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1. Introduction

Modern construction puts forward high demands on 
the efficiency, economy, and environmental feasibility of 
assembly and dismantling operations. One of the common 
technological elements in temporary fencing structures is 
sheet piles, which, after the completion of construction work, 
are usually removed for reuse. This makes it possible to sig-
nificantly reduce material costs and decrease the impact on 
the environment. However, such a routine operation, at first 
glance, is associated with a number of technically complex 
tasks that require in-depth engineering analysis.

The problem becomes acute when using heavy equip-
ment, in particular jib self-propelled cranes, to remove sheet 
pile elements from dense soil. Under conditions of increased 
loads on the structural elements of the machine, there is 
a need to accurately predict the dynamic behavior of the 
“crane-pile-soil” system. Since dynamic effects can cause 
fatigue failure of metal structures, reduce the resource of 
equipment, and involve potentially dangerous emergencies, 

the issue of ensuring the reliability of equipment becomes 
particularly relevant.

From a practical point of view, the justification of the 
pulling modes, the distribution of loads in the elastic ele-
ments of the crane and the action of external forces make it 
possible not only to extend the service life of the equipment 
but also improve the efficiency of machine operation under 
difficult conditions. This, in turn, leads to reduced down-
time, improved quality of work, reduced costs for repairs and 
maintenance. In addition, proper consideration of dynamic 
loads contributes to the improvement of working conditions 
for operators, reducing the risks of occupational fatigue and 
increasing the level of safety.

Therefore, scientific research in the field of dynamic 
analysis of the process of pulling sheet piles from the soil us-
ing a jib crane is extremely necessary. It provides a practical 
basis for improving the designs of equipment, increasing the 
reliability of construction processes, and devising modern 
methods for controlling dynamic processes in mechanical 
engineering.
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The object of this study is the process of extracting 
sheet piles from the ground using a jib self-propelled 
crane for their repeated use. The task addressed was 
the extraction of steel sheet piles by a jib self-propelled 
crane, its interaction with the vibratory pile driver, 
and the determination of dynamic loads. 

The vibratory method significantly increases 
extraction efficiency; however, it also induces vibra-
tional impacts on the crane, causing alternating 
stresses in the metal structure. This could lead to 
fatigue damage accumulation, cracks in weld seams, 
failure of base metal, and a decrease in the service life 
of the self-propelled crane. Furthermore, vibration 
negatively affects the working conditions of crane 
operators by causing fatigue, reducing performance, 
and compromising safety.

Mathematical modeling methods were used, with 
the construction of calculation schemes that reflect 
all stages of sheet pile extraction: preliminary inser-
tion, taking up slack in the lifting system, tension-
ing the lifting ropes, extraction with vibration over 
2/3 of the pile’s length, and final extraction without 
vibration. 

Numerical modeling has shown that during stat-
ic extraction, the dynamic coefficient may reach 4.76, 
while with vibration it decreases to 1.47. This con-
firms the effectiveness of the vibratory method, 
provided its adverse effects on the crane are mini-
mized. The results could be applied to improve crane 
design, devise protective measures against vibra-
tion, and enhance operational efficiency and safe-
ty. Additionally, the findings could become a basis 
for optimizing the parameters of elastic ties and 
the interaction scheme between the crane and the 
ground, thereby expanding the potential for model’s 
practical application under more complex conditions
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2. Literature review and problem statement

It is known [1, 2] that for effective pulling of sheet piles it is 
advisable to use the vibration method, which greatly facilitates 
the pulling process, especially when the sheets are immersed to 
a considerable depth, or the soil is compacted and has a high re-
sistance. Thus, in work [3], it is noted that the vibration method 
is the most common technique, and the most important param-
eters are the vibration frequency, amplitude, and static moment. 
In work [4], it is noted that the frequency of oscillations affects 
the reduction of soil resistance during pile movement. 

When pulling sheet piles by vibration, the crane is exposed 
to vibration and alternating loads. And as is known, vibration 
contributes to the accumulation of damage in the material of 
its elements, the appearance of cracks both in welds and in the 
base metal, as well as fatigue failure. The most rapid destruc-
tion of the structure occurs under vibration effects under con-
ditions of resonance phenomena, which lead to damage and 
shortening the service life of the crane [5]. Thus, in work [6], 
a vibration protection system for a crane equipped with vi-
bration technological equipment (VTE) is proposed, in which 
vibration does not spread to the crane structure. In [7], the 
amplitude-frequency characteristics and frequencies of natu-
ral oscillations of a jib self-propelled crane (JSC) are reported.

Vibrations can cause both destruction of individual com-
ponents and failure of the crane, as well as create unfavor-
able working conditions for drivers, worsen their functional 
state, contribute to fatigue, reduce labor productivity and 
quality of work. Prolonged exposure to vibration can lead to 
occupational diseases of drivers in the form of headaches, 
numbness of the fingers, pain in the hands and forearms, 
the occurrence of cramps, increased sensitivity to cooling, 
the appearance of insomnia, and others. When vibration 
sickness occurs in crane operators, pathological changes may 
occur in the spinal cord, cardiovascular system, bone tissue, 
and joints, and capillary blood circulation may change [5, 7].

The vibration parameters of the crane elements can be 
influenced by the characteristics of their elastic-damping ties. 
Therefore, it is very important to take into account the spectrum 
of their natural vibration frequencies since it determines the 
frequency of the source of the forcing force at which resonant 
vibrations occur [7–9], and to avoid them. Thus, in work [8], a 
multi-mass dynamic model is presented for determining the 
natural and forced vibrations of JSC under the action of the 
forced force of VTE on the hook. In [9], the issue of the action of 
vibration from a freely hanging VTE on the hook is considered.

