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The inlet region of a plane-parallel pressure flow
is the subject of this study. The patterns of variations
in the hydrodynamic inlet region under unsteady
plane-parallel pressure flow of a viscous fluid are
examined in this research. Based on the boundary
layer equation and flow characteristics, the bound-
ary conditions of the problem were determined and a
boundary value problem was formulated. The prob-
lem’s boundary conditions were established and a
boundary value problem was developed based on the
boundary layer equation and flow characteristics.
In order to find patterns of velocity change over time
and over the length of the inlet region under gener-
al boundary conditions, a method for integrating the
boundary value conditions was created. Solutions
for scenarios with a constant and parabolic velocity
distribution in the inlet region were derived from the
general solutions. Regularities of pressure and veloci-
ty change were found along the entire hydrodynamic
inlet region.

Using computer analysis, graphs of velocity
changes over time at various points along the entire
length of the inlet region are constructed. The pat-
terns of velocity distribution along the entire length of
the inlet region depending on time can be seen using
graphs. This allows one to estimate the length of the
hydrodynamic inlet region and calculate the fluid
flow velocity at any point in this region. The findings
enable revealing the essence of the processes running
in an hydropneumatic automation system’s transi-
tion sections. Based on the revealed regularities of the
hydrodynamic parameters of viscous incompressible
liquid during unsteady flows, it is possible to correct-
ly design of the automatic systems’ channels of regu-
lating units ensuring their smooth and accurate oper-
ation
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1. Introduction

In transition region of closed section (inlet and outlet
cross-sections, sudden expansion of the cross-section area, nar-
rowing, etc.) occurs velocity distribution change. A transition
zone is considered to be the section of velocity rearrangement
where the patterns of velocity distribution become equivalent
to the patterns of the stabilized zone of closed beds. Studies of
the hydrodynamic parameters of the flow in transition areas
are important from the point of view of the correct construc-
tion of transition units of mechanical equipment, since they
determine the smooth operation of the given equipment.

In case of non-stationary motion, the change of velocities
occurs depending on time and length coordinates.

The most important issue in the study of hydrodynamic
processes running in the transition region is the construction
of a mathematical model of the phenomenon taking place
in it. This enables to identify the patterns of changes in hy-
drodynamic phenomena. It is important that the proposed
model correctly describes the ongoing hydromechanical phe-
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nomena and provides the possibility of obtaining analytical
solutions. The investigation of non-stationary movement in
closed fluid channels is one of the main ways of improving
the structures of mechanical equipment, because their results
determine the design problems of control and regulation
equipment. Therefore, the study of changes in hydrodynamic
parameters of unsteady flow in transition sections is relevant
in connection with their correct design.

2. Literary review and problem statement

Experimental studies were carried out on the determi-
nation of the distribution pattern of the laminar movement
velocity of a viscous fluid in the round cross-section pipe’s
hydrodynamic entrance region [1]. The results of the exper-
iments with sufficient accuracy coincide with the proposed
theoretical solutions. However, the experimental studies
were carried out under stationary motion conditions, which
limits the applicability of the results.
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In [2] the laminar movement of viscous fluid at the hy-
drodynamic entrance region of a cylindrical pipe was con-
sidered. Suddenly started laminar flow in entrance region
of a circular tube, with a constant inlet velocity, is investi-
gated analytically by using integral momentum approach. A
closed form solution to the integral momentum equation is
obtained by the method of characteristics to determine the
boundary layer thickness, entrance length, velocity profile,
and pressure gradient. However, the problem is solved for a
special case when the initial velocity distribution at the inlet
cross-section has a constant value. However, the problem is
solved for a special case when the initial velocity distribution
in the input section has a constant value.

The stationary axisymmetric flow of a viscous fluid in
the inlet region of a round cylindrical pipe was studied with
an arbitrary distribution of axial and radial velocities [3].
Numerical results are presented for a uniform distribution of
inlet velocities in the 0-100 range of the Reynolds number.
Therefore, the obtained results are not acceptable for unsta-
ble flows. Therefore, the obtained results are unacceptable
for unsteady flows.

The authors of paper [4] divided the input region of lami-
nar flow of a viscous fluid into two parts: the input region and
the filled region, and in the input region the boundary layers
meet on the axis, and in the filled region a velocity profile is
formed. The length of the input region is the sum of the in-
dicated regions, which is confirmed by experiments. The for-
mation of the velocity profile takes place in the input region.

However, the formation of the velocity profile occurs
throughout the entire input region. From this point of view,
the results of the study provide satisfactory results in narrow
ranges of flow.

