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The object of the study is the method of 
hierarchy analysis, as it is more widely used 
for solving multicriteria decision-making 
problems (DM). The subject is the Saaty pref-
erence level scale and methods for establish-
ing normalized weight coefficients (NWC). 
The problem is to increase the accuracy of 
multicriteria decisions, where the linear 
defuzzification of linguistic preference indi-
cators (PI), used to form pairwise comparison 
matrices (PCM), does not correspond to the 
peculiarities of human thinking. The essence 
of the results is that for basic IPs (IP9, IP7, IP5, 
IP3, IP1) NWCs are established by the math-
ematical method of prioritization (MPM), 
adapted for the needs of research, for inter-
mediate IPs (IP8, IP6, IP4, IP2) – by multiplica-
tive aggregation of NWCs of neighboring PIs. 
The peculiarity is that it is established that 
the application of the results of the II itera-
tion of MoP with XII, which are nonlinear, 
form a step scale, and provide the proper 
accuracy of priority measurements, is accept-
able. The quantitative indicator of sensitivity 
to the measurement of linguistic preferences 
increased by 4.5 times compared to the linear 
scale. However, the average quantitative indi-
cator of the establishment of false IP in the 
nonlinear scale turned out to be 1.84 times 
higher than in the linear one. which places 
additional requirements on the competence 
of experts, as well as the need to control their 
attentiveness during the PCM formation.

The relative quantitative indicator corre-
sponding to the increase in the NWC of the 
Saaty scale terms, formed using the modifier 
"very" by performing the fuzzy operation "con-
centration", has increased almost twice, "dou-
ble concentration" – by a third. Which is more 
consistent with the quantitative-qualitative 
logic of the relationship between the speci-
fied terms. The practical use of the obtained 
results will help prevent the negative phe-
nomenon of rank reversal in multi-criteria 
DM problems
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1. Introduction

All practical tasks of planning and decision-making (DM), 
conducting various examinations, etc. in many areas of research 
are characterized by varying degrees of complexity, hierarchy, 
dynamism and uncertainty of the problem situations (PS) to 
be solved. This makes research on improving the methodology 
of system analysis, DM and expert technologies used to solve 
such problems extremely important. The result is not only ob­

taining the desired result, but also improving the corresponding 
means of artificial intelligence (AI)/neural networks that are 
permanently "trained" to use real experience in solving complex 
DM problems (MCDMP). This involves both the development 
of a new methodology and new areas of application of known 
methods, technologies and procedures [1–3].

Multi-criteria DM (MCDMP) methods provide a structured 
approach to solving complex problems, which allows taking into 
account the influence of various factors (objective/subjective,  
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external/internal, stochastic/non-stochastic risks) and finding 
optimal compromises [4]. The use of modern computer tech­
nologies significantly increases the efficiency of multi-criteria 
optimization, allowing to analyze large amounts of data and 
find optimal solutions in real time [5].

Today, Saaty’s Analytic Hierarchy Process (AHP) is a more 
effective tool for solving MCDM [6]. It allows to structure 
complex problems, evaluate various criteria, indicators and 
alternatives in detail, which provides a more rational choice in 
many areas of activity: economics, management, engineering, 
etc. [7]. Therefore, any contribution to the development of 
the AHP methodology, given its popularity, will have multiple 
reflections in the practice of solving MCDMP.

2. Literature review and problem statement

The solution and optimization of MCDMP is provided by 
a wide range of methods and technologies, most of which are 
implemented in a special software environment [6]. Among 
them, the method of analysis of hierarchies [7] has been un­
usually popular for several decades, which is an effective tool 
for solving MCDMP in forensics, business, public adminis­
tration, management, medicine, education, etc., based on the 
number of relevant publications.

The paper [8] summarizes the generally positive results of 
the integrated application of AHP and the analytical network 
method (ANM) over a twenty-year period. The difficulties of 
solving MCDMP in large and dynamic systems, integrating new 
technologies into the DM process, and taking into account the 
relationships between criteria are highlighted. The unsolved 
problem also includes the lack of uniform standards in the 
selection and adaptation of AHP/ANM methods, which makes 
it impossible to compare research results and hinders the de­
velopment of their practical application. The reasons for this 
are the lack of interdisciplinary coordination, the complexity 
of integration with other methods, and the lack of a platform 
for sharing experience. The highlighted problems require co­
ordination, standardization, and the development of adaptive 
models that combine the advantages of different approaches.

