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This study investigates freight trans-
portation process in the railroad network, 
which is formalized in the form of a train 
formation plan (TFP) as a complex dynamic 
system. 

To assess the dynamic properties of 
a  freight transportation model at the macro 
level of railroad system functioning, a method 
has been devised for analyzing the speed of 
transferring railroad car flows in the net-
work. The proposed method reflects coor-
dination dynamics not through the time of 
physical passage of trains in the network 
but through the ability of the system that 
organizes car flows into trains to quickly 
form a coherent state. The Kuramoto model 
was used to determine the speed of coordi-
nation. That has made it possible to distin-
guish TFP networks.

The application of the devised method 
and the simulation made it possible to com-
pare the structural and dynamic properties 
of existing transportation system over the 
period from 2013 to 2019. The limited abil
ity of TFP networks to global phase integra-
tion has been proven. It has been established 
that the TFP network in 2019 demonstrated a 
loss of systemic coherence, which is typical of 
decentralized point-to-point transportation 
networks. That was confirmed by calculating 
λ2

2013 ≈ 19.913342 and λ2
2019 ≈ 0.497646, where 

the difference between spectral gaps reached 
two orders of magnitude, while the time to 
reach the maximum of the order parameter 
rmax in 2019 was 4.07 times greater at com-
parable values of the order and KC = 6. This 
indicates the transformation of the operat-
ing model from a centralized hub-and-spoke 
in 2013 to a more decentralized point-to-
point model in 2019.

A special feature of the results based on 
the study is that the proposed method makes 
it possible to improve the quality of macro-
analysis of changes in the structural and 
dynamic efficiency of the TFP network.

The scope of results practical application 
is the railroad industry. Conditions for the 
practical implementation of the findings are 
the importance of taking into account the 
results when analyzing operating TFPs
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1. Introduction

In transportation systems, in particular railroad ones, it is 
critically important to systematically analyze changes in the 

transportation model since it is the change in service and oper-
ational rules that determines the routing of transport flows and 
the redistribution of the load on the network infrastructure.  
It is especially difficult to analyze the model of transportation 
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organization in railroad systems with predominantly freight 
traffic where there is no clear schedule of freight trains [1, 2]. 
Such freight railroads include the railroads in North America, 
India, China, Republic of Kazakhstan, and Ukraine [3–5]. 
The significant uncertainty of the transportation process in 
networks with predominantly freight traffic determines the 
need for macro-level approaches that make it possible to study 
the processes of transferring car flows not only according to 
a static scheme of directions but also as a dynamic process. 

One of the key regulatory documents that defines the 
structural properties of the movement of car flows in freight 
railroad systems, in particular in Ukraine, is the Train For-
mation Plan (TFP) [6]. The TFP is introduced annually and 
significantly affects the economic and operational indicators 
of the railroad system from the use of capacity and the oper-
ation of marshalling yards to the reliability of logistics chains 
and the level of delay distribution. Analysis of changes in 
the TFP makes it possible to identify structural shifts in the 
logistics of transferring cars, assess the efficiency of mar-
shalling yards, identify areas of increased risk of delays, and 
generally characterize the current operational model of the 
railroad system.

To study the processes of organizing car flows into trains, 
it is not enough to study only the topology of the network [7]; 
it is important to take into account its dynamic properties, in 
particular the speed of transferring car flows within the TFP. 
However, there are no methods that make it possible to assess 
the structural and dynamic efficiency of the TFP network and 
its change due to external factors (war, destruction of infra-
structure, restructuring of routes).

Therefore, research into implementing new analysis 
methods based on the theory of synchronization in complex 
networks [8], which are capable of comparing alternative 
scenarios of railroad operation from the perspective of trans-
portation process dynamics, is relevant.

2. Literature review and problem statement

Studies aimed at investigating transportation models in 
transport systems at the macro level have become important 
for determining the regularities of the functioning of infra-
structure networks, assessing their properties, and predicting 
the impact of operational decisions on flow dynamics [9–12]. 
Paper [9] proposes, using the example of automobile traffic 
in cities, studying the structural properties of the infrastruc-
ture of the highway network in individual areas based on the 
macro-level dependence of traffic intensity on density based 
on the construction of a macroscopic fundamental diagram. 
It is shown that the aggregation of flows at the macro level 
provides correct network indicators suitable for the analysis 
of infrastructure solutions and traffic light synchronization. 
However, the research data cannot be transferred to rail trans-
port, where the flows of cars are reshaped at support stations 
and have different parameters and traffic restrictions. 

In [10], approaches to the calibration and validation of 
macroscopic traffic models for large motorway networks were 
reviewed. The effectiveness of analysis methods from the 
position of the macro level of the functioning of the transport 
network was confirmed. However, the issues related to the 
transfer of this approach to railroad systems with network 
plans of car movements, spatially heterogeneous operating 
conditions of stations and taking into account the speed of 
the system entering the agreed mode remained unresolved. 

Studies [11, 12] emphasize the importance and value of re-
search aimed at analyzing demand and flows at the macro level 
of freight systems. However, the authors do not pay attention 
to the analysis of car flow movements on the railroad network. 

Work [13] confirms the effectiveness of the macro-level 
approach to the analysis of the railroad system. It is proposed 
to combine micro-details of operation into aggregated net-
work indicators for assessing throughput using Petri nets. 
However, the research data are applied to railroads with cyclic 
schedules, which do not include freight railroads. 

In [14], a simulation macro model of the grain supply chain 
on international routes with the distribution of freight trans-
portation between railroads and road transport was built. The 
proposed model makes it possible to assess the consequences 
of delivery delays but does not make it possible to assess the 
dynamic macro properties of the entire transport system.