In work [10], the parameters of the soil vibration velocity 
and the average effective stress are analyzed; a parametric anal-
ysis of the frequency of soil vibrations is performed. The results 
showed that with an increase in the vibration frequency, the soil 
resistance on the lateral surface of the pile can be significantly re-
duced. However, in [10], the issue of how the vibration frequency 
affects the soil resistance during pile extraction is not considered.

In [11], the development of the coupled Euler-Lagrange 
hydraulic method and its application for the inverse analysis of 
tests of the model of vibrational immersion of piles in water-sat-
urated sand are reported. However, in [11], the behavior of the 
soil during the extraction of the pile by the vibration method is 
not considered.

In [12], the results of laboratory tests using a newly de-
signed shaker for immersion of piles in sandy soil are report-
ed. The results show that the improvement of pile driving 
occurs with high-frequency vibrations at low amplitude. 
However, in [12], the question of how the above-mentioned 

results affect the extraction of piles from the soil by the vibra-
tion method using lifting equipment is not considered.

In [13], issues are discussed regarding the assessment of 
the vibrational immersion of piles, but the modeling of the ex-
traction of piles by the vibration method is not considered. At 
a bench described in [14], studies on the vibrational immersion 
of elements in saturated sand were performed. It was conclud-
ed that the vibration frequency is an important parameter for 
the effective immersion (extraction) of sheet piles. However, it 
was not stated that vibration has a negative effect on the crane 
design since the extraction process was not studied.

In [15], research was carried out on the vibrational immer-
sion of a pile model in dry medium-compacted and dense sand. 
The results show that the speed of movement is affected by the 
vibration frequency, and it plays a significant role for the effec-
tive immersion of piles. However, the work does not consider 
the issue of modeling the process of extracting metal sheet piles 
from the soil and the vibration effect on the crane structure.

Thus, in [16], a study was conducted to assess the cyclic 
response of the soil during vibrational immersion of piles; the 
influence of the parameters of dynamic immersion of piles 
was shown. However, in [16], the process of extracting metal 
sheet piles from the soil by a jib crane and the influence of 
vibration on its structure are not considered.

Thus, the cited works consider the theory and experimen-
tal modeling of the interaction of a pile with the soil under 
vibration. Although those studies focus on the pile driving 
process, they do not address the effects of vibration on the 
crane design. Furthermore, they do not determine the dy-
namic loads on the jib self-propelled crane structure.

3. The aim and objectives of the study

To build a mathematical model of the process of ex-
tracting metal sheet piles from the soil, to determine the 
dynamic loads on the structure of a jib self-propelled crane 
as a “crane-vibratory pile driver” system with the subsequent 
development of means for protecting the crane and the oper-
ator from the effects of vibration. This will make it possible 
to determine the dynamic loads and vibration effects on the 
crane structure when extracting a sheet pile from the soil.

To study the goal, the following tasks were set:
– to develop calculation schemes for extracting a sheet 

pile from the soil by a jib self-propelled crane;
– to define stages in the process of extracting a sheet pile 

from the soil;
– to determine the values of forces in elastic ties and to 

calculate the dynamic coefficients in the ropes of the cargo 
hoist when extracting a sheet pile from the soil, under differ-
ent options for external influence.

4. The study materials and methods

4. 1. The object and hypothesis of the study
The object of our study is the process of extracting sheet 

piles from the soil by a self-propelled jib crane for their reuse 
using the vibration method.

The principal hypothesis of the study assumes that the 
use of the vibration method significantly reduces static loads 
on the crane structure when extracting a sheet pile.

The following simplifications and assumptions are accepted:
– the sheet pile is a solid body;
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– the soil covering the sheet pile is immobile;
– a dry friction force acts between the lateral surfaces of 

the pile and the soil;
– the force of the vibrator on the pile is described by the 

harmonic function P(t)=P0sinωt.

4. 2. Methodology of investigating the process of 
sheet pile extraction

4. 2. 1. Justification of the extraction technique ad-
opted in the study

The method of extracting sheet piles using vibra-
tion [1, 3, 17], caused by the action of a vibratory pile driver 
rigidly connected to the piles using a jib self-propelled crane, 
was chosen for our study. This approach is justified as the 
most effective for extracting piles that have been in the soil 
for a long time, without metal damage or deformations that 
would make their reuse impossible.

Static methods require significantly greater ef-
forts (over 1,000–1,500 kN), which may exceed the crane’s 
lifting capacity, therefore they were not considered as the 
main ones within the framework of this study.

4. 2. 2. Equipment and conditions for pulling sheet 
piles out of the ground

This paper investigates the process of pulling a metal 
sheet pile of the Larsen L-IV type with a length of 12 m. 
Lifting is carried out by a crawler crane MKG-25.01A. The 
vibration source is a VPP-2A vibratory pile driver with a 
spring-loaded load, with an electric motor (Fig. 1).

The procedure for pulling a sheet pile is that first, when 
the lifting ropes are pulled, the vibratory pile driver is turned 
on. When the sheet pile, vibrating, sinks into the ground 
by 2–4 cm, its lifting begins. With this technique, the separa-
tion of the sheet pile from the ground occurs under the action 
of its natural weight with a vibratory pile driver. Therefore, it 
is sufficient to apply an effort equal to twice the weight of the 
vibratory pile driver with the sheet pile so that the latter begins 
to move upwards from the ground; in this case, the speed of 
movement should be approximately the same as during the 
downward movement. If the speed exceeds that which oc-
curred during the immersion, a correspondingly greater effort 
will be required.

Before the first stage, when the ropes of the cargo hoist 
are in a free position, when the system of ropes of the cargo 
hoist hangs over the vibratory pile driver rigidly connected 
to the sheet pile, the vibratory pile driver is turned on. When 
the sheet pile vibrates and sinks into the ground by 2–4 cm, 
the pile is separated from the ground under the action of the 
natural weight of the sheet pile with the vibratory pile driver.

