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This study’s object is the process
of cargo movement along the helical
surface of an oblique open helicoid
under the action of its natural weight.
Such movement takes place in gravi-
ty chutes where the cargo descends
under the action of its natural weight.
Gravity (screw) chutes are used for
transportation, separation, and enrich-
ment of material.

For a given surface, the problem is
solved by composing differential equa-
tions of motion of a mathematical
point, which is conditionally replaced
by cargo, in projections onto the axis
of the spatial coordinate system. If the
surface is helical, then after stabiliza-
tion of the motion, it is possible to find
the parameters of the helical line - the
trajectory of cargo movement. The task
implies solving the inverse problem -
constructing a helical surface along a
given trajectory of cargo descent, which
is a helical line.

The results are attributed to the use
of two accompanying trihedra of the
trajectory with a common vertex and
tangent orts to the trajectory, which
coincide. One of them is a Frenet tri-
hedron whose position is determined
by the differential characteristics of the
curve, and the second is a Darboux tri-
hedron, the position of which depends
on the point of the trajectory on the sur-
Jace. In addition to the two coincident
orts, the remaining four orts are locat-
ed in the plane normal to the trajectory.
The use of these two orts makes it possi-
ble to compose differential equations of
motion of the load in projections onto a
moving Darboux trihedron, one of the
planes of which is tangent to the surface.

A feature of the solution to the prob-
lem is that the trajectory of the load, i.e.,
the helix, is given by radius r of the cylin-
der on which it is located and velocity V
of the load. Using these data, angle 8 of
its ascent is determined. For example, at
r = 0.5m, V =2.5m/s, the angle of ele-
vation is § = 20.7°. Then, a helical lin-
ear surface is constructed that passes
through the given trajectory
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1. Introduction

enrichment of material in the mining industry [6], for pre-

Screw chutes are used for transporting bulk materi-
als [1, 2] and various cargoes [3, 4], for separation [5] and

paring feed mixtures [7, 8], etc. Particles of technological
material move down the screw surface in the form of a flow.
In addition to gravity, centrifugal forces act on them. These
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forces force particles of different nature to move along dif-
ferent screw trajectories, which makes it possible to separate
the material in the lower part of the surface. When analyti-
cally describing such a movement, the screw surface is first
specified, and then the movement parameters are found. It
is logical when designing a screw surface to be guided by
these parameters as initial ones, in particular the speed of
movement of particles or cargo. It is obvious that the speed
of movement is affected by the pitch of the surface. After sta-
bilization of the movement, the particle or cargo moves at a
certain distance from the axis of the surface. This speed and
distance can be specified and then a screw surface that would
provide these parameters can be found.

Therefore, scientific research into this area is relevant
because it makes it possible to purposefully find a helical
surface based on the given parameters for the motion of a
particle or load.

2. Literature review and problem statement

Numerous scientific papers consider the design of screw
conveyors. Thus, in work [9], conveyors used in the transpor-
tation of bulk materials were analyzed. The main attention is
paid to solutions based on a vertical or angular screw shaft.
At the same time, issues related to the modeling of particle
motion remain unresolved.

In [10], the results of studies on the feasibility of using a
vertical static screw conveyor for transporting granular fertil-
izers are reported and the indicated drawback is eliminated.
The authors use the discrete element method to model parti-
cle motion, which makes it possible to evaluate various struc-
tures of screw conveyors. The work investigated the granu-
lometric and mechanical properties of fertilizers, carried out
measurements to calculate bulk density and tests to assess
the behavior of particles under the action of compression and
shear forces. From a scientific point of view, the dependence
between the design features of the working elements and the
behavior of particles when moving along them is important.

The authors of [11] emphasize that the process of trans-
porting material by screw feeders and conveyors appears
mechanically simple but the physics of such a process in the
system is quite complex. In this regard, the authors’ attention
was focused on studying the behavior of the flow of granular
materials during their transportation and mixing.

