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The object of this study is the models of complex networks. 
The task addressed is to construct a generative model of a grow-
ing network, which has two key features characteristic of real-
world networks: scale-free property and homophily. Homophily 
of a network is understood as the tendency of nodes to group into 
communities. To combine the requirements for homophily and 
scale-free property, a two-level rule of preferential attachment 
has been devised. First, the color of a new node is chosen with 
a probability proportional to the volume of the corresponding 
community, and then, according to the usual rule of preferential 
attachment, neighboring nodes are chosen within the community. 
It has been shown that the computational complexity of gener-
ating a network model with n nodes is O(n). It has been proven 
that under such conditions, the distribution of degrees of nodes 
across the entire network is the same as in the classical non-ho-
mophilic Barabási-Albert network and does not depend on the 
number and structure of communities. Under the conditions 
of homophily, it is quite natural to generalize the requirement 
for scale-free property to the distribution of community sizes.  
It has been found that this distribution is determined by the 
intensity of the formation of new communities. The dependence 
of the expected time interval between the formations of succes-
sive communities on their index has been established. The mea-
sure of homophily of the generated networks – modularity – has 
been estimated; its dependence on the scaling of the community 
volumes was found. The model built allows step-by-step gener-
ation of growing scale-free networks that have a built-in mech-
anism for the formation of communities, which is of practical 
significance. Moreover, the proposed model could also be used 
in the opposite direction: given the structural parameters of the 
network, it is possible to restore the hidden rules by which this 
network evolves
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1. Introduction

One of the main problems in the theory of complex 
networks is the construction of a structural theory of net­
works [1]. This theory should establish a clear connection be­
tween statistical properties and the laws of network evolution. 
Direct problems (i.e., establishing the properties of networks 
that are formed according to given rules) are more or less 
successfully solved, while inverse problems, i.e., the formation 
of rules, the application of which makes it possible to obtain 
a network with the predefined properties, are much more 
complex and cover only a limited set of structural properties.

Since the basic property of complex networks is the principle 
of growth, it is even more relevant to devise evolutionary rules 
for network formation, i.e., those that make it possible to gener­
ate growing networks in which the necessary structural proper­
ties are supported. It is such network models that are generative.

One of the most common properties of real-world net­
works is a scale-free property (or scale invariance) [2] and 
heterogeneity of the structure: the presence of communi­
ties [3], i.e., homophily [4]. There is currently no model that 
would generate a growing network with given scaling and 

homophily parameters, so its construction is relevant from 
a theoretical perspective. However, the relevance of creating 
the specified model relates not only to achieving the ability 
to generate networks with the predefined properties (which 
in itself has practical meaning). Much more significant is the 
ability to apply the generative model in the opposite direction: 
using given structural parameters (scaling and homophily) of 
a real-world network, to restore the hidden rules by which the 
evolution of this network is taking place or has taken place.

Therefore, it is a relevant task to carry out studies aimed 
at creating a generative model of a scale-free network with 
a  homophilic structure.

2. Literature review and problem statement

The mathematical tools of networks (graphs) is a widely 
used means of describing many objects and systems in science, 
society, nature, and technology. It is evident that real-world 
networks have a wide variety of individual properties, quali
tative and quantitative characteristics, but there are certain 
properties that are characteristic of most existing networks. 
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The main ones are randomness, growth, scale-free property, 
and structure. Accordingly, the problem of creating models 
designed to describe networks with these properties arose. One 
of the first and simplest random graph models was the Erdős-
Rényi model [5]. However, this model is not evolutionary (gen­
erative); the corresponding graph is not scale-free and its 
structural characteristics (assortativity, modularity, clustering) 
do not correspond to those observed in most existing networks. 

