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DEVISING A COMBINED 
METHOD FOR SETTING 

PI/PID CONTROLLER 
PARAMETERS FOR OIL 

AND GAS FACILITIES

The object of this study is automatic control systems of 
the first, second, and third orders. The principal task was 
to ensure the stability of control systems while minimizing 
overshot and regulation time.

A combined method for determining the tuning param-
eters of PI/PID controllers has been devised, which com-
bines the s-plane method and the generalized quadratic 
criterion.

The s-plane method is based on the Vieta theorem, 
which relates the roots of the characteristic equation of 
a closed-loop control system to its parameters. They are 
functions of the tuning parameters of PI/PID controllers. 
By choosing the left roots of the characteristic equation 
of a closed-loop system on the s-plane, the desired quality 
indicators of the control system can be achieved. The roots 
of the equation are functionally related to the parame-
ters of PI/PID controllers. From the system of algebraic 
equations that follow from the Vieta theorem, the tuning 
parameters for PI/PID controllers are found as a solution 
to such a system.

At the second stage of solving the problem, the roots of 
the characteristic equation are chosen so that the general-
ized quadratic criterion is a function only of real part of 
one of the characteristic equation’s roots. As a result, we 
obtain a one-dimensional minimization problem, the local 
minimum of which was sought within a predetermined 
search interval. This interval was chosen on the condition 
that the parameters for PI/PID controllers would be strict-
ly positive. The roots of the characteristic equation of the 
closed-loop system would belong to the left half-plane of 
the s-plane. Such a choice of the search interval guarantees 
the stability of the closed-loop automatic control system.

It was found that compared to the s-plane method, 
the overshot and regulation time were reduced by an aver-
age of 73.5 % and 66.5 %. This could increase the speed of 
industrial controllers
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1. Introduction

One of the main tasks in the design of automatic control 
systems for technological processes is the calculation of 
settings for PI/PID controllers. There are two approaches to 
solving the problem – analytical and graphical-numerical. 
The first of them uses the minimization of the generalized 
quadratic criterion or, as an alternative, the s-method to de-
termine the settings of the controllers.

The task of determining the settings of controllers by the 
generalized quadratic criterion is a nonlinear programming 
problem. The conducted machine experiments showed that 
the generalized quadratic criterion as a function of the set-
tings parameters is a multi-extreme function. At different val-
ues of the initial starting point, different values of the settings 
of the controllers were obtained. In addition, in the process of 
solving the optimization problem, it is difficult to control the 
stability of the automatic control system.

Graphical-numerical methods are based on the use of fre-
quency characteristics such as Bode and Nyquist diagrams, or 
diagrams constructed in polar coordinate systems. Their pur-

pose is the synthesis of corrective devices in order to achieve 
the desired quality indicators of the control process: frequen-
cy bandwidth, stability margin in phase and amplitude, etc. 

Thus, a relevant scientific task is to devise simple and 
effective methods for tuning PI/PID controllers, based on the 
selected criterion of the quality of functioning of the automat-
ic control system.

2. Literature review and problem statement

Most control systems implemented today use PI/PID con-
trollers due to their simple structure and ease of implemen-
tation [1]. One of the problems related to modern PI/PID 
controllers is the need for additional refinement in traditional 
methods, such as the Ziegler-Nichols method, as well as the lack 
of a universal approach that would provide high performance 
for all types of applications. Therefore, according to study [1], 
future research could be directed to the expanded use of PID 
controllers, their adaptation to digital control systems, and the 
development of new approaches for automatic tuning.
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squared error (ISE); integral time absolute error (ITAE); in-
tegral time squared error (ITSE); mean squared error (MSE); 
integral error (IE).

The IE criterion could be applied only for aperiodic tran-
sients. The IAE, ITAE, ITSE, MSE criteria require knowledge 
of the control errors ε(t) for their calculation. They, in turn, 
functionally depend on the tuning parameters of PI/PID con-
trollers. This significantly complicates the computational 
procedures.

The metaheuristic algorithms presented in [7] for tuning 
PID controllers show significant potential for optimizing 
the control of complex systems, providing high accuracy, 
stability, and minimization of errors under dynamic modes. 
In particular, such approaches as genetic algorithms, swarm 
optimization, ant colony optimization, the learning-teaching 
method, etc. are covered. However, there are still unresolved 
issues related to the high computational complexity and the 
lack of clear recommendations for choosing an algorithm 
depending on the type of problem. The difficulties associated 
with the high complexity of dynamic models and the depen-
dence of the results on the initial conditions and algorithm 
parameters could be overcome by creating hybrid algorithms, 
which was done in [7] for the analysis of multifactor process-
es. However, these unresolved issues remain relevant for 
further development and research of algorithms.

The use of a quadratic error model for PID controller 
adaptation [8] allowed the authors to design a dynamically 
updated (DUPID) controller. It showed a decrease in the IAE 
criterion by approximately 62 % for 1D DUPID and 59 % for 
2D DUPID compared to a standard PID controller. However, 
the lack of testing on variable parameters and the lack of 
focus on sudden changes in parameters make this controller 
unsuitable for real-world conditions. Although the paper 
proposes an adaptive algorithm that takes into account the 
influence of noise and unexpected changes in parameters, 
however, there is currently no detailed justification for the 
stability of the algorithm. In modern algorithms, the mini-
mization of a certain criterion makes it possible to determine 
the tuning parameters for PI/PID controllers. To ensure the 
stability of the automatic control system, an additional con-
dition is imposed on the minimization process – the tuning 
parameters of PI/PID controllers must be positive numbers. 
In such a statement, the problem of finding the optimal 
tuning parameters of PI/PID controllers is a nonlinear 
programming problem. Modern optimization algorithms, 
including stochastic sequential quadratic programming [9], 
by minimizing a certain criterion, make it possible to solve 
the problems of tuning control system parameters, which 
are nonlinear programming problems with constraints 
in the form of equations and inequalities. Constraints in 
such problems, as is known, are formed in terms of “not 
more” and “not less”, which introduces difficulties since 
the tuning parameters for PI/PID controller must be strictly 
positive. In [9], adaptive approaches to overcoming such dif-
ficulties are considered, which ensures global convergence 
of algorithms even under stochastic conditions. However, 
the choice of penalties that are adaptive and dependent on 
noise in the data, and the application of the algorithm to 
stochastic problems with high-dimensional constraint vec-
tors require further development of stochastic optimization 
algorithms.