The authors of [12] built on this scientific area by consid-
ering the design of screw conveyors from the point of view
of determining the operational parameters of such devices
using the discrete element method. They investigated the
influence of some input parameters of the model on the sim-
ulation results. The key parameters that determine the opera-
tional characteristics of the screw conveyor were determined:
particle size, internal and external friction coefficients. How-
ever, issues related to controlling the behavior of particles by
changing the design features of the working body remained
unresolved. The reason for this may be objective difficulties
associated with the complexity of such a process using the
traditional approach.

One way to overcome such difficulties may be to take into
account a wide range of input parameters of the transporta-
tion process. This is the approach used in [13], which investi-
gates the mixing process of a mixture of coal and cylindrical
biomass particles in a screw feeder. In contrast to [12], the
authors took into account the influence of some input param-

eters of the process and established the relationship between
the biomass feed rate, feed rate, screw rotation speed, and
feed efficiency.

In [14], the process of distributing fertilizers by a screw
distributor was investigated from the point of view of the in-
fluence of the geometry of its outlet (its length and angle, as
well as the interaction of these two factors) on the accuracy
of application. Thus, the authors raise the issue of solving the
inverse problem: changing the design features of the working
body to achieve the required behavior of particles when mov-
ing along it. Similar in logic, although with a different pur-
pose, is work [3] in which the authors devised a methodology
for calculating the structures of screw transport and techno-
logical mechanisms in order to improve their technical and
economic characteristics. It should be noted that in [3, 14],
an analytical description of the constructed surfaces is not
provided, which could be used for further development of this
area of research.

Therefore, we systematized locally unresolved issues and
problems that require further research as follows:

—lack of effective methods for modeling particle motion
in screw conveyors, especially when transporting loose and
granular materials [9, 10, 12];

—lack of a comprehensive approach to determining and op-
timizing the operating parameters of screw conveyors [3, 12, 13];

- lack of methodologies for solving the inverse problem —
changing the design features of the working body to achieve
the required particle behavior [3, 14].

Thus, it is advisable to devise a methodology for design-
ing screw surfaces of screw conveyors along a predetermined
trajectory of material lowering, taking into account the ana-
lytical description of the surfaces and optimization of struc-
tural parameters to achieve the required particle behavior.
This will allow us to optimize the structure of working bodies
for specific operating conditions and change it to achieve the
required particle behavior.

3. The aim and objectives of the study

The purpose of our study is to devise an analytical de-
scription of the helical surface. This will make it possible to
provide a given speed of lowering the load at a given distance
from its axis.

To achieve this goal, the following tasks were set:

- to derive an equation of the gravity chute surface as a
result of solving the inverse problem for the given parameters
of the trajectory and speed;

- to verify the result by solving the direct problem of find-
ing the trajectory and speed of movement of the load along
the given surface.

4. The study materials and methods

The object of our study is the process of cargo movement
along the helical surface of an oblique open helicoid under
the action of its natural weight. The hypothesis of the study
is the assumption that using the accompanying Frenet and
Darboux trihedra of the trajectory, it is possible to solve the
inverse problem of constructing a surface according to the
given parameters of cargo movement. In this case, a simpli-
fication is introduced, in which the cargo is replaced by a
mathematical point, which is practiced in similar problems.



When solving the problems set, the methods of mechanics
and differential geometry were used. When a mathematical
point moves along a curvilinear trajectory, a centrifugal force
arises. Its magnitude, according to the provisions of mechan-
ics, depends on the mass, speed of movement, and curvature
of the trajectory. This force is directed along the main normal
of the accompanying Frenet trihedra of the trajectory, which
has no relation to the surface. To establish the connection
between the action of centrifugal force and the surface, the
Darboux trihedron is used, which has a line tangent to the
trajectory, common with the Frenet trihedron, and the other
two lines form a plane tangent to the surface. Based on the
established relationship between these trihedrons when
they move along the trajectory of the point’s movement, the
problem of finding the construction of the desired surface is
solved. In this case, the formulas for the connection between
the moving trihedrons and the fixed coordinate system are
used. For analytical transformations, simplifications, differ-
entiation, and to solve the system of equations, the capabili-
ties of symbolic mathematics in the “Mathematica” software
package were used.