It is known [6] that most real networks have a power-law 
distribution of nodes by the number of connections. Such 
a distribution defined the scale-free property (scale invariance) 
of a network. In [7] it was shown that the natural evolutionary 
mechanism of such networks is the principle of preferential at­
tachment (PA). PA models, also known as Barabási-Albert (BA) 
networks, have become widespread because they correspond to 
three important properties. First, the generated networks are 
random; secondly, they are scale-free; and thirdly, such models 
are generative (i.e., they make it possible to generate networks 
under a step-by-step mode, starting from a small initial seed). 
However, a significant drawback of this class of models is the 
discrepancy between the structural properties of the generated 
networks and the properties of real networks. Thus, the as­
sortativity of BA networks is asymptotically zero, while social 
networks have a pronounced positive assortativity, while bio­
logical and technical ones have negative assortativity [8]. There 
are link rewiring algorithms [9] that make it possible to achieve 
non-zero assortativity while preserving the power distribution, 
but these methods work under the post-processing mode of an 
already created network, i.e., they are not generative. The mod­
ularity of BA networks is also asymptotically zero [10], which 
indicates the absence of a natural internal structure, unlike real 
networks that have such a structure.

Most real-world networks are not homogeneous: nodes 
and connections between them form more or less well-defined 
subnetworks, or clusters, or communities. In practice, it is 
very convenient to associate such communities with colors [1], 
although the physical nature of such communities can be ar­
bitrary. A key manifestation of such structural heterogeneity is 
that nodes are more closely connected to nodes of their own 
color than to nodes of other colors. This property (attraction 
to connect with their own kind) is termed homophily [1]. 
The most common quantitative criterion for the clarity of the 
network partition into communities is modularity, proposed 
in [11]. The modularity of a network is easily calculated 
and has a clear essence: the comparison of a network with 
a  random Erdős-Rényi graph of the same size in terms of the 
densities of connections within and between communities.  
It is worth noting that the choice of the Erdős-Rényi model 
as a null model significantly limits the meaning of modular­
ity in the case when communities have significantly different 
sizes [12]. And this case is characteristic of scale-free networks. 
Therefore, in [12], a modified modularity was proposed, which 
directly takes into account the size of communities.

In [1, 4, 10], alternative modularity quantitative measures 
of homophily, i.e., the structuring of networks into commu­
nities, are considered: conductivity and entropy ratio. In [10] 
it was experimentally confirmed that all three measures are 
equivalent in determining community structures in networks. 
In other words, if one of them indicates the statistical signif­
icance of the detected communities, then the other two also 
confirm this significance. However, the indicated synchronic­
ity of the specified homophily measures has not been mathe­
matically proven, which does not give grounds to arbitrarily 
switch from one measure to another.

Over a long time, the homophily of networks was studied 
sicut datum est, that is, as a property of already built, exist­
ing networks. In other words, the models that explicitly or 
implicitly underlie the analysis of modularity or conductivity 
were not generative. Also, homophily was estimated and ana
lyzed separately from the distribution of nodes by degrees. 
An attempt to construct a generative model of a scale-free 
network with a homophilic structure of communities was 
made in [1, 4]. The model proposed by the authors makes it 
possible, starting from a small seed, to step by step grow the 
network, adding new nodes and edges, creating new com­
munities. However, this model is purely empirical. There is 
no justification for the chosen probability of the appearance 
of a new community pk = (logk)–a (i.e., the probability that 
a new node k will become the firstborn of a new community). 
Moreover, the distribution of nodes of the resulting network 
by the number of connections is not power-law (although it 
is somewhat similar visually), and therefore the network is 
not scale-free.

Thus, the task of creation a model that would step-by-step 
generate a scale-free network with a homophilic structure (i.e., 
with "built-in", "natural" communities) remains an actual.

3. The aim and objectives of the study

The aim of our research is to create a generative model of 
networks that would have a scale-free property and homophily, 
inherent in most real-world networks. This could make it 
possible to both directly generate networks with given scaling 
and homophily parameters and to analyze existing networks 
in the reverse direction. That is, based on the given structural 
parameters of the network, restore the hidden rules by which 
the evolution of this network took place.