In [9], AHP was used to determine the optimal design 
solution in landscape design. This allowed taking into account 
various criteria and expert assessments and increased the va­
lidity of the choice of design solutions. However, the issues of 
adapting the method to different types of landscaping objects 
and scaling large projects remained unresolved. The reason for 
this may be both objective difficulties associated with the va­
riety of criteria and the complexity of expert assessments, and 
the cost of organizing large-scale research. These difficulties 
were overcome by developing automated tools for collecting 
and processing expert data. However, the issues of universality 
and reproducibility of results remain open. Therefore, it is 
advisable to conduct further research to improve and scale the 
application of AHP in the field of organizing landscape design.

In [10], the results of research on the AHP application in the 
DM process in production systems are presented. It is shown that 
the AHP use allows to structure complex tasks, take into account 
multi-criteria and increase the efficiency of management deci­
sions. But the issues related to the AHP integration into complex 
information systems of enterprises and the adaptation of the 
method to the specifics of various industries remain unresolved. 
This may be a consequence of both objective difficulties associat­
ed with the diversity of production tasks and the cost of imple­
menting new approaches in practice. Their elimination should be 

carried out by developing flexible software solutions, especially in 
terms of scaling and adaptation to integrated PR support systems.

In [11], the results of research on determining the pri­
ority of land consolidation works are presented. The use of 
AHP allowed taking into account various criteria and expert 
assessments for a well-founded determination of the order of 
work. However, issues related to taking into account dynamic 
changes in land relations and adapting the model to different 
regional conditions remained unresolved. This is explained 
by objective difficulties: changes in legislation, the specifics of 
land resources, the costs of collecting current data. The intro­
duction of flexible information systems for online monitoring 
and analysis of land resources is proposed.

The works [12, 13] are devoted to the application and de­
velopment of AHP in the field of knowledge management of 
high-tech and investment enterprises. Taking into account the 
multifactorial nature and complexity of modern management 
tasks contributed to the validity of their solutions. However, 
the issues of integrating AHP into complex information 
systems, adapting the method to the specifics of various en­
terprises and projects, as well as automating the DM process 
remained unresolved. The need to develop universal or in­
dustry-specific information systems that combine AHP with 
other modern methods of DM support is indicated.

In [14], AHP is used in business decisions, but the influ­
ence of subjectivity of expert assessments is pointed out. It is 
proposed to use AHP in combination with other methods or to 
automate the process of collecting and processing expert data.

In [15], a step-by-step application of AHP is implemented, 
which contributes to increasing the transparency and repro­
ducibility of results. However, the issues of automating the 
DM process and reducing the influence of the human factor 
remain unresolved. The author sees the elimination of these 
shortcomings through the use of information systems to auto­
mate data collection and analysis.

In [16], the features of the evolution and revolution of 
AHP are studied. It is shown that AHP is constantly devel­
oping, integrating new approaches and technologies, which 
allows expanding the scope of its application. However, issues 
related to the use of large amounts of information, the study 
of dynamic systems, and the use of multidimensional criteria 
remain unresolved. To eliminate the listed shortcomings, the 
integration of AHP with modern information technologies 
and artificial intelligence methods is proposed.

The AHP is based on the Likert scale, which is a point-
based (rating, rank) scale. However, this scale is usually inter­
preted as interval, which provides such processing of measure­
ment results that are impossible in the rank scale [17]. Therefore, 
despite the positive results of the AHP application, they are not 
optimal. After all, the linear LPIk  assessment scale is not always 
able to adequately reflect the real attitude of experts to the phe­
nomena under study, especially in conditions of uncertainty, in 
particular non-stochastic nature, or strong cognitive distortions.

In [18], a study is presented that is devoted to the selec­
tion of sustainable suppliers using an approach that allows 
taking into account the multi-criteria and complexity of the 
evaluation process. The issues related to the integration of this 
method with other modern decision support tools in different 
industries remain unresolved. The reason for this may be the 
difficulties associated with the diversity of criteria.

Summarizing the analysis [7–19], the generally recog­
nized advantages of АНР are formulated (without ranking):

– a systematic and structured approach to the analysis of 
complex problem situations (PS), which contributes to their 
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decomposition into simpler components, which, in turn, 
greatly facilitates the analysis of PS and DM;

– the possibility of simultaneously applying formally in­
compatible numerical and linguistic criteria and indicators of 
solution (PS);

– the possibility of determining and controlling the consis­
tency of the opinions of experts involved in solving PS;

– high versatility, and therefore adaptability for use in the 
widest range of research;

– the applicability for cases when important elements of 
the solution are difficult to quantify or compare, or when the 
effectiveness of communication of expert group members is 
affected by their specialization, experience, terminology or 
perspectives, etc.