Therefore, it is enough to apply a force on the crane hook 
equal to twice the weight of the vibratory pile driver with 
the pile so that it moves up from the ground.

When lifting the pile, the condition of the lower springs 
of the vibratory pile driver is monitored. At those moments 
when the spring coils are completely closed under the action 
of the traction force, the lifting of the hook is suspended. This 
is a sign that the sheet pile has not yet been torn from the 
ground, and the lift force is not enough. The lifting is tem-
porarily stopped for a while, until the pile is lifted due to the 
elastic forces of the spring system of the vibratory pile driver.

After the springs are straightened, the lifting of the hook 
is restored under the action of vibration, to a height equal to 
approximately 2/3 of the length of the sheet pile located in 
the soil, and further lifting is carried out without vibration.

4. 2. 3. Mathematical modeling of vibrations of the me-
chanical subsystem of a crane during sheet pile extraction

The vibrations of the mechanical subsystem of a jib crane, 
which arise as a result of the extraction of a sheet pile from 
the soil under the action of vibration, have been studied. The 
sources of the forced force are the drive of the load lifting 
mechanism and the vibratory pile driver with a loading plate 
rigidly connected to the sheet pile.

For the studies conducted below, the following notations 
are adopted (Fig. 2): m0 – mass of the rotating drive parts of the 
load lifting mechanism reduced to the ropes, kg; m41 – mass of 
the hook suspension, kg; m42 – mass of the sprung load with 
an electric motor, kg; m4=m41+m42 – reduced mass of the hook 
suspension with a sprung load, kg; m5 – mass of the vibrating 
system, kg; J3 – reduced moment of inertia of the crane boom rel-
ative to the root joint, kg·m2; Q – gravitational force of the vibrat-
ing system, (weight of the load) N; P(t)=P0sinωt – forced force of 
the vibratory pile driver, (longitudinal dynamic effect on the el-

Fig. 1. General view of a vibratory pile driver with sprung 
loading: a – general view of the vibratory pile driver; 	

b – schematic representation of the vibratory pile driver; 
1 – pile head; 2 – vibrator; 3 – springs; 4 – bevel gearbox; 

5 – horizontal chain drive; 6 – loading plate; 	
7 – electric motor; 8 – suspension; 9 – vertical chain drive; 

10 – gears; 11 – unbalance shafts
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ement being immersed or extracted), N; P0 – amplitude value of 
the forced force, N; Pk3 – force in the ropes of the boom support 
system at the third stage of pulling, kN; Pk4 – force in the ropes of 
the load-lifting system at the fourth stage of pulling; Мst – static 
moment of mass of unbalances, kg∙m; F – soil resistance along 
the lateral surface of the pile, N; A – amplitude of oscillations, m; 
α – angle of rotation of unbalances, rad; α3 – angle of inclination 
of the boom to the horizontal, rad; c31 – stiffness of the rope 
branch of the boom lifting system from the axis of the blocks of 
the boom system to the drum, c32 – stiffness of the ropes of the 
boom hoist, N/m; c33 – stiffness of the ropes of the boom stay 
cables, N/m; c41 – stiffness of the cargo rope branch from the axis 
of the blocks on the boom head to the drum, c42 – stiffness of the 
ropes of the cargo hoist, N/m; c5 – total stiffness of the springs of 
the vibratory loader, N/m; β32 – damping coefficient in the ropes 
of the boom hoist, N∙s/m; β33 – damping coefficient in the ropes 
of the boom stays, N∙s/m; β41 – damping coefficient in the load 
rope branch from the axis of the blocks on the boom head to the 
drum, N∙s/m; β42 – damping coefficient in the load ropes of the 
boom hoist, N∙s/m; z4, z5 and φ3 – generalized coordinates, m; 
4 ,z  5z  – generalized linear speeds, m/s; ϕ 3 – generalized angular 
velocity of the crane boom, 1/s; Δk – total gap in the drive with 
the overlap of the ropes, m; γ3 – angle between the ropes of the 
boom support system and the longitudinal axis of the boom, rad; 
γ4 – angle between the branch of the rope of the lifting system 
above the boom and the longitudinal axis of the boom, rad; 
l3 – boom length, m; l31 – length of the force arm, Pk3.

The mechanical subsystem of the jib crane under consider-
ation consists of five rigid bodies and has four degrees of freedom.

It should be noted that the mass of the load plate with 
the electric motor m42 at the first stage is found together with 
the mass of the hook suspension m41, that is, as one mass 

m4=m41+m42, and at the fourth stage the mass m42 is combined 
with the mass of the sheet pile with the vibrator m51=m45+m42.

To study the motion of the jib crane subsystem in the pro-
cess of pulling the sheet pile out of the soil, the Lagrange equa-
tions of the second kind for mechanical systems were applied:

 ∂Τ ∂Τ ∂Φ ∂Π
− + + =  ∂ ∂ ∂ ∂  

,i i i i
i

i i i i

d Q
dt q q q q

			   (1)

where Ті is the kinetic energy of the mechanical subsystem of 
the jib crane; Пі is the potential energy of the mechanical sub-
system of the jib crane; Фі is the dissipative function (dissipation 
function); Qi is the generalized external forces corresponding to 
the generalized coordinates; iqi is the generalized velocities.

The following values are taken as generalized coordinates:

=1 0 ,q z  =2 4 ,q z  = ϕ3 3,q  =4 5,q z

= 1 0 ,q z  = 2 4 ,q z  = ϕ 3 3.q

Based on Lagrange equations of the second kind, systems 
of differential equations were compiled that describe the 
entire process of pulling a sheet pile out of the soil at all four 
stages without taking into account dissipative functions.