To achieve the goal, the following tasks were set:
– developing an algorithm for generating a homophily 

network model;
– determining the rules for coloring nodes that ensure 

scale-free property of the network with respect to the degrees 
of nodes;

– defining the rules for the appearance of new colors that 
ensure scale-free property of the network in terms of the vol­
ume of communities;

– estimating the homophily parameters of the network 
and establishing their relationship with the model parameters;

– implementing the model programmatically, checking 
its operability and compliance of the structural properties of 
the networks that are generated with the given requirements.

4. The study materials and methods

The object of research in our work is generative models 
of complex networks. The network is represented in the form 
of an undirected unweighted graph G(V,E). The model is 
generative (evolutionary) if it makes it possible to model the 
step-by-step growth of the network:

E x xn n n�� � � �1 � ,	 (1)

where x is the network parameter under study, ∆n is its 
expected increment at step n, E{·} is the expectation opera­
tor (usually, for brevity, it is omitted; the same will be done 
in this paper).
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The step (n) is usually identified with the node number; 
thus, the generative model (1) describes the dynamics of 
changes in some network parameter x with an increase in the 
number of nodes. Most often, such a parameter is the degree 
of the node.

Model (1) is a first-order difference equation, its use as 
a general form of the generative network model is the main 
assumption in our study.

In order for the dependence of the expected values of the 
studied parameter x on n to be power-law, it is necessary that 
the increment ∆n in (1) satisfies the requirement:

�n nx
a

n b
� �

�
.	 (2)

Dependence (2) has zero memory depth, i.e., ∆n depends 
only on the current value of xn and does not depend on the 
history of the parameter x under study. This is an essential, 
but standard, assumption when developing network models.

From (1) and (2), the equation of the dynamics of param­
eter x follows:

x x x a
n bn n n� � � �
�1 ,	 (3)

whose solution under the initial condition xk is:

x x
k b

k a b
n a b
n bn k� �

�� �
� �� � �

� �� �
�� �

�

�

�

�
,	 (4)

where Г(y) is Euler’s gamma function; for natural numbers, 
m, Г(m+1) = m!.

It is worth noting that dependence (4) is often simplified 
as power-law because xn~na as n→∞. The parameter a is 
called the scaling index. However, this simplification does not 
imply the approximate nature of (4) or the imperfection of the 
model (1) to (3), but the use of the terms "power-law depen­
dence", "power-law distribution" (which are quite natural for 
continuous time functions x(t)) for discrete time sequences 
xn. In this sense, it is appropriate to term the dependences of 
form (4) "discrete-power-law".

An important partial case of the model (1) to (4) is the 
well-known preferential attachment model and its simplest 
variant – the Barabási-Albert model (BA-model) [7], which 
describes the increment of the degree of a network node.  
It is the BA model that is proposed as the basis of the model 
being built. Assumptions were accepted (quite natural for 
PA models) that each new node is connected by m > 1 edges 
to existing ones, and the seed is a complete graph Km, all 
nodes of which belong to one (primary) community. In this 
case, the total number of connections in a network with 
n > m nodes is:

vol ,G m m m n m m n nn� � � �� � � �� � � � �� �1 2 2 	 (5)

where � � �n m 1
2

.

According to the PA principle, the probability that the free 
end of a newly generated edge will be attached to node i of 
a  network G of n nodes is proportional to the degree degi,n of 
node i at step n:

�i n
i n

n

deg
G,

,

vol
.� � � 	 (6)

An important assumption of the BA model is that the at­
tachment of each of the m newly generated edges is considered 
as independent events. In this case, taking into account (5), the 
expected increase in the power of node i is equal to:

�i n i n
i n

n

i nm m
deg

G
deg
n n, ,

, ,

vol
.� � � � � � � � �� ��

2
	 (7)

The basic equation for the dynamics of node degree 
growth in the BA model takes the following form:

deg deg
deg
n ni n i n

i n
, ,

, ,� � �
� �� �1 2

	 (8)

under initial conditions degi,i = m for i > m, degi,m = m for i ≤ m.
According to model (5)–(8) (which is a partial case of the 

more general model (1)–(4)), the expected values of the de­
grees of the network nodes are equal to:

deg m
i n n n
i n n ni n,

( /
/

,� �
� �� � � � � �� �
� � �� � � � �� �

� �

� �

1 2
1 2

 i m≥ .	 (9)

Dependence (9) is discrete-power, for large i and n it 
approaches the usual power law deg n ii n, ~ / , that is, it has 
a  rank scaling index ρ = 1/2.

