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This study’s object is the stressed state of the plas-
tic deformation site under conditions of load asym-
metry when metal is gripped by rolls, under the deter-
mining modes of process stability. The task addressed 
is the implementation of shape change at the roll-
ing process stability threshold related to a decreased 
force load under the increased strain impact.

A physical and mathematical model of a flat roll-
ing theory problem has been built under conditions of 
multi-parameter factors affecting the gripping capac-
ity of rolls and the stability of rolling process.

The plasticity theory problem was solved analyti
cally using the method of argument of a function of 
a complex variable. The solution to the plane prob-
lem is shown, using the asymmetry of the process, the 
counter-directed flow of metal. The nonlinearity of 
the plasticity theory problem was taken into account.

Based on the mathematical model, a new force 
factor was identified and investigated: the force 
stretching factor from the lagging zone. A new single- 
zone deformation mode with minimum process sta-
bility was identified. The process was investigated 
under conditions of multiparameter influence on 
rolls gripping ability and its stability. The zones of 
reachability were established for a deformation focus 
shape factor within the range of 5.00...15.00. The 
mode of partial suppression of the zeroing factors 
of the metal stressed state was investigated under 
conditions of multi-parameter influence on the grip-
ping ability of the rolls and the stability of the pro-
cess. Stability indicators of transient modes were 
determined: at α = 0.077, the ratio f/α = 1.10…1.95;  
at α = 0.129, the ratio f/α = 1.19…1.95; at α = 0.168,  
the ratio f/α = 1.28…1.95.

This study’s results make it possible to solve tech-
nological problem related to the development of roll-
ing schemes when the gripping force of friction and 
the pushing force of normal pressure arise during the 
forming process
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1. Introduction

With the rapid development of technology, the boundary 
conditions of many applied problems are becoming more 
complex, necessitating the expansion and sophistication of 
process models, identifying not the solutions themselves but 
the conditions for their existence and generalizations.

The nonlinearity of plasticity theory problems, including 
boundary conditions, as well as the complexity of their analyt-
ical solution and generalization are a challenge.

Practical experience shows that achieving the ultimate de-
formation zone effect during plastic forming depends on the 
gripping ability of the rolls and the conditions for achieving 
a  stable rolling process.

It is very difficult to reconcile the obtained results for 
stresses and strains (strain rates). Experience shows that solu-

tions lose their relevance because of the failure to consider 
lost models and the adoption of unjustified simplifications.

Such a complex structure of the identified effect is ex-
plained by its multi-parameter impact and the complexity of 
loading different zones of the deformation site.

It becomes necessary to characterize the gripping ability 
of rolls and the rolling process stability using more than one 
indicator. The need to revise the conditions for roll gripping 
and process stability loss stems from the fact that existing de-
velopments on roll gripping are insufficient and fail to explain 
many theoretical and practical aspects of the process.

Therefore, research into the mechanics of interaction 
between multiparameter factors on roll gripping and rolling 
process stability, along with the construction of a mathemat-
ical model, is urgently needed. Furthermore, technological 
advancements that encompass a wide range of areas in solid 
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mechanics, in various states and address various applied prob-
lems, are of interest.

2. Literature review and problem statement

In [1], the contradictory effects of plastic forming were 
considered; the effect of decreasing force loading with in-
creasing deformation was identified and studied. However, 
the implementation of this effect remained unclear. The 
reasons are the lack of data on force loading during metal 
gripping by rolls and the absence of force characteristics for 
process stability loss. The relevance of the problem also re-
lates to the fact that such effects can fundamentally change 
rolling production technologies. Reducing the rolling force 
with increasing deformation loading allows for the following: 
decreasing the spring rate of the mechanical system; rolling 
tolerances; increasing the yield due to minus rolling; reducing 
roll wear; and increasing mill productivity. Advances in ther-
momechanical processing of metal in the mill flow will im-
prove the metal structure and its phase composition, improve 
the quality of rolled products, as well as reduce their cost.

An indicator of the reliability of result is the possibility 
of generalizing the approaches of a method, in particular the 
method of argument functions of a complex variable, to other 
areas of mechanics. This enhances its significance in solving 
applied and general theoretical problems. The fundamentals 
of the method were outlined in [1–7].

The method was used to consider problems in [1, 2], un-
der fundamentally different loading of zones in the plastic 
deformation site. The combined influence of various factors 
on the process was demonstrated, including the friction coef-
ficient, the grip angle, and the deformation site shape factor. 
However, the mechanism for implementing this process was 
not specified in those studies, which precludes its use in fur-
ther analysis and application.

The first attempts to formulate specific provisions of the 
argument-function method were published in [3]. The method 
was further developed in [4], in which it was not specific theo-
retical questions that were formulated but general approaches 
that allow for the use of the invariance of differential relations 
in continuum mechanics. Based on the invariance of trans-
formations, papers were published for problems in elasticity 
theory [4, 5], plasticity theory [6], and problems of dynamic 
processes. At the fundamental level, practical issues of geome-
chanics [7], beam loading mechanics with complex boundary 
conditions and in different reference frames [5], and the wave 
theory of dynamic problems [4] with applications to rotational 
vibrations in the main line of a rolling mill were considered. 
The capabilities of the method allow for an expansion of the 
scope of application of the obtained solutions through general-
ized approaches, including the Cauchy-Riemann relations and 
the Laplace equations, which allow for the closure of solutions 
to problems in continuum mechanics.

The validity of theoretical problem solutions is significantly 
confirmed when the results correspond to general trends in the 
development of science and technology [8]. The methodology 
described in [8] takes into account the influence of horizontal 
loading on the force state of the specimen. It is substantiated by 
the distribution of standard contact stresses arising from shear 
stresses and stresses generated by contact friction. However, 
issues related to the interaction of areas with different force 
loading remain unresolved. This may be due to the lack of an 
adequate physical model of the loading process.

The boundary conditions of many applied problems are 
becoming more complex, necessitating the expansion and 
sophistication of process models, finding not the solutions 
themselves but the conditions for their existence and general-
izations. In this regard, an important factor is the response of 
the literature to the problem of generalizations in theory and 
practice [9]. The work lacks an applied section that would 
allow for the implementation of the intended generalizations, 
which precludes its practical application.

The mathematical theory of plasticity is based on spe-
cific ideas, encompassing a range of applied problems and 
allowing for the generalization of these solutions using ap-
proaches inaccessible to other frameworks [10]. In this case, 
the challenge is the nonlinearity of plasticity theory problems 
and the complexity of their analytical solution and general-
ization. A possible solution to these problems is closed-loop 
plasticity theory problems, both in terms of stress and strain 
rates, which can address problems with complex boundary 
conditions. In this case, there is evidence not of a virtual 
stressed-strained state of the plastic medium but of an actual 
one. As analysis reveals, the possibility arises of complicating 
the solution to such problems, i.e., taking into account the 
multicomponent nature of the impact and response.

The greatest difficulty in solving problems in plasticity 
theory pertains to spatial problems [11], particularly if the 
statement and solution consider a closed problem, making it 
difficult to reconcile the obtained results in terms of stresses 
and strains (strain rates). Experience shows that simplified 
solutions cannot be used as they fail to account for the influ-
ence of lost models and the adoption of unjustified simplifi-
cations. The unjustified nature of simplifications manifests 
itself in solutions to plasticity problems involving only stresses 
or only strains, including variational principles of mechanics, 
where the functionality varies only in terms of strains or only 
stresses. This loses the multifactorial nature of the approach, 
neglecting the influence of factors on process parameters, 
such as the stretching of the lagging zone on the gripping 
ability of the rolls and the stability of the rolling process.

In [12], metal loading under strain is studied. However, 
loading can be considered somewhat more broadly, for ex-
ample, asymmetric and symmetric ones, which expands the 
range of problems to be solved. Asymmetric processes pose 
difficulties in satisfying complex boundary conditions. How-
ever, it is possible to characterize processes using physical and 
mathematical models, examining the influence of loading 
asymmetry on process stability, or to consider processes on 
the verge of loss of stability, where complex plastic deforma-
tion effects are possible.

When stating problems in mechanics, systems of equa-
tions are considered that can be categorized as equations of 
mathematical physics. These primarily include hyperbolic, el-
liptic, and parabolic partial differential equations. The greatest 
degree of generalization of solutions is considered in math-
ematical physics. These include methods such as separation 
of variables, characteristics, Riemann, Fourier, d’Alembert, 
integral transformations, and others [13]. However, issues of 
interaction within a single deformation site have not been ade-
quately addressed, preventing consideration of certain features 
of force loading.

Many solutions within plasticity and elasticity theory uti-
lize the stress function method [14], which yields reliable re-
sults (it can be effectively used, with certain simplifications, as  
a  test of the theory of argument functions of a complex variable). 
However, these solutions relied on assumptions that prevented 
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characterization of certain loading features of the defor-
mation site. For example, the solution for loading a wedge-
shaped half-space with a concentrated force did not account 
for the influence of shear stresses on the lateral surface due 
to the impossibility of satisfying the boundary conditions. 
Paper [7] reported a solution to overcome the difficulties 
associated with boundary conditions for shear stresses. This 
solution demonstrated schemes in which shear stresses had 
large magnitudes and normal stresses changed sign to the 
opposite. Thus, simplified loading ignored dangerous normal 
tensile stresses and increased shear effects.

In [15], discrepancies between the stress and strain states 
of a plastic medium due to field mismatches were demon-
strated. Solutions are presented that allow one to resolve 
contradictions between theoretical and experimental data, 
using the identified effects of twisting of conjugate slip 
planes. These approaches are productive, as they allow one 
to conceptualize the process of plastic deformation as close 
to a closed problem in plasticity theory. Furthermore, pro-
cesses involving effects involving multidirectional metal flow 
during rolling can be re-evaluated, yielding not only theoret-
ical but also practical results.

In [16], cyclic loading is demonstrated for the case of sim-
ple shear, which elicits a corresponding response from inter-
nal stresses. A basic trigonometric function is introduced into 
the analysis. The loading capabilities for varying boundary 
conditions, including the trigonometric function, are present-
ed, but there is no correspondence between it and other basic 
dependences, such as exponential functions, which are capa-
ble of closing the solution in combination with the application 
option proposed in the paper.

In [17], an example of using a function argument using 
a coordinate reference system is given, which significantly 
expands the solution’s capabilities. These can subsequently be 
used as closing functions for the problem being solved.

In [18], loading of a foundation with a specific disconti-
nuity was studied. The stressed state heterogeneity was char-
acterized by trigonometric and exponential expressions. The 
proposed combination of functions allows for an expansion 
of their applicability by simplifying boundary conditions and 
assessing the interaction of differently loaded areas of the 
deformation site.

A solution is demonstrated using a fundamental substi-
tution [19], which can be a basic function in solving a closed-
loop problem in plasticity theory. However, this is insufficient 
to characterize the interaction of differently loaded zones 
of the deformation site: a combination with a trigonometric 
function must be considered.

In [20], the use of an exponential function in the solution 
is demonstrated, confirming the relevance of its application 
in problems of continuum mechanics. The exponent can play 
a role as the second argument of the function when solving 
a  closed-loop problem in plasticity theory. However, as analy
sis has revealed, without the first argument of the function, 
the closed-loop problem cannot be solved. The reason for this 
discrepancy may be the lack of a necessary physical model of 
the deformation process.

In [21], differential relations for the transition from one 
variable to another are used, which characterize certain 
generalizations and simplifications when solving analytical 
problems in plasticity theory. Such approaches are acceptable 
for problems in continuum mechanics. However, invariant 
differential relations between variables in the form of Cauchy- 
 Riemann relations, which unambiguously determine the 

conditions for the existence of solutions to a closed problem in 
plasticity theory, are absent. This is due to the lack of a physi-
cal model of the process under asymmetric loading.

In [22], the boundary conditions of the problem are 
mathematically justified using the collocation method. Their 
determination is a problem in continuum mechanics. How
ever, issues of nonlinearity of the boundary conditions remain 
undefined, preventing the identification of transformation 
options for the solutions themselves. This may be due to the 
inability to adequately state the physical and mathematical 
problem of continuum mechanics.

In conclusion, it should be noted that the literature ad-
dresses the issue of solving problems with elements of gen-
eralizations of complex problems in continuum mechanics. 
Furthermore, questions arise when posing and solving com-
plex physical and mathematical problems determined by 
modern advancements in engineering and technology, par-
ticularly in rolling processes. The use of the characteristics 
and patterns of plastic deformation in the development of 
fundamental innovative advancements in manufacturing is of 
interest. The literature contains studies identifying the effects 
of plastic deformation associated with a reduction in force 
loading under conditions of increasing deformation effects 
to the point of process instability. However, the technological 
conditions and mechanisms that the instability process and 
the entire rolling process must comply with are unknown. All 
of this suggests that it is advisable to study the mechanism 
of roll gripping and rolling at the point of process instability 
when the effect of plastic deformation is realized.

