u] =,

This paper evaluates potential accuracy characteristics of a
small-sized goniometer based on nuclear magnetic resonance with
an extended dynamic range. This required constructing a model
of goniometer errors, estimating its accuracy based on this model,
and formulating practical recommendations for the design of such a
device based on the accuracy assessment.

To evaluate the accuracy of a nuclear goniometer, a theoretical
model was built that makes it possible to determine the optimal oper-
ating parameters of the cell gas mixture, the ranges of their permissi-

its characteristics on external and internal factors. In particular, the
dependence of output signal of the device on the parameters of gas
mixture and optical pumping has been determined. For a goniometer
with a cell volume of 8 cm?, the optimum temperature is 130 °C, and
the optimum intensity of the pumping radiation is 5 mW.

The dependence of output signal on the measured angle of rota-
tion was also established, as well as the noise and error dependence
of the device on the permissible values of its parameters. Based on the
model built, parameters of a goniometer with a cell volume of 8 cm®
were determined; the maximum angular sensitivity of such a goniom-
eter with complete suppression of technical noise is 6¢.,=1.0 arcsec.
The greatest contribution to the angle measurement error is from the
instability of pumping power I, (41,,/1,=0.05) — 85 %, magnetic field
By (4B,/By=10"%) — 13 %, temperature T (AT/T=0.1) — 2 %.

The goniometer under consideration corresponds to the medium
accuracy class, 6¢.,>10 arcsec. It could be used in optical manufac-
turing for operational control, calibration, and certification of opti-
cal products. To improve the angular accuracy of the goniometer, it
is necessary to increase the stability of the laser pumping intensity
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ble changes, the sensitivity of the goniometer, and the dependence of
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1. Introduction

There are a number of tasks that require measuring the
angular position of an object in real time, for example, in
angle measuring systems of test benches, tracking antenna
arrays, optical telescopes, etc. Dynamic goniometers are
used to measure such parameters.

In optical production, an urgent task is the operational
control and certification of the angles of optical products (for
example, the zone of insensitivity to the speed of rotation (cap-
ture zone) of a laser gyroscope) and the index of glass refraction.

New opportunities in the field of angular measurements in
the production of optical devices appear with the development
of nuclear goniometers and the construction of measuring
systems based on them. The nuclear goniometer is a sensor of
angular movements in inertial space, the basis of which is the
gyroscopic properties of the particles of gas mixture caused by
the spin and orbital moments of atoms. In an inertial frame of
reference, under the action of a magnetic field, the nuclear spin
of noble gas (Xe) atoms precesses around a selected axis. With
a stationary goniometer, the frequency of spin precession is
determined by the magnitude of the magnetic field. In the
case of angular movement of the sensor around the direction
of the magnetic field (axis of sensitivity of the goniometer),
the change in the precession frequency is registered by the
shift in the Larmor frequency of the nuclear spins of the noble

gas. The potential capabilities of the nuclear goniometer are
determined by fluctuations in the precession frequency. Mea-
surement of the shift in the noble gas precession frequency is
the basis of the operation of the nuclear goniometer.
Studying a new type of dynamic goniometer based on
nuclear magnetic resonance is a relevant task when devising
new state-of-the-art technologies in optical production.

2. Literature review and problem statement

The basis of modern dynamic goniometry are devices
based on the Sagnac effect. Classical dynamic goniometers
employ laser dynamic goniometry, which uses the properties
of ring lasers. The principle of operation of the laser goni-
ometer, as well as methods for increasing its measurement
accuracy, are given in [1]. A drawback of the study is that the
authors did not perform an analysis of device errors.

The use of a laser interferometer for angle measurement
is also described in [2], while the goniometer was designed as
a device capable of measuring the angle with an error of the
order of 10 nrad. The disadvantage of such a device is its con-
siderable dimensions — the length of one side of the square
contour is 50 cm. In addition, in [2], the results of tests of
the device are not given, which would confirm the declared
accuracy, as well as the analysis of device errors.
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In study [3], focusing on the calibration of a goniometer
based on a laser interferometer, the stability of the scale
factor of the device and its dependence on temperature,
repeatability, and stability of the zero shift were experimen-
tally investigated. The accuracy of the device is £0.5”. Since
the paper considers methods for calibrating the goniometer,
it does not contain a theoretical analysis of the nature of the
errors of the laser dynamic goniometer.

The authors of [4] designed a precise intelligent gonio-
metric system based on a ring laser, a CMOS matrix, and
an artificial neural network. Since the work focuses on the
principles of construction of this system and the general
algorithm of its operation, the authors of [4] also do not
analyze the nature of errors of the laser dynamic goniometer.

Study [5] proposed a method for increasing the accuracy
of the laser goniometer measurement, which makes it pos-
sible to reduce the influence of the zero drift and the errors
of installing the interferometer on the rotary table, and the
analysis of these errors is given. The measurement error of
the device is £0.4”. The shortcoming of the study is the lack
of analysis of other errors, in particular those caused by the
capture zone of the laser goniometer.

The nature of disturbances in the output signal of a laser
goniometer is considered in many publications as it is of inter-
est during practical application in various fields of technology.
According to the results of the research analysis, the main con-
tribution to the error of the laser goniometer is from technical
fluctuations caused by the instability of the detuning of the
radiation frequency with respect to the central frequency of the
atomic transition. Normal fluctuations caused by the quantum
nature of radiation determine the potential accuracy of a laser
goniometer. The main disadvantage of the goniometer based on
the laser interferometer is also the presence of a capture zone,
which causes its insensitivity at low speeds of table rotation.