5. Surface construction according to given kinematic
parameters for the motion of a mathematical point

5.1. Results of solving the inverse problem of sur-
face construction using Frenet and Darboux trihedra

Let a mathematical point move along a spatial curve on
the surface. In its current position, two accompanying trihe-
dra can be constructed: the Frenet trihedra and the Darboux
trihedra. The direction of orts of the first trihedra znb is de-
termined by the differential characteristics of the curve
itself, and the direction of the orts of the second trihedra
TPN is determined by the position on the surface (Fig. 1, a).
The orts tangent to the trajectory z and T of trihedra coin-
cide. The remaining orts are located in the normal plane 6
of the trajectory. Orts T and P form a plane tangent to the
surface. Between the orts b, N and n, P in plane 6 there is an
angle y, which can change when the trihedra move along the
curve (trajectory).

At each time point, when the trihedra move, the forces
acting on the point must be balanced. The balance of these
forces must be projected onto the orts of the Darboux trihe-
dron since its plane, formed by orts T and P, is tangent to the
surface. This means that the sliding of a point on the surface
in its vicinity can be considered as sliding along the tangent
plane. The sliding of a point occurs under the action of the
force of gravity mg (m is the mass of the point, g = 9.81 m/s?),
namely due to component mgsinf, which is the projection of
the force of gravity onto the ort tangent T (Fig. 1, b). Angle
B is the angle between the direction of tangent T and the hor-
izontal plane. In the general case, the point can move with

. dV _dvds dv - .
acceleration — = =V ——, where t is time, V'is speed,
dt ds dt ds

sis the length of the arc of the trajectory). The balance of
forces acting on ort T is written as follows

mVZ—V =mgsin - fR, @
s

where f is the friction coefficient, R is the surface reaction
force. The product fR is the friction force, which is directed in
the opposite direction of the point’s motion (Fig. 1, b).

The balance of forces must be ensured in normal plane 6.
The weight component mgcosf is projected onto it, which in
turn can be decomposed into component 1 in the projection
onto ort P and component 2 in the projection onto ort N,
which is normal to the surface (Fig. 1, b). In addition to the
weight component, the centrifugal force mV2k acts in normal
plane 6, where k is the curvature of the trajectory. The direc-
tion of view on normal plane 6 was chosen so that ort T of the
tangent was projected onto the point (Fig. 2).
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Fig. 1. The accompanying Frenet and Darboux trihedra of the
trajectory of a point’s motion on the surface: @ — the mutual
position of the trihedra is determined by angle y in the normal
plane between their corresponding orts; b — projection of the
acting forces onto the ort of the tangent and the normal plane
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Fig. 2. Decomposition of the acting forces in normal plane 6
of the trajectory



The plane of the Darboux trihedron formed by orts T and P,
which is tangent to the surface, is projected onto straight line u.
The centrifugal force mV %k acts along ort n of the main normal
of the Frenet trihedron in the opposite direction to its direction.
The component of gravity force mgcosf and the centrifugal force
mV %k must be projected onto the lines of the Darboux trihedron
orts. For this purpose, angle € between orts N and n of the trihe-
drons is used. After projection onto ort P, i.e., onto the tangent
plane, we obtain

mV’ksin & =mgcos Bcose. )

By projecting these forces onto ort ﬁ, that is, normal to
the surface, we can obtain the pressure force, which is bal-
anced by reaction R of the surface. Hence,

R=mgcos fsing +mV’kcose. ©)

After substituting (3) into (1) and reducing the resulting
equation, as well as equation (2) by mass m, we can derive a
system of equations that describes the motion of a mathemat-
ical point on a surface under the action of its natural weight

VL;—V:gsinﬂff(gcos[fsing+V2kcosg);
s
V?ksine = gcos fcose.

@

System (4) includes four unknown dependences: V = V(s),
e=¢(s), k=k(s) and §=p(s). This means that two depen-
dences need to be specified, and the rest can be found from
system (4). Let the surface be linear. This means that in the
normal plane of the accompanying Frenet trihedron of the
trajectory, it is necessary to draw a straight-line surface gen-
eratrix at angle y to main normal n (Fig. 2). This generatrix
together with the tangent’s ort will form plane u, tangent to
the surface.