3. The aim and objectives of the study

The objective of our study is to determine the mechanism 
of roll gripping ability and rolling at the limit of process sta-
bility under conditions of asymmetric loading on the plastic 
deformation site. This will enable the realization of the effect 
of plastic shape change under an asymmetrically loaded de-
formation site.

To achieve this aim, the following objectives were accom-
plished:

– to build a physical and mathematical model of a plane 
rolling theory problem under conditions of multiparameter 
factors influencing roll gripping ability and rolling stability;

– based on the resulting mathematical model, to identify, 
study, and analyze the process of minimum stability and the 
process of suppressing the effect on the zeroing factors of the 
stressed state under conditions of multiparameter loading 
during metal gripping by rolls, as well as stability in the zone 
of attainability of the limiting deformation site;

– to evaluate the reliability of would-be results from our 
study on the stressed state of metal under the influence of 
multiparameter factors on gripping and rolling stability, in-
cluding finite element modeling in the DEFORM program.

4. The study materials and methods

The object of our study is the stressed state of metal under 
multiparameter influences on roll grip and rolling stability.

The study hypothesis assumed that by solving a closed 
problem in plasticity theory using the argument-function 
method of a complex variable, sophisticated problems could 
be posed and solved, including loading asymmetry, plastic 
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deformation effects, extreme processes, as well as plastic de-
formation intensity.

The study’s assumptions are:
– linearization of boundary conditions and a hyperbolic 

partial differential equation for determining shear stresses.
Methods used in the solution process:
– argument-function method of a complex variable.
Data sources used in the study:
– theoretical and experimental data from other authors, 

my experimental study assessing additional effects on the plas-
tic deformation site under laboratory rolling mill conditions.

Software used in the study:
– Mathcad 15 software was used to calculate the stressed state.

5. Results of investigating the stressed state of metal 
under the influence of multiparametric factors

5. 1. Construction of physical and mathematical models 
of a plane rolling theory problem taking into account 
multiparameter factors

The influence of deformation asymmetry as a control 
factor on the parameters of plastic deformation was demon-
strated in [1, 3]. An effect was identified that manifests itself 
in a decrease in the force load with an increase in the defor-
mation effect.

The physical model of the process is based on experi-
mental data from employees at the South Ukrainian School 
of Rolling Mills, Dnipro (National Metallurgical Academy of 
Ukraine) [1].

The experimental setup consists of a manufactured model 
rolling mill 120...150 mm, which in all respects corresponds to 
rolling mills in industrial production. The following devices 
were the main equipment elements of the industrial and 
research mill: a working stand, where plastic deformation 
occurs in rotating rolls; two spindles, which transmit rota-
tion and load to the working rolls of the mill at an angle from 
the gear stand. A gear cage designed to split the rotation 
between the rolls and the load; a gearbox used to reduce 
the speed and increase the load; coupling clutches and an 
electric drive. The primary device for implementing plastic 
deformation was the working cage. Main components: two 
working rolls, two closed-type frames; four bearing hous-
ings (cushions) for the roll necks; rulers, guides, pressure 
tables, and balancing devices.

A point load cell mounted in the rolls was used to measure 
contact stresses. The primary loading element of the point 
load cell is a rod element subject to bending and compression. 
A half-bridge circuit was developed to connect the sensors to 
the rod element. An amplifier, oscilloscope, and connecting 
cables were used. Unique experimental data was obtained.

The following process parameters were used. The rolling 
technology used to measure contact stresses was a simple 
case of rolling in rolls of the same diameter, without the use 
of external longitudinal forces. The strip was fed into the gap 
between rotating rolls, and the rolls gripped the metal through 
contact friction. In the deformation site, the strip was reduced 
in height. The strip was lengthened and increased in width. 
This technology is used for rolling strips, or strips of medium 
and wide widths. 

The main similarity criteria were represented by relative 
values: the deformation site shape factor, representing the ra-
tio of the deformation site length to the average thickness; the 
friction coefficient; and the relative reduction. Parameter vari-

ations were assumed to be limiting values, which essentially 
covered the entire range of their practical application: friction 
coefficients from 0.05 to 0.50; shape factor from 1.00 to 15.00.  
These represented the main technological parameters of the 
rolling process.

The used similarity criteria were sufficient to validate the 
physical model of the problem set.

The physical model of the process manifests itself in the 
fact that in the lagging zone, in addition to the compressive 
longitudinal stresses from contact friction, longitudinal ten-
sile stresses act, manifesting themselves as a concavity in the 
normal contact stress diagrams. Tensile forces arise due to 
the opposing action of normal pressure forces (the pushing 
force) and the pulling force of friction at the entrance to the 
deformation site, Fig. 1. In this case, a backward tension arises 
from the lagging zone, reducing the length of the leading zone 
and reducing the contact pressure in the zone of metal reverse 
movement. The interaction of opposing forces manifests itself 
most effectively in the initial stage of the process, changing 
the shape of the contact stress diagrams.

 
Fig. 1. Diagram of contact forces acting 	

at the deformation site

Thus, the deformation site is subject to vertical compres-
sion forces from the normal force and friction, as well as longi-
tudinal tensile forces in the lagging zone. Taking into account 
the longitudinal tensile force, as well as the ratios of normal 
and retracting forces, collectively determine the stability of 
the rolling process and the gripping ability of the rolls.

It should be kept in mind that the gripping of metal by 
the rolls is the process of forming a stressed and strained state 
of the metal within a confined space, under given process 
parameters.  

The attainability zone of the ultimate deformation site 
is shown under conditions of the effect manifesting itself 
through loss of stability or the process of metal slippage in 
the rolls. Analysis revealed that the gripping of metal by the 
rolls is the determining factor in the occurrence of this phe-
nomenon. Therefore, it is necessary to study the influence 
of the multi-component nature of the rolling process on the 
conditions and parameters for the formation of the gripping 
ability of the rolls and the possibility of achieving process 
stability. For a complete understanding of this problem, the 
entire deformation site, rather than a partial confined space, 
is considered.

Fundamental and trigonometric substitutions are used. 
The system of equations for the closed problem is represented 
in the following form [6]:



Engineering technological systems: Reference for Chief Technology Specialist at an industrial enterprise

35

�
�

�
�

�
�

� �x xy

x y
0, 
�

�
�
�

�
�

� �yx y

x y
0, 

( ) ,� � �x y xy k� � �2 2 24 4

� �
�

� �
�

x y

xy

x y

xy
F

�

�
�

�
�

�
2 1,	 (1)

� �x y� � 0,

�
�

�
�

�
�
�

� �

2

2

2

2

2� � �x y xy

y x y x


,

�
�

�
�

�
2

2

2

2
0,T

y
+ T

x

where σx and σy are normal stresses; τxy is the shear stress;  
k is the plastic shear resistance (variable); ξx, γxy are the linear 
and shear strain rates; T is the metal temperature at a given point.

The boundary conditions are specified in terms of stress 
and strain rate:
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where γn is the shear strain rate characterizing the boundary 
condition; τn is the shear stress characterizing the bound-
ary condition.

Solving the system of equations (1) and boundary condi-
tions (2) yields a general result for stresses and strain rates. 
The result is that the deformation and force fields contain 
identical sets of functions, allowing one to obtain a mathe-
matical model of a plastic medium or simply close the prob-
lem in terms of stress fields and strain rates.

Under this statement, the solution in stresses is supported 
by the solution to the deformation problem, which enhances 
the reliability of the result and satisfies the energy conditions 
of interaction in the deformation site [6].

The preliminary result [6] is used to obtain a solution to an 
applied asymmetric problem in plasticity theory with a limited 
force component of the process. In this case, the statement is 
simplified, and the problem is closed by the force characteris-
tics of the process.

Taking into account (1) and (2), a simplified statement of 
the problem in stresses is obtained and used:

– differential equilibrium equations
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where σ0 is the mean normal stress; n is a constant deter-
mined by the problem conditions.

The deformation component of the process (the strain conti-
nuity equation) entered the force component through the mean 
normal stress.

Expression (6), for the boundary conditions, relates the 
stress tensor components to the shear contact stress. This 
representation of the shear contact stress (6) introduces sig-
nificant uncertainties into the process of obtaining the result. 
To linearize the boundary conditions and the solution itself, 
the following notation of the boundary conditions is adopted
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where Ti is the intensity of the shear stresses; ΑΦ is the un-
known function of the coordinates or the first argument of the 
function; φ is the angle of inclination of the platform. Compar-
ing formulas (6) and (7), it can be shown that the shear stresses 
for the boundary conditions (6) τxy and the differences (σx – σy) 
for normal stresses are related via the following expressions
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In work [23], the well-known differential equation for 
determining the shear stresses is expressed in terms of the 
intensity of the shear stresses Ti

�

�
�
�

�
� �

�
� �

� �
�

�
��

�

�
��

2

2

2

2

2 2

2 1
� � �xy xy

i
xy

ix y x y
T

T
.	 (9)

From (8), (9), the transformations determined from ex-
pression (7) become clear. A trigonometric substitution of the 
ratio under the radical was performed, which made it possible 
to linearize the right-hand side of expression (9) and linearize  
the boundary conditions. This approach is interesting in that  
for linear partial differential equations, a fundamental sub-
stitution is allowed, accompanied by certain peculiarities. 
These peculiarities consist in the fact that the exponent is an 
unknown function. Hence, we obtain

T Hi � � �exp ,	 (10)

where θ is an unknown function, or the second argument 
function. Taking into account the substitutions in expressions 
(8), (10), we have

� ��xy H� � �exp sin .�� 	 (11)

Taking into account transitions (8) to (11), the problem 
statement is clarified: what mathematical relations must 
the argument of function (8), (10) satisfy in order to close 
the solution to the problem, turning hyperbolic equation (9) 
into an identity. Of interest are generalized fundamental ap-
proaches to solving problems in plasticity theory using a func-
tion of a complex variable. By substituting expressions (8) and 
(10) into (11), an expression for the shear stress is obtained 
through a function of a complex variable
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Using relation (12) and equation (9), the differential equa-
tion is expressed in terms of a complex variable:
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Equation (13) has a number of peculiarities. During the 
transformations, identical brackets (θx + ΑΦy) and (θy – ΑΦx) 
appeared for different operators, and the conditions for the ex-
istence of variable Hσ were determined for this equation. For 
the purpose of simplification, we can move on to the Cauchy- 
Riemann relations and the Laplace equations. Taking the 
above brackets equal to zero, we obtain:

�x xA� � � ;

� y xA� � ; � �xx yy� � 0,

A Axx yy� �� � 0.	 (14)

The next feature of equation (13) is variable Hσ, which can 
be represented as

H
C l x C l x

l� �
� �
�

�
�

�

�
� � � �

�

�
�

�

�
�0 12 2 ,	 (15)

where C0, C1 are constants defining the stresses at the en-
trance and exit of the deformation site; l is the length of the 
deformation site.

Variable (15) identifies the asymmetry process along the 
deformation site, allowing for different boundary conditions 
to be specified at the entrance and exit of the deformation site.

To solve this problem, it is necessary to develop a theory 
and mathematical model of the process that take into account 
the influence of multicomponent factors on the gripping abil-
ity of the rolls.

Substituting the Cauchy-Riemann relation (14) into differ-
ential equation (13) confirms that it becomes an identity. This 
allows for the determination of the shear stress value.

Basic expression (11) and the conditions for the existence 
of solution (14) define the shear stress function as

� ��xy H A� � �exp sin � ,

at

�x xA� � � ;

� y xA� � ;

� �xx yy� � 0;

A Axx yy� �� � 0.	 (16)

Another feature of the solution should be emphasized.  
In equation (13), the derivatives of variable Hσ with respect 
to the coordinates were determined by dependence on the 
Cauchy-Riemann relations. This allowed them to be elimi-
nated from further consideration and simplified the problem.

From the equilibrium equations (1), given the known func-
tional dependence (16), the normal components of the stress 
tensor can be determined. After separating the variables of the 
equilibrium equations, the following expressions are obtained:
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By integrating the equation of continuity of deforma-
tions  (5), we obtain [1]:

� � ��x H A f y� � � � � � �exp cos ;� 0

� � ��y H A f x� � � � � � � �exp cos ;� 0

� ��xy H A� � �exp sin ;�

� ��0 � � � �n H Aexp cos � ,

at

�x xA� � � ; � y xA� � ;

� �xx yy� � 0; A Axx yy� �� � 0.	 (17)

Solution (17) satisfies the equilibrium equations, differen-
tial equation (9) or (13), and the deformation continuity equa-
tion (5). The question arises: to what extent is the Huber-Mises 
plasticity condition satisfied? Substituting expressions (17) 
into equation (4), taking into account f(y) = f(x) = C, we obtain
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�

� ��� � �
2 24Ti .

In the case of the Huber-Mises plasticity condition, Ti = k, 
the identical satisfaction of the plasticity condition for a plane 
problem is obtained, (1)

� � �x y xy k�� � � �
2 2 24 4 .