The discrepancy between analytical and numerical solu-
tions to the problem of the input region of a cylindrical pipe
has been proven [5]. A comparative analysis of analytical
methods using approximation was carried out and new
approaches to studying the input region of pressure motion
were proposed [6]. Recommendations for the proposed solu-
tions are given. These studies relate to stationary conditions,
therefore the obtained results are not applicable to non-sta-
tionary conditions.

In [7], a study was carried out on the development of flow
in the inlet section during the accelerating movement of a
viscous incompressible fluid. The patterns of changes in axial
velocities in the direction of movement were obtained. The
general solution of laminar flow in axisymmetric pipes un-
der conditions of changes in viscosity and pressure gradient
over time [8] makes it possible to identify patterns of changes
in the hydrodynamic parameters of the flow. The proposed
method is also acceptable for constant viscosity. Identifica-
tion of patterns of changes in the hydrodynamic parameters
of a viscous fluid in a cylindrical pipe during unsteady lam-
inar motion was obtained in [9]. A similar problem for the
inlet section of plane-parallel pressure motion is considered
in [10]. However, these studies relate to unsteady flows out-
side the hydrodynamic entrance region, which limits their
application.

In the area of sudden expansion of the living cross-section
of a round cylindrical pipe, a study of structural changes in
a stationary laminar flow was carried out [11]. Graphs of
changes in axial velocities were constructed and the length of
the transition section was determined. Extensive studies have
been carried out on the steady-state modes of laminar and
turbulent flows of long pipelines that feed accelerating flows

with given velocities and drops [12]. The obtained dependen-
cies are acceptable for three modes of motion and provide an
accuracy of 10 % over a wide range of Re and «. However, in
the given problems, unsteady processes for special cases are
studied.

Changes in the hydrodynamic parameters of the flow also
occur in areas of sudden expansion of the living cross-sec-
tion. A study was carried out [13] on the pattern of changes in
hydrodynamic parameters in the area of sudden expansion of
the living section of plane-parallel pressure motion based on
the boundary layer equations.

Analysis of the stability of the flow in a pipe with a
stepwise increase in flow rate leads to the identification of
a non-stationary mode of movement in a certain time inter-
val [14]. In [15], a three-dimensional analysis of potential
flow was carried out with the aim of developing the design
of water intake structures that prevent local erosion around
structures. An experimental study of changes in the hydro-
dynamic parameters of laminar flow in the area of sudden
expansion of a cylindrical pipe was carried out [16]. It was
revealed that, depending on the Reynolds number and the
relative average velocity, unstable turbulent spots appear on
the axis of the expanded section.

Numerical studies of the oscillatory laminar motion of
an incompressible fluid at the inlet section were carried out
at Reynolds numbers 20<Re<200 and an oscillation frequen-
cy of 1.08<S<2.8. As a result, axial velocity profiles and the
length of the transition section were identified [17].

From the above literature review [1-17] it follows that the
study of unsteady flow of viscous fluid at the input section of
plane-parallel flow was conducted under certain initial and
boundary conditions, which limit the area of their accept-
ability. Based on the importance of the practical application
of obtained results of this problem, it is advisable to conduct
a study to identify the regularities of hydrodynamic parame-
ters of non-stationary laminar plane-parallel flow at the input
section under common initial and boundary conditions. The
scientific results obtained as a result of the studies will allow
the correct design of transition units of hydropneumatic au-
tomation.

3. The aim and objectives of the study

The aim of the study is to identify changes in the hydro-
dynamic parameters of a non-stationary flow at the inlet
section of a plane-parallel pressure movement.

To achieve this aim, the following objectives are solved:

- formulating a boundary value problem and determining
the initial and boundary conditions, developing a method for
solving a boundary value problem and identifying change
regularities in the hydrodynamic parameters of a viscous
non-stationary flow at the inlet section of a plane-parallel
pressure flow;

- plotting a graph of the axial velocity change depending
on time and the Reynolds number, as well as identifying the
condition for determining the length of the inlet section.

4. Materials and methods

4. 1. Object and hypothesis of the study
The object of the study is the outlet region of a plane-par-
allel pressure flow.



The main hypothesis of the study is the parallel flow of
fluid particles and the formation of viscous friction between
layers, depending on the velocity gradient normal to its
direction.

The assumption made in the study is the adoption of pres-
sure on a given effective cross-section dependent on time.

The simplification adopted in the study is the adopted
laminar flow regime.

4.2. Theoretical background

The hydrodynamic entrance region of plane-parallel
pressure flow is the subject of the study. It is of theoretical
and practical importance to study regularities of change in
the hydrodynamic characteristics of a viscous incompressible
fluid during unsteady laminar flow.