From the analysis of sources [7–19], the following short­
comings of the studied АНР (without ranking) emerge:

– the need to obtain a significant amount of information 
from experts;

– the impossibility of using it in the case of group choice 
and identified conflicting systems of preferences (SB);

– the absence of a mechanism for prioritizing the opinions 
of more experienced experts;

– the phenomenon of rank reversal: adding/removing ele­
ments in the hierarchy leads to a radical change in the ranks 
of all elements;

– the maximum priority value is 9, which negatively af­
fects the effectiveness of comparing alternatives;

– the applied linearization of LP estimates does not cor­
respond to an adequate perception of their linguistic charac­
teristics, etc.

It should be noted that the ANM under study was devel­
oped, first of all, by Saaty himself, who translated the study of 
hierarchies into a more advanced Analytic Network Process, 
ANM [7], which made it possible to solve more complex, in 
relation to ANM, MCDMP. And if ANM decomposes PS in the 
form of a hierarchy with a clearly defined goal, criteria and 
alternatives, then ANM structures the same PS as a network. 
In this case, mutual two-way dependence and connections 
between different components of the structure are assumed 
not only vertically, but also horizontally.

Common to both АНР and ANM is the use of the method 
of pairwise comparisons to form decision matrices, the solu­
tion of which determines local and global priority vectors. 
This is done in order to further rank alternatives, and there­
fore DM with respect to the best of them.

However, ANM does not eliminate the last two disadvan­
tages of using АНР from those listed above.

None of the sources considered question the validity of 
using quantitative linear defuzzification of linguistic IPs.

Therefore, it is advisable to conduct a study devoted to 
improving АНР by introducing nonlinear defuzzification of 
linguistic IPs, which will allow more adequately taking into 
account the peculiarities of expert thinking and increasing the 
efficiency of MCDMP processing. Such an approach will help 
identify errors in the formation of PCM and ensure greater 
validity in MCDMP processing.

3. The aim and objectives of the study

The aim of the study is to optimize the process of solving 
multi-criteria PR problems by developing and implementing 
a method of nonlinear defuzzification of linguistic IPs in the 
Saaty АНР. This will make it possible to optimize the resulting 

solutions at the stage of constructing the pairwise compari­
son matrix.

To achieve the formulated aim, the following objectives 
should be solved:

– adapt MoP for research needs;
– establish nonlinear NWCs of basic (IP9, IP7, IP5, IP3, IP1) 

and "intermediate (compromise)" (IP8, IP6, IP4, IP2) linguistic IPs;
– justify the MoP iteration with acceptable results.

4. Materials and methods

The object of the study is the method of analysis of 
hierarchies, as it is more applicable to solving multi-crite­
ria decision-making problems. The subject of the study is 
the scale of preference levels and methods for establishing 
weighting coefficients.

Research hypothesis: since linear thinking is not inherent 
in humans, it is the nonlinear defuzzification of linguistic IPs 
in the Saaty АНР that will contribute to increasing the accu­
racy and validity of DM. Defuzzification should be carried out 
by providing the specified indicators with nonlinear NWCs.

The АНР application consists in determining the ei­
genvector PCM of the studied alternatives A aij ij� � � , 
which is interpreted as a vector of priorities. The method 
is used to solve the problems of optimal choice from a set  
of alternatives.

If to denote by LPIPk  the quantitative estimates of the levels 
of advantages (LP) defined in column 3 of Table 1 [7], then 
the elements aij of the matrix A are established using the ratio 
scale as follows
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The ‖aij‖ matrix is square and inversely symmetric, which 
determines the specifics of working with it.

Table 1

Saaty linguistic indicators for assessing the levels of 
preference of compared alternatives

IPk Linguistic indicators of superiority LPIPk
IP9 Of utmost importance LPIP9

9=

IP8 Very, very strong LPIP8
8=

IP7 Very strong or demonstrated importance LPIP7
7=

IP6 Strong plus LPIP6
6=

IP5 Strong importance LPIP5
5=

IP4 Moderate plus LPIP4
4=

IP3 Moderate importance LPIP3
3=

IP2 Weak LPIP2
2=

IP1 Equal importance LPIP1
1=

Note:
1)  IPk – the mark of the k-th linguistic indicator of preference;
2)  LPIPk  – LP quantitative assessment mark of the indicator Ik;
3)  LPIPk � �1 1 1 9. .  – the alternatives being compared are very close 
to no advantage. Adding commas allows to show the difference;
4)  LP LP LP LPIP IP IP IP8 6 4 2