These circumstances explain the presence of a number 
of minimization methods used in modern PI/PID controller 
tuning algorithms.

When using PI/PID controllers in various industries, the 
task of tuning their parameters arises [2–6] due to the high 
complexity of the algorithms used. This makes them unsuit-
able for scaling in the industry.

The use of a modified firefly algorithm using a chaotic 
Tinkerbell map for optimizing the tuning of PID control-
lers [2] shows better accuracy in tuning PID controllers com-
pared to other methods. Specifically, in reducing the objective 
function and integral absolute error by 10–17 % depending on 
the metric. The issue with the developed algorithm is that 
the considered algorithm does not always guarantee global 
optimization and, subsequently, requires further analysis in 
tuning controllers for multidimensional systems, including 
checking the control error and robustness of the systems.

The results reported in [3] show that the PI controller 
tuned using the particle swarm optimization (PSO) algorithm 
demonstrates the best results in some parameters. This is 
a reduction in the rise time of the transient process, over-
shoot and settling time of the electric motor compared to the 
traditional Ziegler-Nichols (ZN) and modified Ziegler-Nich-
ols (MZN) methods. PSO provides stable convergence, high 
computational efficiency, and ease of implementation. How-
ever, the issues related to the generalization of this approach 
to other types of electric motors and taking into account ex-
ternal disturbances under real conditions remain unresolved. 
The likely reason is objective difficulties associated with the 
complexity of modeling real systems.

The use of the integral of squared errors (ISE) criterion 
and the restriction on the slope of the Nyquist curve at the 
gain frequency formed the basis of study [4]. It is shown that 
the proposed approach provides improved load disturbance 
suppression compared to existing methods, in particular the 
Sree and Chidambaram and SIMC methods. However, due to 
the high level of oscillation in the responses to the setpoint 
change, the need to use the Smith predictor for a significant 
delay, and the lack of experimental verification, there is a 
need to further improve the proposed method to reduce over-
shoot and improve the response to the setpoint change.

In [5], the results of a comparative analysis of three ap-
proaches to speed control of drive systems with elastically 
coupled loads are reported: a classical PI controller, a spatial 
state-based PI controller (PI-SSSC), and a model-based pre-
dictive control (MBPC). The higher stability of the PI-SSSC 
and MBPC controllers compared to the classical PI control-
ler is demonstrated. However, due to the high sensitivity of 
MBPC to changes in mechanical characteristics and the need 
for an observer to estimate the mechanical states of the sys-
tem, there is a need for further research. In [5], optimization 
of the MBPC algorithm is proposed to reduce the compu-
tational load, as well as combining PI-SSSC and MBPC to 
combine the advantages of both methods.

Nature-inspired methods and machine learning methods 
are analyzed in [6]. The advantages of these algorithms for 
achieving high performance and adaptability to faults are 
demonstrated. The lack of accurate mathematical models, 
sensitivity to noise, and measurement inaccuracies, as well 
as the lack of data balance between data on normal system 
operation and fault data, require further development of 
autonomous algorithms that could adapt. In addition, optimi-
zation of hybrid controllers and improvement of data analysis 
methods are required.

Modern methods for tuning PI/PID controllers are based 
on criteria that are functionals of control error. There are sev-
eral such criteria [7]: integral absolute error (IAE); integral 
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Thus, in [10, 11], a genetic algorithm [12] was used to 
determine the PID controller tuning parameters. In [10], the 
results of using genetic algorithms for tuning a PID control-
ler in a mixed-tank chemical reactor (CSTR) process were 
demonstrated. At the same time, in [11], the results of studies 
on the use of modern heuristic methods – differential evolu-
tion and genetic algorithms – were reported. This allowed for 
minimizing the composition of the ISE, IAE, and ITAE crite-
ria. However, issues related to the practical implementation 
of this technique under real conditions remained unresolved. 
In particular, among the objective reasons, the following are 
noted: the complexity of calculations with a large number 
of parameters, which could lead to high costs of time and 
computing resources; the need to tune the GA for specific 
process conditions, which requires additional experiments 
and testing. An option to overcome these difficulties may be 
the use of hybrid methods that combine classical approaches 
and modern optimization algorithms, which reduces the 
need for high computational resources, which is proposed in 
those works.

In work [13], to solve the problem of calculating the 
tuning parameters of a PI/PID controller, a criterion is 
minimized, which is the sum of the partial criteria ISE, 
IAE, INAE, and ITSE. The minimization is carried out 
using the particle swarm optimization (PSO) algorithm [14]. 
A comparison of the performance of a PID controller based 
on PSO (PSO-PID) and a PID controller tuned using the 
Ziegler-Nichols method (ZN-PID) is presented. The results 
demonstrate the advantages of PID tuning using the PSO 
optimization approach. However, due to the tendency of PSO 
to get stuck in local optima, the algorithm has limitations in 
optimization problems. Because of this, the authors propose 
further comparison and improvement of the particle swarm 
algorithm, for example, using the differential evolution 
method.

The advantage of optimization algorithms over clas-
sical methods for tuning PID controllers is demonstrated 
in [15]. Classical methods for tuning PID controllers, such 
as Cohen-Kuhn, Internal Model Control (IMC), and the 
Chien-Hrones-Reswick (CHR) method, were compared with 
genetic algorithms, ant colony algorithms, etc. The authors 
demonstrate that optimization methods outperform classical 
approaches in terms of accuracy and speed of regulation. The 
Shuffled Frog-Leaping algorithm was particularly effective. 
However, due to the stochastic nature of some algorithms, 
in particular, Shuffled Frog-Leaping, as well as the loss of 
accuracy of neural network algorithms, further improvement 
of identification methods remains relevant, in particular, 
combining neural networks with optimization methods and 
extending research to nonlinear control systems, since most 
industrial processes are not linear.

Improvement of the ant colony algorithm, which is used 
for tuning PID controllers [15], is described in [16]. The Salta-
tory Evolution Ant Colony Optimization (SEACO) algorithm 
described by the authors reduces the number of iterations, 
which shows a higher convergence rate of the new algorithm 
compared to the classical ant colony algorithm. However, 
due to the loss of accuracy after 100 iterations and testing 
only on the traveling salesman problem, this algorithm re-
quires further research and improvements. As prospects for 
further development, the authors propose the integration of 
neural networks into the algorithm and testing the algorithm 
on graph optimization problems, task scheduling, etc. The 
bacterial colony optimization algorithm in [17] demonstrates 

high efficiency on most test functions compared to PSO and 
GA and, due to communication between “bacteria”, reaches 
the global optimum faster. However, because of the high 
computational complexity of the communication mechanism 
and the dependence on parameter settings, such as the che-
motaxis step length, the algorithm requires further research. 
Adaptive parameter optimization and integration with other 
methods, such as deep learning or neural networks, is one of 
the proposed options for improving the developed method.