Let the surface be helical, i.e., the curvature of trajec-
tory k and its ascent angle § are constant quantities. In this
case, after stabilization of the motion, velocity V of the point’s
descent will also be constant [15]. In this case, the left-hand
side of the first equation in system (4) will be equal to zero.
As a result, solving it gives the following result:

sin¢ = fetgf;
v? :%xll—fzctgzﬁ. 5)

According to the first equation in (5), the value of angle ¢
depends on friction coefficient f and angle 3 of the trajectory
ascent. The second equation in (5) includes three quantities
that affect the motion of the point: 3, k, and V. Two of them
must be specified, the third is determined. When a load
moves along a surface, there is a limit on the sliding speed
to 2.5m/s to prevent its damage [16]. It is obvious that this
parameter must be specified. Curvature k of the trajectory
was also specified since it determines distance r from the sur-
face axis at which the load will move. There is a relationship
between curvature k of the helix and distance r: k=cos?8/r.
After substituting this relationship into the second equation
in (5) and after simplifications, it takes the following form

V2 gr

e’ 1—(1+f2)coszﬂ. ©)

Solving (6) with respect to cosg yields the following result

gr\/(1+f2)2 gr’+4fv* —(14—]“2)ng2
2fv* '

9

cosf =

Given the desired speed V and distance r with known fric-
tion coefficient f, we can find angle of elevation § of the helix.
Distance r and angle § completely determine it. The next
step is to draw a set of straight-line generatrices through this
helix, i.e., the trajectory of the cargo, the location of which is
determined by angle .

With known distance r and angle of elevation S, the para-
metric equations of the helix as a function of the length of its
own arc s are written:

. [ cos
x=rsin —'Bs ;
r
cos
B,).
-

z=-ssin f. 8)

y :—rcos[

Each point of the helical line (trajectory) (8) is passed by
a straight-line generatrix, which in the Frenet trihedron has
the following coordinates (Fig. 2):

7=0;

n=-sing;

b=cose. )

Using formulae for a transition from the Frenet trihedron
system to the fixed coordinate system, the coordinates of the
directional unit vector W of the rectilinear generatrix in the

fixed coordinate system were determined. The end result
takes the following form:
cos
A
r

. . [ cos . cos
Wy:sm/j’cosgsm(ﬂs]—smgcos( ﬂs];

r r

. cos e
W, =sin fcos¢cos [’B sj +sing s1n[
r

W, =cos fcose. (10)

Parallel to vector (10), through each point of curve (9), a
straight-line generatrix of the surface was drawn. After that,
the parametric equations of the helical linear surface take the
following form:

. cos
5 sm,Bcosgcos[ ﬂs)+
. cos r
X =rsin| ——s |+u H
r . . [cosp
+singsin| ——s
r
. . [ cos
5 s1n,6'cosgsm(ﬁs)—
cos r
Y =-rcos s |+u ;
r . cos 3
—singcos s
r



Z =—ssin f+ucos fcose, (11)

where u, the second independent variable of the surface, is
the length of the straight-line generatrix, the count of which
starts from the points of curve (8).

When u = 0, the equations of surface (11) are transformed
into the equations of trajectory (8). The surface (11) must en-
sure the movement of the load along it at given speed V, and
the load must slide along trajectory (8).

5.2.Verification of the result by solving a direct
problem of the motion of a point on the surface

The differential equations of the motion of a point on the
surface under the action of the force of its natural weight in
projections onto a fixed coordinate system take the follow-
ing form:

mx"=—fRT.+RN ;
my"=—fRT +RN ;
mz"=~fRT,+ RN —mg, 12)

where R is the surface reaction force; T, T), T, are projections
of the unit vector tangent to the trajectory; Ny, N,, N are projec-
tions of the unit vector normal to the surface along the trajec-
tory, xx”, y”, 2” are projections of the acceleration of the point.

It was assumed that the point moves along trajecto-
ry (8). Its velocity and acceleration are functions of time ¢,
i.e., s =s(f). The first derivatives, projections of the velocity
of the point taking into account dependence s = s(f), take the
following form:

gzécosﬂcos COsﬁs ;
dt dt r

dy :dscos,Bsin(COSﬂs];
r

i dt

dz ds .