5. Results of investigating the action of loads on elastic 
ties in the process of pulling a sheet pile out of the soil

5. 1. Calculation schemes for pulling a sheet pile out 
of the soil by a jib self-propelled crane

The constructed calculation schemes are shown in Fig. 2.

Fig. 2. Calculated equivalent scheme for pulling a sheet pile out of the ground: a – immersion of the sheet pile by 2–4 cm and 
selection of the total clearance Δk in the drive of the lifting mechanism and the overhang of the load ropes; 	

b – tension of the load ropes to double their load from the weight of the sheet pile with a vibrator; 	
c – pulling the sheet pile with vibration by 2/3 of its length; d – final extraction without vibration

33l

32l

g

a3

m3 O3

m

c32

c33

g4

3

O5
B

l3

l41

3

2 5

z41
33b

32b

w z0m0
Pд

b41

C2

l 42

c42
42b

3Sl

c31
31b

l31

Q

z5

P5(t)

F

O4

c41

z5

c5

m42

m41

z4

c5

m4

R

z4

k

m3 O3
m3 O3

m3 O3

F

F

c5
m

O5

5

P5(t)

m42

Q

Q

Q

c42
42b

l 42

c42
42b

l 42

c42

42b

l 42

m41

O4

O4

O4

c5

m
O5

5

P5(t)

m
O5

5

P5(t)

z5

z4m4

a

33l

32l

g

a3

m3 O3

m

c32

c33

g4

3

O5
B

l3

l41

3

2 5

z41
33b

32b

w z0m0
Pд

b41

C2

l 42

c42
42b

3Sl

c31
31b

l31

Q

z5

P5(t)

F

O4

c41

z5

c5

m42

m41

z4

c5

m4

R

z4

k

m3 O3
m3 O3

m3 O3

F

F

c5
m

O5

5

P5(t)

m42

Q

Q

Q

c42
42b

l 42

c42
42b

l 42

c42

42b

l 42

m41

O4

O4

O4

c5

m
O5

5

P5(t)

m
O5

5

P5(t)

z5

z4m4

b

33l

32l

g

a3

m3 O3

m

c32

c33

g4

3

O5
B

l3

l41

3

2 5

z41
33b

32b

w z0m0
Pд

b41

C2

l 42

c42
42b

3Sl

c31
31b

l31

Q

z5

P5(t)

F

O4

c41

z5

c5

m42

m41

z4

c5

m4

R

z4

k

m3 O3
m3 O3

m3 O3

F

F

c5
m

O5

5

P5(t)

m42

Q

Q

Q

c42
42b

l 42

c42
42b

l 42

c42

42b

l 42

m41

O4

O4

O4

c5

m
O5

5

P5(t)

m
O5

5

P5(t)

z5

z4m4

c

33l

32l

g

a3

m3 O3

m

c32

c33

g4

3

O5
B

l3

l41

3

2 5

z41
33b

32b

w z0m0
Pд

b41

C2

l 42

c42
42b

3Sl

c31
31b

l31

Q

z5

P5(t)

F

O4

c41

z5

c5

m42

m41

z4

c5

m4

R

z4

k

m3 O3
m3 O3

m3 O3

F

F

c5
m

O5

5

P5(t)

m42

Q

Q

Q

c42
42b

l 42

c42
42b

l 42

c42

42b

l 42

m41

O4

O4

O4

c5

m
O5

5

P5(t)

m
O5

5

P5(t)

z5

z4m4

d



Eastern-European Journal of Enterprise Technologies ISSN-L 1729-3774; E-ISSN 1729-4061	 2/7 ( 134 ) 2025

80

5. 2. Stages in the process of pulling a sheet pile out 
of the ground

There are two techniques of pulling. The more effective 
one is the technique in which, first, when the ropes of the 
cargo hoist are pulled, the vibratory pile driver is turned 
on (Fig. 2, a). When the sheet pile, vibrating, is immersed in 
the ground by 2...4 cm, its lifting begins. In this way, the pile is 
separated from the ground under the action of the pile’s natu-
ral weight and the vibratory pile driver. Therefore, it is enough 
to apply a force equal to twice the weight of the vibratory pile 
driver with the pile so that the latter starts moving upwards; in 
this case, the lifting speed should be approximately the same 
as during immersion. If it exceeds the immersion speed, then 
more effort will be required for pulling. The maximum pull-
ing speed of a metal sheet pile is 4...5 m/min. As the pulling 
speed increases, the force applied to the vibratory pile driver 
suspension also increases, potentially damaging the vibratory 
pile driver or pile.

Given that the process of sinking the pile and its separa-
tion from the soil is carried out without the use of a lifting 
device, it is not considered within the scope of this work.

The process of pulling a sheet pile out of the soil is di-
vided into four stages. Let us consider each of them.

At the first stage, after the sheet pile is separated 
from the soil, the combined movement of masses m0 and 
m41begins: the reduced mass of the rotating parts of the 
lifting mechanism drive m0, and the mass of the hook 
suspension m41, which will be accompanied by a decrease 
in the gap Δk.

At this stage, there will be three masses m0, m3 and m41 
in motion (and it is described by a system of two inhomo-
geneous second-order differential equations, which takes 
the following form:

( )
( )

0 0 4 0 3 4 3 41

41 41 4 0 3 4 3 41 4

sin ;
sin .

dqm z c z l z P
m z c z l z G

 + − γ ϕ − =


− − γ ϕ − = −





 		  (1)

From the system of equations (1), expressions can be 
extracted for determining the force in the cargo ropes Pk41 
and the driving force of the lifting mechanism Рdq, which is 
determined from the Kloss equations.