The suitability of BA model (5)–(9) for modeling each of the 
communities of a homophilic scale-free network (while pre­
serving the scaling ρ = 1/2) is the main hypothesis of our study.

Modularity is used as a measure of homophilicity of 
networks [11]. If all nodes of the network are divided into 
k  communities (colored with k colors), then the modularity 
of the network is defined as:

� G e e E en j n
in

j n
j

k

n
ext

j n
j

k

� � � �� � � � �
� �
� �, , , ,2

1

2

1
1 	 (10)

where ej,n is the relative volume of community j (i.e., the sum 
of powers of nodes of color j, normalized to vol(Gn) – the 
volume of the entire network), e j nin,  is the relative number 
of connections between nodes within community j, e j next,  is 
the relative number of connections between nodes of the 
community j and nodes of other communities (it is obvious 
that e e ej n j n

in
j n
ext

, , ,� � ), Enext is the relative number of connec­
tions between nodes of different communities throughout 
the network, the "relativity" of all these volumes means their 
normalization to vol(Gn) – the volume of the network (i.e., the 
total number of connections).

It is obvious, that modularity (10) significantly depends on 
the null model of the network. According to the assumption 
by the authors of this measure [11], such a model is the Erdős-
Rényi random graph model. An alternative assumption is the 
model of connections considered in [12]. According to it, the 
modularity criterion is modified:

�*
, , , ,G e p en j n
in

j n j n
j

k

� � � �� �
�
�

1
	 (11)

where p
n
nj n
j

, ,�
�
�

1
1

 nj is the size of community j (i.e., the num­

ber of nodes of color j), n is the size of the network.
It is proposed to use both of these assumptions, i.e., crite­

ria (10) and (11).
The software implementation of the designed network 

models and methods for assessing their homophily has been 
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performed in the Python programming language. Network 
visualization is performed using Gephi.

5. Results of research on the homophilicity property  
of scale-free networks

5. 1. Development of an algorithm for generating 
a  homophilic network model

Models based on preferential attachment, in particular the 
BA model (5)–(9), are not homophilic, but they can be used to 
model individual communities. Let each node i during creation 
receive a color (i.e., community number ci): one of K exist­
ing ones, or become the firstborn of a new community K+1.  
In the last case, the next m–1 nodes also receive color K+1. If 
the new node n+1 received one of the existing colors cn+1 ≤ K, 
then it chooses partners according to the PA rule, but only 
among nodes of its color. The specified modification of the PA 
rule (6) takes the following form:

� �i n
i n

k n
i n

deg
L

c c,
,

,
, ,� � � ��1 	 (12)

where Lk,n is the sum of powers of nodes of color k in 
a network of n nodes, i.e. the volume of this community; in 
turn, L Gk n

k
n, vol .� � � �

If the number of nodes of color cn+1 is less than m (which 
happens when the first m nodes of a new color are added), 
then the missing nodes are selected according to the general 
rule (6), i.e., ignoring the color.

Therefore, the generation of the proposed homophilic 
network model can be carried out according to the algorithm, 
the pseudocode of which is shown in Fig. 1.

 

Fig. 1. Pseudocode of the homophilic network 	
generation algorithm

The input parameters of this model (and the algorithm  
in Fig. 1) are the network size, the number of edges of the 
new node, as well as the functions pnew and select_color. The 
first of them calculates the probability pK n

new
,  of assigning a new 

node n+1 to a new community K+1. Function select_color as­

signs one of the existing colors k ∈{1, …, K} to this node, based 
on the probabilities pk,n+1.