Result (17) fully satisfies the system of equations (3) to (5) 
in analytical form. Thus, based on the solution to a closed-
form problem in plasticity theory, a particular solution to 
problem (17) is represented in closed form.
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When constructing a mathematical model for stressed 
state analysis under conditions of multi-component influenc-
es on the gripping ability of the rolls and the stability of the 
rolling process, defining boundary conditions were used.

The need to study the influence of multi-component roll-
ing is associated with an additional study of the effect of plas-
tic deformation under conditions of decreasing force impact 
by increasing deformation loading.

Process limitations are presented, determining a single- 
zone deformation site with stable process implementation, on 
the one hand, and the realization of the effect of plastic defor-
mation, on the other.

The main problem is to identify the conditions for the 
existence of a single-zone deformation site during a stable 
rolling  process.

Using solution (17) and expression (15), the following 
result is obtained:
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Aexp cos ,� 	 (18)

at �x xA� � � ; � y xA� � ; � �xx yy� � 0; A Axx yy� �� � 0.
To determine the integration constants, boundary and 

apparent conditions in the deformation site were used. The 
origin is placed at the center of the deformation site, and the 
x-axis is shown in the rolling direction.

At:

x l
� �

2
, y h

= 0

2
, A A� �� 0, � �� 0,

� � �x y k� � 0 02 , � �xy k� 0 0;	 (19)

x l
=

2
, y h

= 1

2
, A A� �� 1, � �� 1, 

� � �x y k� � 1 12 , � �xy k� 1 1,

where ΑΦ0 and ΑΦ1, θ0 and θ1, k0 and k1, ξ0 and ξ1 are the 
values of functions ΑΦ and θ at the edges of the deformation 
site; shear resistance; coefficients taking into account the ef-
fects of back pressure and rolling tension at the entrance and 
exit of the deformation site.

Substituting the boundary conditions (19) into (18), the fol-
lowing result is obtained

C k
A0

0 0

0 0
�

�
�exp cos

;
�

 C k
A1

1 1

1 1
�

�
�exp cos

;
�

� 0 0� tan ;A�  �1 1� tan .A� 	 (20)

Comparing expressions (18) to (20), we conclude that 
the obtained data allow us to consider asymmetry along the 
deformation site length and take into account changes in the 
stressed state.

To further analyze the stressed state under asymmetric 
loading (18), it is necessary to determine the argument of 
function θ and ΑΦ. The mathematical model provides this 
capability. By solving Laplace’s equations and matching the 
result with the Cauchy-Riemann conditions, the first argu-
ment function for the trigonometric dependence is obtained
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AA x X l X y �, 	 (21)

where φ = (l / 2 – x) / R is the angle of inclination of the con-
tact area; x0 is the position of the neutral cross-section relative 
to the origin; AA′6 and AA′′6 are constants defining the values of 
trigonometric functions at the edges of the deformation site, 
taking into account the influence of the process kinematics on 
the force characteristics of the deformation site.

Let us consider and comment on the use of boundary 
conditions that determine the reliability of the qualitative and 
quantitative indicators of the problem being solved. Let us 
dwell on this in more detail.

The coordinates of the point at the exit from the defor-
mation site are x = l / 2, y = h1 / 2. The angle of inclination 
of the area at the exit from the deformation site is φ = 0. The 
kinematic component in the complex of parameters at the exit 
from the deformation site is ΑΦ′ = (ΑΦ1 – α). The friction 
index and the angle of capture are ΑΦ1, and α. The coordi-
nates of the point at the entrance to the deformation site are 
x = –l / 2, y = h0 / 2. The angle of inclination of the platform at 
the entrance to the deformation site is φ = α. The kinematic 
component in the complex of parameters at the entrance to 
the deformation site is ΑΦ′ = –ΑΦ0.

Substituting the boundary conditions into expression (21), 
we obtain

��
�� �

�
�6
1

1
2 A

l h
;�  �� ��� �

�
�6
0

0
2 2A

l h
� .	 (22)

The integration constants (22) influence the nature of 
stress distribution at the deformation site and the kinematic 
rolling conditions, which are designated to a certain extent by 
the neutral angle. This thereby adds a multi-component ap-
proach to the process for assessing the stressed state, including 
the asymmetry of the distribution along the deformation site.

As analysis reveals, expressions (22) to some extent char-
acterize the interaction of the lag and lead zones. Taking into 
account the Cauchy-Riemann relations and the Laplace equa-
tions (17), function θ is determined

� � � � � � ��� � � �� � ��
��

�
��
�

� � � � �� �� � �

1
2 6 6 0

2 2

6 6

�� ��

�� ��

x X y

l lom on xx X�� �0 . 	 (23)

Taking into account (21) and the boundary conditions, 
the neutral angle is determined, showing the position of the 
neutral section at the deformation site
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where (ΑΦ – α) is the kinematic component; ε is the relative 
compression.

In the kinematic component (24), the friction index, tak-
ing into account the obvious conditions of the deformation 
site, can be represented as

A A f a b f� �1 0� � � �� �,	 (25)

where a and b are constants characterizing the friction coeffi-
cient at the entrance and exit of the deformation site, and f is 
the friction coefficient.

When solving kinematic problems, it becomes neces-
sary to address the kinematics of the process when the 
advance zone is zero. In this case, the relationship between 
the friction coefficient and the grip angle is reduced to the 
following form

f a b f bf af� �� � � � � � �� �2 0.

An expression for obtaining the coefficient of friction has 
been determined

f a a b
b

�
� �2 4

2
� .	 (26)

At a = b = 1, we have

f � � �1 1 4
2

� .	 (27)

Using expression (23), taking into account the boundary 
conditions, we determine the integration constants θ1 and θ2:
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Using expressions for Cσ taking into account depen
dences (20), working formulas were derived for calculating 
the stressed state of the strip during rolling, including for 
a single-zone deformation site (with limited gripping capacity 
of the rolls):

The values of relative contact specific pressures were 
calculated using formulas (28). Fig. 2 shows the stress distri-
bution along the length of the deformation site as a function  
of shape factor l / h [1], which awaits its physical and theoret-
ical justification.
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Fig. 2. Distribution of contact stresses along 	
the length of the deformation site depending on the shape 

factor at l / h = 1.03…15.49; α = 0.077; f = 0.3: 	
a – distribution of normal stresses; b – distribution 	

of shear stresses

This pattern of contact stress distribution is further con-
firmed by the experimental diagrams in chapter 5. 3.

Changes in the stressed state in the processing zone are 
noted depending on the specified factor. Concave and convex 
contact stress diagrams are observed in different areas of the 
deformation site. All of this confirms the response of the 
mathematical model to the adopted physical interpretation 
of the process. The position of the maximum normal stresses 
along the deformation site, as well as the magnitude of the 
contact stresses, changes. In terms of shear stresses, the sta-
bility of the rolling process is confirmed by the presence of 
a  leading zone.

Based on the data analysis, a key feature of this approach 
is the equivalence of the effects of the shape factor and 

the tension from the lagging zone, 
which determine the kinematics of 
the process and the force character-
istics of the reduction zone. Given 
this formulation of the question, 
this assertion must be substantiated  
and proven. 

This proof must be provided by 
identifying process features through 
the gripping ability of the rolls and 
the stability of the rolling process. 
This approach is crucial for fur
ther research.
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5. 2. Results of investigating the process of mini-
mum stability, the process of partial suppression of 
zeroing factors of the stressed state

Based on work [1], which confirms similar approaches to 
plastic deformation effects, the possibilities of determining 
the process mechanism through the multicomponent factor 
and the characteristics of the roll gripping ability were con-
sidered. The processes of metal gripping by rolls and the con-
ditions for implementing a stable rolling process are investi-
gated depending on a number of determining factors: contact 
friction, through the friction coefficient; reduction; and the 
shape factor. Obviously, these factors will also influence not 
only the gripping ability of the rolls but also the achievability 
of the limiting deformation site effect.

Existing advancements on metal gripping by rolls [10] 
prove insufficient to explain many theoretical and practical 
aspects of the process, necessitating a revision of the condi-
tions for implementing the roll gripping ability and the condi-
tions for loss of process stability. These include:

– concavity of the normal stress diagrams in the lag zone 
and along the entire length of the deformation site;

– absence of plastic deformation during roll slippage, ex-
planation of the mechanics of negative lead [24];

– absence of a lead zone during roll gripping;
– phenomenon of contraction of the height of the rolled 

product before entering the deformation site [12].
The answers to these questions are closely related to the 

adopted physical model of the rolling process: accounting for 
the influence of tensile stresses in the lagging zone on the force 
and deformation characteristics of the rolling process. In this 
regard, these issues are examined in greater detail. It is known 
that the initial grip of the metal by the rolls occurs under 
conditions where the pulling forces of contact friction are no 
less than the normal pushing forces from the rolls. Moreover, 
the grip of the metal by the rolls during a steady-state process 
can be greater than the initial angle by up to two values of the 
initial grip. It follows that, having overcome the grip at the 
initial moment, it is possible to double the grip angle without 
losing the stability of the process. In [1], it is proposed, based 
on the solution to a plane problem of plasticity theory, to char-
acterize the gripping capacity not only by contact diagrams of 
tangential stresses but also by normal stresses. Following [1],  
it is shown that the loss of stability is determined not by one 
but by two factors – grip and the degree of stretching of the 
lagging zone in the processing area, Fig. 1, determined by the 
physical model of the process. When assessing the influence of 
these two parameters on the stability of the process, it is nec-
essary to focus on the tangential and normal stresses that react 
to the stretching of the strip in the lagging zone.

Shear stresses vary along the deformation site, crossing 
the zero line in the neutral section. If there is no zero cross-
ing, there is no lead zone, and a loss of stability, i.e., slippage, 
should occur. Normal stresses provide another criterion for 
assessing the stability of the rolling process: rolling under 
rear strip tension from the lagging zone, which affects sta-
bility, the shape of the normal contact stress diagrams, and 
the magnitude and kinematics of processing. The concavity 
of the diagram is a qualitative and quantitative assessment 
of the tensile effect in the lagging zone or along the entire 
length of the deformation site. Such approaches are known in 
the literature; however, strip stretching has not been linked to 
process stability or the gripping capacity of the rolls. It should 
be noted that a decrease in contact stresses below permissible 
limits, i.e., a concavity of the relative stress diagram less than 

unity or stresses less than the yield strength, indicates the ab-
sence of plastic deformation. Then the rolling process as such 
does not exist, there is no gripping, no stability.

This connection between strip stretching, plastic process-
ing, process stability, and the gripping capacity of the rolls is 
the defining and indicative reason for the emergence of a new 
process quality, an additional force and kinematic effect on 
the plastic forming zone.

It follows that processes that contribute to deformation 
accompany the process of metal gripping by the rolls. The 
presence of plastic deformation is obviously determined by 
the multi-component impact on the reduction zone.

There are examples of the influence of factors that ensure 
the presence of deformation of the rolled product during the 
moment of metal gripping by the rolls. Studies [12, 24] have 
shown that at the entrance to the deformation site, there is 
a contraction of the strip along the height of the rolled product. 
This indicates the presence of tensile stresses throughout the 
lagging zone, the thinner the strip, the greater the stress. Thus, 
in the lagging zone, the strip is contracted along the height, 
which corresponds to the physical model in [1]. Another 
example of plastic deformation that enhances metal gripping 
by the rolls is the impact plastic action of the workpiece on 
the contact surface of the rolls. Localized contact between the 
workpiece and the rolls at the entrance to the deformation site 
results in localized plastic deformation, which ensures metal 
gripping by the rolls [10]. The next argument in favor of the 
deformation component during gripping is rolling with a neg-
ative lead [23]. These studies demonstrate that stable rolling 
occurs not only in the absence of a lead zone, but also under 
process conditions where the peripheral speed of the rolls is 
greater than the speed of the strip exiting the deformation site. 
Thus, plastic deformation of the strip is permitted beyond the 
known limits of the initial grip of the metal by the rolls. In this 
case, the fact of such a phenomenon is important. Finally, it 
should be noted that factors contributing to the presence of 
plastic deformation at the moment of gripping are parameters 
that enhance the process. This must be taken into account 
when assessing the impact on the gripping ability of the rolls 
and the loss of rolling stability.

Based on the proposed physical model of roll gripping abil-
ity and the argument-function method for solving problems in 
continuum mechanics, the theoretical part and mathematical 
model for the process boundary has been worked out. This 
allowed us to explore the area where roll slippage partially 
occurs. In this state, representing the stage of interaction 
between multidirectional forces within the deformation site, 
signs of additional influence on the deformation site can be 
detected. These influences manifest themselves in the zones 
where the ultimate deformation site is reachable, within the 
parameters of the process.

It is possible to clearly evaluate the stressed state of the 
strip when the rolls grip beyond their ultimate limit. It should 
be noted that slippage of the rolls is a loss of rolling stability. 
Ultimate roll grip is defined as gripping at the point of process 
instability; beyond-ultimate roll grip is defined as roll gripping 
beyond the process boundary. Although beyond-ultimate grip 
presupposes roll slippage, the working variant is the stress 
distribution during roll slippage, if the mathematical model 
of the process allows it.