( )
( ) ( )

41 4 0 3 4 3 41
2

0 0 0 0

sin ;

.
k

dq q q

P c z l z

P K v z B v z

 = − γ ϕ −
  = − + −   

 

 		  (2)

After the transformation, the system of equations (1) tak-
ing into account expressions (2) took on the following form:

( )
( )

0 41 0

4 41 41 41

;

.
dq k

k

z P P m

z P G m

 = −


= −





 				    (3)

The first stage of movement ends with the selection of 
the gap Δk.

At the second stage (Fig. 2, b) without turning on the vi-
brator, the joint movement of masses m0, m3 and m4 begins, 
during which the load increases in all elastic ties – the ropes 
of the boom support system Pk32, the lifting ropes Pk42 and the 
spring system of the vibratory pile driver P52 (Fig. 2, b).

The equation of mass movement is described by a system 
of three inhomogeneous differential equations of the second 
order, which take the following form:

( )

( )
( )

0 0 4 0 3 4 3 4
2 2

3 3 3 3 3 3

4 3 4 0 3 4 3 4

4 4 4 0 3 4 3 4 4

sin ;
sin

sin sin 0;
sin .

dqm z c z l z P
J c l

c l z l z
m z c z l z G

 + − γ ϕ − =


ϕ + γ ϕ −

− γ − γ ϕ − =
 − − γ ϕ − = −







 		  (4)

The expressions for determining the forces in elastic ties 
and the moments acting on the boom are as follows:

( )

( )
( ) ( )

42 4 0 3 4 3 4
2 2

32 3 3 3 3

42 4 3 4 0 3 4 3 4
2

0 0 0 0

sin ;
sin ;
sin sin ;

.

k

dq q q

P c z l z
M c l
M c l z l z

P K v z B v z

 = − γ ϕ −


= γ ϕ
 = γ − γ ϕ −


  = − + −   
 

 		  (5)

After the transformation, the system of equations (4) 
taking into account the notations of expressions (5) took the 
following form:

( )
( )
( )

0 42 0

3 42 32 3

4 42 4 42

;

;
.

dq k

k

z P P m

M M J
z P G m

 = −
ϕ = −
 = −







 				    (6)

The second stage of movement ends with the achievement 
of tensioning the load ropes to a force equal to the sum of 
the weight of the hook suspension with the load plate and 
the double weight of the sheet pile with the vibrator, i.e., 

( )42 4 52 .kP m m g= +
At the third stage (Fig. 2, c) due to the separation of the sheet 

pile from the soil, its extraction with a vibration effect begins. In 
this case, all four masses, m0, m3, m4 and m5, will be in motion.

It should be noted that the force of pulling the pile should 
not exceed 120 kN since with such a load, the coils of the 
vibratory pile driver springs will close, which will lead to an 
increase in the extraction force, as well as to the transfer of 
the vibration effect to the crane structure.

The equation of motion of the third stage is described by 
a system of four inhomogeneous differential equations of the 
second order, which takes the following form:

( )

( )
( ) ( )
( )

0 0 4 0 4 3 4 3
2 2

3 3 3 3 3 3

4 3 4 0 4 3 4 3

4 4 4 0 4 3 4 3 5 5 4

5 5 5 5 4 0

sin ;
sin

sin sin . 0.
sin 0;

sin .
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J c l
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m z c z z P t Q

 + − − γ ϕ =


ϕ + γ ϕ −
− γ − − γ ϕ =
 − − − γ ϕ − − =
 + − = ω −









 	 (7)

The expressions for determining the forces in elastic ties 
and the moments acting on the boom are as follows:

( )
( )

( )
( ) ( )

43 4 0 4 3 4 3

53 5 5 4
2 2

33 3 3 3 3

43 4 3 4 0 4 3 4 3
2

0 0 0 0

sin ;
;

sin ;
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.

k
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 = − − γ ϕ


= −
 = γ ϕ
 = γ − − γ ϕ


  = − + −  
 

 		  (8)

After the transformation, the system of equations (7), 
taking into account the notations of expressions (8), took on 
the following form:
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( )
( )
( )

( )( )

0 43 0

3 43 32 3

4 43 53 4

5 53 5

;

;
;

.

dq k

k

z P P m

M M J
z P P m

z P t P Q m

 = −

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

= +
 = − −









 			   (9)

The third stage of pile movement ends with its extraction 
under the action of vibration by 2/3 of the immersed length 
with the transition to the fourth stage.

The fourth stage (Fig. 2, d) is the final one and is char-
acterized by the final extraction of the remaining part of the 
sheet pile from the soil in the absence of vibration influence 
(with the vibrator turned off). In this case, four masses of the 
crane subsystem m0, m3, m4 and m5 will be in motion.

A distinctive feature of the differential equation systems 
describing the process of sheet pile extraction at this stage 
is the absence of the expression of the forced vibrator force 
P(t)=P0sinωt=0 in the right-hand side of the third equation.

