 

(10)
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case, to determine the coordinates of aircraft location, addi-
tional information about the results of the measurement of 
the azimuth ( )jtα ω  and the place angle ( )jtβ ω  is required 
at the same aircraft at the same time point t from other j-th 
OESs in ICS j=1,2,…,n.

The calculation of estimates of the directional coeffi-
cients of the line of sight from OES to the aircraft at the time 
point tk is performed sequentially for each OES, the number 
of which is in the list I={i, j, …, l} of OESs in PCM, which 
conduct video surveillance of this aircraft at the time tk. Es-
timates of the mathematical expectations for the directional 
coefficients ( )� ,

kitl ω  ( )� ,
kitm ω ( )�

kitn ω  of the line of sight from 
the i-th OES on aircraft at the time point tk in ICCS are 
calculated as follows:

( ) ( ) ( )� � �cos cos ,
k kit it= β ω α ω

kitl ω 	 (15)

( ) ( )�� sin ,
kit= β ω

kitm ω 	 (16)

( ) ( ) ( )�� �cos sin ,
k kit it= β ω α ω

kitn ω 	 (17)

where ( )� ,
kitα ω ( )�

kitβ ω  are estimates of the mathematical 
expectations of the azimuth and elevation angle from the i-th  

OES on aircraft in ISCS. The vector ( ) ( ) ( )� � �, ,
k k k

T

it it itl m n ω ω ω  
of mathematical expectations for the directional coefficients 
of the line of sight from the i-th OES on aircraft at the time 
point tk in GCS is equal to:

( )
( )
( )

( )
( )
( )

� �

� �

�

,

�

k

k

k

it

it

it

l

m

n

ω

ω

ω

⋅=
k

k

k

iG

it

it

it

l

m

n

A

ω

ω

ω

		   (18)

where ( ) ( ) ( )� � �, ,
T

 
  k k kit it itl m nω ω ω is the vector of estimates 

of mathematical expectations for the directional coefficients 
of the line of sight from the i-th OES on aircraft at the time 
point tk in ICCS; AiG is the matrix of transformation of ICCS 
of the i-th OES into the GCS of the form (10). Then, the 
equations of the sighting lines of the i-th OES on aircraft at 
the time point tk in ICCS take the following form:

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

0 0 0
� � �

,
� � �

k k k

k k
k

t Gi t Gi t Gi

it itit

x x y y z z

m nl

ω − ω ω − ω ω − ω
= =

ω ωω
 

(19)

where ( ) ( ) ( )( )0 0 0
� � �, ,

T

Gi Gi Gix y zω ω ω  is the vector of estimates 
of mathematical expectations for the coordinates of location 
of the ith OES in GCS.

From (19), we derive a system of two linear equations, 
which specifies the position of the sighting lines from each 
i-th OES on aircraft in GCS at the time point tk:

The system of line of sight equations (20) is a redefined 
LAU system because it contains 2*n equations and three 
unknown variables. To represent the LAU subsystem (20) in 
a standard form at the time point tk, the following notations 
were introduced:

( )� ;
ki itm m= ω  ( )� ;

ki itn n= ω  ( )� ;
ki itl l= ω

( );
ktx x= ω  ( )0

� ;i Gix x= ω  

( );
kty y= ω  ( )0

� ;i Giy y= ω

( );
ktz z= ω  ( )0

� .i Giz z= ω

In this case, the LAU system (20) takes the form:

( ) ( ),i i i im x x l y y− = −

( ) ( ),i i i in y y m z z− = −  i=1, 2, …, n.	 (21)

After transforming system (21) to the standard form, the 
following is obtained:

,Ax B=  	 (22)

where (x, y, z)T is the vector of the estimated coordinates of 
aircraft location in GCS at the time point tk; matrix A  and 
vector B  of free coefficients take the following form:

1 1

1 1

0

0

... ... ...

... ... ...

0
,

0

... ... ...

... ... ...

0

0

i i

i i

n n

n n

m l

n m

m l
A

n m

m l

n m

 −
 

− 
 
 
 
 

− =  − 
 
 
 
 − 

−  

1 1 1 1

1 1 1 1

1

... ...

... ...

.