It is the probabilities pK n
new

, , pk,n+1 that determine whether 
the generated network will be scale-free; if so, with what scal­
ing, and what expected values of the homophily indices (10), 
(11) it will have.

5. 2. Definition of rules for coloring existing nodes
Let there be K colors (i.e., communities) in the network Gn. 

Two cases are possible:
(i) the newborn node becomes the firstborn of a new com­

munity (the probability of this is pK n
new

, );
(ii) the newborn node is assigned to one of the existing 

colors.
According to the algorithm (Fig. 1) of network generation 

in case (ii), which is the main one, the proposed modified (12) 
PA-rule is applied. Then the expected increase in the degree 
of node i is equal to:

�i n i n c n
i n

c n
c nm p m

deg
L

p
i

i

i, , ,
,

,
, ,� � � � � �� �� 1 1 	 (13)

where pci,n+1 is the probability that node n+1 will receive 
color ci.

In order for the basic condition (2) of scale-free property 
of the network to be met and for the rank scaling index of BA 
networks (ρ = 1/2) to be preserved, it is necessary to choose 
pci,n+1 so that expression (13) coincides with (7). From this re­
quirement it follows that the rule for coloring a new node with 
one of the existing colors (i.e., the essence of the select_color 
function from Fig. 1) takes the following form:

p
L
Gk n
k n

n
,

,

vol
.� � � �1 	 (14)

Thus, while the number of communities (colors) in the 
network remains unchanged, the application of the attach­
ment rule (12) together with the coloring rule (14) leads to the 
same expression (6) for the expected increase in the degree of 
a node, and also the same equation for the dynamics of the 
growth of the degrees of nodes (8) as the usual BA model.

If node n+1 becomes the firstborn of a new color (case (i)), 
then not one, but m nodes of this color are created sequen­
tially. The degrees of these nodes after m steps will be equal 
to m. The first node has m free (i.e., not connected to nodes 
of its color) ends, the second – m–1, the last – one. All these 
m(m+1)/2 free ends are connected to the nodes of the net­
work according to the usual PA rule (6). Then the expected 
increase in the degree of node i after the adding of m nodes of 
a new color will decrease compared to the usual case (ii) by 
(m+1)/(2m) times, but will remain discrete-power.

Considering that the creation of a new color is a rare 
event (i.e., K << n), the dependence of node degrees on the 
network size asymptotically approaches the discrete-power 
dependence of the BA-model (9). Thus, we can assume that 
under the conditions of coloring the nodes according to 
rule (14), the generated homophilic network (12) is asymptot­
ically scale-free with respect to the node degrees.

5. 3. Definition of rules for the emergence of new 
community

Since traditional models based on PA-like rules generate net­
works that are not homophilic, the scale-free property of such 
networks is considered only with respect to the distribution  
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of node degrees. However, in the case of modeling a struc­
tured network, it is quite natural to consider the distribution 
of community volumes Lk,n and, accordingly, the requirement 
for its scale-free property.

Let tk be the time point preceding the appearance of color  k.  
Since the time count is synchronized with the number of 
nodes, nodes with numbers tk+1, …, tk+m will become the 
core of community k.

In the time interval between tk+m+1 to tk+1 (i.e., after the 
completion of the formation of the core of color k and before 
the appearance of color k+1), the increments of degrees of 
all nodes of the network are determined according to (7). 
Summing them along the communities, we can derive the 
equation of the dynamics of increase in community volumes:

L L m p L
L
n nj n j n j n j n

j n
, , , ,

, ,� �� � � � �
� �1 12 	 (15)

j k=1, , ,  n t m tk k� � � �1 1,..., .