The hybrid of the bat colony and ant colony optimization 
algorithm demonstrated in [18] provides better classification 
accuracy compared to other methods, such as Support Vector 
Machine and its variations. It also provides a significant reduc-
tion in the number of features in the sample, which allows for 
reduced computation time and higher classification accuracy 
(Ginselman test – 95.93 % and Schiller test – 90.91 %). However, 
the problem of optimal tuning of the bat colony and ant colony 
algorithm parameters, as well as the lack of a detailed assess-
ment of the algorithm’s performance on large data sets, necessi-
tates further improvements to the method under study. Namely, 
the use of deep learning is proposed to improve performance. 
A review of the basic concepts and use of the particle swarm 
optimization (PSO) algorithm and its modifications in engineer-
ing problems [19] demonstrates the ease of using PSO in opti-
mization problems, including PI/PID controllers. Insufficient 
efficiency in high-dimensional problems and a small number 
of studies in the field of parameter tuning demonstrate the need 
for further improvement of the algorithm, both hybridization of 
PSO with deep learning and automatic parameter tuning.

In [20], the root hodograph method was used, which 
is graph-analytic. It was used together with the analytical 
method of parametric synthesis. The graph-analytic method 
is focused on determining the parameters of PI/PID control-
lers for placing the roots on a complex plane. Since the meth-
od allows one to obtain a graphical image of the trajectory of 
the roots on the plane, only one parameter of the controller is 
subject to change. The main disadvantage is the complexity 
of implementing the two-channel system proposed in [20] 
due to its inertia and cost. A single-channel robust system 
requires significant efforts for parametric optimization.

In [21], intelligent methods based on fuzzy logic, artificial 
neural network (ANN), adaptive neuro-fuzzy logical infer-
ence system (ANFIS), and genetic algorithms (GA) for tuning 
a PID controller are presented. The controller tuned using 
these methods was used to control the concentration in a con-
tinuous stirred tank reactor (CSTR). The simulation results 
show that intelligent methods provide better performance 
compared to the traditional Ziegler-Nichols (ZN) method in 
various control quality indicators. However, the main disad-
vantage of the proposed approaches is high computational 
costs and modeling complexity. Therefore, the work indicates 
the need for further improvement of intelligent methods. 

Our review of the literature reveals that the calculation 
of PI/PID controller tuning parameters is usually based on 
criteria that characterize the quality of the control process. 
Minimization of the selected criterion by the parameters of 
the PI/PID controllers gives rise to a nonlinear program-
ming problem, the solution to which, under the constraints 
imposed by the requirements for the stability of the system, 
gives rise to significant computational difficulties. In addi-
tion, such a nonlinear programming problem is multi-ex-
treme, and its solution depends on the initial conditions. 
Modern minimization algorithms, based on the analogy with 
the behavior of living organisms that form colonies, are com-
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plex and their implementation presents difficulties with as-
sessing the stability of the system at the stages of calculations.

3. The aim and objectives of the study

The aim of our work is to devise a method for determin-
ing the optimal parameters of PI/PID controllers as a combi-
nation of the s-plane method and the generalized quadratic 
criterion method. This could make it possible to simplify the 
computational process, reducing it to one-dimensional opti-
mization of the generalized quadratic criterion.

To achieve the set goal, it is necessary to solve the follow-
ing problems:

– using a combination of the s-plane methods and the gen-
eralized quadratic criterion, reduce the function of the PI/PID 
controller of the first, second, and third-order automatic control 
system to a one-dimensional minimization problem and com-
pare the obtained values of the tuning parameters and control 
quality with the corresponding values of the s-plane method;

– to synthesize an algorithm for determining the tuning 
parameters of the PI/PID controller.

4. The study materials and methods

The object of our study is the automatic control systems 
of the first, second and third orders. The subject of the study 
is the automatic control system, which is depicted in Fig. 1.

Fig. 1. Single-loop automatic control system

In [22], the task to determine the tuning parameters of PID 
controllers based on the location of the roots of the character-
istic equation of an automatic control system on the complex 
root plane (s-plane) was posed and solved. The essence of the 
problem is that according to Vieta’s theorem, there are certain 
relationships between the roots and coefficients of the charac-
teristic equation. They are represented in the form of a system 
of linear algebraic equations, in which the unknown quantities 
are the tuning parameters for PI/PID controllers. Such a sys-
tem of equations has a unique solution only for the character-
istic equations of the first and second orders. In the case when 
the order of the characteristic equation is more than two, the 
system of equations will be overdetermined, and its unique 
solution could be found when the conditions of the Kroneck-
er-Capelli theorem are met [23]. If the conditions of the Kro-
necker-Capelli theorem are not met, then a pseudo-solution to 
the overdetermined system of algebraic equations is sought.

Our paper proposes a method that is a combination of 
two methods, namely the method of placing the poles of the 
transfer function of the system on the s-plane (s-plane meth-
od) and the method based on minimizing the generalized 
quadratic criterion of the quality of the control process (gen-
eralized quadratic criterion method).

Effectiveness of the devised method was assessed by com-
paring it with similar results reported in [22].

We used software developed in the MATLAB environ-
ment (USA).

5. Results of devising a combined method for 
determining the parameters of PI and PID controllers

5. 1. Determining tuning parameters and control 
quality indicators for automatic control systems of 
different orders

5. 1. 1. First-order object
It is assumed that the system includes a PI controller with 

a transfer function:

( ) +
= 0 1 ,cl

C s C
W s

s
 			       (1)

and the transfer function of the object is as follows:

( ) =
+

.
1ob

kW s
Ts
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Since the transfer function of a closed-loop system is as 
follows (Fig. 1):

( ) ( )
( )=

+
,
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W s

W s
			       (3)

then, taking into account formulas (1) and (2), the character-
istic equation of the closed system is obtained:

+ + =2
0 1 2 0,a s a s a  				     (4)

where W(s)=Wcl(s)Wob(s) is the transfer function of the open 
system; a1=1+kC0; a2=kC1.