Taking this into account, the system of equations takes 
the following form:

( )
( )

( ) ( )
( )

0 0 4 0 3 4 3 4

3 3 4 3 4 0 3 4 3 4
2 2

3 3 3 3

4 4 4 0 3 4 3 4 5 5 4

5 5 5 5 4

sin ;
sin sin

sin 0.
sin 0;

.

dqm z c z l z P
J c l z l z

c l
m z c z l z c z z
m z c z z Q

 + − γ ϕ − =


ϕ − γ − γ ϕ − +
+ γ ϕ =
 − − γ ϕ − − − =
 + − = −









	 (10)

From the system of differential equations (10), expressions 
can be extracted that make it possible to determine the forces in 
elastic ties and the moments acting on the boom from the ropes 
of the lifting and boom-supporting systems,

( )
( )

( )
( ) ( )

44 4 0 3 4 3 4

54 5 5 4
2 2

34 3 3 3 3

44 4 3 4 0 3 4 3 4
2

0 0 0 0

sin ;
;

sin ;
sin sin ;

.

k

k

dq q q

P c z l z
P c z z
M c l
M c l z l z

P K v z B v z


= − γ ϕ −

 = − = γ ϕ
 = γ − γ ϕ −
  = − + −   

 

	 (11)

After transforming the system of differential equa-
tions (10) taking into account the accepted notations of 
expressions in (11), a new system of differential equations is 
obtained with the right-hand side in the form:

( )
( )
( )
( )

0 44 0

3 44 34 3

4 44 54 4

5 54 5

;

;
;

.

dq k

k

z P P m

M M J
z P P m
z P Q m

 = −

ϕ = −


= +
 = − −









 		  (12)

The fourth stage of movement ends with the final pulling 
of the pile without vibration.

The modeling was carried out under the assumption 
of elastic work of the ropes and linear behavior of the soil, 
which may slightly underestimate the influence of complex 
nonlinearities characteristic of the real soil environment. The 
study was also performed for specific values of mass param-
eters and stiffnesses.

A numerical solution to the equations of mass movement 
during pulling a sheet pile from the soil in 4 stages was 
obtained for a jib crane equipped with a vibratory pile driv-

er, under the following parameters: m0=CM0=954,236 kg; 
CM3=1,154 kg; CM41=370 kg; CM42=1,500 kg; CM5=1,588 kg; 
C3=2.419·106 N/m; C4=1.464 106 N/m; C5=2,090,707.2 N/m; 
CL3=14.4 m; γ3=0.4524 rad; γ4=0.1071 rad; SM5=7 kg∙m; 
OM5=157 1/s=25 Hz.

Within these parameters, the model demonstrates ade-
quacy. However, the expansion of research involves taking 
into account a wider range of input data and including exper-
imental verification of the model.

5. 3. The value of forces in the elastic ties and the dy-
namic coefficients of the lifting system when pulling a 
sheet pile out of the soil

5. 3. 1. Pulling a sheet pile out of the soil under the 
action of vibration with a friction force of 138 kN

Fig. 3–7 show plots of the full cycle of the dependence of 
forces in the elastic ties on the time of pulling the sheet pile. 
On the left, the plots indicate PK4 – forces in the ropes of the 
lifting system, PK3 – forces in the ropes of the boom support 
system, P5 – forces when compressing the lower springs of 
the vibratory pile driver. On the right, the ordinate axes of 
the plots indicate Pd – forces of the lifting mechanism drive.

Fig. 3 shows the value of forces in the elastic ties when 
pulling a sheet pile out of the soil with a jib crane for t=100 s 
under the action of vibration and a friction force equal to 
138 kN on its lateral surface.

The electric motor transits from artificial characteristics 
to natural ones in 0.38 s, Fig. 3. From 0 to 1.8 s, the total gap 
in the drive of the lifting mechanism and the loading ropes 
are selected. From 1.8 s to 2.9 s, there is a period of increasing 
load in the elastic ties of the lifting ropes. The force in the 
ropes of the lifting system (PK4) reaches a maximum value 

Fig. 3. The value of forces in the elastic ties when pulling a 
sheet pile out of the soil during four stages under the action of 
vibration and a friction force equal to 138 kN: a – from zero to 

100 seconds; b – a fragment from zero to four seconds
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of 50 kN in 2.18 s. From 2.9 s to 55.8 s, the third stage of sheet 
pile extraction occurs with a maximum PK4 force of 39 kN. 
From 55.8 s to 57 s, there is a period of transition from the 
action of vibration to the beginning of sheet pile extraction 
without the action of vibration. Next, the final pulling of the 
sheet pile from the soil occurs without the action of vibration, 
at 56 s PK4 is 35 kN and decreases to 25 kN at 82 s, and then 
does not change for up to 100 s.

5. 3. 2. Pulling a sheet pile out of the ground without 
vibration and with a friction force of 138 kN

Fig. 4 shows the values of forces in the elastic ties when 
pulling a sheet pile out of the ground with a jib crane for 
t=100 s without vibration and with a friction force of 138 kN.

The electric motor transits from artificial characteristics 
to natural ones occurs in 0.38 s, Fig. 4. From 0 to 1.8 s, the 
total gap in the drive of the lifting mechanism and the load-

ing ropes are selected; from 1.8 s to 4 s, there is a period of 
increasing load in the elastic ties of the lifting ropes. At 3.2 s, 
the forces PK4=P5 reached a maximum value of 161.5 kN 
at 3.4 s, and from this time and throughout the entire period 
of pile pulling, oscillations with beating occur in the ropes of 
the lifting and boom-supporting systems, the force decreases 
to 37.7 kN at 84 s. Then the final pulling of the sheet pile from 
the soil occurs with a force in the ropes of the lifting system 
equal to 37.7 kN.

5. 3. 3. Pulling a sheet pile out of the soil under the 
action of vibration without taking into account the 
friction force

Fig. 5 shows the values of forces in the elastic ties when 
pulling a sheet pile out of the soil with a jib crane for t=100 s 
without the action of vibration and the friction force on the 
lateral surface of the sheet pile equal to 0.