Equation (15) satisfies the general model (3) (for a = 1, 
b = –n′), therefore its solution, according to (4), takes the fol­
lowing form:

L L n n
t m nj n j t m
k

k, , .� �
� �

� � �� 	 (16)

As was proved in chapter 5.2, during the formation of the 
next, k+1, community m(m+1)/2 links are joined to the exist­
ing communities according to the modified PA rule (12). Thus, 
the volumes of these communities at step tk+1+m will be:

L L
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�
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Taking into account (16), the volumes of communities 
j = 1…k at the moment of completion of the formation of 
color k+1 is equal to:

L L u kj t m j t mk k, , ,
� � �� � � �1

 j k=1, , , 	 (18)

where:
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k
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��n
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The volumes of the cores immediately after their forma­
tion are:

L m m m m mj t mj, / / .� � � �� � � �� �2 1 2 3 1 22 	 (20)

Expanding equation (18), and taking into account (16) 
and (20), we can find the volume of the community j ≤ k at an 
arbitrary time point n = tk+m+1, …, tk+1:

L
m m n n

t m n
u ij n

k i j

k

, .�
�� �

�
� �
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�

�

�
3 1

2

1
	 (21)

Now we can formulate the condition for the scale-free 
property of communities with respect to their volume. Ac­
cording to (2), the ratio between the volumes of consecutive 
communities must satisfy the following condition:

L L
L j

j n j n

j n

� �
�

�
� �

1, ,

,
,�

� �
	 (22)

for some α > 0, δ > –1.
Substituting (21) in (22), one can get:
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The requirement for the relationship between the mo­
ments tk and tk+1 follows from (23) and (29):

t t
t c
k

ck k
k
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�� �
�

�1
1

2
�

�
,	 (24)

where:

c m
1

1
2

�
� , c m

2
3 1
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�
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In this case, the t1 value should be conditionally set such 
that the volume of the first community at step t1+m is the 
same as for all other communities tk+m, i.e. (20). It follows 
that t1 = (m+1)/4. With this initial condition, the solution to 
the difference equation (24) takes the following form:
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where ψ(0)(x) is the digamma function (logarithmic derivative 
of the gamma function).

Dependences (25) at k→∞ take on the asymptotic form:
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Expression (26) clearly illustrates that for α > 1 the se­
quence of moments of appearance of new colors is asymp­
totically power-law with respect to the color number. In this 
case, α is a scaling index, and the parameter δ determines 
not only the shift in power laws but also the intensity of the 
appearance of new colors compared to the growth rate of the 
number of network nodes.

The measure of the intensity of the appearance of colors 
is the time difference between the moments of appearance of 
the next and current colors. It is equal to:
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or asymptotically (at k→∞):
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The plots of ∆tk (27) for k = 1,…,20, m = 5 and different 
values of α and δ are shown in Fig. 2, 3.
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Fig. 2. Dependence of time intervals between the moments of 
community emergence on their serial number for m = 5, α = 2

 

Fig. 3. Dependence of time intervals between the moments of 
community emergence on their serial number for m = 5, δ = 1

The process of the emergence of a new color corresponds 
to the Bernoulli scheme – a sequence of attempts until the 
first successful one. Then, from (27), (28) it follows that  
for α > 1, the probability of the emergence of a new color at  
step n is asymptotically power-law:

p
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k
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and in the case of α < 1, the colors appear with an asymptoti­
cally constant probability, which is equal to p ck n

new
, / .� �� �1 2�

5. 4. Evaluation of the modularity of the modeled 
network

According to (23), (24), expression (21), which describes 
the number of connections in the community j ≤ k at an arbi­
trary time point tk+m < n ≤ tk+1, can be represented in the form:
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It follows that the relative volumes of communities are:
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One can see that due to the very design of the algorithm 
for constructing a homophilic scale-free network (Fig. 1), the 
relative volumes of communities (31) are simultaneously the 
probabilities pj,n+1 (14) of a new node obtaining color j.

If α > 1, then these volumes/probabilities asymptotically 
converge to:
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In particular, the relative volume of the first (and largest) 

community is eas1
1

�
�
�

�
� �

. From this it follows that by setting 

the weight of the first community eas1  and the scaling index of 
community volumes α > 1, we can determine the parameter δ:
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Since each community, except the first one, is connected by 
m(m+1)/2 edges to the nodes of the previous communities (and 
this is the only reason for the emergence of inter-community 
connections), the relative number of such connections in the 
network is equal to:
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Thus, the modularity (10) of the model network is:
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But in the case when α is not an integer, the sum of the 
squares of the relative volumes of communities does not have 
an analytical expression through elementary mathematical 
functions (although it is expressed in a rather cumbersome 
way through the hypergeometric function 3F2).