... ...
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i i i i

i i i

n n n n

n n n n

m x l y

n y m z

m x l y
B

m y m z

m x l y

m y m z

 −
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 
 
 
 

− =  − 
 
 
 
 − 

−  

	 (23)

All equations in subsystem (23) are linearly independent, 
such a system is overdetermined, and instead of an exact 
solution, a vector that minimizes the norm of the incoher-
ence of the system of equations should be sought. The vector 
(x*, y*, z*)T of the solution to LAU subsystem (23) deter-
mines the estimates of the mathematical expectation for the 
coordinates of aircraft location at the time point tk. The 
solution to subsystem (23) is derived by standard LSM [9], 
which would make it possible to calculate the global mini-
mum of the norm of the discrepancy .A x B⋅ −

5. 2. Deriving analytical dependences for calculating 
the variance in aircraft positioning errors

Mathematical models of parameters of aircraft trajec-
tories in the considered coordinate systems are nonlinear 
functions of random arguments. This leads to the fact that 
nonlinear transformations of random variables can lead not 

only to a change in the parameters of the function 
of random arguments but also to a change in the 
form of its distribution function. Therefore, a priori 
determination of the statistical properties of the de-
pendent variables of the nonlinear stochastic model 
from the statistical properties of the independent 

variables is possible only approximately using the statistical 
linearization method.

Estimates of the mathematical expectations for the 
components of the coordinate vector of aircraft location 
in the ICCS of OES can be found based on the results of 

( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( ) ( )( )

0 0

0 0

�� � � ;

� � � � ,

k k k k

k k k k

it t Gi it t Gi

it t Gi it t Gi

m x x l y y

n y y m z z

 ω ω − ω = ω ω − ω

 ω ω − ω = ω ω − ω

  i=1, 2…, n.	 (20)
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direct measured values of the components of the vector 
of coordinates of aircraft in the ISCS of OES. The fre-
quency of video surveillance cameras is usually 30 frames 
per second, and the frequency of measuring (estimating) 
coordinates is once per second, i.e., there is temporal 
redundancy in video measurement. This allows viewing 
video measurements as mathematical expectation esti-
mates obtained by averaging every 30 video observations 
received per second. To simplify the record, we omit the 
index t; estimates of mathematical expectations for random 
variables will be denoted by: ( ) ( )� ,tα ω = α ω  ( ) ( )� ,tβ ω = β ω

( ) ( )� ,tD Dω = ω  ( )� ,t MX Xω = ( )� ,t MY Yω = ( )� .t MZ Zω =  In this 
case, the vectors (α(ω),β(ω), D(ω))T and (XM,YM,ZM)T deter-
mine the estimates of the mathematical expectation for the 
components of aircraft location vectors in ISCS and ICCS. 
The relationship between the components of these vectors 
is determined by dependences of the form (6) to (8), which 
take the form:

( ) ( ) ( ) ( )cos cos ,MX Dω = ω ⋅ α ω ⋅ β ω
	

(24)

( ) ( ) ( )sin ,MY Dω = ω ⋅ β ω  	 (25)

( ) ( ) ( ) ( )sin sin .MZ Dω = ω ⋅ α ω ⋅ β ω 	  (26)

Each of the expressions (24) 
to (26) will be considered as a 
nonlinear function of random 
arguments (α(ω), β(ω), D(ω))T.  
Assuming that (α(ω), β(ω), 
D(ω))T are not correlated with 
each other, the variance es-
timates 2 ,

MXσ  2 ,
MYσ  2

MZσ are 
calculated according to the 
expression:

22 2
2 2 2 2,

M

M M M
X D

m m m

X X X
D α β

 ∂ ∂ ∂   σ = ⋅σ + ⋅σ + ⋅σ    ∂ ∂α ∂β      (27)

22 2
2 2 2 2,

M

M M M
Y D

m m m

Y Y Y
D α β

 ∂ ∂ ∂   σ = ⋅σ + ⋅σ + ⋅σ    ∂ ∂α ∂β     
	 (28)

22 2
2 2 2 2.