, , ,  – determine intermediate estimates (com-
promise solutions) between neighboring statements.
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The indicators of preference (IP) IPk, given in Table 1, 
form a term set (set of terms, scale) of the linguistic vari­
able (LV) "LP"

T LP R R R R
R R R R R

S
I IP IP IP

IP IP IP IP I

� � � � � � �

� � � � �

   

    

9 8 7 6

5 4 3 2 PP1
, 	 (2)

where RIk  – the conditional symbol of the k-th term LV "LP"; 
"+" – the symbol of the logical combination of individual 
terms into the "LP" scale.

The results presented in column 3 of Table 1 indicate that 
the quantitative sensitivity of LP measurements, as the ratio of 
their maximum and minimum LPIPk  levels, is limited and equals

max
max
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The obvious linguistic-quantitative discrepancy of other 
IPs of the IPk scale (2) is also shown in Table 1. For exam­
ple, the linguistic description of the indicator IP7 is formed 
from the previous IP6 using the modifier "very". And this 
corresponds to the application of the fuzzy operation "con­
centration" to the term RIP6. At the same time, to obtain the 
linguistic description of IP8, a double "concentration" ("very, 
very") is required. This has the following formal description

� �

� � �
IP IP

IP IP IP

LP LP

LP LP LP
7 6

8 7 6

2

2 4

� � � � �
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�
�
�

��

,

.
	 (4)

However, the quantitative ratio of LP of the specified 
terms, measured on a linear scale (column 3 of Table 1), 
clearly does not correspond to the human imagination of the 
difference in their linguistic and informational saturation and 
strength in the LP measurement:

LP
LP

IP

IP

7

6

7
6

1 17= = . ;	 (5)

LP
LP

IP

IP

8

7

8
7

1 14= = . ;	 (6)

LP
LP

IP

IP

8

6

8
6

1 33= = . .	 (7)

The use of "normal concentration" in determining the 
linguistic content of IP IP7 and IP8 leads to an increase in 
the initial quantitative assessment of the compared LPs by 
a maximum of 17%, and "double" – by only 33%. Therefore, the 
results (5)–(7) really indicate the qualimetric illegality of using 
in the AHP the linear scale of correspondence of linguistic and 
quantitative indicators of the Saaty scale, i.e. IP LPk IPk⇔ . More­
over, without prejudice to the huge number of positive results 
obtained precisely with the use of linear assessments LPIPk .

Based on the analysis of works [3, 18], it seems possible to 
eliminate the mentioned shortcomings of AHP and ANM by 
providing linguistic IPs IPk with nonlinear normalized weight 
coefficients (NWC)

IPk IP IPk k
� � �� �: ,0 1  �IP

k

K

k

�

�

� �
1

5
1.	 (8)

Expression (8) is focused on establishing NWC first of the 
basic IPs IP9, IP7, IP5, IP3, IP1, and then finding their interme­
diate values for IP8, IP6, IP4, IP2. And if condition (8) is met, 
then expression (1) is transformed into the following
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From Table 1 and expression (2) follows an obvious rank­
ing of the indicators Ik and the corresponding terms LV "LP" 
RIk  from the standpoint of their sensitivity to the assessment 
of the advantages of the compared objects

IP IP IP IP IP IP IP IP IP
R R RIP IP IP

9 8 7 6 5 4 3 2 1

9 8 7

� � � � � � � �
� � � � � �…� �

⇔

⇔ RR R RIP IP IP3 2 1
� � � � . 	 (10)

This opened up prospects for the application of the method 
of prioritization (MoP), known in systems analysis as the 
"leader problem", to find the NWCbk. The method is effective 
for solving practical problems, which, taking into account the 
content of the works [3, 18], are formulated in the context of 
this publication as follows:

1) establishing a more important indicator of the advan­
tages of IPk – a trivial task solved in a specific case by the 
content of Table 1 and expression (10). After all, by defini­
tion (Table 1), such is the indicator I9;

2) ordering IPs taking into account the degree of their 
qualimetric efficiency – a trivial task solved in a specific case 
by the content of Table 1 and expression (10);

3) determining the quantitative indicator – NWC of each 
IP IPk.