The graphical representation of dependence (35) for some 
sets of model parameters is shown in Fig. 4, 5.

 

Fig. 4. Dependence (35) of the network modularity 	
on the number of communities at α = 3 and varying δ

 

Fig. 5. Dependence (35) of the network modularity 	
on the number of communities at δ = 0 and varying α
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The calculation of the modified modularity (11) faces 
a  similar problem since the community sizes nj are asymp­
totically distributed according to a discrete power law similar 
to (31), (32). Therefore, the summation of nj,nej,n also leads to 
hypergeometric functions.

5. 5. Example of simulation of homophilic scale-free 
networks

The proposed model was implemented in software in order 
to demonstrate the main properties such as scale-free property 
and homophilicity. The algorithm (Fig. 1) was used as a basis. 
The assignment of an existing color to a new node (function 
select_color) is based on (14). The probability of a new color 
(i.e., function pnew) was calculated according to (27), (29).

A network of n = 10000 nodes was generated. The size of 
the core was m = 5. It was obtained (Fig. 6) that the rank dis­
tribution of node degrees coincides with the corresponding 
distribution for the BA model, i.e., it does not depend on the 
parameters of the community structure. It is discrete-power 
with a scaling index ρ = 1/2.

To investigate the scale-free property of communities,  
nSamples = 10 networks were generated (with parameters 
α = 4n = 10000, m = 5, α = 4, δ = 0). The distributions of commu­
nity volumes and sizes (i.e., the number of links and nodes) 
are shown in Fig. 7.

 

Fig. 6. Rank distribution of node degrees 	
of homophilic network

 
а b

Fig. 7. Rank distributions of communities 	
of a scale-free homophilic network: a – by community size; 

b – by community volume

Fig. 8 shows the rank distribution of the averaged com­
munity size of the generated scale-free homophilic networks 
depending on the given scaling index α (for n = 10000, m = 5, 
α = 4, δ = 0).

It is easy to see that the distributions shown in Fig. 7, 8 are 
very close to the predicted (30) discrete power laws. The mod­
ularity of the generated model networks was also estimated.  
It ranges from 0.4 to 0.8 and fully corresponds to the numeri­
cal estimates given in Fig. 5.

For demonstration purposes, a network with n = 500 nodes 
(m = 5, δ = 0, α = 3) was generated. Its visualization was per­
formed using Gephi and is shown in Fig. 9. The generated 
network has 7 colored communities (the largest of them, red, 
contains about 320 nodes, the smallest – green and black – 
5 nodes each). The size of the nodes in Fig. 9 is proportional 
to their degree (which varies from 5 to 79).

 

Fig. 8. Rank distribution of the average community size 	
of scale-free homophilic networks when varying 	

the scaling index

 
Fig. 9. Example of a homophilic scale-free network 	

with 500 nodes

The drawings above (Fig. 6–9) demonstrate the main 
properties of the proposed network model, namely homophily 
and scale-free property with respect to node degrees and com­
munity sizes.

6. Discussion of results based on the construction of 
a generative model of homophilic scale-free networks

The proposed algorithm (Fig. 1) allows for a step-by-step 
(node-by-node) generation of a growing scale-free network, 
which at the same time has the property of homophilicity. 
Although this model is based on the principle of preferen­
tial attachment (6), it fundamentally differs from other PA 
models [7] precisely in that it allows generating homophilic 
networks. This is achieved due to the two-stage application 
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of the PA rule. First, this rule in the form of (14) is used to 
choose the color of a new node, and then, according to (12),  
it is used to determine the nodes (of the same color as the new 
one) with which this new node connects.