“__Bang. 13
@ artnA (13

In velocity projections (13) the velocity itself is present
because ds/ dt = V. If expressions (13) are divided by veloci-
ty V; then projections of the unit tangent vector Ty, T, T, will
be obtained.

Another differentiation of expressions (13) gives projec-
tions of acceleration:

de*  dt’
2 2
_[ds) cos ﬂsin[cosﬂsj;
dt r r
d’y d’s . (cosp
i :dtzcosﬁsm[ . s |+
2 2
+[dsj cos ﬂcos(cosﬁsj;
dt r r
d’z  d’s .
E:—?Slnﬂ. (14)

It remains to find projections Ny, N,, N of the unit nor-
mal vector. The normal vector is determined from the vector
product of two vectors: the unit tangent vector (13) and the
unit rectilinear generatrix vector (10). It should be borne in
mind that it can be directed in one or the opposite direction
relative to the surface. It is necessary to ensure that it coin-
cides with the direction of the surface reaction, i.e., in the
considered case, the vertical component must be positive.
The result is given below:

cosf s];
’

cos
B,
r

N, =cosfsine. 15)

. . cos )
N = smﬂsmecos[’b’sj —cosgsm[

r

. .. [cos
N, :smﬂsmgsm(ﬂ s]+cosgcos[
r

It was assumed that the velocity of point V = ds / dtis con-
stant. Then in acceleration expressions (14), x" =y "=z"=0,
due to which these expressions are significantly simplified.
Taking this into account, the substitution into equation (12)
of the corresponding expressions from (14), (13), and (15)
makes it possible to derive a system of differential equations
of the point motion on the surface (11):

my? . ( cos
———cos” ﬂsm[’g s) =
r r

cos

ﬁsj
.
sp
.
Cosﬂsj
r

——chos,b’cos[

+
CO
S

sin f#sine cos[
+R
—Cos& sin[

=—fRcos fsin s |+

cos
r
. .. |[cos
sm[;’smgsm[ﬂsj-t-
r
cos ’
ﬂs
r

0= fRsin S+ Rcos fsine —mg. (16)

+R

+cos¢ COS[

“Mathematica” software gives the following solutions to
system (16):

yro_8"
fcosp

g’ B f7
sine = fetgf;
R= %Sin pB. 17)

If we substitute k = cos?8/r into the second equation
in (5), then, after the transformations, we shall obtain the



first expression in (17). The second expression in (17) co-
incides with the first expression in (5). It is convenient to
show that the third expression in (17) is identical to expres-
sion (3). It consists of two terms. The first term of expres-
sion (3) (it was marked with the letter “A”) after substituting
sine = fctgf into it, takes the form

A =mgf cos fctgf. (18)

In the second term of expression (3) (it was marked with
the letter “B”), instead of V2, it is necessary to substitute the
corresponding expression from (17), as well as expressions

k =cos?f/r and cose=+/1- f’ctg’. After transformations

and simplifications, we obtain

B= %Sin B —mgf cos fctgp. 19

The sum of terms A (18) and B (19) exactly coincides
with the expression of reaction force R in (17), which indi-
cates the reliability of our solution to the direct and inverse
problems.

Within the framework of this study, options for construct-
ing a helical linear surface with given speed V' =2m/s of
sliding of the load along it and with different distances r of
the trajectory from the surface axis were considered.

Let r = 0.5 m. The friction coefficient was considered
known: f = 0.3. From expression (7), angle 8 of the slide
trajectory ascent was found: 8 = 20.67°. To construct the sur-
face according to equations (11), it is necessary to know the
value of angle e. From the middle expression in (17), it was
determined: € = 52.67°. The surface according to these data
is constructed in Fig. 3, a.