From the comparative analysis of MoP and a wide range of 
modern methods for establishing NWC, which was conducted 
by the authors in the works [3, 18], the following advantages 
of MoP emerge:

a) practical applicability, when it is not known in advance 
whether there is transitivity of experts’ opinions. After all, if to 
consider the problem of establishing NWC more broadly than in 
this publication, focusing first on individual SPs (ISPs)/ranking 
experts. Then the transitivity of ISPs does not mean at all the 
unambiguous transitivity of the group SP (GSP) into which 
they are aggregated, which is usually explained by the Con­
dorcet paradox;

b) simplification of the task of determining the size of the 
group of experts involved in establishing the significance of 
the alternatives under study;

c) the possibility of applying several criteria for assessing 
the significance of alternatives;

d) the complex criterion for the significance of the alterna­
tive under study is calculated as a simple sum of the "weighted" 
estimates of its partial indicators.

After receiving the research results, ChatLLM was used 
to formulate the text in the analysis of publications and other 
sections of the article.

MoP should be used for defuzzification, and therefore 
delinearization of IPk indicators. Moreover, at each new iter­
ation, the NWC values are refined. The use of MoP allows to 
take into account indirect priorities.

5. Results of the study of defuzzification of linguistic 
indicators of preference levels

5. 1. Adapting the prioritization method to research 
needs

To apply MoP, one should construct a square matrix of 
incidences C = ||cij|| of linguistic IPs IPk
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a=

a a a a a
a a a a a
a a a a a
a a a a

11 12 13 14 15

21 22 23 24 25

31 32 33 34 35

41 42 43 444 45

51 52 53 54 55

a
a a a a a

,	 (11)

which elements сij – the set as the "norma­
tive" part of the total "value" (significance, 
importance) of the compared alternatives

a =

+z IP IP
IP IP

jk

j k

j k�
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� �
1
1

advantage fact
fact of equivalence

� ,
,

11� �
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�
� z IP IPj kadvantage fact ≺ ,

	(12)

where z – a quantitative indicator of the degree of priority.
Taking into account the different significance of the com­

pared alternatives – IP (IPj ≠ IPk) and assuming z = 1, expres­
sion (11) is transformed for the needs of research
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It is clear that all diagonal elements of the incidence ma­
trix of the compared IPs (11) are equal to 1: cii = 1.

5. 2. Nonlinear defuzzification of linguistic indica-
tors of preference in the Saaty scale

Using expression (13), a square matrix of the incidences of 
the studied IPs IРk was constructed (Table 2). The essence of 
MoP and the technology of its application in various areas of 
research are considered in detail in the works [3, 18].

Table 2

Square matrix of incidences of indicators of advantage 	
and results of its solution on the I iteration of the 

prioritization method

IPk IP9 IP7 IP5 IP3 IP1
І iteration

Σ βk

1 2 3 4 5 6 7 8

IP9 1 2 2 2 2 9 0.36

IP7 0 1 2 2 2 7 0.28

IP5 0 0 1 2 2 5 0.2

IP3 0 0 0 1 2 3 0.12

IP1 0 0 0 0 1 1 0.04

Σ 25 1

Therefore, the calculations for the first iteration of MoP 
are trivial and are presented in columns 7, 8 of Table 2. How­
ever, the obtained NWCs of the IP βIk  are unacceptable, since 
they are linear. Table 3 presents the results of subsequent 
iterations of MoP.

From the contents of Table 3, at each subsequent MoP 
iteration, the sought NWC IP Ik are increasingly differentiated, 
and therefore become increasingly nonlinear. And since the 
calculations were performed with an accuracy of up to the 
fourth decimal place, the XII MoP iteration became the last 
in its application.

5. 3. Justification of the iteration of the prioritiza-
tion method with acceptable results

Fig. 1 illustrates the corresponding dynamics of NWC.  
It shows the more interesting results of the I, II, V, IX itera­
tions of MoP with solid lines (columns 1, 3, 6, 10 of Table 1). 
Thus, the I iteration provided clearly unacceptable linear 
results. The results of the II, V, IX iterations are nonlinear and 
meet the following possible requirements for the degree of 
acceptability of the accuracy of calculations: the results of the  
II iteration give an idea of the accuracy – to the second deci­
mal place, V – to the third, IX – to the fourth.
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Fig. 1. The influence of the number of iterations 	
of the prioritization method on the nonlinearity 	

of the normalized weight coefficients 	
of the preference indicators

The sought NWCs should be set with an accuracy of up to 
two decimal places. Then, from the analysis of Table 2, it fol­
lows that the results of the second iteration of MoP (column 3) 
are more acceptable for research purposes, since:

1. The requirement for the accepted accuracy of calcula­
tions to the second decimal place is satisfied.

2. The obtained NWCs βIk  are nonlinear.
3. Based on the recommendations for the formation of lin­

guistic scales, they correspond to a greater extent to the logic  

Table 3

Results of successive iterations of the prioritization method and establishment of 
normalized weight coefficients of preference indicators

IPk

Normalized weight coefficients of preference indicators obtained in different itera­
tions of the prioritization method

І II ІІІ IV V VІ VII VIII IX X XI XII

IP9 0.36 0.4824 0.5733 0.6407 0.6914 0.7303 0.761 0.7856 0.8011 0.8144 0.8293 0.844

IP7 0.28 0.2941 0.28 0.2575 0.2345 0.2136 0.1952 0.1793 0.1647 0.1587 0.1487 0.1387

IP5 0.2 0.1529 0.1111 0.0818 0.0619 0.0482 0.0384 0.0312 0.0308 0.0248 0.0203 0.017

IP3 0.12 0.0588 0.0311 0.018 0.0112 0.0074 0.0051 0.0037 0.0027 0.002 0.0016 0.0012

IP1 0.04 0.0118 0.0044 0.002 0.0010 0.0006 0.0003 0.0002 0.0001 0.0001 0.0001 0

Σ 1 1 1 1 1 1 1 1 1 1 1 1
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of the quantitative-linguistic correlation of the studied IPk 
indicators than in the case of using linear estimates LPIPk .

Thus, the above justification for choosing the results of 
the second iteration of MoP for further application in AHP 
is correct.

Below is an analytical description of the corresponding curve

�I kk
x IP� � � �0 0119 2 312. .. 	 (14)

From expression (14), the quantitative assessment of the 
IP is transferred from a linear scale (column 3 of table 1) to  
a nonlinear step scale, which is more flexible for determining 
the attitude of experts to the phenomena under study. 

To find the NWC of the intermediate "compromise" terms (IP) 
IP8, IP6, IP4, IP2, a multiplicative aggregation of the NWC of 
the neighboring terms of the scale (1) was performed

� � �IP IP IPk k k2 2 1 2 1
� �

� �
.	 (15)

Substituting into expression (15) the data of nonlinear 
NWCs of basic IPs of the Saaty scale, established on the 2nd iter­
ation of MoP (Table 3), the required NWCs for "compromise" IPs 
were obtained. Table 4 summarizes the NWCs of all studied IPs.

Table 4

Comparison of quantitative values of indicators of 
preference levels in the Saaty scale

Value
Indicators of preference

IР9 IР8 IР7 IР6 IР5 IР4 IР3 IР2 IР1

Acting value LPIPk 9 8 7 6 5 4 3 2 1

Recommended 
values βIPk

0.48 0.38 0.29 0.21 0.15 0.09 0.05 0.03 0.01

Similarly, expressions (3), (5)–(7) were applied to estimate 
the overall change in sensitivity in measures of linguistic 
preference ratings:

max
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IP
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8

6

0 3767
0 2121

1 78� �
.
.
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From expression (16), due to the nonlinearity of the ob­
tained NWC βIPk , the quantitative measure of sensitivity LP 
reached a value of 40 and increased in relation to the result (3) 
obtained for linear indicators LPIPk  by 4.5 times. The use of 
fuzzy "ordinary concentration" and "double concentration" in 
the linguistic definition of the content of the IP IP7 and IP8 
doubled the quantitative assessment of the corresponding 
priority in relation to linear assessments LPIPk . This indicates 
the effectiveness of the proposed nonlinear scale for assessing 
IPk of the type (14).

It is natural that an expert can make mistakes, like any other 
person. The influence of the human factor on the MCDMP deci­
sion can be significant. Thus, based on the obtained nonlinear 

indicators NWC βIPk  and linear indicators LPIPk , the potential 
expected error of choosing the IP assessment of experts for 
the compared alternatives was determined. At the same time 
LPIPk , the mentioned error of the estimates LPIPk  or βIPk  should 
not exceed the nearest IP value.