M

M M M
Z D

m m m

Z Z Z
D α β

 ∂ ∂ ∂   σ = ⋅σ + ⋅σ + ⋅σ    ∂ ∂α ∂β     
	 (29)

Partial derivatives included in expressions for 2 ,
MXσ  

2 ,
MYσ  2 :

MZσ

( ) ( )cos cos ,MX
D

∂ = α ω β ω
∂

( ) ( ) ( )sin cos ,MX
D

∂ = − ω α ω β ω
∂α  

( ) ( )cos sin ,MX
D

∂ = − α ω β ω
∂β

 

( )sin ,MY
D

∂ = β ω
∂

 0,MY∂ =
∂α

( ) ( )cos ,MY
D

∂ = ω β ω
∂β

( ) ( )sin cos ,MZ
D

∂ = α ω β ω
∂  

( ) ( ) ( )cos cos ,MZ
D

∂ = ω α ω β ω
∂α  

( ) ( ) ( )sin sin .MZ
D

∂ = − ω α ω β ω
∂β

		   (30)

To calculate the estimates of the mathematical expec-
tations for coordinates (XM,YM,ZM)T of aircraft location 
in GCS based on the estimates of the coordinates of its 
location in ICCS (XM,YM,ZM)T and the estimates of coor-
dinates of OES location in GCS (X0Г,Y0Г,Z0Г)T, we use the 
expression:

0

0

0

.
G M G

G GM M G

G M G

X X X

Y A Y Y

Z Z Z

= ⋅ +  			   (31)

The transition matrix from ICCS to GCS takes the fol-
lowing form [19]:

where (Bi(ω),Li(ω), Hi(ω))T is the vector of co-
ordinates of the location of the i-th OES in WGS-84; 

( ) ( ) ( )( )0 0 0
� � �, ,

T

Gi Gi Gix y zω ω ω  – vector of estimates of mathe
matical expectations for the coordinates of OES location in 
GCS; Am is an estimate of the mathematical expectation for 
an error in linking the direction of the X axis of OES ICCS 
to the direction of the local meridian. We ignore horizontal-
ization errors. All elements of matrix (32) are random vari-
ables. Thus, estimates of the mathematical expectations for 
the components of aircraft coordinate vector in GCS take 
the following form:

( )= − ⋅ ⋅ + ⋅ ⋅ +

+ ⋅ ⋅ +
− ⋅ + 

+ ⋅ + + ⋅ ⋅ 

Г

0

sin sin cos sin cos

cos cos

sin cos
,

cos sin sin

M m m

M

m
M

m

X X L A L B A

Y L B

L A
Z X

L B A
	 (33)

( )= − ⋅ ⋅ − ⋅ ⋅ +

+ ⋅ ⋅ +
⋅ + 

+ ⋅ + + ⋅ ⋅ 

Г

0

cos sin sin sin cos

sin cos

cos cos
,

sin sin sin

M m m

M

m
M

m

Y X L A L B A

Y L B

L A
Z Y

L B A
	 (34)

= ⋅ ⋅ +
+ ⋅ − ⋅ ⋅ +

Г

0

cos cos

sin cos sin ,
M m

M M m

Z X B A

Y B Z B A Z .	 (35)

Estimates of variance in the components of mathematical 
expectations for the aircraft coordinate vector in GCS take 
the following form:

( )ω =

− ⋅ − ⋅ ⋅ ⋅ − ⋅ + ⋅ ⋅
= ⋅ − ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅

⋅ − ⋅

sin sin cos sin cos cos cos sin cos cos sin sin

cos sin sin sin cos sin cos cos cos sin sin sin ,

cos cos sin cos sin

GM

m m m m

m m m m

m m

A
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L A L B A L B L A L B A

B A B B A

 (32)
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The partial derivatives included in expressions for 
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Expressions (36) to (38), taking into account the cor-
responding time derivatives, are analytical dependences of 
variances in the errors of aircraft location for each of the 
coordinates in GCS.

Let us construct the confidence limits of scattering 
ellipsoid, in which, with a given probability, the aircraft is 
located in ICCS i of OES at the time point tk.

The resulting interval estimates of variance in the air-
craft coordinates in ICCS of ith OES at the time point tk,, 
which allows us to construct the confidence limits of scatter-
ing ellipsoid, in which, with a given probability, the aircraft 
is located. The equation of the scattering ellipsoid centered 
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at a point ( ) ( ) ( )( ) ( )� � �, , , ,
k k k

T T

it it it M M Mx y z X Y Zω ω ω = takes the 
following form:

( ) ( ) ( )2 2 2

2 2 2
1,M M MX X Y Y Z Z

a b c

− − −
+ + =  

	  	 (39)

where (XM, YM, ZM)T is the vector of estimates of the math-
ematical expectation for the coordinates of aircraft location 
in the ICCS of ith OES at the time point tk; a, b, c are the 
semi-axes of the ellipsoid.