Fig. 3 shows diagrams of the beyond-limit metal grip-
ping capacity of the rolls for different form factor values and 
a friction coefficient of 0.015, which is less than the grip angle  
of 0.077. Their ratio is significantly less than unity, equal to 0.195. 
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If this ratio equals unity, the gripping capacity of the rolls is 
fixed under stable rolling conditions. Since the process is be-
yond the limit, there is no metal gripping by the rolls, which is 
confirmed by the diagrams of shear and normal stresses, Fig. 3.

0.2

0.4

0.6

0.8

1

1.2

1.4

-1 -0.5 0 0.5 1

R
el

at
iv

e 
no

rm
al

 c
on

ta
ct

 st
re

ss
es

, 
δy

/2
ki

Relative length of the deformation site, x/l

l/h=1.033
l/h=3.098
l/h=5.164
l/h=8.610
l/h=11.076
l/h=15.490

0
0.02
0.04
0.06
0.08
0.1

0.12
0.14
0.16
0.18

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

R
el

at
iv

e 
sh

ea
r c

on
ta

ct
 st

re
ss

es
, 

τx
y/

2k
i

Relative length of the deformation site, x/l

l/h=1.033
l/h=3.098
l/h=5.164
l/h=8.610
l/h=11.076
l/h=15.490

a

b

Fig. 3. Distribution of contact stresses along the length 	
of the deformation site under conditions of extreme grip of 
metal by rolls at l / h = 1.033…15.49; f = 0.015; α = 0.077: 	

a – distribution of normal stresses; b – distribution 	
of shear stresses

Deflections in the normal and shear stress diagrams are 
observed, indicating the presence of tensile stresses from the 
lagging zone. Consequently, the pushing force is greater than 
the pulling force, i.e., the contact friction force. The relative 
shear stresses are maximum at the entrance to the deforma-
tion site (0.168) and minimum at the exit from the lagging 
zone (0.031), not reaching the zero line and, therefore, not 
crossing it. Deflections in the diagrams occur for the same 
shear stress values as for normal stresses. Moreover, for dia-
grams of 1.033...5.164, the limits of variation in shear stress de-
flections remain unchanged, as there are no changes in friction 
or the conditions under which the metal is gripped by the rolls.

Analysis of the beyond-limit process reveals that the high 
strips respond weakly to tensile stresses from the lagging 
zone. When metal is gripped by rolls, the deflections in the di-
agrams showing the effects of this stretching will be minimal 
or absent altogether.

The response of tall strips to stretching in the beyond-limit 
process to some extent reflects the mechanics of the process 
with negative lead, which allows for the absence of a lead 
zone when metal is gripped by rolls and the presence of a grip 
with negative metal flow kinematics [24]. Consequently, there 
are processes in which stable rolling occurs not only with zero 
lead, but also in processes in which the peripheral speed of the 
rolls is higher than the strip velocity at the exit from the de-
formation site. Thus, at the present stage, the criterion of roll 
gripping ability, which is currently determined by the ratio 
between the normal pushing force and the frictional gripping 

force, is not fully justified. To explain the above features, an-
other factor must be present that nullifies the process in the 
presence of a tensile force in the lag zone.

The kinematics of the process under conditions of ulti
mate capture have been considered. The multidirectional 
action of forces on the deformation site creates a backlash 
on the deformed strip. This backlash affects not only the 
force parameters but also the kinematic parameters of the 
process. Thus, two factors associated with process instability 
are formed: the grip and the process determined by the action 
of tensile forces from the lagging zone. Ultimately, a process 
with concavity or convexity of the normal stress diagrams is 
formed. The above-described regimes may differ in their inter-
action conditions, counteract each other, or coincide. The ten-
sile factor determines the process of the ultimate deformation 
site, which is a fundamental indicator of the plastic deforma-
tion effect. It should be noted that the proposed approach does 
not claim to fundamentally change the theory of roll gripping 
ability at small grip angles and friction coefficients. Howev-
er, in the extreme case, it registers the emergence of a new 
quality, which to a certain extent characterizes the process of 
plastic deformation under conditions of negative lead or lead 
tending to zero.

As for the stability of the process, the buckling diagram 
for shear stresses to a certain extent replicates the buckling 
diagram for normal stresses. The partial or complete concavity 
of the normal stress diagrams relative to unity (Fig. 3) is par-
tially or completely replicated by the concavity of the shear 
stress diagram.

Fig. 4 shows the rolling process with a minimum grip 
angle of 0.077, but with an increased friction coefficient  
of 0.085, which ensures primary capture in the absence of 
a lead zone. This process became possible after introduc-
ing a second influencing factor, the effect of tension on the 
stressed state parameters at the deformation site. A prelimi-
nary analysis of shear stresses indicates no capture, while for 
normal stresses, capture is ensured by the presence of plastic 
deformation in the lagging zone (there is no deflection of the 
diagram below the limit line, whose ordinate is equal to unity). 
The ratio of the friction coefficient to the grip angle, which 
creates primary capture, is 1.10. Consequently, metal capture 
by the rolls is ensured in the absence of a lead zone. It follows 
that the lead zone is not a criterion for roll gripping capacity.

Analysis reveals that with an increase in the shape factor 
from 1.033 to 5.614, the maximum normal contact stresses in
crease within the range of 1.132 to 1.602. Subsequently, the 
stresses increase to 1.998 for a factor of 8.61, and further to 2.586 
for a shape factor of 15.49. Concurrently, the load in the lagging 
zone decreases. For a shape factor of 15.49, up to three curves 
decrease downwards, including a shape factor of 3.098 (Fig. 4).

This confirms the effect of plastic deformation, i.e., a de-
crease in the force load with an increase in the deformation 
component (the deformation component of the process, the 
shape factor of the deformation site), throughout most of the 
deformation site.

Compared to the process shown in Fig. 4, the main influ-
encing factors determining the ambiguity of the metal grip-
ping process by the rolls are confirmed and enhanced. On the 
one hand, the friction coefficient is greater than the grip angle, 
which characterizes the stability of the process; on the other 
hand, the absence of a lead zone characterizes the loss of roll-
ing stability. This seemingly contradictory phenomenon can 
be explained by introducing a lag zone stretching factor, which 
characterizes the stability of the rolling process. The first three 
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thicknesses (shape factors 1.033; 3.098; 5.164) (Fig. 3, 4) show 
that at small grip angles and low friction coefficients, the 
stretching factor is ineffective. When rolling medium and thin 
strips, the influence of tensile stress in the lag zone increases, 
and dips in the contact stress diagrams appear, the larger 
the dips, the thinner the strip. Maximum stresses respond 
consistently to an increase in the friction coefficient (1.132; 
1.353; 1.602; 1.998; 2.269; 2.586), and stresses in the lagging 
zone respond consistently to an increase in tensile stresses of 
opposing forces (abscissa axis – 0.2 at 1.107; 1.261; 1.383; 1.485; 
1.474; 1.31). The diagrams of curves, for normal stresses, show 
the zones of attainability of the limiting deformation site, but 
do not cross the permissible lines of process stability.
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Fig. 4. Distribution of contact stresses along the length of 
the deformation site when metal is gripped by rolls under 

transient process conditions, l / h = 1.033…15.49; f = 0.085; 
α = 0.077: a – distribution of normal stresses; 	

b – distribution of shear stresses

Of interest is the combination of a zero lead zone and the 
metal gripping by the rolls (Fig. 4). According to the physical 
gripping model, with a corresponding ratio of the friction 
coefficient to the grip angle greater than unity (1.10), metal 
gripping by the rolls is ensured. A lead zone must also exist. 
The question arises as to why, with an increase in the friction 
coefficient, the tensile force increases but not the lead zone, 
which are mutually opposite. The tensile force arises from 
the action of two opposing friction forces and normal pres-
sure in the lag zone. A back tension exists at the entrance 
to the deformation site. As the gripping force increases, the 
deformation site is restructured, and the lead zone increases. 
However, when considering the kinematics of metal flow, the 
back tension at the entrance to the deformation site reduces 
the lead zone. Moreover, during a steady-state process, based 
on the law of action and reaction, the oppositely directed 
normal pressure force increases, increasing the tensile force. 
With a low friction coefficient and increased tensile force, 

eliminating the lead zone becomes sufficient. It is hypothe-
sized that with a significant increase in the friction coefficient, 
the gripping ability of the friction force increases and becomes 
sufficient to neutralize the tensile force.

The peculiarity of this analysis is that such a process can 
exist in principle. Due to the increased tensile load in the 
lagging zone, with an increasing gripping friction coefficient, 
conditions arise for gripping in the absence of a leading zone. 
Indeed, the trailing tension alters the kinematics of the defor-
mation site, reducing the leading zone (roll exit). Thus, intro-
ducing the tensile force into the analysis makes it possible to 
evaluate the additional impact by adjusting the gripping pro-
cess under tensile stresses. Consequently, the process under 
consideration, with a zero leading zone, can be characterized 
as transient as it contains elements of a process with loss of 
stability and elements of a stable rolling process. Clearly, the 
concept of a transient rolling process should be expanded, 
linking it to the effect of a limiting deformation site.

The next feature is the realization, within this process, of 
a zone where the ultimate deformation site can be reached. 
This is clearly confirmed by the curve diagrams in Fig. 5, even 
at the minimum grip angle. This transient process serves as 
a benchmark for designing a rolling force system using the 
plastic deformation effect. Ultimately, a transient process with 
minimal stability, or a regime on the verge of process stability, 
is demonstrated.

Fig. 5 shows the distribution of contact stresses depending 
on the form factor with a minimum grip angle of 0.077 radi-
ans, with the presence of a full-fledged lead zone determined 
by a friction coefficient of f = 0.15.

This is significantly higher than the previous friction val-
ues shown in Fig. 4. The ratio of the friction coefficient to the 
grip angle in this case is 1.95. This is twice the ratio specified 
for the transient process. There are no signs of loss of stability, 
either in terms of tangential or normal stresses. The need for 
such consideration stems from the comparison of a process 
in which, due to the increasing friction coefficient, the influ-
ence of the reachable zone of the ultimate deformation site is 
minimal. The manifestation of the reachable zones is clearly 
demonstrated by comparing Fig. 4, 5.

With an increase in the form factor, a steady increase in 
the maximum contact stresses along the processing zone was 
observed: 1.195; 1.534; 1.940; 2.707; 3.334; 4.637. In the lagging 
zone, no decrease in the diagrams below the previous form 
factor numbers was observed, as was present for the transition 
deformation site. However, there is a superposition of concav-
ity of the diagrams in the lagging zone at different sections of 
the deformation site length. For shear stresses, a stable con-
vexity of the shear stress diagrams appeared along the length 
of the processing zone. The change in shear stresses is within 
the range of 0.025…0.233, which indicates the lead zone.

To evaluate the convexity of the diagrams, within the zero 
abscissa of the relative values of shear stresses, we have 0.111; 
0.133; 0.157; 0.198; 0.222; 0.246. As can be seen, the convexity of 
the shear stress diagrams increases with increasing shape factor.

In the lead zone, the shear stress diagrams are concave, 
due to a change in sign. The lead zone is defined by increased 
roll gripping ability in terms of shear stresses. For this rolling 
process, tensile stress factors, i.e., the zone where the limiting 
deformation site is attainable, are virtually absent. Tensile 
stresses are suppressed over almost the entire length of the 
deformation site. Unlike the process in Fig. 4, a new feature 
has emerged, where the increased tensile force from the in-
creasing friction coefficient is suppressed by the increasing 
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roll gripping ability (Fig. 5). The exception is the last curve, 
corresponding to shape factor 15.49, for the thinnest-walled 
strip. Indeed, analysis of the result reveals a slight decrease in 
specific pressures in the lag zone for this curve. Table 1 give 
contact stress data in the lag zone for shape factor 15.49.
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Fig. 5. Distribution of contact stresses along the deformation 
site during metal gripping by rolls under the conditions of the 
determining process l / h = 1.033…15.49; f = 0.15; α = 0.077: 

a – distribution of normal stresses; b – distribution 	
of shear stresses

Table 1

Comparative data on relative normal contact stresses 	
in the lag zone of the determining process α = 0.077 rad

Relative length 
in the lagging 

zone, x / l

Deformation site shape factor, l / h
1.033 3.098 5.164 8.61 11.07 15.49

Relative normal contact stresses, σy / 2ki

–0.1 1.185 1.485 1.788 2.221 2.429 2.529
–0.2 1.159 1.397 1.613 1.877 1,972 1.959
–0.3 1.118 1.280 1.410 1.544 1.578 1.537
–0.4 1.065 1.144 1.201 1.250 1.256 1.229
–0.5 1 1 1 1 1 1

At the beginning of the lagging zone, the well-known 
stress-shape factor dependence is still evident, with the abscissa 
at –0.1. As the shape factor increases, contact stresses increase 
within the range of 1.185 to 2.529. At abscissas of –0.2 to –0.5, 
for a factor of 15.49, a slight decrease in normal stresses is 
observed at the end of the lagging zone. Although this is an 
insignificant fragment compared to the overall sample, the de-
crease can be explained by the small, but significant, influence 
of tensile stress in the lagging zone for thin strips.