A dynamic goniometer with a fiber-optic circuit, the
work of which is also based on the Sagnac effect, is dis-
cussed in papers [6, 7]. The authors of [6] considered a way
to increase the accuracy of the goniometer by eliminating
angular misalignment and obtained an angle measurement
accuracy of 2”. Due to the limited scope of the study, the au-
thors neglected one of the main causes of errors in fiber-optic
goniometers — temperature instability due to the Shupe ef-
fect, citing papers that consider the similar error of fiber-op-
tic gyroscopes. Paper [7] tackles the principle of operation
and the analysis of the results of fiber-optic goniometer. The
mathematical model of measurement result errors obtained
by the authors of [7] is suitable for practical application and
showed a good agreement with the experiment at a confi-
dence probability of 95 %. The authors did not conduct a
theoretical analysis of the goniometer errors, focusing on the
construction of a model of errors in the results. In [8], the
author considered the emergence of a parasitic signal at the
output of a fiber-optic gyroscope during a change in exter-
nal temperature, as well as due to self-heating of the device
and the action of mechanical loads. The author of this paper
provided recommendations and requirements for the design
of the sensitive elements of fiber optic gyroscopes to reduce
the influence of the Shupp effect. However, even using these
recommendations does not make it possible to completely get
rid of this effect.

One can see from the above data that the main disadvan-
tage of dynamic goniometers based on the Sagnac effect is
the presence of a capture zone (devices based on ring lasers)
and temperature stability (fiber-optic devices).

The task of designing a dynamic goniometer, free from
the mentioned shortcomings, has not yet been solved. The
reason for this is the fundamental impossibility of getting
rid of errors without changing the principle of action of the
sensitive element of the goniometer. An option to overcome
these reasons can be the use of a goniometer based on nuclear
magnetic resonance, the principle of operation of which is
based on spin-exchange pumping. This type of goniometer
is free from the drawbacks of Sagnac-based goniometers and
could potentially be highly accurate at small dimensions.
The advantages of the nuclear goniometer are insensitivity
to overloads, long service life, digital output. All this gives
reason to claim that it is expedient to conduct a study aimed
at analyzing the accuracy of such a goniometer.

3. The aim and objectives of the study

The purpose of this study is to evaluate the potential accu-
racy characteristics of a goniometer with an extended dynamic
range based on nuclear magnetic resonance and to devise
practical recommendations for designing such a device based
on it. This will make it possible to measure angles at low rota-
tion speeds when manufacturing objects of complex shape, for
example, large mirrors. It will also make it possible to organize
operational control and certification of the angles of optical
products and the index of glass refraction in optical production.

To achieve the defined goal, the following tasks were set:

—to determine the dependence of output signal on the
parameters of gas mixture, optical pumping;

— to determine the dependence of output signal on the mea-
sured angle of rotation, analyze the noise and the dependence of
device error on the permissible values of its parameters.

4. The study materials and methods

The object of research is dynamic goniometers for measur-
ing the angles formed by flat surfaces of various objects capable
of reflecting light rays. The main hypothesis assumes that the
use of a small-sized sensitive element based on nuclear magnetic
resonance would make it possible to simplify the design, reduce
the energy consumption of the goniometer, its dimensions, and
ensure measurements at low speeds. Dynamic laser goniome-
ters cannot perform measurements at low speeds of rotation of
the object table due to the presence of a capture zone.

The methods of spectral and mathematical analysis, sig-
nal theory, the theory of random processes and its engineer-
ing applications, the theory of nuclear magnetic resonance,
methods from the electromagnetic theory of light, and the
Jones matrix method were used in the research process.
Modeling was carried out in the MATLAB, Mathcad envi-
ronment using authentic software.

5. Investigating the potential accuracy characteristics of
nuclear goniometer

5. 1. Investigating the dependence of amplitude of the
output signal of the nuclear goniometer on the parame-
ters of gas mixture and optical pumping

Fig. 1 shows the scheme of a nuclear goniometer [9], the
main elements of which are a radiation source, a gas cell, a photo
recorder, and coil systems for generating magnetic fields.
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Fig. 1. Schematic showing the sensitive element of the nuclear goniometer

The cubic gas cell contains pairs of the isotope of the alkali
metal rubidium 87Rb (gyromagnetic ratio yg,=28 GHz/TI),
two isotopes of xenon noble gases '??Xe and '¥!'Xe (gyro-
magnetic ratios yi29=—11.9 MHz/T and y31=3.52 MHz/T,
respectively) and buffer gas nitrogen N, placed between
two non-magnetic heating plates inside the protective mag-
netic screen, which minimizes the influence of the Earth’s
magnetic field (induction of the external static magnetic
field B;=50 pT). The temperature of the cell is kept con-
stant, the operating point is selected in the range from 100
to 200 °C, taking into account ensuring the accuracy of the
angle measurement. The cell is placed in a constant longitu-
dinal magnetic field By greater than 1 pT (1-10°2 G), uniform
throughout the volume, directed along the z axis, which deter-
mines the precession frequencies of the nuclear magnetization
of the isotopes '??Xe and '3 Xe and the resonance frequency of
the electron paramagnetic resonance of the 8’Rb atoms.

A transverse alternating magnetic field Bi~(1 nT=10" T)
is also superimposed on the cell, which is several orders of
magnitude weaker than B,. Field B, contains two harmonic
components with frequencies o},, and o},,, close to the nat-
ural precession frequencies, ®129131=Y129.131-Bo, and excites
nuclear magnetic resonance in isotopes '*Xe and ¥'Xe.
The transverse alternating magnetic field B, is created
by the currents flowing in the windings of the Helmholtz
coils. For certainty, in Fig. 1 the field By is directed along
the x-axis. Under the action of the magnetic field By, the
angular moments of the Rb atoms deviate from the z axis
and perform a precessional movement around it. Atoms
whose precession phases are coherent create in the medium a
component of polarization of the medium transverse to the z
axis by angular momentum. Optical radiation E; with linear
polarization propagating perpendicular to the z axis is used
for its detection.