An important direction for devising macroanalysis methods 
is to pay attention to studying the coherence and stability of 
dynamic processes in transport networks based on the the-
ory of synchronization of complex systems. Works [15, 16] 
consider the modeling of transport flows using approaches to 
the analysis of coherence and phase transitions in dynamic 
networks. One of the most common mathematical models 
used in this area is the Kuramoto model [17], which makes it 
possible to describe the processes of phase coordination be-
tween system elements. It has been applied in studies of road 
transport for self-synchronization of speeds and "dilution" 
of the phases of transport waves at intersections in V2X net-
works, which reduces delays and fuel consumption, and also 
increases network traffic coordination [18]. 

In public transport, the phenomenon of bus bunching is 
described as the phase synchronization of a ring of interact-
ing oscillators, which gives critical thresholds of demand and 
policies to prevent traffic asynchrony, which are interpreted 
through synchronization mechanisms [16]. However, there 
are no examples of the application of the Kuramoto model to 
the study of freight railroads. 

For the railroad system, the possibility of analyzing the 
dynamic properties of the transport process based on phase 
synchronization in schedules as a network property has been 
shown, which opens the way to coherence metrics for plan-
ning and assessing stability [19]. The studies described above 
demonstrate applicability of the synchronization paradigm 
to the task of studying operational logistics. However, most 
of the scientific works have focused on the study of transport 
processes specific to the relevant transport network and can-
not be applied to freight railroad systems.

The issue of analyzing the speed of processes using the 
Kuramoto model in transport systems has been studied to 
a much lesser extent. Available papers consider the speed of 
the system entering the synchronization mode [20, 21] but 
this aspect has been studied mainly in the context of theo-
retical physics and general network systems. For transport 
systems, and especially for railroad systems, there are no 
examples of applying the Kuramoto model specifically for 
analyzing the speed of flow transfer in transportation plans. 
Known studies analyze the Train Formation Plan or similar 
structures of train flow movement from the standpoint of 
statistical characteristics of the topology [22] rather than the 
dynamics of coordination. Thus, despite studies on the appli-
cation of synchronization theory and the Kuramoto model 
in transport systems, the problem of quantifying the speed 
of transfer of car flows in the train formation plan remains 
insufficiently examined. 
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Therefore, the task to devise a method that would pro-
vide a quantitative assessment of the dynamics of coordi-
nation and transfer speed of car flows in complex railroad 
networks, taking into account the specificity of their func-
tioning without reference to freight train schedules, remains 
unresolved.

3. The aim and objectives of the study

The purpose of our study is to devise a method for an-
alyzing the speed of carriage flow propagation in a train 
formation plan based on the theory of synchronization in 
complex networks. This will make it possible to identify 
transportation models, quantitatively assess the dynamics 
of railroad network coordination, and compare different 
versions of TFPs.

To achieve this goal, the following research tasks were set:
– to determine the structure of the method for analyzing 

the speed of carriage flow propagation in a train formation 
plan, which is based on the formalization of the dynamics of 
coordination of the stations in the network;

– to conduct a comparative analysis of the speed of car-
riage flow propagation when changing the network topology 
in the period from 2013 to 2019 and to investigate the impact 
of changes in the TFP structure on the coherence and stability 
of the functioning of the railroad network as a whole.

4. The study materials and methods

The object of our study is the process of transferring car 
flows in the railroad network, formalized in the form of a train 
formation plan as a complex dynamic system.

The principal hypothesis of the study assumes that in-
creasing the efficiency of a railroad system is possible through 
the identification and quantitative description of the dy-
namics of transferring car flows in the TFP network, as well 
as changes in the structural and dynamic properties of the 
transportation model at the macro level. For this purpose, an 
assessment of the structural and dynamic efficiency of the 
TFP network is provided based on quantitative measurement 
of the speed of coordination of the network elements and de-
termination of the characteristics of the transportation model 
that affect the dynamics of freight car transfer. This task can 
be solved by devising a method that combines spectral, dy-
namic, and architectural analysis of TFP graphs and makes it 
possible to compare alternative versions of the train formation 
plan from the standpoint of their ability to ensure the stability 
and coherence of the transportation process.

One of the key characteristics of complex transport sys-
tems is the ability of their subsystems to work in synchroniza-
tion [8]. In the context of railroad networks, synchronization 
is associated with the ability of the system to respond to 
changes in train traffic, promptly coordinate the actions of 
nodes that are sorting or district stations within the bound-
aries of the TFP assignments. For modeling such processes, 
the Kuramoto model [17] is effective, which makes it possible 
to explore the dynamic properties of connected graphs that 
describe the structure of a transport network, in particular a 
railroad one.

In the Kuramoto model, the nodes of the graph are in-
terpreted as oscillators with individual natural frequencies, 
and the edges of the graph as couplings that determine the 

degree of mutual influence between the nodes [17, 23]. Our 
study uses the methodology described in [7], which involves 
representing information in the TFP document in the form of 
a directed graph G(V, E). In G(V, E), the vertices are railroad 
stations, and the arcs correspond to the planned directions 
of movement of cars in trains, which are termed TFP desti-
nations. Our study proposes testing the devised method by 
performing a comparative analysis of TFP network graphs of 
different years. 

According to the information from two regulatory docu-
ments [6], the TFPs of 2012–2013 and the TFPs of 2018–2019 
were processed and graphs were constructed, which are des-
ignated as G2013 and G2019, respectively. For each graph, the 
largest strongly connected component (SCC) was selected, 
which guarantees the presence of a closed loop of excitation 
transfer between all stations and allows for the correct use 
of spectral methods. Graph structures and calculations were 
performed using the NetworkX library in Python. The visual-
ization of SCC graphs is shown in Fig. 1.

