BHYTpPU 00JjacTu (GOpPMY NMEPEBEPHYTON «TapeouKus» ¢
[JIOCKUM «JIHOM» BO BHYTPEHHEM peruone 00aacTH, rpa-
HUIa KOTOPOTO ¢ rpaHuIell o6aacTu o6pasyioT reoMe-
TPUYECKUI «II0SCOK», IUPUHA KOTOPOTO COOTBETCTBYET
MaKCHUMaJbHOMY PACCTOSTHUIO 110 HOPMAaJM K TPaHUIE
BHYTpPU 006J1aCTH, HA KOTOPOM 110 IIOKa3aHUSAM JTaHHBIX
BBIUMCJIUTEIBHOTO HKCIIEPUMEHTA €Il[e MOKHO DPENInTb

00paTHYIO TPAHUYHYIO 33/1a9y [JIsT HCCaeayeMoro husu-
YeCKoro mporecca.

ITU HOBblE KayeCTBEHHbIe OCOOEHHOCTH BECOBBIX
byHKIUT ® B MPpUOAMKEHHBIX aHATUTHIECKUX CTPYK-
Typax pelleHus KpaeBbIX 3ajlau COrJacyloTcsi ¢ Kadye-
CTBEHHBIMH 0COOEHHOCTSIMU TOAX0/A K PEIIEHUIO Kpae-
BBIX 3a/71a4 B MeTO/IaX TPAHUYHBIX 271eMeHTOB [§].
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3 odonomozoro nepemeopenuss Dyp’c mpancnop-
muuil onepamop npedcmasenuti modenrmo Dpiopixca.
Buxopucmosyrouu eidomy popmyay cmpubka pezonveen-
mu 0as onepamopa mooeni Dpiopixa, ompumano pienicmo
Hapceeans memodom KoHmypHozo inmezpysanns

Kntouosi cnosa: mpancnopmuuil onepamop, anaiimuume
npoooericenns, mooenv Dpiopixca

[m, ]

IIpeoopaszosanuem Dypve mpancnopmuolii onepamop
npedcmaeaen moodeavio Dpuopuxca. Hcnonvsys uzeecm-
HY10 PopMmyay cKauka pe3onveenmol 051 onepamopa mooe-
au Dpudpuxca, noayueno pasencmeo Ilapcesans memodom
KOHMYPHO20 UHMEPUPOBAHUSL

Knouesvte crosa: mpancnopmuwlii onepamop, anaiumu-
yeckoe npoooJicenue, mooenv Dpuopuxca

[m, ]

Transport operator gives Friedrich’s model with the help
of Fourier transformation. Using known formulae of jump of
the resolvent for the operators of Friedrich’s model we obta-
in Parseval equality with the help of method of contour int-
egrating

Keywords: transport operator, analytic extension,
Friedrich’s model
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Introduction

A problem about transfering of neutrons leads to the
operator
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1
Lf= —ma—f+ o(x) [f(x,w)dw’
ox %

in the space 1*(D), where D=R x[-1,1]. There is much
literature concerning this operator and the similar ones for



example works [1-3]. In the work [4] the spectrum of more
general operator in the space 12(D) is studied, namely

f 1
L =ik 200 [ o M ()

where the function ¢(x) as in the work [3] is exponenti-
aly decreasing when x — oo,

le(x)|<Me ™, xeR. (2)

As for the function b(e) it is supposed the existence of
analytical extension to the circle containing the interval
[-1,1].

Statement of the problem and denotation

The works [4-5] use the Friedrich’s model to study point
spectrum of transport operator. It is proposed to use known
formulae of jump of the resolvent for the operators of Fried-
rich’s model, which was obtained in the work [6], to obtain
Parseval equality.

Friedrich’s model

By H we denote Hilbert space of functions of two varia-
bles ¢(t,u), (t,u)e D=Rx[-1,1] with the norm

b 1
lofs, = [ lo¢t )P — ddu.
R-1 |H‘

Obviously we can consider H as the space I*(R,H,) of
the functions ¢(t,e)eH, with values in the space

. 1
H, =L} (-1;1), p(u)j?