To orient the magnetic moments of 8’Rb atoms, optical
pumping is used at the resonance frequency of the D; 8’Rb
58}, 5P}, (Ap1=795nm). A pump beam E, with circular
polarization passes through the cell along the z-axis parallel
to the constant magnetic field B,. In this process, the pho-
ton’s angular momentum is transferred to the 8’Rb atom,
changing the state of its magnetic moment. As a result of the
absorption of light in the cell, the atomic magnetic moments
of 87Rb are partially oriented in the direction of the perma-
nent magnetic field B,. Xenon atoms do not interact with

light, since all their electron shells are filled,

therefore, the alkali metal 87Rb is used to

pump and read the polarization of Xe. The

laser radiation power at the input of the cell

I, must be sufficient for the formation of

spin polarization of Rb atoms, and the width
cp Of the laser emission line Av, is consistent
with the width of the absorption line of
RbAvgp,. The lifetime of Rb atoms is limited
by collisions and is inversely proportional
to the pressure of the gas mixture. The line
width of the Lorentzian contour Avgy, is pro-
portional to the gas concentration, or equiv-
alent to its pressure, and is determined by
the natural width of the spectral line Av,,,.
The width of the spectral line is related to
the probability of spontaneous emission and
to the repulsive broadening caused by the
interaction of Rb atoms with X atoms of the
gas mixture:

AVRh :Avnal +kapx? (1)

Threshold
device

where Av,,;=5.7 MHz is the natural width of the 87Rb line,
k, is the coefficient depending on gas X, p, is the partial
pressure of gas X.

Surface-emitting lasers with a vertical cavity (VCSEL)
with a wavelength 2=795 nm, power I~(0.5...10) mW, radia-
tion line width Av,~(0.5...1.0) GHz can be used as a source
of radiation in subsystems of optical pumping and detection
of a nuclear goniometer; polarizer 1 and plate A/4 are used to
obtain circularly polarized radiation.

The broadening of the Rb absorption line due to pres-
sure (1) can be estimated using the following empirical
formula [10]:

_18.9n,, +17.8n
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where ny is the concentration of gas medium components /Xe
and Ny in cm™.

Inside the cell there is ~2 g of 87Rb, its melting point
is 39 °C. At room temperature, Rb is in a solid state, the
vapor pressure is ~107 Pa. As the temperature rises, the con-
centration of Rb vapors increases almost exponentially, the
liquid and gaseous phases are in constant dynamic equilibri-
um with respect to each other. The temperature dependence
of the concentration of saturated Rb vapors is determined
according to [11]:

(10.55-4'132)
0 !
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where ngy, is the concentration of Rb in cm™, T is the tem-
perature of the gas cell in K.

In the gas cell, the Rb concentration can take on values
from ngp=>55.8-10'2 cm™ at 7=100 °C to ngp=10' cm™ at
T=200 °C and can be controlled by the temperature used
to optimize optical pumping. When filling the cell with a
gas mixture under normal conditions (NC), the pressure
of each 129Xe and 3'Xe isotope is ~(1...30) Torr. To reduce
the free flight time and relaxation rate on the cell walls,
the concentration of 29Xe and '3'Xe isotopes should be



(4...6) orders of magnitude greater than the concentration
of Rb atoms. In order to increase the efficiency of the
87Rb—Xe spin-exchange interaction, nitrogen Ny buffer gas,
which does not interact with laser radiation, is used. The
pressure of N3~(20...80) Torr under NC, the concentration
of nna~(10'7...1029) ¢m™ also exceeds the concentration of
active Rb atoms by (4...6) orders of magnitude, which is due
to the need to quench reradiation during absorption of the
pump laser field.

The temperature dependences of the gas components Xe
and N, are described by the equation of state of an ideal gas

pi=nkT, 4)

where n; is the concentration of the component of the ith gas
mixture, kg is the Boltzmann constant.

The temperature effect on the cell changes the pressure
and concentration of Rb vapors, while the components of the
gas mixture Xe and Ny change only the pressure.

Under the influence of a static magnetic field By and opti-
cal pumping E,, an ensemble of Rb atoms is created in the gas
cell with magnetic moments pgp oriented in one direction,
which precess with the Larmor frequency wgp around the
z axis; as a result, macroscopic magnetization M, appears,
as shown in Fig. 2. Magnetization corresponds to the vec-
tor sum of individual magnetic moments of atoms in a unit
volume of a gas cell M =n<p>. The magnetic moment of an
atom /Xe is parallel to the nuclear spin jx. and is related to
it by the ratio pjxc=gjxelixe:Mn, Where gjx. are g-factors of

Xe isotopes, (for 129Xe gio9x.=1.556, for 131 Xe gi31x.=0.461)
Iixe — nuclear moments of Xe isotopes (for 129Xe I199x.=", for

131Xe I131xe=3/2), iy :ﬁ =5.050783-10"”" J /T - nuclear

magneton. r

Since the gyromagnetic ratios yj29 and y31 have different
signs, the Larmor precession of Xe isotopes occurs in opposite
directions. After a sufficient time, Xe atoms acquire nuclear
magnetization M,,,,4; and begin to precess around the applied
magnetic field B, with their Larmor frequencies o199 131. In
the absence of the By field, due to the stochastic phase preces-
sion of individual magnetic moments M, ,; in the xy plane,
the average transverse magnetization of Xe is zero. In the case
of superposition of a transverse alternating magnetic field By
at frequencies close to the nuclear magnetic resonance of two
isotopes '?"Xe and '¥'Xe perpendicular to B,, the frequency
of the Larmor precession of the nuclear magnetic moments of
Xe isotopes under the action of an external force synchronize
with the phase By and the spins of Xe nuclei precess around
the field B, with the same phase In the xy plane, the rotating
component of the total vector of macroscopic nuclear
magnetization appears, rotating M, . and, therefore,
along the x and y axes — the variable components M,x,
and M, x., as shown in Fig. 3.