The dimensions of semi-axes of the ellipsoid are deter-
mined by the probability with which the actual aircraft co-
ordinates will be in the considered interval in relation to the 
mathematical expectation along each of the axes.

Dimensions of the confidence limits of the ellipsoid are 
given in Table 3.

Table 3

Dimensions of confidence limits of the scattering ellipsoid

Probability Р a b c

0,8664 1.5
MXσ

 
1.5

MZσ
 

1.5
MZσ

 

0,9544 2
MXσ 2

MZσ 2
MZσ

0,0876 2.5
MXσ 2.5

MZσ 2.5
MZσ

0,9974 3
MXσ 3

MZσ 3
MZσ

Fig. 3 shows the scattering ellipsoid of aircraft location 
in the ICCS of OES at P=0.9974 and the dimensions of the 
semi-axes of the aircraft 3 ,

MXa = σ 3 ,
MYb = σ 3 .

MZc = σ

Fig. 3. Scattering ellipsoid of aircraft location in the 
instrumental Cartesian coordinate system of the optical-

electronic station

Thus, the confidence limits of the scattering ellipsoid, in 
which, with a given probability, the aircraft is located in the 
ICCS of the i-th OES at the time point tk are constructed.

5. 3. Investigating the derived dependences by a nu-
merical modeling method

The results of the analytical dependence of variances in 
the estimates of components of the vector of estimates of 

the mathematical expectation for the coordinates of aircraft 
location in the ICCS of the i-th OES and in GCS at the time 
tk were verified by a numerical method. The study of the 
dependence of estimates of variances (SQV) of aircraft loca-
tion in GCS on the estimates of mathematical expectations 
and variances of all measured values was carried out using a 
numerical method.

As input, we used:
– numerical values of mathematical expectations for the 

coordinates of OES location in GCS;
– sets of results from direct measurements of azimuth, 

elevation angle, and slant range;
– SQV values of random measurement errors (30 words)
Based on the results of direct measurements using the 

rover RTK|GHCC complex of the Dream-RTK receiver, we 
obtain numerical values of mathematical expectations for 
the coordinates of OES location vector in GCS and their 
variances. The numerical value of mathematical expecta-
tions for the coordinates of OES location vector in GCS 
were equal to:

( ) 36.005725000000005 2 / 360��L ⋅ ⋅πω =  rad;

( ) 49.865086998432581 2 / 360��B ⋅ ⋅πω =  rad;

( ) 1.960063724 55�� 2H ω =  m; ( )� 0�mA ω =  rad.

The corresponding numerical values of the mathematical 
expectations for coordinates: 

( )0 3332380.6194218 7�� 7GX ω =  m; 

( )0 2421625.012094 92� 2GY ω =  m; 

( )0 4853129.795749 33� 8GZ ω =  m.

The values of real metrological characteristics of random 
errors in OES measurements, reported in work [4], were 
used as initial data for calculating variance estimates for the 
coordinates of aircraft location:

( )0.2 3 / 3eασ = −  rad; ( )0.2 3 / 3eβσ = −  rad; 

0.2Dσ = м; 0.000001 2 / 360L ⋅ ⋅πσ =  rad; 

0.000001 2 / 360B ⋅ ⋅πσ =  rad; 0.1Hσ =  m;

( )0.2 3 / 3eρσ = −  rad; 2 2

mA L ρσ = σ + σ  rad; 

0
0.1

GXσ =  m; 
0

0.1
GYσ =  m; 

0
0.1

GZσ =  m.

The procedure for processing the source data:
– for known values of variances in random measurement 

errors ( )2 2 2, , ,
T

L B Hσ σ σ  estimates of variances ( )
0 0 0

2 2 2, ,
G G G

T

X Y Zσ σ σ  
in the coordinates of OES location in GCS were calculated;

– in accordance with (11) to (13), the calculation of esti-
mates of the mathematical expectations for the coordinates 
of aircraft location in the ICCS of OES was performed, and 
as a result of solving the LAU system in GCS – for different 
values of azimuth and elevation angle;