A distinctive feature of this process, with a minimum grip 
angle of 0.077 radians and a two-factor roll gripping capacity, 
is the suppressive effect on tensile stresses in the lagging zone.

Fig. 6 shows diagrams of the beyond-limit process of met-
al gripping by rolls for different shape factor values, a mini-
mum friction coefficient of 0.05, and an increased grip angle 
of 0.129. The ratio of the friction coefficient to the grip angle is 
less than unity, equal to 0.388. With increasing curve concavi-
ty, this is almost twice as large as the analogous ratio for Fig. 3. 
However, the process is also beyond the critical point.

Note the number of curves analyzed. The curve for shape 
factor 15.49 is not shown here. Even in Fig. 3, the curve’s 
concavity indicated that its process capabilities were below 
the critical point. At high friction coefficients, this process 
occurred at the largest zones of attainable limit deformation, 
i.e., the load decreased relative to the lower deformation load.

The shear and normal stress diagrams confirm the 
beyond-critical metal gripping by the rolls (Fig. 6), with 
the difference that instead of a grip angle of 0.077 radians, 
a grip angle of 0.129 radians is used, which changes the 
process parameters.
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Fig. 6. Distribution of contact stresses along the length 	
of the deformation site under conditions of extreme grip of 

metal by rolls at l / h = 1.033…11.07; f = 0.05; α = 0.129: 	
a – distribution of normal stresses; b – distribution 	

of shear stresses

The relative shear stresses, in comparison with the grip 
angle of 0.077 radians (0.168…0.031) have increased and have  
a maximum value at the entrance to the deformation site (0.316) 
and a minimum at the exit from the lag zone (0.041), without 
reaching the zero line, therefore, without crossing it. There is 
no lead zone. From this it is evident that there has been an in-
crease in shear stresses as a response to the increase in the grip 
angle. Normal stresses also respond to the increase in the grip 
angle. Whereas the processes in Fig. 3 show a decrease in the 
process load on curves 8.61 (partial loss); 11.07; 15.49, in Fig. 6 
the deflections of the normal stress diagrams occur with the 
shape factors 8.61; 11.07; 15.49 (thin stripes). Curve 5.164 has 
moved downwards, under the previous number 3.098 in the  
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lag zone, Fig. 6. Moreover, curve 15.49 fell within the attainabil
ity zone already in the processes shown in Fig. 4. There is no loss 
of stability in the process for only two diagrams (1.033; 3.098), 
instead of three (Fig. 3). Deflections occur for the same curves 
in the shear stress diagrams.

Analysis of the stress diagrams between the abscissas of 
–0.2 and 0.2 was performed; the distribution patterns of these 
diagrams are different (Fig. 6). Table 2 gives comparative data 
on the contact stresses at the entry and exit of the deformation 
site. On the exit side, these are the abscissas with a positive 
sign, while on the entry side, the abscissas are the minus sign. 
According to Fig. 2, the larger the shape factor, the greater the 
normal stresses should be.

Table 2

Comparative data on relative normal contact stresses 	
from the side of the entrance and exit from the deformation 

site of the beyond-limit process, α = 0.129 rad

Deformation 
site shape 
factor, l / h

Relative length of the deformation site, x / l

0.2 0.1 0.0 –0.1 –0.2

Relative normal contact stresses, σy / 2ki

3.098 1.349 1.359 1.333 1.283 1.219

5.164 1.427 1.385 1.313 1.234 1.160

Indeed, at a shape factor of 5.164, normal stresses in-
crease along the deformation site toward the exit. An increase 
in stress is also observed toward the exit for a shape factor  
of 3.098 up to and including the abscissa of 0.1. When com-
paring curves 5.164 and 3.098 over the range of 0.2 to 0.1, as 
expected, the values with the shape factor in ascending order 
correspond to the larger values. However, in the lag zone, the 
stressed state has reversed, starting from the abscissa of 0.0. 
Stresses with a  shape factor of 3.098 in the lag zone correspond 
to larger values. Thus, the curve at the ultimate capture, num-
ber 5.164, is the fourth stressed state curve that responded to an 
increase in the grip angle by reducing the load in the lag zone.

A characteristic feature of this process is the increase in 
tensile force due to the increase in the grip angle and its effect 
on the ultimate capture of the metal by the rolls. As the grip 
angle increases, the effect on the normal force in the direction 
of entry into the deformation site increases. According to the 
law of action and reaction, the frictional force also increases, 
which is indicated by an increase in shear stress values. The 
tensile force and stress, or the rear tension force from the 
lagging zone, also increases. It should be noted that in the 
previous processes, the tensile force also increased, but due 
to an increase in the friction coefficient, not the grip angle. 
The increased rear tension reduces the capture capacity of the 
rolls. In the extreme state, the process conditions deteriorate 
even more, as evidenced by the increased number of curves 
with concave contact stress shapes, Fig. 6.

Fig. 7 shows the contact stress curves for the transitional 
deformation site, with a grip angle of 0.129; shape factors  
of 1.033...11.07.

The rolling process is shown with a grip angle of 0.129, but 
with a friction coefficient sufficient to achieve primary metal 
gripping by 0.153 rolls, in the absence of a lead zone. The 
ratio of the friction coefficient to the grip angle is 1.19, which 
is greater than for a grip angle of 0.077 radians. A similar 
pattern of process existence with a zero lead zone is evident, 
as with a grip angle of 0.077 radians. A transient process also 
occurs for a grip angle of 0.129 radians, with a slight increase 

in the ratio of the friction coefficient to the grip angle. The 
increase in the ratio was 0.09. The capabilities of the physical 
and mathematical model made it possible to determine the 
friction coefficient for which the lead zone is absent, and the 
feasibility of implementing the process at an angle of 0.129 ra-
dians in a stable rolling mode.
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Fig. 7. Distribution of contact stresses along the length 
of the deformation site when metal is gripped by rolls 

under transient process conditions at l / h = 1.033…11.07; 
f = 0.153; α = 0.129: a – distribution of normal stresses; 	

b – distribution of shear stresses

The trends identified in the ultimate deformation site (Fig. 6) 
are confirmed in the transient process, Fig. 7.

An analysis of the characteristics of the transient process 
with changes in the source loading was performed. With an in-
crease in the grip angle, there was an increase in the maximum 
normal contact stresses for all form factors compared to the tran-
sient process, Fig. 4. An increase in the form factor contributed 
to an increase in the maximum contact stresses, respectively 
1.293; 1.761; 2.215; 2.791; 2.936. At the same time, for the same 
diagrams in the lag zone with an abscissa of –0.2, the follow-
ing distribution was obtained: 1.239; 1.495; 1.614; 1.496; 1.247.  
There was a decrease in the contact stresses in the lag zone for 
higher form factor values. According to Fig. 7, the curve for dia-
gram (8.61) moved lower by two positions, curve (11.07) moved 
lower by three positions, Fig. 7, which confirms the effect of 
plastic deformation. These movements of the curves indicate the 
presence of zones of attainability of the limiting deformation site.

The shear stresses changed their magnitude in relation to 
the transient process with a grip angle of 0.077 radians. The 
limits of change of shear stresses, Fig. 7, are 0.0…0.376, shear 
stresses, Fig. 4, 0.0…0.204. With the increase of the grip angle, 
the shear stresses responded by increasing. The convexity of 
the shear stress diagram with an increase in the form factor, 
for zero abscissa, within the limits of 0.201; 0.248; 0.285; 0.289; 
0.241, increased in relation to the grip angle of 0.077 radians 
within the limits of 0.107; 0.121; 0.135; 0.154; 0.160; 0.149.  
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Changes in shear stresses characterize the processes of self-reg-
ulation of oppositely directed friction forces and normal pres-
sure in the lagging zone. When rolling tall strips, i.e., for the 
first three shape factor curves, no reduction in contact stresses 
in the lag zone is observed with increasing grip angle, and 
there are no zones where the ultimate deformation site can 
be reached. Indeed, the maximum normal stress values for 
the three lower curves show an upward trend to 2.215. More-
over, in the lag zone, for these same curves, an increase from  
1.239 to 1.614, rather than a decrease, occurs within the 
horizontal axis – 0.2. In the same series, but when rolling 
thin strips at factors of 8.61 and 11.07, a decrease in specific 
pressures within the lag zone is observed within the range  
of 1.496…1.247, indicating the presence of tensile stresses. The 
presented model of stressed state changes indicates the possi-
bility of a transient process with an increase in the grip angle 
of 0.129 radians. There are zones of attainability of the limiting 
deformation site for thin strips, i.e., the effect is confirmed with 
an increase in the grip angle.

The next feature of the considered transition zone of defor-
mation is the increase of tensile stress with the growth of the 
angle of capture. This increase is designated by the magnitude 
of the decrease in normal contact stresses in the lagging zone 
with the equality of other indices of the compared processes. 
The indices of the transient process shown in Fig. 4, 7 are 
compared. The lagging zone is selected for thin strips with the 
same value of the abscissa axis equal to – 0.2, with the same 
form factor of 8.61 and 11.07. For Fig. 4, on one horizontal axis 
– 0.2, the obtained stresses for the form factor of 8.61 and 11.07 
are 1.485 and 1.474, respectively. For Fig. 7, on one horizontal 
axis – 0.2, the stresses for the form factor of 8.61 and 11.07 are 
1.496 and 1.247, respectively. The difference within one figure 
gives the stress difference between the diagrams of adjacent 
form factor values, which must be compared:

1.496 – 1.247 = 0.249; 1.485 – 1.474 = 0.011.

The first difference relates to Fig. 7, with a larger grip 
angle, and the second to Fig. 4, with a smaller grip angle. The 
deflections are different: 0.249 and 0.011. The deflections are 
greater where the grip angles are larger, and therefore where 
the tensile stresses are greater.

Tensile stresses increase with increasing friction coeffi-
cient and with increasing grip angle, but at different rates.  
It should be noted that if the forces involved in generating 
the back tension change in magnitude, the tensile stresses 
from their interaction increase in accordance with the pro-
cess accompanying this increase. This can be either a capture 
due to frictional forces or reverse metal flow due to normal 
extrusion pressure.

In summary: when implementing the process with an 
increased grip angle of 0.129 radians, it is shown that, for 
a given ratio of grip angle and friction coefficient, a transient 
process is possible, combining elements of a transient process 
and elements of a stable rolling process. The impact of tensile 
stresses on the rolling of tall strips is limited. Tensile stresses 
have a decisive effect on the rolling of thin and medium 
strips, manifesting themselves in the zones where the ulti-
mate deformation site is reached or in the effect of reducing 
the force load.

Fig. 8 shows the contact stress diagrams for a grip angle  
of 0.129 radians and a friction coefficient of 0.251, which cor-
responds to a friction coefficient to grip angle ratio of 1.95, 
with a full-fledged lead zone.

A steady increase in maximum normal stresses is noted 
with increasing deformation site shape factor within the 
ranges of 1.409; 2.067; 2.824; 4.249; 5.308.
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Fig. 8. Distribution of contact stresses along the deformation 
site during metal gripping by rolls under the conditions of 
the determining process at l / h = 1.033…11.07; f = 0.251; 

α = 0.129: a – distribution of normal stresses; 	
b – distribution of shear stresses

The shear stress variation limits for all shape factors are 
the same, within the range of –0.028…0.423, which are greater 
than the shear stresses at a grip angle of 0.077 (–0.025…0.233), 
determining the presence of a lead zone. There are significant 
differences in the curves determined by the convexity of the 
shear stress diagrams in the lag zone. Moreover, the parame-
ters characterizing their magnitude depend primarily on the 
shape factor and are, for a zero abscissa, within the ranges 
of 0.213; 0.282; 0.349; 0.409; 0.391. In this list, the last value 
belongs to the curve that drops below the previous one with  
a shape factor of 8.61, Fig. 8, which is explained by the in-
creasing effect of the tensile force in the lag zone. A distinctive 
feature of this process is the response of the force character-
istics of the lag zone to an increase in the grip angle to 0.129, 
which is reflected in the increased concavity of the normal 
stress diagrams during the rolling of thin-walled strips.

Table 3 gives contact normal stress data in the lag zone for 
detailed analysis.

In Table 1, it was for these shape factors that minor de-
flections in the diagrams were already present in the lagging 
zone, indicating the sensitivity of thin-walled rolled products 
to the action of even minor tensile stresses. From Table 3 
it follows that in the lagging zone, at a given grip angle, 
the stresses vary differently depending on the shape factor.  
Up to the factor value of 8.61, an increase in all contact stresses 
is indicated depending on the shape factor. For the abscissa  
of –0.3, starting from 8.61, a decrease in stresses occurs within 
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the range of 1.578; 1.459. The same trend is observed for 
the abscissa of –0.4, only within the range of 1.255; 1.200. 
A decrease in stresses also occurs for the abscissa of –0.1, up 
to a value of 2.304. The same correspondence of the data is 
confirmed by the diagrams in Fig. 5.