In the context of studying the operational model of 
freight transportation in the railroad system, each vertex i of  
graph G(V, E) is interpreted as a technical station on the 
network included in the TFP. Technical stations perform the 
functions of coordinating the intensity of the transfer of car 
traffic according to the corresponding TFP assignments, and 
phase θi(t) describes the state of its coordination with other 
technical stations of the network. This can be interpreted as 
the state of readiness of the station to transfer or receive car 
traffic, and the synchronization speed reflects how quickly the 
entire network coordinates its actions to transfer car traffic in 
a train formation plan. The evolution of the phases is given by 
the equation given below [24]

d
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where Aij is the adjacency matrix of the graph; ωi are the 
natural frequencies measured through the natural frequency;  
K is the coupling coefficient (the coupling strength parameter). 
Numerical integration is performed by the Euler method [25] 
at a fixed step Δt, and initial values θi(0) ∼ U[0, 2π) and 
ωi(0) ∼ U[a, b) make it possible to model stochasticity in the 
railroad system operation.

The synchronization state of the entire network is de-
scribed by the order parameter r(t), which reflects the degree 
of coherence between the phases
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The maximum value rmax in the simulation process is 
interpreted as the network’s ability to achieve global synchro-
nization. To eliminate the large-scale influence of different 
graph topologies, connectivity parameter K was normalized 
by the following formula

K
k
N

= ,	 (3)

where k  is the average degree of the graph; N is the total 
number of vertices of the graph. This approach provides a fair 
comparison between graphs of different density of couplings.

Fig. 2 shows an example of a visual representation of phase 
angles at the vertices of the graph in a TFP network.
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The slope of the oscillator arrow in the Kuramoto 
model on the graph corresponds to phase angle θi of each 
node i at time t. This is a key component of the model dy-
namics. The phase θi is defined in radians within [0, 2π). 

The arrow from the node center in the di-
rection of the angle indicates the direction 
of the "oscillation vector" or the direction 
in which the node "rotates" in phase space, 
where (x, y) + (cos(θi), sin(θi)). Accordingly,  
nodes with the same or close phases have 
parallel arrows. This can be interpreted as 
the position of a pendulum synchronized 
with others.
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Fig. 2. Schematic representation 	
of a fragment of the train formation plan 

graph with the slope of the oscillator arrows 
in the Kuramoto model

To provide a new level of formalized analy
sis of TFP, our study proposes integrating the 
dynamic approach based on the Kuramoto 
model with spectral analysis. Below is a meth-
odology for determining the ability of the TFP 
network to synchronize based on spectral 
analysis.

The key result of the Kuramoto theory is 
the phase transition to synchronization that 
occurs when the critical coupling strength 
KC is reached. The critical coupling strength 
KC defines the minimum level of coherence 
between vertices in a network at which 
a system can effectively self-coordinate. This 
is fundamentally important in assessing how 
much "coupling" or "interaction intensity" 
is needed to achieve synchrony in complex 
systems [26]. An illustration for an arbi-
trary system of the phase transition to syn-
chronization that occurs when the critical 
coupling strength KC is reached is shown  
in Fig. 3 [26].

For graphs with a symmetric structure 
and uniform frequency distribution, the criti-
cal value can be approximately determined as

KC �
2

2

��
�

,	 (4)

where Δω − width of the frequency range Δω = ωmax – ωmin 
(for example, we can assume that Δω ∈ [0.5, 1.5] ⇒ Δω = 
= 1.0); λ2 − second eigenvalue of the Laplacian of the graph 
(spectral gap).

 
 

 

 
 

 

a

b
Fig. 1. Visualization of the largest strongly connected component of the 

network of train formation plan assignment graphs: a – G2013; b – G2019
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Fig. 3. Plot of change in the order parameter depending 	
on coupling strength [26]

Excessive decentralization (low K) makes the system cha-
otic, while it is important to find the critical point KC, after 
which the system abruptly switches to phase ordering. Know-
ing the optimal level of communication in the system makes 
it possible to achieve stable synchronization, where the PFT 
has a coordinated processing and movement of train flows in 
the railroad network.

5. Results of devising a method for analyzing  
the transfer speed of car flows in a train formation plan

5. 1. Structure of the method for analyzing the trans-
fer speed of car flows in a train formation plan

5. 1. 1. Spectral assessment of network synchroniza-
tion ability

To provide a new level of formalized analysis of TFP, it 
is proposed to integrate a dynamic approach based on the 
Kuramoto model with spectral analysis. In order to assess the 
synchronization potential of the TFP topology, an approach 
based on spectral analysis of the Laplace graph matrix [27] 
was applied. Spectral assessment of synchronization ability.  
In addition to dynamic modeling, the network synchroni-
zation ability can be theoretically assessed through spectral 
properties of the graph. In particular, consideration of the 
eigenvalues of a Laplace matrix [27]

L D A� � ,	 (5)

where D is the diagonal matrix of vertex powers; A is the 
adjacency matrix.

Let 0 = λ1 < λ2 ≤ ... ≤ λN be the eigenvalues of L. The 
Δλ = λ2 – λ1 = λ2 quantity is known as the spectral gap (alge-
braic connectivity) and serves as a criterion for the stability 
of the synchronous state (the larger λ2, the faster the system 
stabilizes after a perturbation), the rate of achieving coher-
ence in cases of strong coupling K >> 1. In the context of the 
Kuramoto model, a larger spectral gap means a better ability 
of the network to achieve a synchronous state at a fixed noise 
level and natural frequency spread.

Taking into account the fact that graphs are directed while 
the classical Laplace matrix L is generally unsuitable for such 
topologies, an assumption was adopted about the approximate 
symmetry of the largest SCC. This makes it possible to inter-
pret the calculation of the spectral gap as a heuristic indicator 
of the network’s ability to coherent dynamics.

The spectral gap was determined as the difference be-
tween the second and first non-zero eigenvalues of the La-
place matrix [27]

�� � �� �2 1,	 (6)

where λ1 is the first non-zero eigenvalue of the Laplace matrix; 
λ2 is the second non-zero eigenvalue of the Laplace matrix.