Fig. 4. The value of forces in the elastic ties when pulling a sheet pile out of the soil during four stages without the action of 
vibration and a friction force equal to 138 kN: a – from zero to 100 seconds; b – a fragment from zero to six seconds; 	

c – РК3 on an enlarged scale; d – РК4 and Р5 on an enlarged scale
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Fig. 5. The value of forces in the elastic ties when pulling a sheet pile out of the soil during four stages without the action of 
vibration and the friction force equal to 0: a – from zero to 100 seconds; b – a fragment from zero to six seconds
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The electric motor transits from artificial characteristics 
to natural ones in 0.38 s, Fig. 5. From 0 to 1.8 s, the total gap 
in the drive of the lifting mechanism and the loading ropes is 
selected. At 2 s, the force in the loading ropes (PK4) increases 
and reaches a maximum value of 40.5 kN; it does not change 
until the final extraction of the sheet pile from the soil.

5. 3. 4. Extraction of a sheet pile from the soil under 
the action of vibration with a friction force of 100 kN

Fig. 6 shows the value of forces in the elastic ties when 
extracting a sheet pile from the soil by a jib crane for t=100 s 
under the action of vibration and the friction force on the lateral 
surface of the sheet pile equal to 100 kN.

The electric motor transits from artificial characteristics to 
natural ones in 0.38 s, Fig. 6. From 0 to 1.8 s, the total gap in the 
drive of the lifting mechanism and the loading ropes are selected. 
From 1.8 s to 2.4 s, there is a period of increasing load in the lifting 
ropes, the force in the ropes of the lifting system (PK4) reaches a 
maximum value of 49 kN at 2.4 s and decreases to 38 kN at 55.8 s. 
From 2.4 s to 55.8 s, the third stage of sheet pile extraction occurs. 
From 55.8 s to 57 s, there is a period of transition from the action 
of vibration to the beginning of sheet pile extraction without the 
action of vibration. Then the final extraction of the sheet pile from 
the soil without the action of vibration occurs. At 56.2 s, PK4 
reaches a maximum value of 67 kN, followed by a decrease to 
37 kN at 83 s, and then does not change until 100 s.

5. 3. 5. Pulling a sheet pile out of the ground without 
vibration and with a friction force of 100 kN

Fig. 7 shows the values of forces in the elastic ties when 
pulling a sheet pile out of the ground with a jib crane for 100 s 
without vibration and with a friction force on the side surface of 
the sheet pile equal to 100 kN.

The electric motor transits from artificial characteristics 
to natural ones in 0.38 s, Fig. 7. From 0 to 1.8 s, the total gap 
in the drive of the lifting mechanism and the loading of the 
load ropes is selected. From 1.8 s to 3 s, there is a period of 

Fig. 6. The value of forces in the elastic ties when pulling a 
sheet pile out of the soil during four stages under the action of 
vibration and a friction force equal to 100 kN: a – from zero to 

100 seconds; b  – a fragment from zero to six seconds
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Fig. 7. The value of forces in the elastic ties when pulling a 
sheet pile out of the soil during four stages without the action 

of vibration and a friction force equal to 100 kN: 	
a – from zero to 100 seconds; b – a fragment from zero to 

six seconds; c – РК3 on an enlarged scale; d – РК4 and Р5 on 
an enlarged scale
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increasing the load in the load-lifting ropes. The force in the 
ropes of the load-lifting system (PK4) reaches a maximum 
value of 126.5 kN at 3 s and decreases to 38 kN at 83 s. From 
3 s and throughout the entire period of pile pulling, oscilla-
tions with beating occur in the ropes of the boom-supporting 
system. From 3 s to 83 s, the third stage of sheet pile pulling 
occurs, then the final pulling of the pile from the soil occurs 
at a force in the ropes of the load-lifting system of 38 kN and 
does not change up to 100 s.

5. 3. 6. Values of dynamic coefficients of the lifting 
system for various conditions of external influence on 
the mechanical system

The principal results of our calculations of the values of 
dynamic coefficients of the lifting system are summarized 
in Table 1.

Analysis of our results of calculating the dynamic coef-
ficients given in Table 1 reveals that they differ significantly 
depending on the conditions of pulling out the sheet pile. 
Thus, when pulling out the sheet pile under the action of 
vibration and the calculated friction force equal to 138 kN, 
the value of the dynamic coefficient is 1.47. Therefore, it is 
advisable to use means to reduce dynamic loads.

6. Discussion of results based on modeling the process 
of pulling a sheet pile out of the soil

The calculation schemes built (Fig. 2) allowed us to deter-
mine the sequence of stages in the pile pulling process, the 

number of masses involved in the movement and the number 
of active and passive actions of external influences at each 
stage. Based on them, systems of second-order inhomoge-
neous differential equations were compiled, describing the 
4-stage process of pulling a pile out of the soil.

The results of our numerical modeling of the process of 
pulling a sheet pile out of the soil were obtained according 
to the four stages considered within the framework of the 
tasks set in chapter 3. All stages were studied on the basis of 
a mathematical model implemented in the form of a system 
of second-order differential equations (Lagrange equations), 
which takes into account the dynamic features of the me-
chanical subsystem of the jib crane at each stage.

Fig. 3–7 show changes in the forces in the ropes of the 
boom-supporting and load-lifting systems during the full 
cycle of pile pulling. Analysis of these plots allows us to es-

tablish the following.
At the third stage, the domi-

nant role in the system loading is 
played by the friction force of the 
pile against the soil, which causes 
peak values of the forces in the 
ropes. These forces are due to the 
simultaneous influence of the pile’s 
natural weight, the vibratory pile 
driver, and the drive force.

At the fourth stage, a gradual 
decrease in the contact interaction 
of the pile with the soil is observed. 
This is confirmed by the decrease 
in forces in the elastic ties, which is 
reflected in Fig. 4–6.

Table 1 gives dynamic coeffi-
cients in the ropes for various com-
binations of mass and stiffness pa-
rameters. The values demonstrate 
a decrease in dynamic overloads in 
the system with a decrease in the 
soil friction force on the lateral sur-
face of the pile, which confirms the 
correctness of the selected model.