The equation for the precession of the nuclear mag-
netization of /Xe isotopes in a constant magnetic field B,
takes the form:

M.(t):Mxyjcos(cojt+(pj)g+

J
+M,, sin(wjt+(pj)ey +M e, 5)
where j=129, 131, M;(¢) is the magnetization of a unit volume
created by isotopes '2°Xe and '3'Xe, M,,; are the transverse
components of the nuclear magnetization of the isotopes,

M;; are the longitudinal components of the nuclear magnetiza-
tion, g; are the precession phases of magnetization, M in the xy
plane, e, — unit vector along the g-th axis.
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Fig. 2. Macroscopic magnetization vectors of the goniometer:

M,,, — nuclear magnetization vectors of '2%Xe and 3'Xe,

respectively, M, — Rb8” spin magnetization vector

Fig. 3. Transverse projections of macroscopic magnetization

vectors: M 1,9, M, 5, — transverse components of

nuclear magnetization of Xe isotopes, M . — transverse

ayXe
component of total vector M, + M, 5, M ., — transverse

component of electronic polarization Rb

From the geometric constructions in Fig. 3, it follows
that the time dependences of the amplitude of the trans-
verse component of the total vector M,,x. and the rotation
angle ¢, of this vector relative to the x axis take the form:

MxyXe (t) =

= \/Mfwzs + Mfy131 + 2M,xy129Mxy131 COS((“)ug — O3 )t + Qa9 — Py ); (6)

Py (t):

—arctg Mxy129 Sln((’)129t+(P129)+Mw131 Sm(c‘)131t+‘P131)

M)q;129 COS((D129t Rl T ) + Mxy131 COS(‘”131t + Q3 )

(7

The nuclei of the precessing Xe isotopes create an addi-
tional magnetic field Bjx., which is sensed by the Rb atoms.
In the assumption that the magnetization of Xe is uniform
throughout the cell, the magnetic field
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where k¢~(400-760) is the Rb — Xe spin exchange ampli-
fication factor, pop=4m-107 Hn/m is the magnetic constant,

kP = ko% 1, ( & xel jxcly ) The induction of the magnetic field

B(¢)in which the 8Rb atoms are located is given in the form
of the sum of three components: the longitudinal magnetic
field By, the variable transverse magnetic field B; and the
nuclear magnetization field Bjx., which depends on the state
of the gaseous medium:

B(t)=B,(t)+B,(t)+ By, (). )

The detecting laser linear radiation E; interacts with the
magnetic field of electrons Rb and, according to the Faraday
effect, its plane of polarization turns to an angle & propor-
tional to Mgy, — the projection of Mgy, on the x axis. Before
entering the cell, the polarization plane E is perpendicular
to the xy plane, after its passage the angle of inclination of
the polarization plane changes relative to the z axis by the
amount &(t)~M,gp. The magnetizations of Rb and Xe are
connected by a linear relationship, therefore, the magnitude
of the angle ¢ determines the magnetization of Xe and the
precession frequency ; of the/Xe isotopes:

E(t,0,)~ M, cos[(p(t,m,, )} =

= Mx_ng COS((O129t + 0y ) + M,wm COS((’)131t + Q3 ) (10)

The detecting beam E; enters the photo recorder after pass-
ing through the magneto-active glass, cell, polarizer 2, which
is installed behind the cell along the path of the beam in the
extinguishing position at Bj=0 and ®,=0. Magnetoactive glass,
the cell are in the magnetic field By of the Helmholtz coils. The
photo current of the photo recorder i, is proportional to the ra-
diation power [ falling on its photosensitive area. The electrical
signal i, is a periodic oscillation with a modulated carrier, the
amplitude of which varies from zero to A,, — the amplitude of the
modulating signal. The isolation of the modulating oscillation is
carried out by a low-pass filter, the cut-off frequency of which is
greater than the maximum value of ®,. At the zero points of this
signal, pulses are generated by the threshold device, which enter
the counter 7, then are processed by the computing device (CD)
and the angle of rotation of the object ¢ is determined.

In the inertial coordinate system, the vector M; precesses
around the magnetic field B, induction vector with frequency
w;=y;Bo (Fig. 2), which is the result of statistical averaging
of independent informative one-time measurements of the
precession frequency of each 7Xe atom. The number of inde-
pendent informative one-time measurements of the precession
frequency N, per unit of time is considered to be the signal S,
and noise is the root mean square deviation o, of the number of
all registered independent one-time measurements. Measure-
ments are recorded per unit of time, from the average value
of <N,>. <N,> is the average number of measurements during
time ¢, <N?> is the average value of the square of <N,>,
<N,>?is the square of the average value of <N,>. The average

. . . N,
number of measurements for time ¢ is N{)=S¢, i.e., S =—~L
measurements are recorded for a unit time interval, the aver-

1 S
age frequency of precession is (m) = §Z o,
i=1

Let the probability distribution density of a random pro-
cess be determined by the normal law:

ple)=t el LI |

where x() is the constant component of the random process,
o’ is the average power of the fluctuating component of the
random process x(f), o, is the root mean square deviation.
The maximum time interval during which a single
measurement of the precession frequency of an electron or
nuclear magnetic moment can be carried out is equal to the
relaxation time of this moment 75, which is inversely propor-

. . 1
tional to the relaxation rate Ry | T, =——

tot
relaxation time of Rb atoms T,* is inversely proportional to

1n

. The transverse

. _ Rb 1 1

the relaxation rate R;=R,p+Rrp | T, R, <R, nAva]’
where R,, is the speed of the optical pumping, Rgy, is the
rate of spin relaxation of Rb atoms (557, state decay rate),
which is the sum of possible collisional interactions. The
maximization of the pumping speed R,, is achieved by
maintaining the balance of the vapor concentration Rb,
the intensity of the light beam I,,, the width of the emission
line Av,, the width of the absorption line Avgy,. During the
calculation, it is assumed that the cell is completely illumi-
nated by a collimated uniform light beam. The relaxation
times of Rb and Xe are determined by Rb«Xe collisions,
so the transverse relaxation times of Xe isotopes depend on
their concentrations:

TXe iXe (12)
’ W

The polarization vector is defined by the relation:

— t

P(t)= 7(, 13)

where M. is the maximum possible magnetization at which
all magnetic moments of atoms are parallel to By.

The spin polarization of a unit volume Rb along the z axis
from the entrance window of the cell takes the form [12]:

R
(P)=o—"t—r. (14)
R()p + RRb

When the cell is illuminated by monochromatic light E,,
the optical pumping speed R, is proportional to the pump-
ing intensity, R,,=#-[,(z), where @ is a coefficient that de-
pends on the absorption cross section, I,(2) is the intensity of
the pumping beam at a distance z from the entrance window
of the cell. Then the polarization Rb is determined from the
following formula:

I (z
L)R' (15)
(o)

Spin-polarized 87Rb atoms collide with Xe atoms, during
which spin polarization exchange occurs. In the spin-ex-
change process, the polarization of Rb atoms is transferred



to 129Xe and '3'Xe isotopes. In the first approximation, this
dependence can be considered linear:

- Rop

(P y=a(Py) Rk (16)

where a is the polarization transfer coefficient <Pgp>«><Px.>
which depends on the parameters of the gas mixture.