According to synchronization theory, this indicator serves 
as an approximate numerical indicator of how quickly the 
network is able to transition to a coherent or so-called syn-
chronized state within the framework of a Kuramoto-type 
model. In this case, a larger spectral gap corresponds to 
a higher stability of the synchronous state but may be accom-
panied by a slower transition to it.

5. 1. 2. Formalization of the method for analyzing 
the speed of carriage flow transfer based on the theory 
of synchronization in complex networks

For a comparative assessment of the speed of coordination 
of the railroad network in terms of carriage flow transfer in 
the process of train formation, it is proposed to formalize the 
method in the form of a diagram of the sequence of stages 
of its implementation. The sequence of stages reflects the 
process of formalizing the dynamics of carriage flow transfer 
in the train formation plan based on the theory of synchro-
nization of network structures. Within the framework of the 
formalization, dynamic modeling based on the theory of syn-
chronization and spectral analysis of the topological proper-
ties of the graph of the train formation plan are combined. In 
the proposed idea of formalization, the speed of carriage flow 
transfer is compared not directly through the time of physical 
passage of the train between the TFP stations but indirectly 
based on studying the ability of the system for organizing 
carriage flows into trains to synchronize. This reflects the ef-
fectiveness of coordination of actions between stations in the 
train formation plan.

Within the formalization of the method, the rate of trans-
fer of car flows is interpreted as the rate of achieving coordi-
nated behavior in the network, which is modeled through the 
rate of growth of the order parameter r(t), the determination 
of the spectral gap λ2 and the critical coupling strength KC of 
the two graphs under study. This makes it possible to compare 
the networks of the hub-and-spoke versus point-to-point op-
erational model [28] in terms of the efficiency of station coor-
dination, which in the real context corresponds to the speed 
and reliability of the transfer of car flows in the TFP.

To obtain a quantitative characteristic of the dynamics of 
transportation system behavior, it is proposed to determine 
the synchronization rate or the average increase in the order 
parameter r(t) in the time interval where the most active 
growth of coherence occurs, i.e., in the transition zone from 
an uncoordinated to a partially or fully synchronized state

�r
r t r t

t t
�

� � � � �
�

2 1

2 1
,	 (7)

where t1, t2 are the beginning and end of the transition inter-
val, which are selected according to the criterion of growth 
of r(t); t1 is the time point when r(t) first exceeds 0.1·rmax, 
i.e., exceeds the value of 10% of the maximum; t2 is the time 
point when maximum rmax = r(t2) is first reached. Δr is an 
indicator of the speed of phase matching between the nodes 
of the graph. The transition zone is estimated by the relative 
increase. It should be noted that in the case of a slight increase 
in r(t), when r(t2) – r(t1) < 0.2, indicator Δr can be interpreted 
as an indicator of inertia or network insensitivity to synchro-
nization. In addition to Δr, it is proposed to determine the 
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time t of reaching the critical coherence threshold value rmax. 
These indicators make it possible to distinguish TFP net-
works that have the same rmax but reach it at different speeds.  
Fig. 4 shows a scheme of the method for comparative analysis 
of the speed of transfer of car flows in the train formation plan 
based on the theory of synchronization in complex networks.

According to the scheme in Fig. 4, at the first stage, the 
graphs of the train formation plan for different years are 
loaded. The connectivity and absence of isolated nodes are 
checked. Next, the most strongly connected component of 
each graph is selected, which is a necessary condition for 
ensuring the connectivity of the model and its subsequent 
spectral analysis. After that, the SCC size is calculated as the 
number of its vertices (Stage 2).

At the third stage, the spectral gap is calculated as the sec-
ond non-zero eigenvalue of the normalized Laplace matrix. 
This indicator serves as an assessment of the network’s ability 
to synchronize, where larger values correspond to more stable 
coordination of the dynamics between nodes.

At the fourth stage, the coupling strength between nodes 
is determined, which models the degree of mutual influence 
of stations in the system, using a formula based on the average 
degree of the graph (3). This allows for correct scaling of the 
interaction in the model. The fifth stage involves calculating 
the critical coupling strength according to formula (4), which 
takes into account the spectral properties of the network and 
its size. This indicator determines the threshold at which syn-
chronization can occur in the system. 

At the sixth stage, the simulation is carried out for different 
values of the coupling strength K. It is proposed to simulate at 
the values of coupling strength K that are determined by the to-
pological properties of each network according to formula (3).  
In addition, with K less (K = 0.5 KC), equal (K = KC), or greater 
(K = 2KC) than the critical value (KC is calculated from for-
mula (4)). This allows for the presence of a phase transition 
to a state of coherence to be detected. The simulation of the 
Kuramoto model on the SCC of each TFP graph is performed 
with a given coupling strength parameter K, the number of 

nodes in the SCC N, and the simulation 
time horizon tfinal. Within the simulation 
stage, the order parameter is calculated 
as a global indicator of the level of phase 
coordination between nodes, its values 
are stored, and the maximum coherence 
level is determined throughout the sim-
ulation period, Δr is calculated using 
formula (7). The seventh stage includes a 
comparison of the dynamics of the order 
parameter for graphs of different years, 
taking into account the critical coupling 
strength, which makes it possible to as-
sess the network’s ability to quickly co-
ordinate when transferring train traffic. 

The final stage is the interpretation 
of the results obtained, which makes 
it possible to identify structural differ
ences between the models. In particular,  
SCC TFP graphs with a larger spectral 
gap and a lower critical coupling strength 
are characterized by a more central-
ized hub-and-spoke type hub structure. 
Graphs with less synchronization ability 
exhibit characteristics of a decentralized 
point-to-point routing model.