Table 3

Comparative data on relative normal contact stresses 	
in the lag zone of the determining process at α = 0.129 rad

Relative length 
in the lagging 

zone, x / l

Deformation site shape factor, l / h
1.033 3.098 5.164 8.61 11.07

Relative normal contact stresses, σy / 2ki

–0.1 1.384 1.900 2.312 2.529 2.304
–0.2 1.327 1.704 1.949 1.996 1.810
–0.3 1.240 1.474 1.595 1.578 1.459
–0.4 1.129 1.234 1.,277 1.255 1.200
–0.5 1 1 1 1 1

Moreover, all rolling processes, represented by a ratio of 
the friction coefficient to the grip angle of 1.95, correspond 
to the realization of a stable grip of the metal by the rolls and 
the process itself.

This information boils down to one thing: the combined 
effect of the grip angle and the friction coefficient is the in-
tensifying factor.

With an increase in the grip angle (reduction), contact 
stresses increase [1], and the friction coefficient acts in the 
same direction.

Table 4 gives relative values of the maximum normal 
stresses for two transient processes at grip angles of 0.077 
and 0.129, a form factor of 11.07, and friction coefficients of  
0.150 and 0.251, respectively.

The stress values at the exit of the deformation site, for 
both grip angles, are distinguished by high stress values at 
the entrance to the deformation site. In this case, before the 
abscissa –0.1, stresses with greater compression correspond 
to greater stresses, after the abscissa –0.1 the stressed state 
changes to the opposite.

Increasing the grip angle leads to a redistribution of the 
metal’s stressed state along the deformation site.

Comparing the results of the processes shown in Fig. 5, 8, 
it was concluded that a stable rolling process occurs at differ-
ent friction coefficients (from 0.150 to 0.251) for different grip 
angles. There was no decrease in the curve concavity below 
the minimum value (less than unity). Plastic deformation was 
present in the lag zone, forming a two-zone deformation site. 
With this ratio of process parameters, partial suppression of 
the zeroing tensile factors in the lag zone is evident. On the 
one hand, departure from the minimum stability process was 
evident due to an increase in the friction coefficient, while on 
the other hand, zones where the ultimate deformation site 
can be reached appeared due to an increase in the grip angle.

However, the suppression of tensile stresses in the com-
pression zone varies. At a minimum grip angle of 0.077 and 
a friction coefficient of 0.150, tensile stresses were virtually 
absent. In the next case, the grip angle (0.129) and friction 
coefficient (0.251) increased. However, the influence of the 
friction coefficient on suppressing tensile stresses in the lag-
ging zone was insufficient to achieve zero lead, as was the 
case with a grip angle of 0.077 radians. The influence of the 
grip angle, but not the friction coefficient, on the stressed 
state parameters in this case was decisive, as the interaction 
of these factors led to a load reduction effect with increasing 
deformation loading.

When the friction coefficient and grip angle interacted 
together, their influence was the predominant factor affecting 
contact stresses along the deformation site. The following 
pattern is characteristic of the lagging zone: smaller angles 
and friction coefficients correspond to higher contact stresses, 
while larger angles and friction coefficients correspond to 
lower contact stresses. Returning to Fig. 5, 8, it is clear that 
a transition from the process of suppressing stretching in the 
lagging zone to a process of enhancing its influence is evident. 
A characteristic feature is the manifestation of a load reduc-
tion effect with increasing deformation loading.

Fig. 9 shows diagrams of the beyond-limit process of metal 
capture by rolls for different form factor values, a minimum 
friction coefficient of 0.05, and the maximum grip angle (in the 
scope of this study) of 0.168. The ratio of the friction coefficient 
to the grip angle is less than unity, equal to 0.298. This is greater 
than the similar ratios for the grip angle of 0.077, equal to 0.195, 
and less than for the grip angle of 0.129, equal to 0.388. Thus, 
we have another out-of-limit process of metal capture by rolls, 
confirmed by the new out-of-limit curves in Fig. 9.

A reduction in the number of curves was observed com-
pared to the beyond-limit processes shown in Fig. 3, 6. The 
absence of beyond-limit curves with shape factors of 15.49; 
11.07 and the addition of a curve with a shape factor of 8.61 
confirms that the beyond-limit grip mode is characterized by 
even lower stability in the critical state of the new process.

The tendency for additional control actions from the lag 
zone is enhanced due to the emergence of new zones where 
the ultimate deformation site is attainable. For the thinnest 
strip, when examined with a shape factor of 5.164, a deflection 
of the diagram is observed below the strip with a shape factor 
of 1.033, which may indicate that the ultimate stability values 
have been reached for all types of loading. The process with the 
minimum friction coefficient and maximum grip angle can be 
explained by the action of rearward tension from the lag zone. 
As the grip angle increases, the effect of the buoyancy force 
from the deformation site increases. According to the law of 
action and reaction, the magnitude of the gripping frictional 
force increases, which is confirmed by an increase in shear 
stresses in the lag zone. Under the influence of increased op-
posing forces, the tensile force at the deformation site increases.  
The effect of rearward tension promotes the reverse flow of 

metal from the deformation site, which 
eliminates the causes of the lead zone, 
aggravating the process of beyond-limit 
gripping. Contact normal stresses in the 
lag zone decrease, which is recorded in the 
contact stress diagrams, Fig. 9. Another 
deflection appears in the shear stress dia-
gram. It should be noted that in Fig. 6, the 
increase in tensile force is characterized by 
an increase in the gripping frictional force,  

Table 4
Comparative data on the relative maximum normal contact stresses 	
of two transient processes with grip angles of 0.077 and 0.129 rad

Grip 
angle, 

rad

Relative length of deformation site, x / l
0.5 0.4 0.3 0.2 0.1 0.0 –0.1 –0.2 –0.3 –0.4 –0.5

Relative maximum normal contact stresses, σy / 2ki

0.077 1.00 2.075 2.939 3.334 3.261 2.898 2.429 1.972 1.578 1.256 1.00
0.129 1.00 3.754 5.308 4.989 3.961 3.008 2.304 1.810 1.459 1.200 1.00
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and in this case, the tensile force increases due to an increase 
in the buoyant force of normal pressure. The contact pressure 
diagrams of the high bands, shape factors of 1.033; 3.098 and 
5.164, also responded to the increase in the grip angle by re-
arranging themselves. The curves with shape factors of 5.164 
and 3.098 swapped places. The lower curve (3.098) rose, while 
the upper curve (5.164) sank. Moreover, in the lagging zone, 
the latter curve sank below the 1.033 curve. Similar changes in 
the stressed state also occurred for shear stresses at a grip angle 
of 0.168 radians. The complex transformation of the stressed 
state toward deterioration of the roll gripping capacity at the 
maximum capture is confirmed by the two-component nature 
of the capture and the emergence of new regulating factors at 
the deformation site.
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Fig. 9. Distribution of contact stresses along the length 	
of the deformation site under conditions of extreme grip of 

metal by rolls at l / h = 1.033…8.61; f = 0.05; α = 0.168: 	
a – distribution of normal stresses; b – distribution 	

of shear stresses

Fig. 10 shows a transient rolling process with a grip angle 
of 0.168 radians, but with a friction coefficient that allows 
for initial metal gripping by the rolls of 0.215 radians in the 
absence of a lead zone.

The ratio of the friction coefficient to the grip angle is 1.28,  
which is higher than the similar ratio of 1.19 for a grip angle 
of 0.129 radians. This process is defined as transient, as the 
design allows for the presence of a zero lead zone and metal 
gripping by the rolls. The process of buckling of the thinnest 
strip with a deformation site shape factor of 11.07 is con-
sidered. In the lagging zone, with a complete set of data on 
metal gripping by the rolls, an increased effect of the zeroing 
factor, i.e., strip stretching from the lagging zone, is evident.  
Fig. 10 shows that the diagram of the maximum value of the 
normal contact stress shape factor has an unacceptable con-
cavity, less than unity. This indicates that the stresses at the 
deformation site are less than the yield strength, and plastic 
deformation is absent in this zone of the deformation site.  

The transition process occurs on the verge of loss of stability 
and is characterized by a maximum reduction in force action.

Let’s analyze this process in more detail. With increasing 
shape factor, the maximum normal stresses increased to num-
ber 8.61 in the following sequence: 1.522; 2.248; 2.932; 3.383.
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Fig. 10. Distribution of contact stresses along the 
deformation site during metal gripping by rolls under 
transient process conditions at l / h = 1.033…11.07; 

f = 0.215; α = 0.168: a – distribution of normal stresses; 	
b – distribution of shear stresses

This is determined by an increase in the friction coefficient 
to a value of 0.215, compared to a friction coefficient of 0.153 
in the previous transient process, Fig. 7. The shear stresses 
also increase compared to the transient process, Fig. 8, re-
spectively, from 0.0…0.376 to 0.0…0.557. This increase in 
shear stresses is explained by the interaction of oppositely 
directed gripping forces and normal pressures. As the grip of 
the metal by the rolls increases, pushing action of the normal 
force from the deformation site increases. According to the 
law of action and reaction, the gripping force of the metal 
by the rolls increases, which is confirmed by an increase in 
shear stresses. As a result of this interaction, the tensile force 
in the lagging zone increases to limit values. The tensile force 
suppresses frictional stress, and a restructuring of the stressed 
state occurs. Table 5 gives data on the transient process, at 
a maximum grip angle of 0.168 radians.

Table 5 demonstrates that loading the deformation site 
leads to a gradual shift in load reduction toward the lag zone 
for all shape factors.

This confirms the previously drawn conclusion that this 
primarily affects thin and extremely thin strips. Comparing the 
stress variation ranges for shape factors of 1.033 and 11.07, we 
obtain the following data: 1.16 to 1.522 and 0.880 to 2.373, respec-
tively. The entire lag zone has variation ranges of 0.880 to 0.991.  
The stresses are outside the plastic deformation site. Stresses 
with a value of 11.07 have dropped below the stress diagram with 
a shape factor of 8.61 and are comparable to the stress diagram 
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with a value of 5.164. Furthermore, stresses in the lagging zone 
for a shape factor of 8.61 dropped below the 1.033 diagram, 
indicating the presence of a significant zone where the ultimate 
deformation site of the following curve can be reached.

Table 5

Comparative data on relative normal contact stresses 	
of the transient process α = 0.168 rad

Relative 
length of the 
deformation 

site, x / l

Deformation site shape factor, l / h

1.033 3.098 5.164 8.61 11.07

Relative normal contact stresses, σy / 2ki 

0.5 1 1 1 1 1

0.4 1.189 1.557 2.069 2.987 2.273

0.3 1.342 1.967 2.73 3.383 1.384

0.2 1.45 2.195 2.932 2.906 0.991

0.1 1.511 2.248 2.798 2.335 0.883

0 1.522 2.159 2.492 1.901 0.88

–0.1 1.487 1.977 2.137 1.602 0.914

–0.2 1.411 1.743 1.796 1.394 0.956

–0.3 1.299 1.49 1.493 1.24 0.989

–0.4 1.16 1.239 1.229 1.114 1.006

–0.5 1 1 1 1 1

The drop zone or increase in tensile stresses in the lagging 
zone can be quantified, as this was done relative to a grip angle 
of 0.129 radians. For the same shape factor parameters and the 
x-axis, –0.2, a sample was taken for a grip angle of 0.168 radians, 
yielding 1.394 and 0.956, respectively. The difference between 
these values is then 0.438, which is significantly greater for the 
same parameters but with a grip angle of 0.129 radians, equal-
ing 0.249. The tensile stress values increased exponentially. 
Consequently, such an increase in tensile stresses facilitates the 
process reaching the ultimate deformation site more quickly, 
i.e., loss of stability and slippage of the strip in the rolls.

The curves of the shape factor diagrams of 1.033...5.164 
(strips of large and medium thickness) did not respond to the 
attainability zone.

A transient rolling process has been considered, with 
the stressed state zeroing, under conditions of increasing 
stretching in the lag zone. This provides a striking example 
of confirmation of the effect of plastic deformation and a de-
crease in rolling force under maximum deformation loading. 
However, this process does not have a lead zone. This analysis 
reveals that the represented transient process meets all the 
requirements that a process within a limiting deformation site 
must meet [1].

The above studies demonstrate the implementation of  
a process with a single-zone deformation site, at the limit of 
its stability: a process within which the effect of plastic defor-
mation is determined. For the possibility of its optimization, 
the inverse problem is of interest, i.e., suppression of the 
force-regulating effect from the lag zone under conditions of 
increasing gripping forces at the deformation site. In Fig. 5, 8, 
for the determining modes, the minimal impact of tensile 
stresses on the parameters of the compression zone is shown. 
The question arises about the impact of tensile stresses on the 
process parameters at the maximum grip angle.