_Hf(u)‘ ‘ ‘

Let S:H—H be the operator of multiplying by ind-
ependent variable, (S¢)(t,u)=1d(t,1), TeR with maxi-
mal domain of definition. We consider Friedrich’s model
T=S+V, where V:H—H - some integral operator.
Operator V has the factorization V=A'B, AB:H->G,
where G - some auxiliary Hilbert space. Scalar product
in the spaces H,H, and G we denote respectively by
(o,0),(o, ’)H , and (o ®).. In work [4] it was considered
Friedrich’s model

T=S+AB:H—H (3)

which is unitary equivalent to the operator
L:12(D)—1%(D) (see (1)). The factorization of the poten-
tial c(x)=c,(x)c,(x) such that |c,(x)|=|c,(x)], c(x)#0 and
¢,(x)=c,(x)=0,if ¢(x)=0 was used here.

Let G= LZ(R) Then in the presentation (3) we have:

Ae(s,1) = o jc (x)x(x)e “dx Bo(x)=
(4)

= e, ()fe” ( [bawocu, u)du]

where operators A,B:H— G are bounded. We recall
for reader’s convenience the formulae of the resolvent of the
operator T. Let’s denote S, =(S~ O , T =(T- {)" and

K()=1+BS, A, {eR. Iftheoperator K(C) G—>G,{¢R
has the inverse operator K)™, then

T, =S, - S, A'K({)'BS,.

If the operator K({)™
ent of the operator T.

We denote by ®cH the subspace of elements ¢(t,W),
in
the domain Q= {zeC ‘IHIZ‘<8} where € is defined in
(2). We need the extension of the operator functions
K,(€),Im{>-¢ and K_({),Im{<e over axis Im{=0 in
the domain Q.

Denote

is bounded then T, is the resolv-

(AW =y()-BKE) "ASy,

BOW(1)=y(1) - AKE) " BS,y.

)

In the work [4] it was proved that
C,) there exist the extension K,({),{eQ and
lgimHKi(C)—ﬂ‘G =0 uniformly in the domain Q,

C,) theoperators K, ({)™" existand are holomorphin Q
except may be finite set of poles.

Let A (0),B,(0):H—H are following operator func-
tion

A7 (G)\V = W - B*K7(0)71*(ASGW)+’

. ; (6)
B+(G)¢ = d) -A K+ (G) (BSG¢)+’ GeR.

If 6=const,c#0, then the operators

vy - (A_(o)y)(o)eH, ¢—(B,(0)d)(c)eH, representa
family of eigenfunctionals corresponding to o of the operat-
ors T and T respectively. Namely, if ¢,y e D(T)n® then
in the space H, we have the equalities

(A, (6)(T"=0)y)(0)=0,(B,(6)(T-0)0)(c)=0.  (7)

For arbitrary orthonormal base {e, } in H, we have infi-
nite system of linearly independent eigenfunctionals

(0001)=( (B.(@0)(@).02), (a0 ¥)=(e 2, (OI¥)c0) -
k=12,.

respectively of the operators T and T  corresponding
to o.
We denote limit values of resolvent by

(ch)"lj)i = \IILIB)(Tcrivq)r W)’ dyed,ceR

If the scalar function scalar function

h(7,0) = ((BE)0) (D), (AQW)(D)y,

satisfies following conditions



C,) function h(t,§) is differentialble on T in R and

_ﬂh(r,@)\d‘c <M,0<Im{<eg,,
R

where M = const.
C,) for every finite interval (a,b)

|h(t,§)-h(t,0)|dt<C|{-0|,{=0+iv,Te(a,b),

where C=const, then (see (6)) jump of the resolvent on
axis Im{=0 is

(T.0.9), ~(T.aw). =281((B,©X0)0) (A @W)@),

Estimates of eigenfunctions

Conserning the factorization c(x)=c,(x)c,(x),
wesuppose that thereexist thederivatives c,(x), ¢/;(x),
that cf,(x),c/,(x)—>0, exponentialy when |x|—e and
¢, ¢”eCG.

Lemma 1. Let ceG=L*(R), then

1) function w— A'c(s,pu) belongs to H, everywhere for
seR,

2)if ¢’eG then the function p— A’c(s,1) belongs to H,
for every seR,s#0 and

. C ,
A c(s,-)HH1 SH(HCHG-F [,)- (®)
if ¢/,¢”’eG then

d * C 7 7
R =l l) ©)

where C=const .

Analogous statement for the operator B™ holds too.

The proof is based directly on the presentation (4).

Denote by Dy or di\y(‘t) strong derivate ai\p(‘c,p.) of
T T

vector- function ©— y(t,0)eH,.