Let s1 and s2 be the roots of characteristic equation (4). Then, 
by Vieta’s theorem, we obtain the following system of equations:

+ = − 1
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In the general case, the roots of characteristic equation (4) 
are complex conjugate: s1=–α+jζ, s2=–α–jζ.

For the stability of a closed-loop automatic control sys-
tem, the following condition must be met:

α > 0,  ζ > 0.  					        (5)

An indicator 
ζµ =
α

,  is introduced that characterizes the de-

gree of oscillation of the system. Taking into account the value 
ζ=αμ, the roots of the characteristic equation will be as follows:

( )= −α − µ1 1 ,s j  ( )= −α + µ1 1 .s j 			   (6)

If we now take into account the values of the coefficients 
of the characteristic equation a0–a2 and the roots of the char-
acteristic equation, which are determined from formula (6), 
we obtain the following relations:
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The generalized quadratic criterion was defined as fol-
lows [24]:

( ) ( )( )
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which is represented as:
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There are tables, first published in [25], from which the 
values of J0 and J1 could be determined. This is possible when 
the transfer functions wεu(s), wέu(s) of the control error ε(s) 
and its derivative έ(s) with respect to the control action u(t) 
are known. In this case, the condition must be met that the 
order of the polynomial in the numerator is one less than the 
order of the polynomial in the denominator of the transfer 
functions wεu(s) and wέu(s).

Since:

( ) ( )ε =
+

1 ,
1uW s
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 			    (10)

then after taking into account the value of W(s), we obtain:
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For a single jump-like input value u(t), the Laplace repre-
sentation of the control error ε(t) will be as follows:
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where b0=a0=T; b1=1.
The Laplace representation of the function 

έ(t) is as follows:
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found that ε(0)=1. Therefore:
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where β0=–kC0; β1=–kC1.
Since in formulas (11) and (12) the order of 

the denominator polynomial is n=2, and the 
numerator has the order n–1, then according 
to tables [25] we find:
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The following designations have been introduced:
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Then formula (9) will take the following form:

( )= + τ2
,1 ,2

1 .N N
D

J J J
J

 		       (13)

After substituting the values of C0 і C1, which are deter-
mined from formulas (7) and (8), into formula (13), taking 
into account the values of JN,1, JN,2, and JD, the generalized 
quadratic criterion (13) will be a function of two quantities α 
and μ.

The magnitude of the overshoot σ depends on the degree 
of oscillation μ [25]; by choosing the value of μ, it is possible 
to achieve the desired value of quantity σ. Therefore, with the 
selected value of μ, the generalized quadratic criterion (13) 
will be a function of one variable α.

To compare the results of tuning the parameters of the PI 
controller using the devised method with the results reported 
in work [22], the parameters of the transfer function (2) of 
the object from work [22] were taken. That is, k=2.5; T=12 s. 
The following values of the degree of oscillation were chosen: 
μ∈[0.2; 0.4; 0.6; 0.8] and τ=4.

As a result, plots of the function J(α) were construct-
ed (Fig. 2), from which it is clear that the dependence J(α) 
has a clearly expressed minimum. The minimum value of the 
function J(α) belongs to the interval α∈[0.1; 0.2]. Using the 
built-in file function fminbnd, the one-dimensional optimi-
zation problem was solved:

( )
α ≤α≤α

α
1 2

min : ,J 				          (14)

where α1=0.1 and α2=0.2 (Fig. 2).
The result of solving (13) is the value of α*. By substitut-

ing α* into formulas (7) and (8), the optimal parameters for 
setting the PI controller were calculated.

 

 
 

  Fig. 2. Plots of function J(α)
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The transient characteristics of the automatic control 
system (Fig. 1) at the optimal values of C0 and C1 are shown 
in Fig. 3.

The quality of control process was evaluated by two indi-
cators: overshoot σ % and control time tc.

The results of our calculations are given in Table 1, in 
which the results reported in [22] are given for compari-
son.

Table 1

Comparing the results of determining the PI controller tuning 
parameters with the results reported in [22]

µ
Tuning parameters Control quality indicators

1 2 1 2 1 2 1 2
C0 C1, s-1 σ, % tc, s

0.2 1.09 0.35 0.1202 3.00 1.1885 2.64 10.5 28.32

0.4 1.05 0.19 0.1277 1.50 2.0593 4.04 9.9 29.12

0.6 1.00 0.15 0.1392 1.00 3.6942 6.30 9.3 28.64
0.8 0.94 0.15 0.1536 0.75 6.1782 9.08 19.5 26.40

Note: 1 – combined method; 2 – s-plane method [22].

For the first-order object, it is possible to observe a 
change in the control quality indicators compared to 
the s-plane method, namely, the overshoot changed by  
122.13–46.97 % and the control time by 169.7–35.4 %, de-
pending on the degree of oscillation, in favor of the com-
bined method.

5. 1. 2. Second-order object
The method for determining the tuning parameters of PI 

controllers is applied to a more complex case when the trans-
fer function of the object is as follows:

( ) +
=

+ +
0 1

2
0 1 2

.ob

b s b
W s

a s a s a
 			     (15)

For the transfer function of the object (15), the transfer 
function of the closed system was found from formula (3):

( ) β + β + β
=

π + π + π + π

2
0 1 2

3 2
0 1 2 3

,yu

s s
W s

s s s
 		  (16)

where: 

β =0 0 0;b C  β = +1 0 1 1 0;b C b C  β =2 1 1;b C

π =0 0;a  π = +1 0 0 1;b C a  

π = + +2 0 1 1 0 2;b C b C a  π =3 1 1.b C

According to formula (11), we determined 
the transfer function of the discrepancy value 
ε(t) relative to the controller task u(t):

( ) ( )
ε

+ +
=

π + π + π + π

2
0 1 2

3 2
0 1 2 3

.u

a s a s a s
W s

s s s
	 (17)

Analysis of formulas (16) and (17) reveals 
that the transfer functions have identical char-
acteristic equations:

π + π + π + π =3 2
0 1 2 3 0.s s s  		  (18)

Since equation (18) is a third-order poly-
nomial, we have three roots s1, s2 and s3. 
Between them and the coefficients of charac-

teristic equation (18), there are relations that follow from 
Vieta’s theorem, i. e.:

π
+ + = −

π
1

1 2 3
0

;s s s  			           (19)

π
+ + =

π
2

1 2 1 3 2 3
0

;s s s s s s 				     (20)

π
= −

π
3

1 2 3
0

.s s s  				       (21)

The following notation is introduced: s1=–α+jζ and 
s2=–α–jζ. From equation (19), the value of the root is de-
termined. Taking into account the roots s1 and s2, we find 

π
= α −

π
1

3
0

2 .s

Since the automatic control system (Fig. 1) must be stable, 
the roots s1, s2, and s3  of characteristic equation (18) must 
belong to the left half-plane of the root plane (s-plane). This 
condition will be fulfilled with the following relations: α>0, 

ζ>0, and s3<0 or π
α <

π
1

0

.
2

 The latter condition determines  

the range of change of α in optimization problem (14), i. e.:

π
< α <

π
1

0

0 .
2

 					     (22)

The degree of oscillation of the system in the transient 

process is denoted as follows: 
ζµ =
α

.  Then s1=–α(1–jμ) and 
s2=–α(1+jμ).

Substituting the values of s1, s2 and s3 into equations 
(20) and (21), the relationship between the values of α and 
μ and the tuning parameters of the PI controller is found, 
that is:

( ) ( )( )α − − = + π α − + µ − α2 2
0 1 0 0 1 2 0 12 4 1 2 ,b b C b C a a

 

 
  

Fig. 3. Plots of the transient characteristics of the system at different values of µ
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( ) ( )( )− α + µ + = α + µ − π α2 2 2 2
0 0 1 1 1 01 1 2 .b C b C a

After entering the notation:

= α −11 0 12 ;a b b  = −12 0;a b  ( )= − α + µ2 2
21 0 1 ;a b  

=22 1;a b  ( )( )= + π α − + µ − α2 2
1 2 0 14 1 2 ;q a a  

( )( )= α + µ − π α2 2
2 1 01 2 ,q a  

we obtained systems of linear equations with two unknowns 
C0 and C1:

+ =11 0 12 1 1,a C a C q

+ =21 0 22 1 2 ,a C a C q

whose solution is:

−
=

−
22 1 12 2

0
11 22 12 21

,
a q a q

C
a a a a

		          (23)

−
=

−
11 2 21 1

1
11 22 12 21

.
a q a q

C
a a a a

 		         (24)

The generalized quadratic criterion (13) for 
n=3 is as follows: [25]:

( )= π π + − π π + π π2 2 2
,1 0 2 3 1 0 2 0 3 2 0 12 ,NJ a a a a a    (25)

( )= γ π π + γ − γ γ π π + γ π π2 2 2
,2 0 2 3 1 0 2 0 3 2 0 12 ,NJ    (26)

( )= π π π π − π π0 3 1 2 0 32 .DJ 		 (27)

Analysis of formulas (25) to (27) reveals that 
the generalized quadratic criterion (13) is a func-
tion of the variable α. Minimization of the criteri-
on is reduced to solving problem (14), in which the 
search interval is determined by the conditions 
C0>0 and C1>0 and condition (22).

In order to compare the results of calculat-
ing the parameters of the controller settings 
with the corresponding results of work [22], 
the values for the coefficients of the transfer 
function of the object (15) are taken from [22]. 
Namely: a0=20, a1=6, a2=4; b0=4, b1=7. The 
coefficient τ, which determines the influence 
of the rate of change of the control error on 
the value of the generalized criterion (13), is as 
follows: τ=4.

As a result, plots of the dependence J(α) for 
the values μ∈[0.2; 0.4; 0.6; 0.8] have been con-
structed (Fig. 4).

Analysis of Fig. 4 revealed that the minimum 
values of the function J(α) (for given values of μ) 
belong to the interval α∈[0.15; 0.34]. The result of 
solving problem (14) is given in Table 2.

Fig. 5 shows the transient characteristics 
of the closed-loop control system (Fig. 1), ob-
tained at different values of the oscillation coeffi-
cient μ (Table 2).

For the second-order object, a change in con-
trol quality indicators is observed, namely, the 
overshoot changed by 3304.63–608.90 %, and the 

control time by 402.22–824.14 % depending on the degree of 
oscillation in favor of the combined method.

Table 2

Comparing the results of calculating the controller tuning 
parameters using two methods

μ
Tuning parameters Control quality indicators

C0 C1, s-1 σ, % tc, s
1 2 1 2

0.2 1.5122·10-1 3.3474·10-2 0.0605 2.0598 10.8000 54.2400
0.4 1.5000·10-1 3.5742·10-2 0.6345 12.6662 9.9000 54.2400
0.6 1.4012·10-1 3.7220·10-2 1.8946 20.9134 9.3000 74.6400
0.8 1.2771·10-1 3.8967·10-2 3.9324 27.8766 8.7000 80.4000

Note: 1 – combined method; 2 – s-plane method [22].
 

 
  

Fig. 4. Dependence of the generalized integral quadratic criterion on the 
variable α

 

 
  

Fig. 5. Transient characteristics of the system at different values of the 
oscillation coefficient μ
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5. 1. 3. Third-order object
The dynamic properties of the controlled object are char-

acterized by a third-order transfer function, i.e.:

( ) +
=

+ + +
0 1

3 2
0 1 2 3

,ob

b s b
W s

a s a s a s a
		  (28)

and the transfer function of the controller is as follows:

( ) + +
=

2
0 1 2 .cl

C s C s C
W s

s
	
	 (29)

The choice of PID control algorithm ensures the correct 
statement of the problem when implementing the combined 
method for determining the optimal tuning parameters  
C0, C1, and C2.

For the automatic control system (Fig. 1), the transfer 
function of the control error ε(t) relative to the control action 
u(t) is determined. Therefore:

( ) ( )
ε

+ + +
=

π + π + π + π + π

3 2
0 1 2 3

4 3 2
0 1 2 3 4

,u

a s a s a s a s
W s

s s s s

where: 

π =0 0 ,a  π = +1 1 0 0 ,a C b  π = + +2 2 0 1 1 0 ,a C b C b  

π = + +3 3 2 0 1 1,a C b C b  π =4 1 2 .b C

According to the algorithm for determining the param-
eters of the controller settings, the value of the generalized 
quadratic criterion (13) has been calculated. To that end, we 
find the Laplace representation of the control error E(s) and 
the derivative of the control error E1(s). So:

( ) + + +
Ε =

π + π + π + π + π

3 2
0 1 2 3

4 3 2
0 1 2 3 4

,
a s a s a s a

s
s s s s

 	      (30)

and:

( ) µ + µ + µ + µ
Ε =

π + π + π + π + π

3 2
0 1 2 3

1 4 3 2
0 1 2 3 4

,
s s s

s
s s s s

 	      (31)

where: 

µ = − π0 1 1,a  µ = − π1 2 2 ,a  µ = − π2 3 3,a  µ = −π3 4 .