Our work takes into account 
the dynamic interaction between 
the vibratory pile driver, hook sus-
pension, rope system, and crane 
boom system. This makes it pos-
sible to model not only quasi-sta-
tionary loads, but also oscillatory 
processes caused by the influence 
of vibration loading on the pile.

In particular, the original statement of the problem with 
four stages of pulling out is that it allowed us to study the 
change in the behavior of the system depending on the depth 
of pile immersion. A variable mass structure is also intro-
duced, where at the fourth stage the mass of the loading is 
taken into account as part of the pile system. The proposed 
model allows us to fully describe the entire cycle of pile move-
ment taking into account the forces in the elastic ties of the 
“crane-vibratory pile driver-pile-soil” system.

The current study has the following limitations.
The modeling was carried out under the assumption 

of elastic work of the ropes and linear behavior of the soil, 
which may slightly underestimate the influence of complex 
nonlinearities characteristic of the real soil environment. 

Table 1

Dynamic load in elastic ties during sheet pile pulling with vibration and friction force 138 kN

Elements of the crane subsystem Parameter
Stages of pulling out a sheet pile
Stage 2 Stage 3 Stage 4

The value of forces in elastic ties under the action of vibration and friction force equal to 138 kN
Block and tackle suspension of cargo ropes PK4, kN 50 39 35

Boom support system ropes PK3, kN 15 15 15
Vibratory pile driver elastic ties P5, kN 49 30 35

Dynamic coefficient (maximum) Cd 1.47 1.15 1.03
The value of forces in elastic ties without vibration and friction force is equal to 138 kN

Block and tackle suspension of cargo ropes PK4, kN 161.5 37.5 37.5
Boom support system ropes PK3, kN 30 47 14

Vibratory pile driver elastic ties P5, kN 161.5 37.5 37.5
Dynamic coefficient (maximum) Cd 4.76 1.1 1.1
The value of forces in elastic ties without the action of vibration and friction force is 0

Block and tackle suspension of cargo ropes PK4, kN 40.5 40.5 40.5
Boom support system ropes PK3, kN 40 40 40

Vibratory pile driver elastic ties P5, kN 15 15 15
Dynamic coefficient (maximum) Cd 1.2 1.2 1.2

The value of forces in elastic ties under the action of vibration and friction force is equal to 100 kN
Block and tackle suspension of cargo ropes PK4, kN 49 67 37

Boom support system ropes PK3, kN 15 18.5 10
Vibratory pile driver elastic ties P5, kN 34 36 52

Dynamic coefficient (maximum) Cd 1.44 1.98 1.1
The value of forces in elastic ties without vibration and friction force is equal to 100 kN

Block and tackle suspension of cargo ropes PK4, kN 80 126.5 38
Boom support system ropes PK3, kN 27 33 22

Vibratory pile driver elastic ties P5, kN 70 110 12
Dynamic coefficient (maximum) Cd 2.36 3.73 1.12
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The study was also performed for specific values of mass pa-
rameters and stiffnesses: within these parameters, the model 
demonstrates adequacy. At the same time, further research 
involves taking into account a wider range of input data and 
including experimental verification of the model.

In the future, to increase the adequacy of the model, it is 
planned to implement the following improvements:

– to increase the number of masses of the system;
– to take into account the action of dissipative forces;
– to apply the nonlinear law of change of the soil friction 

force on the lateral surface of the sheet pile depending on the 
length of the pile immersion during its extraction;

– to consider the operation of the vibratory pile driver 
under transient modes;

– to determine the load on the ropes of the load-lifting 
system when the lower springs of the vibratory pile driver 
are compressed in the case of reaching the maximum load 
on the ropes, when all three masses are combined – the hook 
suspension, the load with the electric motor, and the vibrator 
with the sheet pile, which is accompanied by the maximum 
vibration effect on the crane structure;

– to design means to reduce the vibration effect and dy-
namic loads.

7. Conclusions

1. Original calculation schemes have been proposed for 
each of the four stages of extracting a metal sheet pile from 
the soil by a self-propelled jib crane, which take into account 
the variability of external influences, sequential switching of 
the operating modes of the vibration device, and the presence 
of gaps in the drives. The schemes reflect the specificity of 
interaction among the elements of the “pile – soil – crane” 
system and allow for an adequate assessment of the dynamic 
loads on the crane structural elements.

2. Four consecutive stages in the process of extracting 
a sheet pile from the soil after preliminary immersion of 
the pile by 2–4 cm have been defined: selection of the total 
gap in the drive of the lifting mechanism and the introduc-
tion of cargo ropes; tensioning of lifting ropes to double 
load (weight of pile with vibrator; pulling out the pile under 
vibration by 2/3 of its length; final pulling out of the pile 
without vibration. Identifying these stages allowed us to 

detail the dynamic pattern of loads on the elastic ties of the 
jib crane, which formed the basis of the mathematical model 
of the process.

3. Numerical modeling allowed us to determine the forces 
in the lifting ropes of a jib self-propelled crane and the corre-
sponding dynamic coefficients for different modes of pulling 
a sheet pile out of the ground. The maximum value of the dy-
namic coefficient is 4.76 when moving from the second to the 
third vibration-free pulling stage, which indicates significant 
overloads of the system. Under vibration conditions, the co-
efficient value decreases to 1.47, which significantly reduces 
the dynamic impact on the crane elements. The presence of 
vibrations with beating was established, which indicates the 
presence of adding different frequencies, which can cause 
alternating stresses in the welded joints of the metal struc-
ture of the jib, which in turn can cause fatigue failure. This 
emphasizes the feasibility of using the vibration method pro-
vided that measures are taken to reduce the vibration impact 
and increase the reliability of the crane structure.
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