The study of the viscous fluid flow development in the
hydrodynamic entrance region of a flat pipe was conducted
using simplified Navier-Stokes equations. Through integra-
tion, approximate results were obtained, which provide ad-
equate accuracy for engineering calculations. The findings
from this study hold the potential for enhancing the design
and construction of hydrodynamic entrance region of the
hydraulic systems of various mechanisms and machines.
Implementing the improvements suggested by these results
can contribute to such system’s enhanced reliability of
operation.

Based on the relevance of the problem, further develop-
ment is associated with clarifying the length of the hydro-
dynamic entrance region and related design changes in the
inlet section and the hydrodynamic entrance region of the
flat channel.

4. 3. Methodology

The study focuses on the laminar plane-parallel un-
steady flow of a viscous fluid in the hydrodynamic entrance
region. The origin of the z axis is the center of the entrance
region (Fig. 1) and extends infinitely long in the direction
of motion. The analysis takes into account the unsteady
plane-parallel flow that runs between two stationary plates
that are separated by 2h in a Cartesian coordinate system
shown in Fig. 1.

velocity on the pipe wall drops to zero. This deformation oc-
curs over a specific pipe length.

In the vicinity of the pipe walls, when the velocity gradi-
ent ou/on rises, a boundary layer emerges. Regardless of the
viscosity coefficient, this causes the friction forces to increase
noticeably. The boundary layer eventually fills the entire pipe
after progressively growing from the area around the pipe
walls. Consequently, research in the transition zone utilizing
boundary layer equations are required.

For the boundary layer, Prandtl recommended using the
Navier-Stokes equations given by [18], which may be simplified
to provide the boundary layer equations. Prandtl simplifies the
Navier-Stokes equations by excluding terms that are extremely
minor in comparison to the viscous forces, since the viscous
forces are the primary influencing forces in the boundary lay-
er. This leads to boundary layer equations that are simplified.
The boundary layer formulas will take the following form:
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Performing linearization of the above equations’ system
based on the method suggested by:
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where Uj is the characteristic velocity of the
flow section, which is equal to the average
velocity of the flow section:
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Fig. 1. On the study of a viscous incompressible fluid flow in the hydrodynamic
entrance region of a plane-parallel pressure flow

It is assumed that the velocity in the plane-parallel
pressure flow in the hydrodynamic entrance region z=0
varies in accordance with an arbitrary law. Considering the
hydrodynamic characteristics of the viscous fluid to be ax-
isymmetric and unstable, the goal is to identify the patterns
of change in these parameters in the transition zone. Let’s
ignore mass forces.

Between parallel stationary plates, there is an axisym-
metric, isothermal flow of a viscous fluid. The velocity dis-
tribution diagram deforms in the entrance region based on
the regularity u=e¢(r, ) when the uniformly moving fluid’s

The boundary conditions of the prob-
lem are defined in order to integrate equa-

tions (3) and (4):
Vz(y,z,t):o, when y=+h; (6)
V,(,0,0)=6¢(y), when z=0, ~h<y<+h; @)
V,(3.2t) > V'(y.t), when z—>o0, —h<y<+h, ®)

where V’(y, t) is the velocity at the fully developed region,
which is determined by the following equation:
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The study assumes that the boundary layers forming near
the stationary walls in the fully developed velocity region
merge to form a symmetric parabolic velocity profile.

Let’s introduce dimensionless variables:
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(3) and (4) with dimensionless variables and boundary
conditions (6)-(8) will take the following forms:
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In the case of boundary and beginning circumstanc-
es (13)-(15), the integration of (11) and (12) allows the veloci-
ty profile and pressure to be fully formed.

Now let’s search for the solution to (11) as a sum:

I7z(x,c,r):U(x,cs,r)+17’(c,r). (16)

where U(x, o, 1) is the solution of the homogeneous equation
for inhomogeneous boundary conditions:
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and V’(c,t) is the solution of the inhomogeneous equation
under homogeneous boundary conditions:
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5. Results of integration of the formulated boundary
value problem

5.1. Formulating a boundary value problem and
developing a method for solving

5.1.1. Integration of the formulated boundary val-
ue problem

The development of a methodology for solving a boundary
value problem should pursue the goal of identifying regularities
of change in the hydrodynamic parameters of an unsteady lam-
inar flow in the inlet section of a plane-parallel pressure flow.