The polarizations of Rb and Xe depend on temperature,
pumping power, N pressure, and Xe pressure.

The maximum output signal (corresponding to P=1)
is determined by the total number of N, atoms and their
relaxation time:

_Nv_NaL
¢

S

, a7

where N, is the number of atoms interacting with the field.
The real signal of the goniometer is created only by polar-
ized atoms and is determined from the following expression:

sople
T,

(18)
where P is the polarization of the medium, which is equal
to the relative fraction of atoms that are in non-equilib-
rium states, N,=n,V — the number of atoms (nuclei) in
the volume of the cell V, T, — the time of a single measure-
ment (transverse relaxation time).
The maximum signal on Rb atoms (at P=1) takes the
form:
Ry _ MgV

max T2 Rb =

(Rop +Ry, )anV. (19)

Amplitudes of signals from Xe isotopes (taking into ac-
count (12), (16)) are equal to:

chV =0 RopRRb anV.
Rop + RRb

n
S,

JjXe = Xe jXe
T

(20)

The maximum amplitude of the transverse polarization
of Rb atoms at the frequency wxe.=yx.Bo is proportional to
the Pgy, polarization:

b jXe? (21)
where k, ~ v, T is the conversion factor of the magnetic
field created by Xe isotopes into the transverse component
of Rb polarization.

The amplitude of the output signal of the goniometer is
determined from the expression:

Sr)ut = k1pf bSRb

(22)
where k1 is the proportionality factor.

The amplitude S,,; is proportional to the spin compo-
nent P, along the detector beam, the number of polarized
atoms Rb. Fig. 4 shows the plot of S,,,~F(T, 1,) as a surface
represented by a function of temperature in the cell and the
laser pump power.

As the temperature T and the pumping power I,, increase,
the output signals S,,, on/Xe isotopes increase. The S, sig-
nal on 3!Xe atoms is larger than on '*?Xe.

out

1-10%

5-10%

Fig. 4. Output signal of the goniometer, represented in the
form of a surface from two variables — cell temperature 7
and laser pumping power /,, So,/=F(/,, T)

5. 2. Investigating the angular error of nuclear goni-
ometer from its natural noise and fluctuations in external
parameters

5. 2. 1. Method for measuring the angle of rotation of
the object

The angular displacement of the object is determined by
the measurement time ¢ and the precession frequency o, To
highlight the slow precession of the nuclear magnetization o, in
the scheme of the sensitive element of the goniometer (Fig. 1),
a magneto-active glass is installed in front of the cell. The size
and parameters of the glass are selected so that the rotation
of the plane of polarization of the detection beam Ej at the en-
trance of the cell relative to the z axis corresponds to the angle:

&(¢,0)=-VH|, (23)
where Vis the Verde constant of magnetoactive glass, /is the
length of the glass.

To obtain an analytical expression of the photocurrent i,
at the output of the photo recorder after the passage of beam
E; through the magneto-active glass, gas cell, and polarizer 2
for w,#0, I shall use the formalism of the Jones method, ac-
cording to which the electric field of a polarized light wave
is represented in the form of a vector:

EZ
E= ,
E.’/
where E,, E, are scalar components of the electric vector
along the z and y axes.

The ideal polarizer 2, whose transmission axis is directed
along the y axis, is matched by the matrix:

P:O 0,
01

The following matrix corresponds to the magnetoactive
glass placed in the transverse magnetic field H:

F:[cos(i(t,o)) —sin(a(t,O))}
sin(&(t,O)) COS(a(tyo)) .

(24)

(25)

(26)



A gas cell is represented by a matrix:

o :[cos(ﬁ,(t,a),)) sin(EJ(t,u),)) J

_sin(é(t,mr)) COS(&(LQ,)) : 27)

The components of the light field vector in front of the
DVR are found from the matrix equation:

[Ezj=[0 oj[cos(é(t,mr)) sin(ﬁ(t,mr)) ]X

E,) \0 1){=sin(g(t,0,)) cos(&(t,0,))

X[cos(i(t,O)) —sin(&(t,mr))][q:
sin(&(t,O)) cos(i(t,O)) 0

(28)

:{?sm[a(f’wr)‘g(“o)]}

The photo current of the photo recorder i, is proportion-
al to the radiation power I falling on its photosensitive area.
The intensity of beam [ is equal to the sum of the squares of
the amplitudes of individual components:

Aiy(t,0,)~ I =E! + E; =sin*[ &(t,0,)-&(1,0)]. (29)

The normalized photocurrent amplitude iA,(¢,0,) chang-
es from zero at o,t=2znk to 1.

Fig.5 shows the time dynamics of the photocurrent
iAg (t,0,) after the low-pass filter. Rectangular pulses are
formed in the registered zeros of the signal, which determine
the frequency of slow precession of nuclear magnetization o,:

2n

(@) =5 (30)
where At;=t;—t; 1 is the time interval between adjacent pulses
iAy (o).

During the observation time ¢, pulses corresponding to
time intervals A¢; are received from the counter to the CD
input. In each series of £ measurements, the following is
determined:

k

At
(At) == (31)
and variance:
k 2
(0,80
ol=t (32)

k

Samples (31) are a sequence of random variables. During
the measurement time ¢, the goniometer makes & revolutions:

h=t.