5. 2. Results of comparative analy
sis of the speed of carriage flow prop-
agation in a train formation plan

According to the proposed structure 
of the method and the developed pro-
gram in the Python environment, simu-
lation was performed for two SCC graphs 
under different conditions for setting the 
value of K according to stage 6 of the 
method (Fig. 4). For the first run of the 
simulation, the so-called eigenvalues K 
of each SCC graph were used, which are 
determined by the topological properties 
of each subnet. According to formula (3), 
the eigenvalue of the corresponding SCC 
by the average degree is KSCC

G2013 0 0866= .  
and KSCC

G2019 0 1672= . , respectively. The crit-
ical values of KC should be calculated  

 

1. Loading graphs of TFP G for different years 

2. Extraction of the largest strongly correlated component 
(SCC), calculation of the SCC size (N) 

3. Calculation of spectral gap (Δλ = λ2 – 0 = λ2) 

4. Determination of the bond strength K  
(calculation of the average degree of the graph and calculation of formula (3)) 

6.1. Running the Kuramoto model on SCC graphs with set parameters K 
and N and given time tfinal integration duration  

6.1.2. Saving the order parameter r(t) 

6.1.3 Determination of the maximum 
coherence level max r(t) for all t and 
calculation of Δr 

no 

t = tfinal 

6.1.1. Calculating the order parameter r(t) 

5. Calculation of the critical bond strength KC according to formula (4) 

6. Choosing a value of K less than, equal to, and greater 
than KC (defined by (4)) and performing the simulation 

7. Comparison of system behavior relative to KC  

8. Interpretation of results and analysis of the impact of stations and 
destinations 

hub‑and‑spoke point‑to‑point 

large λ2; small KC; 
max r(t), Δr 

small λ2; large KC; 
max r(t), Δr 

Fig. 4. Scheme of the method for comparative analysis of the speed of transfer 	
of car flows in a train formation plan based on the theory of synchronization 	

in complex networks
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immediately. Therefore, provided that the graph is connected, 
and in the TFP of each year an SCC is distinguished, then the 
spectral gap is defined as the minimum non-zero eigenvalue of 
the Laplace matrix, i.e., at λ1 = 0, the spectral gap is the second 
eigenvalue of the Laplace matrix. Thus, a smaller value of  
λ2 means a higher critical interaction strength required to achieve 
synchronization, which is typical for sparse or weakly connected 
networks, such as the G2013 and G2019 TFP networks. For the 
SCC of the G2013 graph, given Δω ∈ [0.5, 1.5] ⇒ Δω = 1.0 and 
the found �22013 �19.913342, and therefore the critical value can 
be approximately determined as

KC
G2013 2 1

�
�

�
19.913342

0.10.

Under the same conditions and the found �22019 � 0.497646, 
critical value for the SCC of graph G2019 is calculated as

KC
G2019 2 1

�
�

�
0.497646

4.02.

The final simulation time tfinal should be chosen taking 
into account the duration of transients in the system and 
ensuring that the order parameter r(t) reaches a plateau un-
der most regimes [29]. In our study, the final tfinal value was 
determined based on the results of test runs, which showed 
that 500 simulation steps are sufficient to study the basic 
properties of network synchronization. The determined simu-
lation duration is typical practice for medium-sized networks. 
The evolution of synchronization of two SCC of graphs at K,  
which is determined from formula (3), is shown in Fig. 5. 
Table 1 gives the simulation results obtained. In the SCC of 
G2013 network, the coupling strength KSCC

G2013 0 0866= .  is close 
to critical K!

G2013 ≈ 0.10, which indicates the relative structural 
stability of the subgraph. In the SCC of G2019, on the contrary, 
there is a very large discrepancy between KSCC

G2019 0 1672= .  and 
KC
G2019 ≈ 4.02, which indicates greater decentralization.

According to the results in Table 1, synchronization is 
slow in G2013, reflecting a complex and centralized topology 
that provides robust global coordination. The higher synchro-
nization speed in G2019 (Δr = 0.000378) may seem positive 

but the synchronization of the system may occur at a local 
rather than global level. The G2019 network is less dependent 
on hubs but may be more vulnerable to the failure of individ-
ual links.

Table 1

Estimated SCC synchronization rates of two graphs G2013 
and G2019 at their eigenvalues K

Indicator G2013 G2019

SCC size 89 60

Spectral gap λ2 19.913342 0.497646

The power of coupling K 0.086605 0.167222

The critical power of coupling KC 0.100435 4.018918

rmax 0.194367 0.264661

Time rmax 411.600000 124.700000

Start of the transition zone r(t) 0.133171 0.217580

End of the transition zone r(t) 0.194367 0.264661

Start of the transition zone t 0.000000 0.000000

End of the transition zone t 411.600000 124.700000

Synchronization rate Δr 0.000149 0.000378

Considering that at the eigenvalues of coupling strength 
K both subnetworks are far from global synchronization, it is 
important to investigate the processes at K ≈ KC. Comparative 
graphs of the dynamics of changes in the order parameters 
r(t) depending on the model time SCC of the two graphs 
G2013 and G2019 at K ≈ KC are shown in Fig. 6. The simula-
tion results are given in Table 2.

According to Table 2, SCC G2013 at K ≈ KC compared to 
condition K < KC has a reduction in the time to reach the 
maximum rmax from 411.6 (Table 1) to 256 steps. The max-
imum synchronization indicator increases, and the rate Δr 
increases almost 5 times, which indicates that the system has 

acquired high global coherence. 
Therefore, it can be stated that 
when the critical strength of the 
coupling is reached, G2013 sharp-
ly activates global synchroniza-
tion. This is typical for centralized 
systems with effective informa-
tion propagation through hubs. 
In the SCC of G2019 at K ≈ KC 
compared to condition K < KC, on 
the contrary, rmax decreases from  
0.265 to 0.171, that is, synchroni-
zation worsens, even under con-
ditions of formal achievement of 
the critical level of coupling. The 
synchronization rate Δr slows down  
from 0.000378 to 0.000636. The time 
to reach the maximum rmax re-
mained almost unchanged. The 
G2019 network does not show 
a significant increase in synchro-
ny, which indicates the absence of 
centralized couplings. 