– in accordance with (27) to (29), the SQV calculation 
of the coordinates of aircraft location was performed in the 
ICCS of OES, and, in accordance with (33) to (35), in GCS 
for different values of azimuth and elevation angle.
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The results of calculations of the estimates of mathemat-
ical expectations and SQV coordinates of aircraft location in 
the ICCS OES and in GCS are given in Tables 4–6 for dif-
ferent values of the mathematical expectations for the azi-
muth ,mαα =  the location angle ,mββ =  and the slant range: 

,DD m=  ( )� ,
MM XX mω =  ( )� ,

MM YY mω =  ( )� ,
MM ZZ mω =

( )� ,
M MX Xσ ω = σ  ( )� ,

M MY Yσ ω = σ ( )� ,
M MZ Zσ ω = σ  

( )� ,
GG XX mω =  ( )� ,

GG YY mω = ( )� ,
GG ZZ mω =

( )� ,
G GX Xσ ω = σ ( )� ,

G GY Yσ ω = σ ( )� .
G GZ Zσ ω = σ

Our analysis of results from calculating the estimates of 
mathematical expectations and SQV in the coordinates of 
aircraft location in the ICCS of OES and in GCS revealed 

their significant dependence on both the mathematical ex-
pectations of the azimuth, the elevation angle, and the slant 
range. At the same time, the dependence of SQV on the slant 
range is close to quadratic. The resulting estimates are con-
sistent while the degree of their adequacy can be assessed 
as a result of specially designed, conducted, and processed 
natural (polygon) experiments.

6. Discussion of results related to devising an analytical 
method for assessing the accuracy of aircraft positioning 

in the air space

In the analytical method for obtaining esti-
mates of mathematical expectations for the coor-
dinates of aircraft location in the ICCS of OES 
and in GCS, mathematical models of open and 
hidden video surveillance of the ICN of OES were 
used along the trajectories of the movement of the 
aircraft. Analytical dependences of variances in 
the geo-positioning errors of aircraft depending 
on variances in the errors of all component video 
surveillance processes were derived by the method 
of statistical linearization of nonlinear functions 
of random arguments as a result of their expansion 
into a Taylor series with accuracy up to linear 
terms. Such linearization makes it possible to ef-
fectively use analytical dependences in real-time 
systems. To increase the accuracy of variance 
estimates, Taylor series expansion can be per-
formed with accuracy not only for linear but also 
for quadratic terms (covariance matrices). The use 
of covariance matrices to calculate variance in the 
aircraft positioning errors in real-time systems 
turned out to be impractical both due to a signif-
icant increase in the complexity of calculations 
and a slight increase in the efficiency of variance 
estimates.

Expressions (27) to (29) and (36) to (38), 
taking into account the corresponding partial 
derivatives, are the analytical dependences of 
variances in the aircraft location errors according 
to each coordinate in the ICCS of the i-th OES 
and in GCS.

The main limitations of the analytical method 
include:

– high requirements for time synchronization 
accuracy of OES PCM hardware;

– for covert surveillance, the need for simulta-
neous monitoring of aircraft trajectories by two or 
more OES ICNs.

If these restrictions are met, the devised meth-
od is resistant to changes in the laws of distribu-
tion of random errors of video surveillance and 
makes it possible to obtain quite effective esti-
mates of variances in the errors of coordinates of 
aircraft location in the air space.

Our method makes it possible to obtain fairly 
effective estimates of error variances in the coor-
dinates of aircraft location in the airspace. The 
estimate is termed effective if its variance is min-

imal among other estimates. Reasonably efficient estimates 
are those estimates whose variance approaches the minimum 
but is not the minimum.

Table 4

Results of calculating the estimates of mathematical expectations and 
SQV in the coordinates of aircraft location in the ICCS of OES and in 

GCS for mα=π/4, mβ=π/4

mD, m ,
MXm  m ,

MYm  m ,
MZm  m ,

MXσ  m ,
MYσ  m ,

MZσ  m

100 50.0000 70.7107 50.0000 0.1001 0.1415 0.1001

500 250.0000 353.5534 250.0000 0.1027 0.1434 0.1027

1000 500.0000 707.1068 500.0000 0.1106 0.1491 0.1106

3000 1.5000e+03 2.1213e+03 1.5000e+03 0.1732 0.2000 0.1732

5000 2.5000e+03 3.5355e+03 2.5000e+03 0.2560 0.2749 0.2560

1000 3332146.1685 2422072.7166 4853992.6940 0.1579 0.1594 0.1689

3000 3331677.2667 2422968.1256 4855718.4906 0.2067 0.2393 0.2236

5000 3331208.3649 2423863.5347 4857444.2871 0.2798 0.3478 0.3049

Table 5

Results of calculating the estimates of mathematical expectations and 
SQV in the coordinates of aircraft location in the ICCS of OES and in 