{ar)

The pulses of the variable frequency generator (VFG)
built into the CD, with a given period of their passage
T (t1<<A?), fill the time interval At. The frequency of VFG is

chosen in such a way that during the period of the platform

. . At 2
turnover At the number of pulses is an integer, n,, _at_2r

- ’
T

(33)

where ¢y is the price of the pulse. During continuous rotation
of the nuclear goniometer with a constant angular velocity,
periodic self-calibration is carried out on the 27 angle stan-
dard. The time ¢, the countdown of which begins with the
(i—1)-th pulse formed by the digital LF filter, corresponds to

t
the measured angle and contains n clock pulses, 7, =—. The
T

result of the angle measurement, expressed in units of clock
pulses, is given in the form:

nm
(9)= 2n—- (34)

2n

Since only a whole number of pulses is counted, the nu-
clear goniometer should be considered as a discrete converter

with a pulse price ¢, :2775’ the measurement range is 360°.
2n

The maximum error due to quantization in absolute value

does not exceed half the value of the pulse:
la],,. =<0.5¢,. (35)
During the measurement time t=k<A¢> k uncorrelated

measurements of time intervals t; take place. To reduce

the error, the average value of the time intervals is deter-

mined as:

(=13

i=1

(36)

and the variance of error in the mean value is 6(<t>). The
root mean square error of the mean is defined as the root of
the variance. The method of statistical averaging makes it
possible to reduce the error by vk times compared to the
error of a single measurement.

The frequencies of magnetization vectors of precessing
JXe isotopes in the inertial frame of reference are writ-
ten as:

©;=7,,B,+o, 37)
and are informative measurements.

It follows from (37) that the frequency of slow precession
of nuclear magnetization o, is expressed in terms of the pre-
cession frequencies of /Xe isotopes:

@, = Y1312))129 :2290)131 = Olygy0yp9 = Olyng Wy, (38)
129 131
where:
S (1T R P (39)
129 — - ’

|Y129|+|Y131|

oy, _nal g o9e7. (40)
|Y129| +|Y131|

The measurement error of the time intervals At is relat-
ed to the fluctuations of the precession frequency o, which
is a random process with a normal distribution law (11)
and depends on the stability of the magnetic field By, the
temperature of the cell 7; and the intensity of the pumping
radiation I,. The relative fluctuations of the time intervals
and the frequency of precession are the same:



Sl (1)

the signal-to-noise ratio is also preserved for them.
Stabilization of the constant external magnetic field By
is carried out using feedback on the Helmholtz coils by com-
paring the reference frequency with the total frequency w.:
O, =0y + O3 = (7129 +Y131)Bo~ (42)
The frequency o+ does not depend on the rotation of the
sensor and is proportional to the magnetic field By.

Realizations separated in time by more than the cor-
relation interval are considered uncorrelated. During the
measurement of the phase fluctuation of the precession fre-
quency in a series of £ measurements relative to the average
value, it takes the form:

koAb

k
= Z&Pi = 5
i=1

i=1 A

(44)

where Ab; is the difference between the final and initial val-
ues of Aw, at the time interval At;.
The average value of the square of the phase:

Aiy T T T <6(P2>:
i N : b & AbAD
M kgt N _ 80
o/ | WV R e
i=1 j=1
LA N - s
0 At :iiAbzz
2 i
-0.5F / /tl : tl‘ AT S
i-1 i
-1 ~ i | 'y ‘ \ | _ (Ab)z -
0 [ | 15 % 2.|5 3l 3'|5 1 4.|5 5 A%At
7L =1 2
o clock ] - (45)
i _— pulses AN
g, ‘IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII| i is constantly drifting:
- | |
0 | it (80%) = (46)
1 1 I 1 I 1 I 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 o
. . . . . h D= hase in-
Fig. 5. Time dynamics of the photocurrent Aj, (#,0,) after the low-pass filter where A%At phase in

5. 2. 2. Goniometer signal noise

The output signal of the goniometer S,,, (22) is nar-
row-band with a constant amplitude A (A=const) and a
random fluctuation phase 8¢(¢) with a uniform distribution.
Fluctuations of the nuclear precession phase 8¢(¢) are con-
sidered to be a stationary Gaussian process. Fig. 6 shows a
vector diagram illustrating the change in the phase of the
signal under the influence of noise.

y
A /ﬂA(Dr
a .
(/
Ab™

X

Fig. 6. Vector diagram illustrating the change of precession
phase under the influence of noise

Random functions Aa and Ab take zero mean values
and equal variances, <Aa>=<Ab>=0; <Aa’>>=<Ab*>=c>.
During the averaging time of phase fluctuations, the preces-
sion frequencies are equal to zero, <Ae(¢)>=0, the measure-
ment time is:

(= At,=k-At, (43)

where At is the correlation interval.
Dispersion determines the average intensity of signal fluc-
tuations relative to its average value and characterizes noise.

formation is lost over time,
over t=D! the precession phase becomes unpredictable.
The amplitude of the phase fluctuation at the precession
frequency due to noise is estimated by:

where (S /N) -4 is the signal /noise ratio;
tot

G, = Z(Gi )2 is the total effect of noise.

i

(47)

The signal-to-noise ratio determines the error of measur-
ing the angle of rotation of the object:

S/N= <S—>. (48)

c

Phase fluctuation can be considered as frequency modula-
tion. At the measurement frequency Af/~100 Hz, the observa-
tion time £~100 s and the ratio (S/N)~102, the phase shift of the
precession frequency due to noise is equal to 8¢~1 rad, that is,
the measurement of the precession phase of an individual atom
during time ¢ is characterized by an uncertainty of 1 rad.

RMS amplitude of signal noise:

NL NL
By ELFI. RENNG
VONAtt At f

where Af is the frequ(incy band corresponding to the mea-

(49)

surement time ¢, t =——.
2Mf

The error of a single measurement of the precession fre-
quency is:



(¢

tot — 1
(Poy)SAE (P, )(S / N)AL

Sy, =

(50)

In the case of multiple measurements during the time ¢
>>At in the case of a normal distribution of the result and

. t .
averaging over k = independent measurements, the error

of a single measurement is reduced by & times. The angular
error accumulated during the measurement time t is equal to:

e
(Py)(S/N)Vat
Atomic projection noise is statistical, determined by the

finite number of atoms and the possible values of the projections
of their moments. For white noise, the width of the frequency

3P =08w,, -t = 1)

interval Af is equivalent to the time interval ¢ and is Af =

Expression for the integral mean square amplitude o, of such
noise in the band Af:

NN N, N,
== e = [—a . [IAf. 52
Gaz t t . TZ T2 f ( )
RMS noise amplitude for Xe isotopes:
nyV
O = (53)

The error of angle measurement by a goniometer with
a differential scheme, caused by projection noises '>Xe
and 131Xe, is:

2

2
3¢, = \/(a1318(P129xC) + (a1296(P131xC) ) (54)
where, based on (47):
R +R
&ijc = Yo N R0 \/; (55)

Vro PxRb gV

Fractional noise that arises due to the discreteness of
photons in optics. At the average intensity of photons per
unit of time <N,;,> the average number of electrons emitted
by the photocathode during the observation time ¢:

<Ne>:n<Nph>t,

where 1 is the average number of electrons emitted by
the photocathode when one photon falls on it, usually
n~0.2...0.3. In Gaussian statistics, the root mean square de-
viation of the number of electrons:

(56)

o, = (N, )t (57)

is equal to their average value for the measurement interval,
from this condition it follows that:

1
(N,)= - (58)
If one considers that N, = N, Ti’ the root mean square

2
amplitude of fractional noise:

5 - Nph: anV'
ph ¢ T]t'T2Rb

The total effect of fractional and projection noise is rep-
resented by the formula:

S ) 2 2
cqum - Gph + G129)(0 + cy131Xc .

The angular error of the goniometer due to these noises is:

(59)

(60)

2 2
8(psen = \/(a1318(p129xen) + ((x’1298(P131sen) ’ (61)
where:
Yixe © t
89y =t 1/—. = (62)
! be Pﬂ(Rl S Jout T:ZJX )

corresponds to the maximum angular sensitivity.

Fig. 7 shows the angular error of the goniometer (61)
depending on the temperature in the cell T and the laser
pumping power I,.

8(pscu 60

40

Fig. 7. Angular error of the goniometer d¢se, (61)

According to the determined extremum (minimum)
of function (61), the optimal values of the working tem-
perature of the gas cell and the optical pumping power are
selected. This determines the value of the concentration of

JXe isotopes, saturated Rb vapors, and the relaxation time

of these components, which increases the sensitivity of the
goniometer.

3. 2. 3. Root mean square error of the signal based on
the permissible valuesof parameters

The output signal of the goniometer S,,; (22) is a func-
tion of several independent measured parameters, the stabil-
ity of which affects the accuracy of determining the angle of
rotation of the object ¢:
(63)

S,.=F(I,B,T).

If the average absolute measurement error of parameter x

is equal to £Ax, then the error in the output signal is deter-

mined by the expression:
dF (x)

AS,, =t——Ax,

64
out dx ( )

And the relative measurement error of the output signal is:



AS,
S

out __

+dF(x) Ax

. (65)

dr  F(x)

out

The mean square error Sy, is determined from the formula:

2 .

oF) , (eFY , (oFY}

O =«|| = | ‘O, +| =— | 03 +| — | -0},
T\er, ) T \es, ) T \er

where o; are the mean square errors of measurements of
i-th quantities.
Fig. 8,9 show plots of partial derivatives of the sig-

nal (22) {g} .

PJj

(66)

In the pump power range (2...10) mW, the values of the
oF

partial derivatives decrease with the increase in 1, at

r/j
. oF oF . .
the same time o > o by approximately 3 times.
P /131 129

P
Approximate values:

BN 507, [ 2B ~1500m,
al, ol
129 P /131

In the temperature range (100...200) °C, the partial deriv-
atives [g—?j grow exponentially with increasing 7. At 130 °C

J
approximate values are:

[@j ~1.6-10",

OT ) 199

[@j ~ 4910,
131

The accuracy of measuring the angle of rotation of the object
is also determined by the accuracy of stabilization of the constant
longitudinal magnetic field By. The error of the rotation angle,
which is determined by the instability of the magnetic field By, is:

3¢, =3B t, (67)

where 8B, is the relative error of the constant magnetic field.
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Fig. 8. Plot of dependence of the partial derivative [s;:] on the laser pumping intensity /,
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The errors of the frequency of precession of the ’Xe nu-
clei, calculated from the fluctuations of the measured values
of function (63), take the form:

'Y4
Smjzﬁx

Trb

(aFJZ [AI,JT (6FJ2 (ABOT [aFT [AQT\/E
x || =1 - +| = - +| = - ..
o, |\ 1) "\as,) B, ) ot ) |1, N

Mean square angular error of the goniometer according
to the measured parameters (62):

2 2
3Py, = \/((11318(p129) + (0L1298(p131) . (69)
Total angular error of the goniometer for the considered
noises (projection and fractional) and parameters (62):
2 2
S(PLDZ = (S(Psen) + (8(pL8L‘h) ‘ (70)
The period of passage of clock pulses is selected from the
condition:

3¢y,
"= 360.3600 ) >

The main technical factors that determine the angular
error are the stability of the temperature in the cell, the sta-
bility of the magnetic field, the power and composition of the
pumping radiation.

6. Discussion of results of investigating the accuracy
characteristics of the nuclear goniometer

The following input parameters were used to calculate
the full angular error of the goniometer: the volume of the
small sensitive element (cell) V=8 cm?; according to the
determined extremum of the function (61) from Fig. 7, the
optimal values of the operating temperature of the gas cell
and the optical pumping power were selected: operating
temperature 130 °C, laser radiation intensity (pumping and
detection) I, ;~5 mW. The concentration of Rb at a tem-
perature of 130 °C according to (3) is ng,=3.6-10'3 cm;

stabilization of the working temperature is carried out
with an accuracy of AT=+0.1 °C; relative accuracy of stabi-
lization AI,/1,=0.05.