Analysis of formulas (30) and (31) reveals that they are 
identical in structure (the difference is only in the coefficients 
of the numerator) and the orders of the numerators are one 
less than the orders of their denominators. This allows us to 
calculate the generalized quadratic criterion (13) according to 
the formulas given in [25]. For n=4, we obtain:

( ) ( )
( ) ( )

= π π π − π π + − π π π +

+ − π π π + π π π − π π

2 2 2
1 0 2 3 4 1 4 1 0 2 0 3 4

2 2 2
2 1 3 0 1 4 3 0 1 2 0 3

2

2 ,
NJ a a a a

a a a a 	 (32)

( ) ( )
( ) ( )

= µ π π π − π π + µ − µ µ π π π +

+ µ − µ µ π π π + µ π π π − π π

2 2 2
2 0 2 3 4 1 4 1 0 2 0 3 4

2 2 2
2 1 3 0 1 4 3 0 1 2 0 3

2

2 ,
NJ

	 (33)

( )= π π π π π − π π − π π2 2
0 4 1 2 3 1 4 0 32 ,DJ  	           (34)

From formulas (32) to (34), the quadratic criterion (13) at 
given parameters of the transfer function of the object (28) is 
a function of the parameters C0, C1, and C2 of the PID con-
troller settings.

In work [21] it is proposed to calculate the values  
of C0, C1, and C2 by placing the poles of the closed-loop 
control system (Fig. 1) on the s-plane. Since the character-
istic equation:

π + π + π + π + π =4 3 2
0 1 2 3 4 0,s s s s 			   (35)

of the closed system has four roots, then their choice is as 
follows: s1=–α+jζ, s2=–α–jζ, s3=–k1α, and the fourth root was 
defined below.

Between the roots of characteristic equation (35) and its 
coefficients for n=4, there are the following relations:

π
+ + + = −

π
1

1 2 3 4
0

,s s s s  				    (36)

π
+ + + + + =

π
2

1 2 1 3 1 4 2 3 2 4 3 4
0

,s s s s s s s s s s s s 		   (37)

π
+ + + = −

π
3

1 2 3 1 2 4 1 3 4 2 3 4
0

,s s s s s s s s s s s s  		  (38)

π
=

π
4

1 2 3 4
0

.s s s s  				       (39)

We defined from equation (36):

( )π
= − − + +

π
1

4 1 2 3
0

.s s s s

After taking into account the values of the poles s1, s2 
and s3, we obtain:

( ) π
= + α −

π
1

4 1
0

2 .s k

To ensure the stability of the closed-loop system (Fig. 1), 
the poles of characteristic equation (35) must be left-handed. 
This means that the following relations must hold: α>0, ζ>0, 
k1>0 and s4<0, or:

( )
π

< α <
π +

1

0 1

0 .
2k

			        (40)

The latter relation imposes certain restrictions on the 
choice of the value of C0. Since π1=a1+C0b0, then for the 
chosen value of k1, C0 must be such that condition (40) is 
fulfilled.

The degree of oscillation of the system is denoted by 
ζµ =
α

.  Then s1=–α(1–jμ) і s2=–α(1+jμ).

The values of the poles s1–s4 were substituted into formu-
las (37) to (39) and after a series of algebraic transformations, 
the following result was obtained:

( )α π − π = π α + −2
1 2 0 1 4 ,g gk k k r

( ) ( )+ α π − π = α π +2 3
1 1 3 0 12 2 ,gr k k k r

α π − π = π α3 4
1 1 4 0 1 ,grk k k r

where = +1 2,gk k  = µ +2 1.r
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If we take into account the values of the coefficients π1–π4 
of characteristic equation (35), the system of equations will 
be as follows:

+ + =11 0 12 1 13 2 1,a C a C a C q  	 (41)

+ + =21 0 22 1 23 2 2 ,a C a C a C q 	  (42)

+ + =31 0 32 1 33 2 3,a C a C a C q  	 (43)

where: 

= α −11 0 1,ga b k b  = −12 0 ,a b =13 0;a

( )= α +2
21 0 12 ,a b r k = −22 1,a b = −23 0 ,a b

= α3
31 0 1,a rb k =32 0,a = −33 1,a b

( )= π α + − − α +2
1 0 1 1 24 ,g gq k k r k a a

( ) ( )= α π + − α + +3 2
2 0 1 1 1 32 2 ,gq k k r r k a a

( )= α π α −3
3 1 0 1 .gq rk k a

The system of linear algebraic equations (41) 
to (43) is represented in matrix-vector form:

= ,AC q  			    (44)

where: 

 
 

=  
 
 

11 12 13

21 22 23

31 32 33

,
a a a

A a a a
a a a

 
 
 

=  
 
 

1

2

3

,
q

q q
q

 
 
 

=  
 
 

0

1

2

.
Ñ

Ñ Ñ
Ñ

We find from equation (44):

−= 1 .C A q  			      (45)

After performing the corresponding actions 
on the matrices on the right side of expres-
sion (45), we obtain:

( )= +
∆0 12 23 3 12 33 2 22 33 1
1  -    ,C a a q a a q a a q      (46)

( )
11 33 2 11 2

1
3 3

1 21 33 23 31

  1
 

,
  

a a q a a q
q a a a a

C
− −

−
 

=  − ∆  
	 (47)

( )3 11 22 12 21
2

12 31 2 22 31 1

1 ,
q a a a a

C
a a q a a q

 +
=  +∆  

−
−

	 (48)

where Δ=a11a22a33-a12a21a33+a12a23a31.
According to the values of C0, C1, and C2, 

which are determined from formulas (46) to (48), 
it became possible to calculate the coefficients 
π1–π4 from equation (35). Accordingly, the gener-
alized criterion is a quadratic criterion according 
to formula (13).