The obtained spectral gap λ2 = 0.497646 indicates a low 
level of structural integration, which indicates the importance 
of this indicator for achieving consistency of operations in the 
railroad system. Without structural integration, the critical 

 
Fig. 5. Comparative dynamics of changes in order parameters r (t ) depending on model 

time of strongly connected components of two graphs G2013 and G2019 	
at their eigenvalues K
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value of coupling does not guarantee consistency of actions 
in the system.

Table 2

Estimated SCC synchronization rates of two graphs G2013 
and G2019 at K ≈ KC 

Indicator G2013 G2019

SCC size 89 60

Spectral gap λ2 19.913342 0.497646

The power of coupling K 0.100435 4.018918

The critical power of coupling KC 0.100435 4.018918

rmax 0.216829 0.171119

Time rmax 256.000000 125.100000

The start of transition zone r(t) 0.030257 0.091590

The end of transition zone r(t) 0.216829 0.171119

Start of transition zone t 0.000000 0.000000

The end of transition zone t 256.000000 125.100000

Synchronization rate Δr 0.000729 0.000636

To study the synchronicity properties 
of the subgraphs of the compared TFP net-
works, it is important to perform a phase 
analysis. To find the dependence of the order 
parameter on the strength of the coupling, it 
is proposed to conduct a simulation accord-
ing to the Kuramoto model within the range 
of values of coupling strength K ∈ [0.01, 15]. 
This will make it possible to calculate the 
average value of the order parameter r(t) 
for each subgraph. The average value of the 
order parameter is taken to take into account 
the stationarity (quasi-stationarity) of the 
regime for each K. This corresponds to the 
generally accepted practice in network co-
herence studies [30]. The resulting phase di-
agram of synchronization is shown in Fig. 7. 

According to our analysis of the diagram 
in Fig. 7, for both SCC of TFP graphs, the 

order parameter varies within 0.08–0.11 over the entire range 
K ∈ [0.01, 15]. Such values are less than 0.2, which proves 

the low ability of the networks 
to synchronize. This is typical for 
complex and fragmented networks, 
which include the TFP network. 
In the SCC of G2013, the critical 
value is quite small KC

G2013 ≈ 0.10, 
in terms of its own characteristics, 
and after K ≥ 6, reaching the level 
of 0.11, the order parameter r(t) 
stops growing. In the subsequent 
dynamics of change in the value of 
r(t) can be considered as reaching  
a plateau, where the network is "sat-
urated" with local coherent groups, 
but is not able to "transition" to 
global coherence. Given that the or-
der parameter r(t) does not reach 1,  
global synchronization does not 
occur. It can be concluded that 
SCC in the TFP graphs retains frag-
mentation, even with a high cou-
pling strength.

In the SCC of G2019, the graph has a different depen-
dence: at K = 0.01, it has the largest average value of the order 
r(t) = 0.13, which decreases to a critical level with outliers, and 
at K = 4.74, it has an average r(t) = 0.078. A sharp decrease in r(t) 
is observed when displaying pronounced jumps. This behavior 
indicates the disintegration of phase clusters, which can be as-
sociated with the structural fragmentation of the TFP network. 
Further, at K ≥ 4, significant fluctuations are observed with 
a general trend of decreasing r(t). This is a sign that the net-
work is becoming disjointed, where some stations form small 
coherent clusters, but the entire network is not globally syn-
chronized. Jumps in r(t) often indicate the presence of "struc-
tural holes", i.e., weak components or insulator nodes that in-
terfere with the propagation of phase to the entire network. As 
the network grows, it becomes even more "fragmented". This 
indicates excessive dynamic instability to global coherence.  
It can be assumed that the SCC of G2019 topology does not 
have a "core" that could "pull" all nodes to a common phase. The 
network contains many end stations, "detached" branches, or 
nodes with low connectivity. This confirms the decrease in the 
ability of the G2019 graph to synchronize compared to G2013.

 
Fig. 6. Comparative dynamics of change in order parameters r(t ) depending on model 
time of the strongly connected component of two graphs G2013 and G2019 at K ≈ KC

 Fig. 7. Comparative graphs of the dependence of order parameter r(t ) on the 
strength of coupling for the SCC of two graphs G2013 and G2019 (tfinal = 500)
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As part of the study of the synchronization properties of 
the largest strongly connected component of the G2013 and 
G2019 graphs, it is proposed to consider the supercritical cou-
pling strength regime, when the parameter value is set at K = 6, 
which significantly exceeds the critical threshold values for 
both networks. This approach makes it possible to assess the 
network’s potential for deep synchronization under conditions 
of maximum node interaction and to identify hidden structural 
differences between the networks. Comparative plots of the dy-
namics of change in the order parameters r(t) depending on the 
model time of SCC of the two graphs G2013 and G2019 at K = 6 
are shown in Fig. 8. The simulation results are given in Table 3.

Table 3

Estimated SCC synchronization rates of two graphs G2013 
and G2019 at K = 6

Indicator G2013 G2019

SCC size 89 60

Spectral gap λ2 19.913342 0.497646

Coupling force K 6.000000 6.000000

Critical coupling strength KC 0.100435 4.018918

rmax 0.304108 0.286693

Time rmax 39.000000 158.900000

Start of the transition zone r(t) 0.173155 0.064093

End of the transition zone r(t) 0.304108 0.286693

Start of the transition zone t 0.000000 0.000000

End of the transition zone t 39.000000 158.900000

Synchronization rate Δr 0.003358 0.001401

At K = 6, both networks are formally under a supercritical 
mode but the behavior of the networks under conditions of 
strong interaction differs significantly. According to Table 3, 
in the SCC of G2013, the value of the synchronization order 
r(t) increases to 0.3041, and the time to reach the maximum 
is reduced to 39 steps. At the same time, In the SCC of G2019, 
the maximum order parameter rmax is 0.2867, and the time in-
creases to 158.9 steps (rmax = 125.1 at K ≈ KC, Table 2). This in-
dicates that the G2013 network not only reaches the synchro-
nous state faster but also demonstrates higher stability and 
coherence of dynamics with increasing interaction intensity.