Let’s look for the solution of (17) in the form developed
by [19]:
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From the boundary conditions there is U(*1, o, 1)=0
from where:

ch (G,‘L')COS?\.k =0,
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from which it follows that cosA, =0, A, :(2k—1)§ are the

positive roots of the eigenfunction of the problem.
The eigenfunction (cosA,) is orthogonal in the (-1<x<1)
interval:
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Let’s look for the solution of (21) in the form of:
Ao
C, (0,1:) = exp(— Rke JTk (‘c),
s0 T} (1) =0, from where it follows that, Tj(t)=Dx=const so:
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Inserting this value of the coefficient Cy(c, 7) in (19):
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Let’s look for the solution of the inhomogeneous (18) in
the form of eigenfunctions:

0
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Considering condition (23), (18) will take the following form:
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The solution to (24) will be:

¢k(1)=exp[—}£]“exp[7§e Jak (0:6) e+, (0)}.
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it is possible to obtain ¢,(0)=0. Taking into account ¢, (0)
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The value of the dy coefficient is determined from the
boundary condition (14), so:
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Multiplying both parts of (31) by eigenfunctions, integrating
in the range of (-1; 1) and taking into account condition (20):
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The solutions that were found correspond the problem’s
general boundaries and initial conditions. These general solu-
tions can be used to derive specific solutions that fit the given
circumstances in each unique instance. For the purpose of
additional analysis, let’s look at two particular examples.

5.1.2.Investigation of axial velocity change in
case of constant distribution of initial velocity in a
plane-parallel flow

Assuming a constant velocity of the incoming fluid there
is: ¢(y) =u, = const, ~h<y<h, correspondingly, P(x)=A,.

In the case of constant velocity distribution in the entrance
region, to obtain the velocity distribution profile in the en-
trance region, let’s determine the values of the Dy coefficients:
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Based on the velocity change, it is possible to deduce the
pressure change pattern from (11). Assuming that the pres-
sures at any fixed point are equal, from (11) it is possible to
obtain the pressure change function along the axis where x=0.
This function will depend on the (g, ¢ ) variables, so:

v, (0,0,1) 6171(0,0,1)_ 0P (o)
ot " oo - oc
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Inserting the value of the function I7z(x,c,r) into (36),
let’s get the pressure change function:

B(0,7) =B, (0,1)- p‘;gB 37)

0

Thus, the pattern of the axial velocity change, in case of con-
stant values at the input cross-section, is determined by equa-
tion (35), and the pattern of change in pressure by equation (37).

5.1. 3. Revealing patterns of changes in axial veloci-
ties and pressure with parabolic distributions of initial
velocities

Let’s consider the initial distribution of velocities of
the incoming fluid in the inlet section of a plane-parallel



flow as parabolic. Consequently, @(y)=Ao(1-y?), ~h<y<h,
50 P(X)=Ao(1-y?).

To obtain velocity profile in the hydrodynamic entrance
region, it is necessary to determine the values of the coeffi-
cient Dy:

D, = jw(x)coskkxdx =

-1
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k

Inserting this value of Dy, coefficient into equation (33):
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By considering the regularity of the change in axial veloc-
ity as defined by eq. (38), it is possible to apply a similar ap-

(38)

x(-1)"" cosx + B°2R

proach to calculate the regularity of the change in pressure.
Consequently, let’s obtain (37).

5.2.Graphs of changes in the hydrodynamic pa-
rameters of a viscous fluid at the inlet section of a
plane-parallel pressure flow

Based on the obtained solutions, it is possible to analyze
the nature of flow characteristics in the transition zone of
the inlet section in a plane-parallel flow. By integrating the
differential equations of viscous fluid flow, it is possible to
derive patterns describing the changes in the distribution of
axial velocities ¥, (x,0,1).

To visualize the patterns of changes in axial veloci-
ty I7z(x,c,r) across the transverse section and along the
length of the transition zone, graphs were constructed
based on the initial velocity distribution IZ(x,0,0):w(x)
and Re=20, 40, 60, 80, 100. In the Fig. 2-7 the graphs for
different flow conditions IZ(x,0,0):A =1 at Re=100 and

— 4 0
V,(x,0,0)= A, (1-x*)=(1-x) at Re=100.

During the unsteady flow, hydrodynamic parameters of
the effective cross-section change over time, accordingly, the

length of the entrance region undergo changes (Fig. 8).