The maximization of the pumping speed R,, is achieved
by maintaining the balance of the concentration of va-
pors Rb, the intensity of the light beam I, the width of
the emission line Av,, the width of the absorption line Avgy,
according to (2). For numerical calculations, the value
Av,=0.9 GHz is used, which is determined by the choice
of the radiation source (for example, small lasers of the
VCSEL type). The laser emission linewidth Av, and the Rb
absorption linewidth Avgy, must be matched. If the width of
the radiation line is Av,>>Avgy, then a significant number of
photons is outside the resonant absorption frequency of Rb
atoms, these photons do not contribute to optical pumping,
which leads to a loss of light energy, a decrease in absorp-
tion and polarization. With a narrow line width Av,<Avgy,
complete absorption of the laser beam in the cell is possible,
in which case there is no signal at the output. The optimal
width Av, for maximum polarization of Rb is a function of

temperature, cell size, and gas mixture component concen-
trations.

The cell is filled with gases 129Xe, 131Xe, Ny accord-
ing to (4) with concentrations #n59=6.5-106 cm™,
n131=2.3-10'7 ¢cm™3, nyo=1.6-10'8 cm™, which is higher
than the concentration of Rb by (3..4) orders. At
By=10 pT, the Larmor precession frequency of isotopes
129%e and 131 Xe is wi99=119 Hz and w131=35.2 Hz, re-
spectively, the ratio of concentrations is 7199+n13;=1+4.
The amplitude of the magnetic field created by the
currents in the Helmholtz coils, By=10" T, is stabilized with
a relative accuracy of ABy/By=1-10"% (including the shield-
ing of the Earth’s magnetic field, B;=5-10" T and parasitic
extraneous magnetic field fluctuations).

The marginal angular error accumulated during the
measurement time =1 s (with complete suppression of tech-
nical noises) is, according to (61), d¢s.,=1.0 arcsec.

The mean quadratic angular error of the goniometer
along the channels of Xe isotopes, caused by the errors
in the magnetic field and pump parameters, at the sam-
pling time At=102s and By=10 uT, according to (69), is
3¢rech=13.6 arcsec. Therefore, the complete angular error
of the goniometer based on noise (projection and fraction-
al) and parameters (62) will be, in accordance with (70),
13.7 arcsec.

The biggest contribution to the angle measurement error is
from the instability of the pumping power (AL,=+0.05) 85 %;
instability of the magnetic field By (ABo/By=10%) contrib-
utes 13 %, temperature instability (AT=+0.1 °C) — 2 %.

Thus, the model of goniometer errors given in the work
makes it possible to estimate the size and structure of the
total angle measurement error. The calculation results allow
me to state that the error value of the goniometer, calculated
according to the model given in this work, is comparable
to the error of a classic dynamic goniometer of the medium
accuracy class, 8¢;,>10 arcsec [4, 6].

Therefore, the technical result of using a small-sized
sensitive element based on nuclear magnetic resonance is to
reduce the energy consumption of the goniometer, to ensure
measurements at low speeds of rotation of the object table.
The result is also a simplification of the structure of the go-
niometer and a reduction of its dimensions.

The use of a nuclear goniometer makes it possible to mea-
sure angles at low rotation speeds during the manufacture of
objects of complex shape, for example, large mirrors.

The limitation of this study is that my estimates of go-
niometer errors are valid for goniometers with a volume of
a small-sized sensitive element V=8 cm®. Miniaturization of
the device by reducing the volume of the sensitive element
to 1 cm?® or less would require appropriate selection of the
laser radiation spectrum width, operating temperature,
laser radiation intensity (pumping and detection), and gas
concentrations.

A drawback of this study that should be noted is that
it is purely theoretical in nature. Experimental verifica-
tion of the results could be an area of further research. To
confirm the correctness of my theoretical statements and
calculations, it is advisable to build a test model of a nu-
clear goniometer and conduct practical verification, which
could be the topic of further research. It should be noted
that this would require using high-precision equipment for
the manufacture of device components, in particular cells,
Helmholtz coils, and magnetic field induction stabilization
systems.

(68)



The considered nuclear goniometer could be used as part
of an angle measuring automated system used in optical
production for operational control, calibration, and certifi-
cation of optical products. To improve the angular accuracy
of the goniometer, it is necessary to increase the stability of
the laser pumping intensity I,,.

Further research may aim at finding ways to reduce the
instability of the laser pumping intensity and improve accu-
racy of the device.

7. Conclusions

1. As a result of the research, by analyzing the inter-
action of the gas mixture of 129Xe, '3'Xe, N, isotopes, the
pumping radiation and the magnetic field, the dependence
of the output signal of the goniometer on parameters of
the gas mixture and optical pumping has been established.
The nature of this dependence is complex, the output sig-
nal of the device is proportional to the transverse polar-
ization Rb, which is detected by a linearly polarized beam
and depends nonlinearly on the partial pressure of com-
ponents of the gas mixture and the laser pumping power.
At the same time, for each specific size of the sensitive
element (cell), there are optimal temperatures and power
at which the power of the output signal is the greatest.
For a cell size of 8 cm3, the optimal temperature is 130 °C,
the optimal radiation intensity I,,~5 mW. As the cell
volume decreases, the optimal temperature increases, and
the optimal radiation power decreases, provided that the
cross-sectional area of the laser beam and the area of the
entrance window of the cubic cell are equal. This is due to
the fact that as the size of the cell decreases, the density
of the photon flux increases, therefore, the required laser
power decreases.

2. A method for measuring the angle of rotation has
been devised, and, by applying the Jones matrices and the
equation for the radiation intensity, the type of output sig-
nal of the photodetector was determined. The output signal
of the photodetector has a complex shape but is periodic;
the zero tracking period of this signal is proportional to
the precession frequency of nuclear magnetization. Based

on this period, the measured angle of rotation is judged,
and the noise of the device affects the measurement of the
length of this period.

By analyzing the noise of the goniometer, it has been
determined that the main contribution to the error of the
goniometer is from the technical fluctuations caused by the
instability of the detuning of the radiation frequency with
respect to the central frequency of the atomic transition,
which is explained by their higher value compared to other
components (3dpse,=1.0 arcsec, ddn=13.6 arcsec). Natural
fluctuations caused by the quantum nature of radiation
determine the potential accuracy of the goniometer as they
cannot be excluded by applying circuitry solutions. The
accumulation of large arrays of measurement information
in short periods of time and its statistical processing under
a dynamic mode makes it possible to minimize the random
component of measurement error in the entire range of an-

gles 0...360".
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