The proposed model is absolutely workable, i.e., it allows 
to generate a truly homophilic network (Fig. 9), while the 
distribution of node degrees is identical (Fig. 6) to the corre­
sponding distribution for scale-free networks that do not have 
internal structure, i.e., communities.

In the course of our research, a requirement was put 
forward, which is quite natural, that the scale-free property 
should apply not only to the distribution of node degrees but 
also to the distribution of community sizes/volumes. It was 
proved that the specified requirement will be satisfied if the 
moments of emergence of new communities tk are determined 
according to (25). This corresponds to the values (27) for the 
mathematical expectation of the time intervals between the 
emergence of successive communities. It is also shown that 
depending on the given scaling index (α) of the distribution 
of community sizes, the specified intervals asymptotically 
approach the power dependence (28) on the size of the com­
munities, or to constant values. Our results differ significantly 
from [1], in which the given asymptotic expressions for the 
specified time intervals are different, and the scale-free prop­
erty of the size of the communities is declared but not proven.

A certain limiting factor in the use of the model built is the 
cumbersomeness of dependences (27). The experimental re­
sults give reason to believe that in many cases, during the prac­
tical application of the model, it is advisable to replace these 
exact expressions with much simpler asymptotic ones (28). 
However, this requires additional mathematical substantiation, 
which is beyond the scope of the current study.

The relationship between the model parameters (scaling of 
community volumes, time shift), its scale (number of nodes and 
communities), and the characteristic of the model’s homophily – 
modularity (31), (35) – was determined. The specified depen­
dence was studied numerically (Fig. 4, 5); however, it does not 
have an expression in terms of elementary mathematical func­
tions, which is a drawback of the study. Accordingly, the prob­
lem of determining the specified dependence arises at least for 
asymptotically large networks. In addition, it would be advisable 
to study other (in addition to modularity) indicators of network 
homophily: conductivity, entropy ratio. Although the experi­
ments conducted in [10] indicate the synchronicity of these indi­
cators (in the sense of equal significance) for asymptotically large 
networks, this fact has not been proven for networks of finite size.

Another area for further research is the generalization of 
the proposed approach to implementing the homophily prop­
erty for scale-free network models from the Barabási-Albert 
model [7] to scale-free networks with arbitrary scaling and to 
elastic networks [13, 14].

Thus, the improvement of the model created, as well as 
the corresponding theoretical studies on the combination 
of scale-free property and homophily of networks, remain 
a relevant and practically significant task for further research.

7. Conclusions

1. An algorithm for generating a model of homophilic 
networks has been developed. This result is important since 
the proposed algorithm provides the possibility of step-by-step 
generation of a homophilic network of any given size and 
number of communities.

2. It has been proven that in order to simultaneously 
maintain homophilicity and preserve the scale-free property 
of the network (with respect to the node degrees), it is neces­
sary to assign a color to a new node according to the PA rule 
with respect to the volumes of communities. Thus, the attach­
ment of a new node to the existing ones occurs by a two-step 
application of the PA rule. It has been theoretically proven 
and experimentally confirmed that according to the specified 
rule for coloring nodes, the distribution of their degrees is 
identical to the distribution of node degrees of ordinary scale-
free networks that do not contain communities.

3. The probabilities of the appearance of new colors have 
been determined, complying with which renders the gener­
ated network scale-free in terms of the volume and size of 
communities. The specified probabilities correspond to the ex­
pected time interval between the appearance of communities, 
which is asymptotically power (relative to the current number 
of communities), logarithmic, or constant. Both asymptotic 
and exact estimates of the dependence of length of the spec­
ified intervals on the structural parameters of the model that 
are set have been obtained.

4. The dependence of the main measure of network ho­
mophily – modularity – on the model parameters has been 
established. The specified dependence has no expression in 
terms of elementary functions but has been investigated ex­
perimentally.

5. The model has been implemented in software; the com­
pliance of the properties of the generated networks with the 
specified requirements was checked. It has been determined 
that the generated networks are homophilic and scale-free with 
respect to the node degrees and the volumes of communities.
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