Analysis of formulas (32) to (34) reveals 
that with the given values of the parameters 

of the transfer function of the object (28) and the selected 
values of k1 and μ, the generalized quadratic criterion (13) 
will be a function of only one variable α.

For the transfer function (28) of the object, the follow-
ing coefficients were selected: a0=6, a1=7, a2=5, a3=1; 
b0=2, b1=1. Other parameters: k1=1,2; τ=4, μ∈[0,2; 0,4; 
0,6; 0,8].

Fig. 6 shows plots of the dependences J(α), from which it 
can be seen that there are minima of the function J(α) in the 
range of values α∈[0.5;1.0].

The calculation results are given in Table 3. For com-
parison, Table 3 shows the corresponding values of σ and tc 
calculated using the s-plane method.

The plots of transient processes at given values of the 
degree of oscillation μ are reproduced in Fig. 7.

 

 
  

Fig. 6. Plots of the functional dependence J(α) at different values of μ

 

 
  

Fig. 7. Plots of the transient processes in a control system for different 
values of μ
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For the first-order object, a change in control quality 
indicators is observed. Overshoot increased within 174.35–
271.21 %, and the control time changed by 69.81–33.62 %, 
depending on the degree of oscillation, in favor of the 
combined method.

5. 2. Algorithm for setting the parameters of the PI/
PID controller

Therefore, the algorithm for determining the parameters of 
the PI/PID controllers includes the following sequence of steps:

K1. Search for the interval of change in the value α. Set 
the interval of values α∈[αmin; αmax] and calculate the values 
of C0, C1, and C2 on this interval according to formulas (46) 
to (48). Fix the values of α1 and α2, which will determine the 
new interval α∈[α1; α2]. On this interval, the following condi-
tions must be simultaneously met: C0>0, C1>0, C2>0 і s4<0.

K2. Determine the interval of the minimum value of the 
generalized quadratic criterion (13). According to formulas 
(32) to (34), calculate the value of criterion (13) on the interval 
of values α∈[α1; α2]. Construct a plot of the dependence J(α). 
Choose the interval α∈[αs; αf], which contains the minimum 
of the function J(α).

K3. Minimization of the generalized quadratic criteri-
on (13). Solve the one-dimensional minimization problem 

( )
α ≤α≤α

αmin :
s f

J  and determine α*.

K4. Calculate the PID controller tuning parameters and 
assess the quality of control process. Using the found value 
of α*, calculate C0, C1, and C2 according to formulas (46) 
to (48). Construct a plot of the transient process in an auto-
matic control system and evaluate the quality indicators of 
control process – overshoot σ and control time tc.

6. Discussion of results related to devising a method for 
determining the optimal parameters of  

PI/PID controller settings

The s-plane method is characterized by the researcher’s 
subjectivity when choosing the placement of roots on the 
complex root plane. The obtained parameters of PI and PID 
controller settings guarantee the stability of the system, 
but they are not optimal. The combination of two s-plane 
methods and the generalized quadratic criterion allowed us 
to reduce the multidimensional minimization problem to a 
one-dimensional one and obtain the optimal parameters for 

PI and PID controller settings (Fig. 2, 4, 6), provided that the 
stability of the automatic control system is guaranteed.

The synthesized algorithm for PI/PID controller settings, 
which is based on the devised method, allows us to determine 
the optimal parameters for PI/PID controller settings under 
an iterative mode. The effectiveness of the proposed method 
is proven by conducting computer experiments for first-, sec-
ond-, and third-order objects.

The combined method could be used in the design of au-
tomatic control systems that include PI/PID controllers and 
first-, second-, or third-order objects.

The limitation of this study is that the devised method was 
tested for objects of the first-, second-, and third-orders. Ex-
tending the method devised to objects of higher order faces the 
problem of overdetermination of linear algebraic equations. 
In the case when the conditions of the Kronecker-Capelli the-
orem are met, the problem has a unique solution. Otherwise, 
a pseudo-solution to the overdetermined system of equations 
is sought, and the question of optimality regarding the tuning 
parameters of PI and PID controllers requires further research.

7. Conclusions

1. The combination of the s-plane methods and the gener-
alized quadratic criterion has made it possible to reduce the 
problem of determining the optimal parameters for PI/PID 
controller settings to a one-dimensional problem of minimiz-
ing the generalized quadratic criterion.

2. The developed algorithm has made it possible to deter-
mine the optimal parameters for PI/PID controller settings. 
Our calculations showed that the overshoot and the control 
time decreased on average by 73.5 % and 66.5 %, respectively, 
compared to the s-method.
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Table 3

Comparing the results of calculating the controller tuning 
parameters using two methods

μ
Tuning parameters Control quality indicators

C0, с C1 C2, c-1 σ, % tc, c
1 2 1 2

0.2 7.7265 9.4505 4.7245 6.3832 17.5124 2.65 4.50

0.4 7.0927 8.2439 4.1503 5.5935 17.4961 2.80 4.51

0.6 6.3703 6.9881 3.6130 4.8242 17.4683 3.05 4.55

0.8 5.7403 6.0503 3.2922 4.6949 17.4281 3.45 4.61

Note: 1 – combined method; 2 – s-plane method [22].

References

1.	 Borase, R. P., Maghade, D. K., Sondkar, S. Y., Pawar, S. N. (2020). A review of PID control, tuning methods and applications. 
International Journal of Dynamics and Control, 9 (2), 818–827. https://doi.org/10.1007/s40435-020-00665-4



Industry control systems

95

2.	 Coelho, L. dos S., Mariani, V. C. (2012). Firefly algorithm approach based on chaotic Tinkerbell map applied to multivariable PID 
controller tuning. Computers & Mathematics with Applications, 64 (8), 2371–2382. https://doi.org/10.1016/j.camwa.2012.05.007

3.	 Kanojiya, R. G., Meshram, P. M. (2012). Optimal tuning of PI controller for speed control of DC motor drive using particle swarm 
optimization. 2012 International Conference on Advances in Power Conversion and Energy Technologies (APCET), 1–6. https:// 
doi.org/10.1109/apcet.2012.6302000

4.	 Ali, A., Majhi, S. (2010). PID controller tuning for integrating processes. ISA Transactions, 49 (1), 70–78. https://doi.org/10.1016/ 
j.isatra.2009.09.001