GCS for mα=π/6, mβ=π/4

mD, m ,
MXm  m ,

MYm  m ,
MZm  m ,

MXσ  m ,
MYσ  m ,

MZσ  m

100 61.2372 70.7107 35.3553 0.1226 0.1415 0.0709

500 306.1862 353.5534 176.7767 0.1247 0.1434 0.0745

1000 612.3724 707.1068 353.5534 0.1312 0.1491 0.0850

3000 1.8371e+03 2.1213e+03 1.0607e+03 0.1871 0.2000 0.1581

5000 3.0619e+03 3.5355e+03 1.7678e+03 0.2656 0.2749 0.2461

1000 3332162.7603 2421903.7426 4854065.1281 0.1588 0.1526 0.1743

3000 3331727.0421 2422461.2038 4855935.7929 0.2091 0.2373 0.2236

5000 3331291.3239 2423018.6650 485780.64576 0.2840 0.3497 0.2987

Table 6

Results of calculating the estimates of mathematical expectations and 
SQV in the coordinates of aircraft location in the ICCS of OES and in 

GCS for mα=π/3, mβ=π/3

mD, m ,
MXm  m ,

MYm  m ,
MZm  m ,

MXσ  m ,
MYσ  m ,

MZσ  m

100 25.0000 86.6025 43.3013 0.0502 0.1732 0.0868

500 125.0000 433.0127 216.5064 0.0540 0.1740 0.0905

1000 250.0000 866.0254 433.0127 0.0645 0.1764 0.1014

3000 750.0000 2.5981e+03 1.2990e+03 0.1323 0.2000 0.1803

5000 1.2500e+03 4.3301e+03 2.1651e+03 0.2102 0.2404 0.2774

1000 3332423.0335 2422191.1062 4853953.0445 0.1538 0.1508 0.1739

3000 3332507.8618 2423323.2945 4855599.5419 0.1985 0.2164 0.2092

5000 3332592.6899 2424455.4827 4857246.0394 0.2661 0.3083 0.2660
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The scattering ellipsoid, which is currently the main 
form of the area for evaluating the metrological character-
istics of radio-technical and opto-electronic systems, is a 
rather rough approximation of the actual area in which the 
aircraft is with a given probability for each fixed time point 
of video surveillance. This is due to the fact that the law of 
distribution of errors in the coordinates of aircraft location 
as a result of nonlinear transformations of normally distrib-
uted random variables will, as a rule, be asymmetric and 
different from the normal one. The study of the actual laws of 
distribution of errors in the estimation of coordinates of air-
craft location and the construction of such areas is a possible 
way to advance future studies.

As a drawback, one should not the use of a least-squares 
method (LSM) for estimating mathematical expectations 
for coordinates of aircraft location for each time point, 
which is the most effective for the normal law of the distri-
bution of video surveillance errors. Nonlinear transforma-
tions of random errors in direct measurements used in the 
devised method lead to changes not only in the parameters 
of the normal distribution law but also in the distribution 
law itself. In this case, the use of LSM can lead to biased 
and ineffective estimates of coordinates of aircraft location 
and, therefore, to a shift and loss of effectiveness of the an-
alytical estimates of variance in the coordinates. Identifi-
cation of the actual laws of distribution of random errors in 
the video observations of OES ICN along the trajectories of 
aircraft movement and the selection of optimal algorithms 
for processing their results require further theoretical and 
field studies. It is necessary to further verify our results by 
the method of mathematical modeling with representative 
samples of up to tens of thousands of observations and by 
planning, conducting, and processing the results of large-
scale polygon tests.

7. Conclusions 

1. We have constructed mathematical models of open 
and covert video surveillance of OES ICN along aircraft 
movement trajectories. Estimates of the mathematical 
expectations for the coordinates of aircraft location were 
derived as a result of solving the mathematical model 
of open video surveillance by the analytical method of 
NAU system and the mathematical model of covert video 
surveillance redefined by the LAU system using numeri-
cal LSM.