Fig. 11 shows the metal gripping by rolls with the follow-
ing process parameters: grip angle of 0.168 radians; friction co-

efficient of 0.327, in the presence of a leading zone. The ratio  
of the friction coefficient to the grip angle is 1.95, which is 
similar to the same ratio for a grip angle of 0.129 radians.

It is known that contact stresses also increase with an 
increase in the form factor. This pattern is observed for the 
first three processes with numbers 1.033; 3.098; 5.164 (high 
and medium-height strips) and the maximum stresses of 
strips with form factors of 8.61; 11.07 (thin strips). No loss of 
process stability is observed. However, the last two curves, at 
maximum specific pressures, have dips in the contact stress 
diagrams in the lagging zone. This leads to a sharp decrease in 
rolling force, relative to the diagrams with a lower form factor. 
Tensile stresses from the lag zone influence the deformation 
site. As Fig. 11 shows, increasing the friction coefficient does 
not eliminate this effect, but deflections in the diagrams 
smaller than unity do, indicating the presence of plastic de-
formation in the lag zone. Tensile stresses in the lag zone are 
partially suppressed, and stable rolling is achieved.
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Fig. 11. Distribution of contact stresses along 	
the deformation site during metal gripping by rolls 
under the conditions of the determining process at 

l / h = 1.033…11.07; f = 0.327; α = 0.168: a – distribution 	
of normal stresses; b – distribution of shear stresses

Similar patterns of reduction in the diagrams also occur for 
shear stresses, only relative to the inclined line, with a shape 
factor of 1.033. The shear stress ranges from –0.024 to 0.616 at 
a grip angle of 0.168 radians. This range is greater than that 
for a grip angle of 0.129 radians, which is –0.028 to 0.423. 
Moreover, the shear stress in the lead zone with greater 
compression (–0.024) is less than in the lead zone with less 
compression (–0.028). This is explained by the greater rear 
tension, which reduces the size of the lead zone, thereby cre-
ating conditions for reducing the shear contact stresses at the 
deformation site.

The maximum shear stress at the entrance to the defor-
mation site, 0.616, is determined by the magnitude of the 
compression. This is confirmed by the stress distribution 
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depending on the grip angle in the determining processes 
involving the lead zone (Fig. 6, 9, 12). We have 0.077–0.233; 
0.129–0.423; 0.168–0.616.

The change in normal stresses is more complex. Table 6 
gives normal contact stress values for the determining process, 
with partial suppression of tensile stresses in the lagging zone.

Table 6

Comparative data on relative normal contact stresses 	
of the determining process, α = 0.168 rad

Relative 
length of the 
deformation 

site, x / l

Deformation site shape factor, l / h

1.033 3.098 5.164 8.61 11.07

Relative normal contact stresses, σy / 2ki 

0.5 1 1 1 1 1

0,4 1.232 1.679 2.34 3.981 6.751

0.3 1.423 2.217 3.313 5.32 5.401

0.2 1.563 2.541 3.701 4.842 3.374

0.1 1.642 2,634 3.581 3,831 2.374

0 1.66 2.531 3.167 2.95 1.874

–0.1 1.617 2.293 2.652 2.305 1.591

–0.2 1.52 1.981 2.149 1.842 1.404

–0.3 1.378 1.643 1.703 1.499 1.26

–0.4 1.201 1.311 1.322 1.228 1.131

–0.5 1 1 1 1 1

All parameters in Table 6 are greater than those in Table 5, 
which is explained by the influence of a higher friction co-
efficient of 0.327 and a grip angle of 0.168 radians. There 
are no subsidence of the maximum contact stress diagrams 
in comparison with Table 5. A general pattern of decreasing 
force load on the release zone is noted, starting with a shape 
factor of 8.61, with regard to the lagging zone. At the same 
time, there are no data on relative normal stresses less than 
unity, this is especially true for thin strips with a shape factor 
of 11.07. For this shape factor, the following loading parame-
ters along the release zone length are valid: 1.0; 6.751; 5.401; 
3.374; 2.374; 1.874; 1.591; 1.404; 1.260; 1.131; 1.0. Therefore, 
in contrast to Table 5, plastic deformation occurs at all points 
without the deformation site, meaning the rolling process is 
stable. This is a characteristic of this process, as is the case 
for the processes shown in Fig. 5, 8. In this case, a shift away 
from rolling with the limiting deformation site, as indicated 
in Fig. 10 and Table 5, toward increasing the stability of the 
plastic deformation regime has been identified.

If normal stresses are considered as a whole, they are 
characterized by complex changes and are not unambiguous.

There is an increase in the stressed state for the relative 
length indices of 0.4 and 0.3, respectively 1.232; 1.679; 2.340; 
3.981; 6.751 and 1.423; 2.217; 3.313; 5.320; 5.401 in accordance 
with the data in Fig. 2. For the abscissas of 0.2 and 0.1, there is 
a decrease in stresses towards smaller thicknesses of the defor-
mation site and a transition of curves 11.07 and 8.61 to the zone 
of attainability of the limiting deformation site. In this case, the 
transition efficiency is higher for the diagram with the shape 
factor of 11.07, in comparison with the diagram, 8.61. This 
is confirmed by the curves in the region of the lag zones and 
the diagrams in Fig. 11. Unlike the transient process (Fig. 10), 
no loss of stability was observed in processes with an advance 
zone. However, the influence of tensile stress is decisive here.

At the maximum grip angle, when the gripping capabilities 
of the rolling process are minimal (Fig. 10), processes occur  
in which the effect of tensile forces is partially suppressed, 
and the deformation site transitions from a single-zone to  
a two-zone zone. There are no concavities in the diagrams 
with no plastic deformation. This is due to increased contact 
frictional forces. In this case, the tensile forces are neutralized 
by the increased contact frictional forces.

As a result, signs of stabilization appear for the determin-
ing processes shown in Fig. 5, 8. Process stability and the roll 
gripping capacity are restored. This is particularly evident 
in the steady increase in maximum normal stresses for all 
form factors. Accordingly, tensile forces are reduced, creating 
conditions for plastic deformation in the lag zone. Excessive 
deflections at the deformation site are eliminated.

However, despite all this, stresses are reduced relative to 
processes with a lower form factor, meaning that zones within 
which the ultimate deformation site can be reached remain. 
These zones, at a given gripping angle, are very significant. 
These zones do not completely disappear with increasing fric-
tion coefficients, so further compensation requires increasing 
friction coefficients. Therefore, the question arises as to what 
limits the process of increasing friction stresses should be car-
ried out, taking into account the attainability of the ultimate 
deformation site. A key feature of this process, from the stand-
point of optimizing the plastic deformation effect, is the rolling 
conditions that are close to process stability. This introduces 
significant uncertainty into the solution to this problem.

To solve this problem, it is necessary to understand the 
definition of process certainty or stability, or a process without 
roll slippage. In this case, with the maximum grip angle, the 
process is destabilized in terms of the metal gripping by the 
rolls. A process suppressing the tensile effect on the plastic de-
formation site has been identified. The final example demon-
strates that the process exists, and that parameters for this 
process exist that indicate the limits of increasing the metal 
gripping by the rolls, i.e., process stabilization.

5. 3. Evaluating the reliability of results based on 
investigating the stressed state of metal under the influ-
ence of multiparametric factors

According to expression (28), Fig. 2 shows the stress distri-
bution along the deformation site length as a function of the 
shape factor l / h. The relative normal and shear stresses are 
denoted as σy / 2k and τy / 2k, and the relative length of the 
deformation site is x / l.

Fig. 12 shows experimental contact stress diagrams during 
rolling, obtained using point mass measurements in [1]. First, 
the qualitative indicators of the experimental and calculated 
data are compared. The compared diagrams demonstrate that 
with an increase in the shape factor, the stressed state of the 
plastic medium increases. The shape of the stress diagrams also 
changes. At the minimum value of the shape factor, the con-
tact stress diagram has a symmetrical shape (shape factor 0.9)  
and a virtually uniform distribution along the deformation 
site length.

As the form factor increases, the loading asymmetry in-
creases, and the maximum normal stress values shift toward 
the metal exiting the plastic flow zone. In the lag zone, at high 
form factor values, a concavity in the normal contact stress 
diagrams is visible on the entry side, indicating the presence 
of tensile longitudinal stresses in this zone (Fig. 1, 2, 12), con-
sistent with the adopted physical model of the process. This 
demonstrates the comparability of the physical models for 
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calculated and experimental data. Regarding the tangential 
stresses, it is worth noting the sign change upon crossing the 
zero line, confirming the opposite nature of metal flow in the 
lag and lead zones.

 
 
 

 
 
 

 
 
 

 

 
 
 

 
 
 

 
 
 

 

 
 
 

 
 
 

 
 
 

 

 
 
 

 
 
 

 
 
 

 

a

b

c

d

Fig. 12. Experimental data on the distribution 	
of contact stresses depending on the shape factor lD / have : 

a – lD / have = 6.9; 6.1; b – lD / have = 4.9; 4.1; 	
c – lD / have = 3.0; 2.0; d – lD / have = 0.9; 042; lD – length of 

the deformation site; have – average height

In early works on rolling theory [1], when the linear prob-
lem in plasticity theory was solved separately for the lag and 
lead zones, it was assumed that the specific contact stresses in 
the neutral section had a discontinuity at the transition from 
the lag to the lead zone. As can be seen from experimental 
and theoretical studies, such discontinuity in the transition 
zone at the neutral cross-section is absent, which enhances 
the reliability of the calculated data.

When comparing quantitative process characteristics, 
certain difficulties arise due to the way the results are repre-
sented. The calculated value diagrams are shown in relative 
units, while the experimental data are represented in abso-
lute units (MPa). However, it is also possible to represent the 
experimental data in relative terms. If 40 MPa is taken as the 
base value, which is not the hardened yield strength, then for 
a shape factor of 6.9, the back-pressure factor will be equal 
to 4.625 (Fig. 12).

The closest calculated shape factor of 8.61 to a shape fac-
tor of 6.9 indicates a back-up coefficient of 4.1. At first glance, 
the result doesn’t seem to align with the calculated data, as 

a higher shape factor should correspond to a higher back-
up coefficient, not vice versa. However, according to [1], the 
back-up coefficient is significantly affected by compression, 
which was significant in experimental studies. By equating 
these factors and using a mathematical model of the process, 
we were able to recalculate the result, which was within 3...5% 
for all experimental and calculated data.

It can therefore be concluded that the calculated and 
experimental data, adjusted to the same initial values, demon-
strate qualitative comparability and quantitative convergence 
within 3...5%.

The reported reliability result strengthens the justifica-
tion for the adopted physical model of the process, character-
ized by the presence of tensile longitudinal stresses in the lag-
ging zone, which decisively influence the conditions of metal 
gripping by the rolls and the stability of the rolling process.  
The obtained result, which allows one to solve complex 
theoretical and applied problems, must be tested in a specific 
manner, i.e., its validity must be determined. For complex 
problems, it is not always possible to implement an experi-
ment due to the complexity of the equipment, the technol-
ogy, or even the impossibility of implementing it altogether. 
In such cases, an attempt is made to simplify the obtained 
result. The mathematical model is reduced to a specific case, 
and an experiment or process simulation is implemented for 
this solution. If the result of the specific model confirms the 
generally accepted solution pattern, then in many cases this 
is sufficient to confirm its validity and further use in testing 
more complex problems.

In [1], the effect of plastic deformation was identified: 
under certain conditions, this is a decrease in force loading 
with an increase in deformation impact. Our study examines 
these determining conditions for metal gripping by rolls 
and the stability of the rolling process. Since implementing 
an experiment for contact stresses during rolling under 
multiparameter impacts presents a complex technical and 
technological challenge, finite element modeling of the hot 
rolling process of blanks in smooth-barrel rolls was con
ducted in the DEFORM program to confirm the reliability 
of the results.

To simplify the assessment of the reliability of results, 
generalized force characteristics of the loading were used 
rather than contact stresses. This necessitated the conversion 
of stresses into forces using stressed state coefficients [1].

The calculated values were based on the mathematical 
modeling results given in Tables 3, 5 in [1]. In our study, the 
basic data from those tables are given in Tables 7, 8. The fol-
lowing data, given in Tables 7, 8, are considered for different 
friction coefficients at l / h = 11.07; α = 0.077; f = 0.5…0.05; 
and with different grip angles at l / h = 11.04; α = 0.077; 
α = 0.129; α = 0.168; f = 0.4.

Table 7 gives the response of the mathematical model to 
changes in the external force, through the friction coefficient, 
on the contact stresses of the deformation site.