5.	 Thomsen, S., Hoffmann, N., Fuchs, F. W. (2011). PI Control, PI-Based State Space Control, and Model-Based Predictive Control for 
Drive Systems With Elastically Coupled Loads – A Comparative Study. IEEE Transactions on Industrial Electronics, 58 (8), 3647–3657. 
https://doi.org/10.1109/tie.2010.2089950

6.	 Precup, R.-E., Angelov, P., Costa, B. S. J., Sayed-Mouchaweh, M. (2015). An overview on fault diagnosis and nature-inspired optimal 
control of industrial process applications. Computers in Industry, 74, 75–94. https://doi.org/10.1016/j.compind.2015.03.001

7.	 Joseph, S. B., Dada, E. G., Abidemi, A., Oyewola, D. O., Khammas, B. M. (2022). Metaheuristic algorithms for PID controller 
parameters tuning: review, approaches and open problems. Heliyon, 8 (5), e09399. https://doi.org/10.1016/j.heliyon.2022.e09399

8.	 Stavrov, D., Nadzinski, G., Deskovski, S., Stankovski, M. (2021). Quadratic Model-Based Dynamically Updated PID Control of CSTR 
System with Varying Parameters. Algorithms, 14 (2), 31. https://doi.org/10.3390/a14020031

9.	 Na, S., Anitescu, M., Kolar, M. (2023). Inequality constrained stochastic nonlinear optimization via active-set sequential quadratic 
programming. Mathematical Programming, 202 (1-2), 279–353. https://doi.org/10.1007/s10107-023-01935-7

10.	 Jayachitra, A., Vinodha, R. (2014). Genetic Algorithm Based PID Controller Tuning Approach for Continuous Stirred Tank Reactor. 
Advances in Artificial Intelligence, 2014, 1–8. https://doi.org/10.1155/2014/791230

11.	 Saad, M. S., Jamaluddin, H., Darus, I. Z. M. (2012). Implementation of PID Controller tuning using Differential Evolution and 
Genetic Algorithms. Computing, Information and Control, 8 (11). Available at: https://www.researchgate.net/profile/Jyotindra-
Narayan/post/How-to-tune-PID-gains-in-control-algorithm-using-particle-swarm-optimization-or-genetic-algorithm-to-minimize-
the-robot-trajectory-tracking-errors/attachment/5ef2cf493f8af70001ebe5b1/AS%3A905800520318976%401592971081601/download/
Implementation_of_PID_controller_tuning.pdf 

12.	 Cao, F. (2018). PID controller optimized by genetic algorithm for direct-drive servo system. Neural Computing and Applications,  
32 (1), 23–30. https://doi.org/10.1007/s00521-018-3739-z

13.	 Solihin, M. I., Tack, L. F., Kean, M. L. (2011). Tuning of PID Controller Using Particle Swarm Optimization (PSO). Proceeding of the 
International Conference on Advanced Science, Engineering and Information Technology. Available at: https://www.researchgate.
net/profile/Lip-Kean-Moey/publication/251442573_Tuning_of_PID_Controller_Using_Particle_Swarm_Optimization_PSO/
links/5b1f1d60458515270fc475db/Tuning-of-PID-Controller-Using-Particle-Swarm-Optimization-PSO.pdf

14.	 Wang, D., Tan, D., Liu, L. (2017). Particle swarm optimization algorithm: an overview. Soft Computing, 22 (2), 387–408. https:// 
doi.org/10.1007/s00500-016-2474-6

15.	 Ribeiro, J. M. S., Santos, M. F., Carmo, M. J., Silva, M. F. (2017). Comparison of PID controller tuning methods: analytical/classical 
techniques versus optimization algorithms. 2017 18th International Carpathian Control Conference (ICCC), 533–538. https:// 
doi.org/10.1109/carpathiancc.2017.7970458

16.	 Li, S., Wei, Y., Liu, X., Zhu, H., Yu, Z. (2022). A New Fast Ant Colony Optimization Algorithm: The Saltatory Evolution Ant Colony 
Optimization Algorithm. Mathematics, 10 (6), 925. https://doi.org/10.3390/math10060925

17.	 Niu, B., Wang, H. (2012). Bacterial Colony Optimization. Discrete Dynamics in Nature and Society, 2012 (1). https:// 
doi.org/10.1155/2012/698057

18.	 Sagban, R., Marhoon, H. A., Alubady, R. (2020). Hybrid bat-ant colony optimization algorithm for rule-based feature selection in 
health care. International Journal of Electrical and Computer Engineering (IJECE), 10 (6), 6655–6663. https://doi.org/10.11591/ 
ijece.v10i6.pp6655-6663

19.	 Shami, T. M., El-Saleh, A. A., Alswaitti, M., Al-Tashi, Q., Summakieh, M. A., Mirjalili, S. (2022). Particle Swarm Optimization: A 
Comprehensive Survey. IEEE Access, 10, 10031–10061. https://doi.org/10.1109/access.2022.3142859

20.	 Bardavelidze, A., Bardavelidze, K. (2024). Development and investigation of algorithm for the synthesis of an automatic control 
system of the drying process. International Journal on Information Technologies and Security, 16 (1), 15–26. https://doi.org/10.59035/
ojbv6115

21.	 Chopra, V., Singla, S. K., Dewan, L. (2014). Comparative Analysis of Tuning a PID Controller using Intelligent Methods. Acta 
Polytechnica Hungarica, 11 (8), 235–249. https://doi.org/10.12700/aph.11.08.2014.08.13

22.	 Horbiychuk, M., Lazoriv, N., Chyhur, L., Chyhur, І. (2021). Determining configuration parameters for proportionally integrated 
differentiating controllers by arranging the poles of the transfer function on the complex plane. Eastern-European Journal of 
Enterprise Technologies, 5 (2 (113)), 80–93. https://doi.org/10.15587/1729-4061.2021.242869

23.	 Ventre, A. G. S. (2023). Determinants and Systems of Linear Equations. Calculus and Linear Algebra. Cham: Springer, 209–241. 
https://doi.org/10.1007/978-3-031-20549-1_14

24.	 Borovska, T. M. (2018). Teorіia avtomatichnogo upravlіnnia. Vіnnitcia: Vіnnitckii natcіonalnii tekhnіchnii unіversitet, 256. Available 
at: https://pdf.lib.vntu.edu.ua/books/IRVC/2021/Borovska_2018_256.pdf

25.	 Newton, Jr., Gould, L. A., Kaiser, J. F. (1957). Analytic design of linear feedback controls. New York, 419.