A quantitative error indicator is introduced, which con­
cerns the choice of an inadequate linear estimate of the value 
of the compared alternatives, which arises when constructing 
a matrix of pairwise comparisons

� IP
L IP IP

IP
k

k j

k

LP LP

LP
�

�
, j

k
k

�
�� � �
�� � �

�
�
�

��

1 9
1 1

,
,
	 (20)

where LPIPk  selected from the last column of Table 1.
It is possible to suppose that the expert mistakenly chose 

the inadequate IP IP8 instead of the true IP IP9 during a pair­
wise comparison of alternatives for the corresponding matrix 
composition. Then, according to expression (23), the error 
estimate for such a comparison can be calculated as

� IP
L IP IP

IP

LP LP
LP9

9 8

9

9 8
9

0 11�
�

�
�

� . .	 (21)

Or the expert can set intermediate (compromise) IPs, such 
as IP8 or IP6 instead of IP7. This leads to the following quan­
titative assessment

� IP
L IP IP

IP

IP IP

IP

LP LP
LP

LP LP
LP7

7 8

7

7 6

7

7 8
7

7 6
7

0 14

�
�

�
�

�

�
�

�
�

� . . 	 (22)

Similarly, other quantitative estimates of other potential 
errors in estimating the IP of the true comparable alternatives 
are calculated and presented in column 3 of Table 5.

Table 5

Predicted quantitative estimates of errors in identifying 
indicators of real preferences

Level of preference Error, e

Adequate IPk
With an error 

IPk = IPk ± 1
Linear, LPIPk Nonlinear, βIPk

IP9 IP8 0.11 0.22

IP8
IP9 0.13

0.28
IP7 0.22

IP7
IP8 0.14

0.28
IP6 0.28

IP6
IP7 

0.17
0.39

IP5 0.28

IP5
IP6 0.20

0.39
IP4 0.38

IP4
IP5 0.25

0.61
IP3 0.38

IP3
IP4 0.33

0.61 
IP2 0.55

IP2
IP3 0.50

1.24
IP1 0.55

IP1 IP2 1 1.23

– � IP
L
k
� 0 27. � IP

N L
k

� � 0 49.
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Predicted estimates of potential errors in correct IP identi­
fication increase with decreasing qualimetric power (although 
this is linguistic), as shown in Table 1. Errors are also called 
a larger spread of linguistic assessment in the "lower" part of 
the IP scale (taking into account intermediate estimates IP8, 
IP6, IP4, IP2) compared to the "higher" part.

In the example of using nonlinear NWC βIPk  to determine 
the predicted error of inadequate expert identification of cer­
tain IPs of compared alternatives, formula (23) is transformed 
into the following form

�
� �

�IP
N L IP IP

IP
k

k j

k

� �
�

, j
k
k

�
�� � �
�� � �

�
�
�

��

1 9
1 1

,
.
	 (23)

The calculations are based on column 3 of Table 3. It is 
possible to suppose that the expert, when comparing two 
alternatives, used the incorrect IP8 instead of the correct IP9. 
Then formula (23) is implemented as follows

�
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�IP
N L IP IP

IP
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9 8
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0 4824 0 3767
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�
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.
. .	 (24)

Thus, due to the use of nonlinear NWC, the error in iden­
tifying the true IP has doubled (last row of Table 5).

Similarly, the expert can set intermediate (compromised) 
neighboring IP values IP8 or IP6 instead of the true one. This 
leads to the following quantitative assessment
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Similarly, quantitative estimates of other possible errors of 
the compared alternatives related to the identification of the 
true IP are presented in column II of Table 5. The same trend 
is observed in the case of using nonlinear NWC to identify 
quantitative estimates of IP misidentification in the case of 
pairwise comparison of the studied alternatives during the 
compilation of PCM. The linguistic significance of the IP 
and the quantitative estimate of the potential error caused 
by misidentification demonstrate an inverse relationship. For 
nonlinear estimates, the summed error estimate is 2 times 
larger than the corresponding summed measure for linear 
rating estimates. It is also obvious that a large number of 
MoP iterations provides greater nonlinearity, which leads to 
a higher "price" of the predicted IP identification error, as can 
be seen from Table 6.

Table 6

The impact of the nonlinearity of normalized weight 
coefficients on the predicted estimate of the identification 

error of preference indices (fragment)

Identifica­
tion error ІР

Normalized weight coefficients obtained  
at different MoP stages

I II … V … IX

� IP
N L

k
k

�

�
�

1

8
4.53 7.89 … 15.11 … 40.39

� IP
N L
k

� 0.28 0.49 … 0.94 … 2.52

Considering the "price" of a potential error, all of the 
above points to the need to involve more mature experts in the 
MCDMP as a key requirement.

6. Discussion of the results of the defuzzification study 
of linguistic indicators of preference levels

All known methods for establishing NWCs involve con­
ducting special expert studies. At the same time, if the alterna­
tives for which NWCs are determined are ordered, then there 
is no need for such studies, and the desired NWCs are estab­
lished by applying MoP, known in systems analysis as the 
"leader problem". This is the advantage of MoP. The ranking 
of the Saaty scale IP is obvious, therefore the establishment of 
nonlinear NWCs is carried out using MoP.