Table 7

Results of investigating the stressed state of the strip 
depending on the friction coefficient at l / h = 11.07; 

α = 0.077 rad; f = 0.5…0.05 [1]

Coefficient of friction f 0.5 0.4 0.3 0.2 0.1 0.05

Maximum stress coefficient nσ 7.4 6.9 5.7 4.1 2.5 1.6

Average stress coefficient nσ 4.0 3.8 3.3 2.6 1.8 1.3
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Table 8

Results of investigating the stressed state of the strip 
depending on the grip angle at l / h = 11.07; f = 0.4 [1]

Grip angle α, rad 0.77 0.129 0.168

Maximum stress coefficient nσ 6.9 8.1 9.4

Average stress coefficient nσ 3.8 3.9 3.3

Table 8 gives the response of the mathematical model to 
changes in the external force, through the grip angle, on the 
contact stresses of the deformation site. It should be noted 
that the mathematical model responds to the effect of plas-
tic deformation. Indeed, with an increase in the grip angle, 
the compression increases, while a decrease in the force 
load is observed. Therefore, the maximum deformation 
effects, α = 0.168, correspond to the minimum force loads, 
nσ = 3.3, Table 8.

It should be noted that in Tables 7, 8, the average stressed 
state coefficient is a relatively integral characteristic of the 
force loading of the deformation site.

Classical formulas [3] were used to calculate the rolling force:

P p Fave= ;	 (29)

p nave i� �� � ; �� i k� 2 ;	 (30)

F R h bave� �� ,	 (31)

where nσ is the average stressed state coefficient, taken 
from Tables 7, 8. Taking into account that in 2D modeling (flat 
state) the width of the workpiece is taken to be equal to one, 
and the value k = 10 MPa for technical lead, then formula (29) 
takes the following form

P n R h bave� �20 � � .	 (32)

The initial data for Experiment 1 (Tables 9, 10) and Ex-
periment 2 (Tables 11, 12) were determined from Tables 7, 8.

Table 9 gives the workpiece thicknesses and roll radii for 
Experiment 1, i.e., for different friction coefficient values.

Table 9

Initial conditions for Experiment 1

l / h 
Grip 

angle α, 
rad

Initial strip 
thickness h0, 

mm

Final strip 
thickness 

h1, mm

Roll 
radius R, 

mm

Coeffi-
cient of 

friction f

11.07 0.077 5 2 500

0.5

0.4

0.3

0.2

0.1

0.05

To convert stresses into forces, expressions (29) to (32) 
were used, which applied the stressed state coefficients 
given in Table 10. Table 10 gives the calculated maximum 
and average values of the stressed state coefficients for Ex-
periment 1.

Table 10 

Values of the stress coefficient for Experiment 1

Coefficient 
of friction f

Maximum value of the stress 
state coefficient nσ_max

Average value of the 
stress coefficient nσ_ave

0.5 7.4 4.0
0.4 6.9 3.8
0.3 5.7 3.3
0.2 4.1 2.6
0.1 2.5 1.8

0.05 1.6 1.3

In accordance with Tables 9, 11 gives values of the work-
piece thickness and the roll radius for Experiment 2, i.e., for 
different values of the grip angle.

Table 11

Initial conditions for Experiment 2

l / h
Grip 

angle α, 
rad

Initial strip 
thickness h0, 

mm

Final strip 
thickness 

h1, mm

Roll 
radius 
R, mm

Coeffi-
cient of 

friction f

11.07

0.077 5 2 500

0.40.129 10.98 1.83 550

0.168 19.038 0.692 650

In accordance with Tables 10, 12 gives the calculated max-
imum and average values of the stressed state coefficients for 
Experiment 2.

Table 12

Values of the stress coefficient for Experiment 2

Grip angle α, rad Maximum stress 
coefficient nσ_max

Average stress  
coefficient nσ_ave

0.077 6.9 3.8

0.129 8.1 3.9

0.168 9.4 3.3

In the framework of the 1st experiment, Tables 9, 10, the 
following values of friction coefficients were used for analysis: 
0.5; 0.3; 0.2; 0.1; 0.05. The minimum grip angle is α = 0.077, 
form factor – l / h = 11.07. The results of finite element mod-
eling in the DEFORM program are shown in Fig. 13.

Using expressions (29) to (32), calculated data were ob-
tained for determining not the relative process parameters 
but specific force characteristics (Table 13). In addition to 
the calculated values of the integral force characteristics,  
Table 13 gives the force characteristics for simulation results.

Table 13 demonstrates that high convergence of the cal-
culation and modeling results is maintained for friction coef-
ficient values up to 0.1. However, for low friction coefficient 
values of 0.1 and 0.05, the error increases significantly to 12%. 
This can be explained by the influence of the zone of attain-
ability of the limiting deformation site and the possibility of 
loss of rolling stability, i.e., metal slippage in the rolls.

In the second experiment (Tables 11, 12), the following 
values of grip angles were used for analysis: 0.077; 0.129; 0.168.  
Friction coefficient – 0.4; form factor l / h = 11.07. The results 
of finite element modeling in the DEFORM program are 
shown in Fig. 14.
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Fig. 13. Simulation results for different values of the friction coefficient: 	
a – f = 0.5; b – f = 0.3; c – f = 0.2; d – f = 0.1; e – f = 0.05

Table 13

Summary values of rolling forces for the 1st experiment

Coefficient of friction f Calculated value of rolling  
force, Рcalc, N

The value of rolling force  
in simulation, Рsim, N Error, %

0.5 3098 3225 4.1

0.4 2943 2940 0.1

0.3 2556 2525 1.2

0.2 2013 2010 0.15

0,1 1394 1507 8.1

0.05 1006 884 12.1
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Using the same expressions (29) to (32), data were ob-
tained to determine the force parameters of the process in 
Experiment 2, Table 14. The difference between the calcu
lated values and those obtained through modeling was with-
in 0.1–6.6%. These are indicators of high convergence of the 
results. Moreover, the dependence of the stressed state at the 
deformation site on the next influencing factor, the grip angle 
or compression along the strip height, is emphasized.

Table 14

Summary values of rolling forces for Experiment 2

l / h
Grip 

angle α, 
rad

Calculated value 
of rolling force, 

Рcalc, N

The value of rolling 
force in simulation, 

Рsim, N

Error, 
%  

11.07

0.077 2943 2940 0.1

0.129 5533 5167 6.6

0.168 7207 7395 2.6

The following conclusions were drawn from the data in 
Tables 13, 14: the values of the integral characteristics of the 
force loading (rolling forces), obtained by calculation and 
modeling, have high convergence due to the small difference 
between them for all the cases under consideration under 
conditions of varying contact friction and compression.

It should also be noted that the process modeling re
sponded to changes in the rolling forces due to the effect of 
plastic deformation.

Our detailed studies on the reliability of results from the 
physical and mathematical models in [1] and this research 
allow us to confirm that the physical model and the current 

studies of the roll gripping capacity and the stability of the 
rolling process are reliable in accordance with the reliability 
indicators presented above.

6. Discussion of results based on investigating 
the stressed state of metal under the influence 

of multiparametric factors

The mechanism of roll gripping ability and rolling at 
the process stability limit has been determined. Based on 
it, a physical and mathematical model of the process was 
built, represented by expression (28), based on the solution 
to a closed problem in plasticity theory. The method of ar-
gument functions of a complex variable was used. The main 
factor in this mechanism was a new feature that had not pre-
viously been considered when determining roll gripping ability: 
the effect of tensile stresses from the lagging zone on the roll-
ing force parameters. Mathematical model (28) responded to 
this feature of the process.

The roll gripping ability and the rolling process were 
assessed using visual diagrams of normal and shear contact 
stresses constructed based on the mathematical model built.

Three loading regimes were considered for each grip angle: 
extreme, transient, and determining. The extreme process is 
shown in Fig. 3, 6, 9, and Table 2, for grip angles of 0.077, 0.129, 
0.168 rad; the transient process is shown in Fig. 4, 7, 10, Table 5, 
for grip angles of 0.077, 0.129, 0.168 rad; the determining pro-
cess is shown in Fig. 5, 8, 11, Tables 1, 3, 4, 6, for grip angles of 
0.077, 0.129, 0.168.

The nature and magnitude of the diagrams for all three 
processes differ fundamentally. Stable rolling occurs in the 
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Fig. 14. Simulation results: a – α = 0.077; b – α = 0.129; c – α = 0.168
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determining process. The normal stress diagram, although 
somewhat concave, does not intersect the limiting ordinate 
equal to unity, within which plastic deformation is absent. Shear 
stresses define a two-zone deformation site, within which 
a  leading zone occurs. These factors ensure stable grip of the 
metal by the rolls and a stable rolling process.

The beyond-limit process is characterized by the absence of 
gripping ability of the rolls, and thus the absence of rolling as 
such. This is reinforced by the characteristic features and mag-
nitude of the normal and shear stress diagrams. Normal stresses 
throughout the deformation site have a sharply concave dia-
gram significantly smaller than the limiting ordinate equal to 
unity. There is a complete absence of plastic deformation along 
the entire length of the deformation site. Shear stresses form 
a single-zone deformation site, not intersecting the zero line 
and not changing their sign. There is a complete absence of the 
leading zone. These factors, including the absence of metal grip 
by the rolls and the rolling process, are confirmed by diagrams 
of both normal and shear stresses. However, this construction 
has its own peculiarities. There are curves in which, according 
to the normal stress diagrams, plastic deformation occurs (thick 
rolled product), but the shear stresses show that they do not 
change sign, and there is no lead zone. Such an intermediate 
nature of force loading can occur [1] when negative lead is re-
alized. Remarkably, the mathematical model responds to such 
features of metal grip by the rolls. Thus, an unstable metal grip 
process is allowed in the absence of a lead zone.

The transient rolling process is of particular interest when 
applied to rolling processes near the point of loss of stability. In 
this case, variations in the absence of a zero-lead zone are pos-
sible. Plastic deformation occurs, as evidenced by the normal 
contact stress diagram, whose values lie above the limiting or-
dinate equal to unity. In this case, the retracting frictional force 
is greater than the expulsive force, in the absence of a lead 
zone. This is made possible by the action of tensile stresses 
from the lagging zone. Tensile stresses from the entrance to 
the deformation site reduce the extent of the lead zone, which 
facilitates its disappearance. Thus, the transient process com-
bines the features of a beyond-limit process and a determin-
ing process, which contrasts with two-zone deformation site 
technologies [9, 13]. In this case, the normal and shear contact 
stress diagrams indicate that the zero-lead zone corresponds 
to the realization of plastic deformation. If plastic deformation 
was present during the gripping of the metal by the rolls, then 
gripping has occurred. Therefore, the use of a mechanism with 
a zero-lead zone characterizes the rolling process at the brink 
of loss of stability, which causes plastic deformation. This raises 
the prospect and necessity of devising a new technological pro-
cess for a single-zone deformation site, with decreasing force 
loading and increasing deformation impact.

Technologically, maintaining the lead zone at zero is 
achieved by varying the friction coefficient and the grip angle. 
This requires determining the friction coefficient if the grip angle 
is known, assuming the numerator in expression (24) is zero. 
A special case for solving this problem is expression (27), which 
allows one to calculate the process with a lead zone equal to zero.

For further analysis and calculation of the zero lead zone, 
the following numerical relationships must be adhered to: for 
α = 0.077, the ratio f / α = 1.10...1.95; for α = 0.129, the ratio 
f / α = 1.19...1.95; for α = 0.168, the ratio f / α = 1.28...1.95.

The effects of plastic deformation are confirmed by exper-
imental data on contact stress diagrams during rolling and by 
modeling the effect of plastic deformation under process con-
ditions with varying contact friction and relative reduction.

A limitation of this approach is the lack of an analytical 
solution to the spatial problem of plasticity theory using the 
argument function method of a complex variable. Applying 
this solution in a production environment could improve the 
spatial results, including the effect of loading asymmetry on 
the parameters of the plastic deformation site, taking into ac-
count the characteristics of transverse metal flow.

Further advancement of our approach is envisaged by 
applying the obtained theoretical and experimental data to 
devising new rolling technologies with a single-zone deforma-
tion site, including, in the future, the development of a tech-
nology with severe plastic deformation.

7. Conclusions

1. A physical and mathematical model of the process has 
been built, characterizing the presence of longitudinal tensile 
stresses in the lag zone, which generate force loading in ex-
treme, transient, and determining effects. Their characteris-
tics are shown in the absence of grip, during a stable process, 
and for a process with a zero lead zone.

2. Our study has revealed a new single-zone deformation 
regime with minimal process stability. The zones of attain-
ability of the limiting deformation site were determined, 
and the stability indices of transient regimes were defined:  
at α = 0.077, the ratio f / α = 1.10...1.95; at α = 0.129, the ratio 
f / α = 1.19...1.95; at α = 0.168, the ratio f / α = 1.28...1.95.

3. We have experimentally assessed the reliability of re-
sults by simulation when studying the stressed state of metal 
under the influence of multiparameter factors on the grip 
and stability of the rolling process. The error in the calcu-
lated stress values during the experimental comparison was 
within 3...5%; the error in the calculated values during the 
DEFORM simulation was 0.1...8.1% for friction and 0.1...6.6% 
for compression.
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