The synchronization rate Δr in G2013 is 0.003358, which is 
more than twice as high as the similar indicator for the G2019 
network, where Δr is only 0.001401. Given that both networks 
operate under a supercritical mode, the difference in dynamic re-
sponse is explained solely by topological characteristics. In partic-
ular, G2013 has a high spectral gap, which ensures fast coordina-
tion of oscillation phases throughout the network. While G2019, 
despite the same coupling strength, demonstrates the effect of 
local coordination delay, which is a consequence of insufficient 
connectivity and a weak topological framework. The results indi-
cate that the G2013 network has features of a stable centralized 
structure with the potential for effective global coordination, 

while G2019 is fragmented and vul-
nerable to the loss of key couplings. 

From the perspective of the op-
erational model, the 2013 TFP net-
work tends to be hub-and-spoke, 
while the 2019 TFP network ac-
quires the properties of a point-to-
point model. In addition, a compari-
son of the results given in Tables 1–3 
confirms the need to take into ac-
count not only the intensity of cou-
plings K, but also the structural inte-
gration of the network, i.e., a high λ2 
index, when forming strategies for 
its development. It can be concluded 
that the structure of the network is 
a determining factor in the ability 
to synchronize, and only increasing 
the strength of couplings without 
topological reconstruction does not 
ensure the proper functioning of the 
railroad system.

6. Results of applying the method of analyzing  
the speed of transfer of car flows in a train  

formation plan: discussion 

Our results of devising the method for analyzing the speed 
of transfer of car flows in a train formation plan make it pos-
sible to assess the dynamic properties of the transportation 
model from the point of view of the speed of transfer of car 
flows at the macro level of the functioning of the system for 
organizing freight cars into trains. 

The application of the constructed scheme of the method 
(Fig. 4) and the simulation make it possible to compare the 
dynamic properties of the operating transportation system in 
the period between 2013 and 2019. The proposed formaliza-
tion of the method reflects the dynamics of coordination not 
through the time of physical passage of trains in the network 
but through the ability of the system for organizing car flows 
into trains to quickly form a coherent state. For this purpose, 
our work introduced an indicator of the average increase in 
the order parameter in the transitional section of the model-
ing according to the Kuramoto model, which interprets the 
speed of coordination. This makes it possible to distinguish 
TFP networks with the same level of coherence but different 
speeds of its achievement. This procedure is key to compar-
ing different versions of the train formation plan taking into 
account stochastic modeling conditions and provides an ade-
quate interpretation of the transfer rate of car flows through 
the r(t) dynamics over time. This forms a consistent approach 

 
Fig. 8. Comparative dynamics of changes in order parameters r(t ) depending on model 

time of strongly connected components of two graphs G2013 and G2019 at K = 6
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for comparison with topological PFT metrics, such as the 
spectral gap λ2 and the critical coupling strength KC, which 
determine the presence of threshold states in the network and 
its resistance to disturbances.

Comparison of the eigenvalues of the coupling strength of 
each SCC of the G2013 and G2019 graphs demonstrates sys-
tematic differences between the subnetworks (Fig. 5). In the 
G2013 network, the coupling strength is close to the critical 
threshold, which indicates relative structural stability, while 
in the G2019 network, the eigenvalue of the coupling strength 
is orders of magnitude smaller than the critical one, which 
indicates greater decentralization. Under these conditions, 
the average growth rate Δr is larger in the G2013 network, 
but local, rather than global, coherence is achieved, which in-
creases the vulnerability to breaks in individual couplings and 
worsens the global coherence of the state of the entire net-
work. This is confirmed by calculating �22013 �19.913342 and 
�22019 � 0.497646, where the difference between the spectral 
gaps reaches two orders of magnitude, and the time to reach 
the maximum rmax in the G2019 SCC is significantly longer at 
comparable maximum values (Table 1).

Under the regime near the critical threshold (K ≈ KC), 
the behavior of the networks diverges even more notice-
ably (Fig. 6). For the G2013 TFP network, during the tran-
sition from the intrinsic value of the coupling strength 
KSCC
G2013 0 0866= .  to the critical value KC

G2013 ≈ 0.10, the time to 
reach the maximum of the order parameter was reduced by 
almost half from 411.6 (Table 1) to 256 steps (Table 2), and 
rmax itself increased from 0.194367 to 0.216829. In parallel, the 
average growth rate Δr in the transition region increased from 
0.000149 to 0.000729, which is interpreted as a sharp transi-
tion to more global coherence upon reaching the threshold. 
For the G2019 network, upon reaching the critical coupling 
strength KC

G2019 ≈ 4.02, a decrease in rmax from 0.264661 to 
0.171119 is observed and there is no significant gain in the 
time to reach the peak of 124.7 versus 125.1 steps. At the 
same time, the average rate Δr in the transition region in-
creases from 0.000378 to 0.000636, but in combination with 
a very small spectral gap �22019 � 0.497646, this indicates an 
insufficient network core for the propagation of coherence. 
Under the supercritical regime (at K = 6), the G2013 net-
work not only reaches the synchronous state faster but also 
demonstrates higher stability and coherence of dynamics with 
increasing intensity of interactions (Table 3).