A surface of normals is constructed along the tra-
jectory of the sliding load, from which it can be seen
that all normals are directed towards the reaction force
of the surface along which the load slides. Surfaces for
r=0.25m (Fig. 3,b) and r=0.75 m (Fig.3,c) are con-
structed using the same algorithm. For all three cases, the
length of the trajectory is the same and is equal to 6 m.
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6. Discussion of results based on the inverse and
direct problem of constructing a helical surface of
the gravity chute

In [3, 11, 12, 14] on the design of gravity chutes, their
calculation is carried out in a conventional way. It implies
that a point or a material particle falls onto a given heli-
cal surface, after which the kinematic parameters of its
sliding are calculated. Unlike [3, 11, 12, 14], our results
are attributed to the fact that an inverse calculation is
proposed: to set the sliding parameters and, based on
them, build a surface that would provide these parame-
ters. This becomes possible due to the use of the so-called
internal geometry of curved lines and surfaces, i.e., the
moving Frenet trihedron of the spatial curve, which is the
trajectory of the particle sliding, and the moving Darboux
trihedron are combined (Fig. 1, a). Both trihedra have
a common tangent ort and move along the trajectory.
They also have a common normal plane perpendicular to
the trajectory. In the Darboux trihedron, a straight-line
generatrix is given in its normal plane, the position of
which can change during the movement of the trihedra.
The set of these positions forms a linear surface. The po-
sition of the straight-line generatrix in the normal plane
of the Darboux trihedron is determined by the equilibri-
um of the forces acting on the particle (Fig. 2). It is this
approach that resolves the task and makes it possible to
construct a surface according to the given parameters of
load movement.

In the proposed approach to solving the problem of
calculating a helical gravity chute, an important parameter
is the speed of lowering a particle (load). In Fig. 3, helical
surfaces are constructed that ensure the sliding of the load
at the same speed. Given that the length of the sliding
trajectory at a given speed is the same in all cases and is
equal to 6 m, we can conclude that the load has a different
speed of lowering. In the same time, the load travels the
same sliding distance but at a different height of descent.
From Fig. 3 it is seen that with a decrease in distance r, the
height of descent in the same time increases.

Fig. 3. Helical linear surfaces that provide a load sliding speed along them at speed V=2 m/s:
a—r=05m;b—r=0.25m;c—r=0.75m



According to the proposed algorithm, the formed surface
is linear. In principle, it may not be linear if the generatrix of
the surface is not a straight generatrix in the normal plane of
the trihedra but a curved one. However, in both the first and
second cases, the generatrix will not intersect the axis of the
helical surface. This is a limitation of the proposed approach
since in the direct problem of particle sliding, the surface is
given by the curve of its axial section, i.e., a straight line or
curve that intersects the axis of the surface.

The disadvantage of our research on the movement of a
load on a helical linear surface is that the load is taken as a
mathematical point or a material particle. Such a model only
approximately reflects the real process, but it makes it possi-
ble, with a certain approximation, to identify the regularities
of the movement of the load depending on the design param-
eters of the surface. The findings can be verified and refined
as a result of the experiment.

Future research involves the use of Frenet and Darboux
trihedra to determine the kinematic parameters of a particle
on a moving surface, i.e., in complex particle motion.

7. Conclusions

1. The use of the Frenet and Darboux trihedra allowed
us to solve the inverse problem of constructing the surface
of a helical descent according to the given kinematic param-
eters of the sliding of the load. The trihedra have a common
tangent’s ort to the given trajectory and a common normal
plane to the trajectory. Based on the relationship between the
trihedra during their movement, the equilibrium of the forces
acting on the load was compiled in the projections onto the
orts of the Darboux trihedra. That has made it possible to find
a set of rectilinear generatrices of the surface in the Frenet
trihedra system. Through the direction cosines of the Frenet
trihedra, the position of this set of straight lines in a fixed
coordinate system was found and the parametric equations
of the surface were compiled.

2. Taking the resulting surface as given, the direct prob-
lem of finding the kinematic parameters of the movement

of the load along it was solved. The differential equations of
motion were compiled in projections onto the axes of a fixed
coordinate system, provided that the motion was stabilized
and the sliding speed of the load was constant. As a result of
solving the equations, the kinematic parameters of the load
motion were derived, which completely coincided with the
similar parameters obtained when using the moving Frenet
and Darboux trihedra.
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