2. We have built analytical expressions of dependence 
for calculating the variance in aircraft positioning errors for 
each time point depending on variance in all types of random 
video surveillance errors of OES ICN along aircraft trajec-
tory movement. The results of our study make it possible to 
obtain real-time estimates of SQV by each of the coordinates 
of aircraft location in the air space for each fixed moment of 
aircraft video surveillance by OES ICN.

3. Using the method of numerical modeling, the resulting 
dependences were studied for their consistency and reliabili-
ty. Numerical values of SQV estimates of aircraft location co-
ordinate errors for various video surveillance conditions are in 
the range from 0.1 to 0.35 m. This confirms the effectiveness 
of using OES ICN as an instrumental tool for high-precision 
trajectory measurements. The reported analytical method for 
estimating the aircraft positioning accuracy by OES ICN is 
workable. The obtained estimates of variances in the errors of 
coordinates of aircraft location in the air space could be used 
in real-time systems. To verify the method, we envisage the 
planning, conducting, and processing the results of large-scale 
polygon tests of the experimental model of OES ICN with 
different types of aircraft, for different weather conditions and 
arbitrary trajectories of aircraft movement.

Conflicts of interest

The authors declare that they have no conflicts of inter-
est in relation to the current study, including financial, per-
sonal, authorship, or any other, that could affect the study, as 
well as the results reported in this paper.

Funding

The source of funding for producing the OES prototype 
for detecting and tracking moving objects in the air environ-
ment is the R&D work “Devising technology for high-pre-
cision targeting of aerial objects” under the contract dated 
09.03.2021, No. DZ/105–2021 and the R&D work “Devis-
ing technology for detection and high-precision escort of 
aerial objects” according to the contract dated 05.11.2018, 
No. DZ/60-2018.

Data availability

All data are available, either in numerical or graphical 
form, in the main text of the manuscript.

Use of artificial intelligence

The authors confirm that they did not use artificial intel-
ligence technologies when creating the current work.

Acknowledgments

The authors of the paper express their gratitude to the 
team at the research plant of the Kharkiv National Universi-
ty of Radio Electronics, and personally to engineers A. Cher-
kashin, M. Yeletin, and V. Krylov.

References 

1.	 Dodonov, A. G., Putyatin, V. G., Valetchik, V. A. (2004). Obrabotka opticheskih izmereniy traektorii letatel’nyh obektov. 

Reiestratsiya, zberihannia i obrobka danykh, 6 (1), 38–52. Available at: http://dspace.nbuv.gov.ua/handle/123456789/50702

2.	 Putyatin, V. G., Dodonov, V. A. (2017). Ob odnoy zadache vysokotochnyh traektornyh izmereniy opticheskimi sredstvami. 

Reiestratsiya, zberihannia i obrobka danykh, 19 (2), 36–54. Available at: http://dspace.nbuv.gov.ua/handle/123456789/131676?

show=full



Eastern-European Journal of Enterprise Technologies ISSN 1729-3774	 5/9 ( 131 ) 2024

48

3.	 Dodonov, A. G., Putyatin, V. G., Valetchik, V. A. (2006). Postroenie informatsionno-analiticheskoy sistemy nauchno-issledovatel’skogo 

ispytatel’nogo poligona. Upravlyayuschie sistemy i mashiny, 4, 3–14. 

4.	 Shostko, I., Teviashev, A., Kulia, Y., Koliadin, A. (2020). Optical-electronic system of automatic detection and higt-precise tracking 

of aerial objects in real-time. Computer Modeling and Intelligent Systems, 2608, 784–803. https://doi.org/10.32782/cmis/2608-59 

5.	 Tevyashev, A., Shostko, I., Neofitnyi, M., Koliadin, A. (2019). Laser Opto-Electronic Airspace Monitoring System in the Visible 

and Infrared Ranges. 2019 IEEE 5th International Conference Actual Problems of Unmanned Aerial Vehicles Developments 

(APUAVD), 20, 170–173. https://doi.org/10.1109/apuavd47061.2019.8943887 

6.	 Tevjashev, A. D., Shostko, I. S., Neofitnyi, M. V., Kolomiyets, S. V., Kyrychenko, I. Yu., Pryimachov, Yu. D. (2019). Mathematical 

model and method of optimal placement of optical-electronic systems for trajectory measurements of air objects at test. Odessa 

Astronomical Publications, 32, 171–175. https://doi.org/10.18524/1810-4215.2019.32.182231 