Phase analysis in a wide range of coupling strength values 
confirms the low ability to achieve global synchronization 
for both SCC networks of TFP (Fig. 7). The set of observa-
tions makes it possible to interpret the G2013 network as 
a structure closer to the hub-and-spoke type with a higher 
potential for global coordination, while the G2019 network 
demonstrates signs of a decentralized routing model with 
fragmentation and increased sensitivity to local violations of 
the integrity of the couplings. From a practical point of view, 
this means that it is the structural integration that determines 
the ability of the network to quickly coordinate actions and 
only increasing the strength of interactions without reconfig-
uring the framework does not provide the required level of 
coherence. Accordingly, when devising changes to the TFP, it 
is advisable to purposefully strengthen the core connectivity, 
increase the spectral gap, and minimize weak components 
that disrupt the propagation of coordinated ones.

The advantage of our study compared to works [3, 7, 9, 13, 22] 
is that for the first time the speed of transfer of car flows in 
the PFT was interpreted as the network coordination speed.  

In addition, it was quantitatively measured by the dynamics of 
the order parameter over time in coupling with the spectral gap 
of the Laplacian. Unlike [10, 16, 18, 19], an integrated approach 
was applied that combines the dynamics of the Kuramoto 
model on PFT graphs, the construction of phase diagrams of 
the dependence of the order parameters r on the model time, as 
well as spectral analysis of the largest strongly coupled compo-
nents. This contributed to the improvement of the quality of the 
assessment of the structural and dynamic efficiency of the PFT 
network and provided an opportunity to compare alternative 
versions of the PFT and operating scenarios from the perspec-
tive of the dynamics of transportation processes.

The limitations of our study relate primarily to model as-
sumptions, under which the TFP network is reduced to oscil-
latory dynamics with a phase variable without explicit consid-
eration of queues, infrastructure constraints, and processing 
capabilities of stations, which affects the speed of propagation 
of car flows. Using this approach, it is possible to quickly deter-
mine the current transportation models in the system, assess 
the dynamic capabilities of the current transportation plan, 
and compare them. The disadvantages of the study include 
the lack of the ability to determine the real physical speed of 
car movement in the system. For such studies, it is necessary 
to build mathematical models that will take into account the 
specificity of transportation process at the micro level.

Conditions for the practical application of our results are 
the importance of taking into account not only the intensity 
of couplings but also the structural integration of the network, 
i.e., a high indicator when forming strategies for its develop-
ment. It can be concluded that the structure of the network 
is a determining factor in the ability to synchronize, and only 
increasing the strength of couplings without topological re-
construction does not ensure the proper functioning of the car 
flow organization system.

Further development of our research is to study the in-
ternal spatial structure of SCC graphs of TFP networks and 
to identify local concentrations of synchronized activity. This 
will make it possible to proceed to studying the internal clus-
ter organization of these components and identifying dense 
subsets of stations with similar phase behavior. In the future, 
it is important to detail the influence of individual stations 
and TFP network assignments on the coherence of the net-
work. This will make it possible to comprehensively assess the 
influence of individual stations and TFP assignments on the 
dynamic properties of different networks.

7. Conclusions

1. We have determined the structure of the method for 
analyzing the speed of carriage flow propagation in a train 
formation plan, which includes seven consecutive stages 
from the selection of the most strongly connected component 
of the TFP graph to modeling the synchronization processes 
under different modes of the coupling strength K. Within the 
formalization of the method, the nodes in the TFP graph are 
interpreted as technical oscillator stations. Such oscillators 
perform the functions of coordinating the intensity of carriage 
flow propagation according to the corresponding TFP assign-
ments, where their phases describe the state of coordination 
with other technical stations of the network. The evolution 
of the phases is described by the equations of the Kuramoto 
model with normalization of the coupling strength for a cor-
rect comparison of different topologies of TFP networks.  



Eastern-European Journal of Enterprise Technologies ISSN-L 1729-3774; E-ISSN 1729-4061	 5/3 ( 137 ) 2025

66

The integration of the Kuramoto model with spectral analysis 
for assessing the network’s ability to synchronize has been 
justified. The structure of the method combines spectral, 
dynamic, and architectural analyses, which make it possible 
to interpret the speed of coordination of the railroad network 
operation through the rate of growth of the order parameter, 
spectral gap, and critical coupling strength. Based on the ob-
tained indicators, it is proposed to interpret centralized hub-
and-spoke models as more synchronized, and decentralized 
point-to-point models as less resistant to coherence.

2. Based on a comparative analysis of the speed of carriage 
traffic propagation when changing the topology of the TFP 
network over the period from 2013 to 2019, the change in the 
structural and dynamic efficiency of the TFP network was 
investigated using the formalization of the proposed method. 
It was found that the largest strongly connected component 
of the graph G2013 is characterized by a high ability to global 
synchronization, where the spectral gap λ2 = 19.91, the critical 
coupling strength KC = 0.10, and the maximum order param-
eter rmax = 0.304, while for G2019 a low level of integration is 
observed, where the spectral gap λ2 = 0.50, the critical cou-
pling strength KC = 4.02, rmax = 0.287 and network fragmen-
tation. The limited ability of TFP networks to global phase 
integration has been proven, which even when expanding the 
similarity threshold does not lead to complete coordination 
of phase behavior. It was found that the PFT network in 2019 
demonstrates a loss of systemic coherence, which is typical 
of decentralized point-to-point transportation networks. This 
indicates a transformation of the operating model from a cen-
tralized hub-and-spoke in 2013 to a more decentralized point-
to-point in 2019, which demonstrates fragmentation and local 

coherence. Our results showed that the ability of the PFT net-
work to synchronize the direction depends on its topological 
structure. It was found that the PFT network reacts differently 
to disturbances in different years. Therefore, when building 
predictive models for transportation analysis with the identi-
fication of bottlenecks in the network, it is important to take 
into account the graph structure of PFT.
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