Denote

p(s,v) =1+ [, =[[pw[+[pDvf,

+5
)
VZ

s
v
where s,veR,v#0 and introduce linear subspace

i <oo} (10)

Lemma 2. If yeH,,{=const, then vector fun-
ctions T (AQW)(1), (BQy)(r)eH, admit strong
derivates

H, ={y=vy(w:v (sweH, |y

L AQW@(BOV)D H, 120

Let v, €(0,1), we introduce linear subspace H, cH as

v\<v0,seR}.

(11)

The proof uses the property of the operator-functi-
on K({). For example the equation K({) c=d signifies

H, - {weH:y(s,v)=0,

1 —_— .
¢(®)+ 5 - (e, (NI = x.De(y)dy = d(x), where I(u)is
defined by the If{unction b(u) .

Lemma 3. Let (a,b) be arbitrary finite interval such
that 0¢(a,b) and ceR. Then for \I"EHVO

,T€(a,b), (12)

[(AQW)@~(A@W)@), <Clt-o

where C=const and |[{—o|<g, for some & >0.

To prove the Lemma we prove that the expression

BK ()" (AS, ).

Admits analytic extension. Here the estimate (2) is im-
portant.

Theorem 1. If ¢,yeH, NH, 1, €(0,1) then the jump
of the resolvent is

(T0w), =(To0.w) = 21i((B.(0)0) (). (A_(D)W)(©),, -

c#0
Let yw=wy(s,u)eH, denote

i 1

hwl; = [ ft+s)|lwsf* | duds. (13)
2
R-1 M 2
Lemma 4. Let §>0 then
J o), do. ] B o)X, do< vl (14)

[o]>8 o]>8

where M = const.

Method of contour integration

Recall that continuous spectrum of the operator
T coinsides with real axis R. We suppose that the set
of eigen values is finite and there are not spectral sing-
ularities.

We will use the method of contour integration i.e. if
o€ D(T), then

(0,9)=(T.(T=)w) = (T, To, ) -L(T.0,9),

or
1 1
E(dw) :g(TgTq)?W)_(TgQ\V)'

Integrating through the contour [{|=R for some R>0,
we obtain

i)~ | H(TTow)de- [ (Tow)de — (15)

=R g [

Let {Ck},k=1,2,...k0 be set of eigenvalues and
PCk =—ResHkT§.

Charging the contour |{[=R to the segment of real axis
(-R,R) in the second integral of (15) we obtain



2micow) = | é('rgmw)dm

g
) ; . . (16)
+[((T.0v), —(To¢,w),)d6+l;(P;k¢,w)

As there are no spectral singularities then
the jump of the resolvent is integrable on the
interval (-R,R). For putting R — e we need
the next Lemma.

Lemma 5. If the elements ¢,y € H satisfy the conditions
o,y eH, cH, where

o rel+ti[ 1
b, {oetsb = [ Lo

then

lim § %(Tgcb,w)dc:o. (18)

R—seo
T7lR

Theorem 2. If ¢,y eH, NH, nH, then following Par-
seval equality of the operator T holds

oo ko

(09)= [(B.@0)@.(A(@w)(@), do+3 (P, 0.).(19)

where P;k are finite dimension operators.

Proof results from Theorem 1, Lemma 5 and equality
(16). The operator is compact, therefore dimPgk <o,

The functionals ¢ — (B, (6)0)(o,u), y = (A_(c)y)(o,1)
for every pe(-1,1) are eigen functionals for the operators
T and T°, namely (see(7))

(B.(0)T0)(0,w) = 5(B,(6)0)(0.1) (A, ()T y)(0,1) = (A, (0)w)(0,1), 6 € R (20)

corresponding to the point ¢ to continuous spectrum of
T (see(10), (11) and (16)).
Theorem 3. 1) Parseval equality

ko
(0.9)= [ ((B.©0)(0).(A (©))(©)), do+ (P, o.v)

—oo

2+¢;<t,u>2]dtdu<oo}(17>

holds for the elements ¢,y €H such that ||
(see(13)).

2) If h(t) is bounded function on R, holomorph in
neighborhood of points {, , then the function of operator
h(T) is defined by the equality

where [0, ,[[w], <e-.

), <

1

17

ko

(h(T0.9) = [h(@)((B.@0)D.(A_@)@), do+3 [P (Do), 21

As conclusion note that formulae (21) generalize partial
case, considered in the_ work [7], where it was considered the
function h(t)=e"™,—c0<T<0co,
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