Twelve iterations of MoP were carried out (Tables 3, 4  
and Fig. 1). The peculiarity of using MoP is that each new 
iteration automatically provides greater delinearization of the 
NWC of the basic IPs (IP9, IP7, IP5, IP3, IP1), and therefore 
greater accuracy of their calculation. The value of the NWC 
of the "intermediate (compromise)" IPs (IP8, IP6, IP4, IP2) in 
accordance with expression (15) is set as the geometric mean 
of the coefficients of neighboring terms (Table 4).

The results of the second iteration of MoP, which, on the 
one hand, are nonlinear and, on the other hand, satisfy the 
established accuracy of NWC calculations, are considered 
more acceptable for research. These results are mathematical­
ly described by the power function (14).

The results presented indicate the following advantages 
over the linear LP score scale:

– from expression (16) it follows that due to nonlinear 
NWCs, the sensitivity of the scale as the ratio of the maximum 
and minimum IP score increased to an indicator of 41 (40.88), 
which is 4.5 times greater than the corresponding indica­
tor (3) obtained for linear scores;

– quantitative indicators of the predictive assessment of 
the error of expert identification of the true IP (see expres­
sions (20) and (23)) during the construction of PCM were 
introduced. It was found that the average estimate of the 
IP identification error increased in relation to linear mea­
surements by 1.84 times (Tables 5, 6). This requires experts  
to be more competent and responsible during the construc­
tion of PCM;

– the relative quantitative indicator corresponding to the 
increase in the NWC of the Saaty scale IP, formed using the 
modifier "very" by performing the fuzzy operation "concen­
tration" on the previous term (see expression (4)), increased 
almost twice (the ratio of the results (17) and (5), (18) and 
(6)), "double concentration" – by a third (the ratio of the re­
sults (19) and (7)). This is more consistent with the quantita­
tive-qualitative logic of the ratio of the corresponding terms.

The scope of application of the obtained results covers all 
tasks of multi-criteria DM, where АНР is used, and therefore 
PCM is built. The practical significance of the work lies in the 
possibility of increasing the validity and accuracy of decisions 
by taking into account the nonlinearity of human perception 
when forming PCM. The obtained results can also be used  
as a methodological content of the created intelligent DM 
support systems.

The conditions for the effective application of the de­
veloped method are tasks where expert assessments are of 
a linguistic nature, and requirements are put forward for the 
accuracy of identification and quantitative assessment of IP.
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The disadvantages of the study are the increased demands 
on preventing the influence of the human factor on the ade­
quacy of IP identification.

The Saaty scale should be considered as holistic, however, 
"following its lead", the corresponding IPs were artificially 
divided into "basic" and "compromise", which could not but 
affect the obtained results of the application of MoP.

Further development of the obtained results consists in 
re-solving known MCDMPs, which will allow to realistically 
assess their effectiveness. After all, the NWC application con­
cerns only the PCM formation and does not affect the general 
technology of determining local and global priority vectors of 
the solved MCDMPs.

7. Conclusions

1. It is adapted for the needs of MoP research. The accept­
ability of the results of the second iteration of MoP, which are 
nonlinear and satisfy the established accuracy of calculations, 
is justified. The implementation of MoP brought nonlinear 
NWCs into line with the basic linguistic IRs of the Saaty 
scale (IP9, IP7, IP5, IP3, IP1). The NWC values for the "interme­
diate (compromise)" linguistic IPs (IP8, IP6, IP4, IP2) are found 
by multiplicative aggregation of the NWCs of neighboring IRs.

2. The nonlinear NWC scale of the IP is mathematically 
described by a power function, which facilitates analytical 
research. The quantitative relative indicator corresponding to 
the terms formed by the fuzzy "ordinary concentration" and 
"double concentration" in the linguistic IP scale has doubled. 
The quantitative indicator of the sensitivity of the Saaty IP 
scale to the distinction of priorities increases in the nonlinear 
scale by 4.5 times.

3. It is found that the average price of false identification 
of IP increased in the nonlinear scale by 1.84 times, which 
places demands on the competence of experts and ensuring 
their attentiveness in the process of building PCM. From 
the above, a generalized conclusion can be drawn regarding 
a more accurate reflection of expert preferences in the process 
of forming PCM, which is important for increasing the validi­
ty of decisions in MCDMP.
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