7.	 Shostko, I., Tevyashev, A., Neofitnyi, M., Kulia, Y. (2020). Information-Measuring System of Polygon Based on Wireless Sensor 

Infocommunication Network. Data-Centric Business and Applications, 649–674. https://doi.org/10.1007/978-3-030-43070-2_28 

8.	 Shostko, I., Tevyashev, A., Neofitnyi, M., Ageyev, D., Gulak, S. (2018). Information and Measurement System Based on Wireless 

Sensory Infocommunication Network for Polygon Testing of Guided and Unguided Rockets and Missiles. 2018 International 

Scientific-Practical Conference Problems of Infocommunications. Science and Technology (PIC S&T), 705–710. https://doi.org/ 

10.1109/infocommst.2018.8632084 

9.	 Kondrat, V., Kostenko, O., Kornienko, O. (2018). The analysis optical-electronic means of investigation and the direction of their 

perfection for the purpose of increase of efficiency of fighting application armament and military equipment. Zbirnyk Naukovykh 

Prats Kharkivskoho Natsionalnoho Universytetu Povitrianykh Syl, 2 (56), 66–71. https://doi.org/10.30748/zhups.2018.56.08 

10.	 Lepikh, Ya. I., Santoniy, V. I., Budiyanska, L. M., Ivanchenko, I. O., Yanko, V. V. (2019). Optyko-elektronni systemy blyzhnoi lokatsiyi. 

Odesa: Odes. nats. un-t im. I. I. Mechnykova, 294. Available at: https://dspace.onu.edu.ua/server/api/core/bitstreams/54803387-

9f29-431d-b8a5-546ad9e189fc/content

11.	 Optychni vymiriuvannia (2014). Kyiv: NTUU «KPI», 190. Available at: https://ooep.kpi.ua/downloads/disc/oi/oms.pdf

12.	 Zhdanyuk, B. F. (1978). Osnovy statisticheskoy obrabotki traektornyh izmereniy. M.: Sovetskoe radio, 384. Available at: http://

libarch.nmu.org.ua/handle/GenofondUA/72515

13.	 Shapiro, L., Stockman, D. (2013). Computer vision. PRENTICE HALL, 752. Available at: https://github.com/MaximovaIrina/

picture_processing/blob/master/Шапиро%20Л.%20Компьютерное%20зрение.pdf

14.	 Richard, S. (2010). Computer Vision: Algorithms and Applications. Springer, 957. Available at: https://vim.ustc.edu.cn/_upload/

article/files/d4/87/71e9467745a5a7b8e80e94007d1b/4cd69b21-85d3-43ba-9935-fd9ae33da82b.pdf

15.	 Zabulonov, Yu. L., Burtnyak, V. M., Odukalets, L. A. (2020). System of Automated Operative Control of Radiation Situation of Fast 

Reaction on the Literal Apparatus Base. Science and Innovation, 16 (3), 39–46. https://doi.org/10.15407/scin16.03.039 

16.	 Botsiura, O., Zakharov, I., Neyezhmakov, P. (2018). Reduction of the measurand estimate bias for nonlinear model equation. Journal 

of Physics: Conference Series, 1065, 212002. https://doi.org/10.1088/1742-6596/1065/21/212002 

17.	 Zakharov, I. P., Botsyura, O. A. (2019). Calculation of Expanded Uncertainty in Measurements Using the Kurtosis Method when 

Implementing a Bayesian Approach. Measurement Techniques, 62 (4), 327–331. https://doi.org/10.1007/s11018-019-01625-x 

18.	 Zakharov, I. P., Neyezhmakov, P. I., Botsiura, O. A. (2019). Reduction of the bias of measurement uncertainty estimates with 

significant non-linearity of a model equation. Journal of Physics: Conference Series, 1379 (1), 012013. https://doi.org/10.1088/ 

1742-6596/1379/1/012013 

19.	 Lytvynenko, A. S., Petchenko, H. O., Liashenko, O. M., Didenko, O. M. (2021). Rozrakhunok i konstruiuvannia optyko-

elektronnykh pryladiv. Kharkiv: KhNUMH im. O. M. Beketova, 139. Available at: https://eprints.kname.edu.ua/61225/1/ 

18%20экз%20Розрахунок%202018%20%20печ.%2012Н.pdf