+1
[ —
= =0.5 =0.5 =0.5 1+0.5 =0.5
7] 3 3 3 3 7
=0 1.25 | 125 1 1.35 1.38 1.50
L 7 7 lz) 107 150 Z
= 10 10 15 ok
-1 0.008 0.016 0.04 0.08 0.2 %
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Fig. 8. Graph of the change in the length of the entrance
region at the Reynolds number of Re=1000

Analysis of the results of numerical calculations and
the resulting graphs determined the dynamics of the axial
velocity change along the hydrodynamics entrance region

Re

depending on the Reynolds number. It can be seen that at the
start of the process, the length of the entrance region is equal
to z=0.00345r-Re (Fig. 8). In the process of unsteady devel-
opment, the length of the entrance region practically does
not change, at t=5, z=0.0035r-Re. Therefore, with practical
accuracy, the length of the entrance region can be taken to
be equal to z=0.0035r-Re.

6. Discussion of the study findings on the development of
a viscous fluid unsteady flow at the flat pipe inlet section

The Navier-Stokes equations (1), (2), (3), and (4) were used
to examine this problem, and characteristic boundary condi-
tions (6)-(8) were created for these equations. The specified
boundary value issue (11), (12) under arbitrary boundary con-
ditions (12)-(14) was integrated using a technique developed
within this study. Axial velocity change regularities along the
input hydrodynamic area (33) were identified. Based on the
obtained general solutions, two special cases were consid-
ered. In the first case, the velocity of the incoming liquid is
constant; in the second case, the distribution of velocities in
the inlet section changes according to a parabolic law. For the
first case, a pattern of velocity change along the length of the
input region depending on time is obtained (35), and for the
second case (38). The regularity of pressure change along the
length of the input region is obtained in the form (37).

As distinct from [9], where a study on identifying regulari-
ties of change in the hydrodynamic parameters of an unsteady
flow in the inlet section of a round cylindrical pipe is presented,
this paper studies a similar problem for plane-parallel pressure
flow. The study was performed based on the Navier-Stokes
equations, which describe the unsteady flow of a viscous fluid
in the hydrodynamic entrance region, were used to study the
unsteady plane-parallel flow. Thanks to the developed method
of the boundary value problem integration, the regularities of
the change in hydrodynamic parameters of a unsteady viscous
fluid in the input region of a flat pipe.

To visualize the process running in the input region
of a flat pipe, computerized studies were carried out and
graphs of changes in the hydrodynamic parameters of the
viscous flow in the input region of a flat pipe were plotted.
An analysis of numerical calculations and the corresponding
graphs (Fig. 2-8) revealed that the extent of process devel-
opment is influenced by the pressure gradient, the initial
velocity distribution in the entrance region, and the Reynolds
number.

The shape of the velocity diagrams in each fixed section,
in the entrance region, changes over time (Fig. 2-8) due to
the deformation of the diagrams and the influence of the



pressure gradient. Outside the transition section, the change
in velocity diagrams occurs due to the pressure gradient.
With an increase in the Reynolds number, the length of the
transition section decreases, which is explained by the in-
tense dissipation of flow energy.

By analyzing the results of numerical calculations and
the corresponding graphs, the length of the entrance region
can be determined based on the Reynolds number. It is cru-
cial to ensure that the deviation of the axial velocity in the
entrance region at y=0 does not exceed 1 % of the unsteady
velocity in the fully developed region. This condition led
to the derivation of a calculation formula to determine the
length of the entrance region. This formula has important
practical applications in the design of various hydraulic au-
tomation systems.

Unlike [10-12], where the results of similar studies are
presented for round cylindrical pipes under limited boundary
conditions, in this work the problem is solved for a flat pipe
under general boundary conditions. This allows to identify a
complete picture of the processes occurring in the inlet sec-
tion, which is extremely necessary when designing transition
sections of liquid channels. This study has been carried out
for laminar flow, which limits the application of the results
obtained to transient or turbulent regimes.

Further improvement of the proposed study is due to the
use of more complex models of the fluid flow regime at the
inlet section and the corresponding accounting of the shear
stress between the fluid layers. When accounting for complex
models of shear stress, insurmountable mathematical com-
plications arise during integration.

distributions of initial velocities. The formulae for the change
in time of unsteady axial velocities and pressure along the
length of the inlet hydrodynamic region are obtained.

2. Graphs of the change in the dimensionless hydrody-
namic flow parameters for uniform and parabolic distribu-
tions of the initial velocities at the flat pipe inlet, depending
on the Reynolds number for different values of the dimen-
sionless time, are plotted. The results obtained make it possi-
ble to reveal the influence of the flat pipe and liquid param-
eters on the change in the parameters of the initial section.
Due to the universality of the obtained graphs, it is possible
to conclude the nature of the unsteadiness. Conditions have
been established for determining the length of the entrance
region depending on the dimensionless time, with uniform
and parabolic distributions of initial velocities, which is im-
portant information in the design of various mechanisms and
machines of hydropneumoautomatics.
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