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This study investigates a grinding process in a tum-
bling mill loaded by impact, crushing, and abrasion. 
The impact, compression, and shear interactions of 
particles are taken into account, the intensity of which 
is determined by the zones of flight, shear layer, and 
solid flow of the fill in the cross-section of the rotating 
drum chamber. 

The task addressed is to determine the influence of 
rotation speed on the energy intensity of the grinding 
process for individual loading mechanisms. 

An experimental method for numerical modeling of 
productivity analogs for grinding mechanisms by the 
energies of the corresponding interactions was applied.

The energy intensity of the process was estimated 
by the ratios of productivity analogs and the relative 
power of rotation drive. Energy efficiency was deter-
mined taking into account experimental data on phys-
ical productivity and drive power of the mill model. 

The effect of rotation speed on grinding was experi-
mentally estimated at a chamber filling degree of 0.45. 

The phenomenon of an intensive decrease in the 
energy intensity of the grinding process with a decrease 
in rotation speed was established. 

The results made it possible to identify energy-ef-
ficient values of the relative rotation speed for the 
grinding processes: coarse – by impact at ψω = 0.75–0.9,  
medium – by crushing at ψω = 0.55–0.65, and fine – 
by abrasion at ψω = 0.3–0.4. The established effect is 
explained by the revealed activation of interactions: 
impact – at high-speed, compressive – at medium- 
speed, and shear – at low-speed rotation. 

The established patterns enable prediction of ratio-
nal technological parameters for energy-saving pro-
cesses of multi-stage grinding in tumbling mills
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1. Introduction

Grinding in tumbling mills is a rather energy-intensive tech-
nological process [1]. High energy intensity is caused by inten-
sive energy dissipation due to frictional circulation of the internal 
chamber loading. Given the wide application of such grinders, 
the task to improve their energy efficiency remains relevant [2].

The recently reported modeling results do not make it pos-
sible to reveal the relationship between the drive power and the 
productivity of the grinding process [3]. The prediction task is 
complicated by the simultaneous combination of the action 
of several loading mechanisms of the granular medium in the 
chamber of the rotating drum, which enable implementation 
of the mechanisms of destruction of the crushed material by 
breaking, crushing, and abrasion [4–7]. In addition to the basic 
loading mechanisms by impact and shear [4, 5], an intermediate 
compression mechanism is taken into account [6, 7]. The deter-
mining factor in the implementation of the loading mechanisms 
is the rotation speed of the loaded drum [7]. It is believed that 

at increased speed, the impact load increases, which enables 
coarse grinding. Instead, a decrease in speed initially leads to 
compression of the load, which provides medium grinding, and 
with a further decrease – to shear, which provides fine grinding.

The influence of rotation speed on the loading and destruc-
tion mechanisms underlies the application of two- [8] and three-
stage [9] grinding processes in tumbling mills. The two-stage 
process consists of a sequential transition from a short-term high-
speed first stage of coarse grinding mainly by impact to the subse-
quent long-term low-speed second stage of fine grinding mainly 
by shear. The three-stage process is supplemented by an interme-
diate second stage of medium grinding mainly by compression.

However, the quantitative results of the influence of rota-
tion speed on grinding when implementing different loading 
mechanisms remain unknown, which limits the functionality 
of the equipment and does not contribute to solving the task 
of reducing the energy intensity of the process.

Given the above, the problem of establishing the influ-
ence of rotation speed on the energy efficiency of grinding in 
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a  tumbling mill by impact, compression, and shear appears 
to be rather relevant.

2. Literature review and problem statement

Experimental studies on the qualitative influence of rota-
tion speed on the resistance of the tumbling mill drive were 
reported in [10–14]. In work [10], an increase in the drive 
power for wet grinding was established with an increase in the 
relative rotation speed in the range ψω = 0.65–0.85. Similar 
results were obtained in [11] for wet grinding and in [12] for 
dry grinding of copper ore at ψω = 0.6–0.85, as well as in [13] 
for wet grinding of iron ore at ψω = 0.6–0.8. In work [14], 
based on experiments and modeling by the DEM method,  
it was established that with an increase in the rotation speed 
in the range ψω = 0.6–1, the moment and power of rotation 
resistance first increase and then decrease.

A decrease in the energy intensity of wet grinding of 
potash ore in a rod tumbling mill to 25% with a decrease in the 
rotation speed in the range ψω = 0.5–0.8 was experimentally 
found in [15].

However, quantitative characteristics of the influence of 
rotation speed on the drive parameters were not established 
in [10–15].

A fairly large body of research [16–33] considers establish-
ing a rational value of the rotation speed when achieving the 
overall maximum productivity and minimum energy inten-
sity of the grinding process in a tumbling mill. However, the 
reported results are characterized by a significant spread of 
numerical values.

Thus, papers [16–22] consider identifying the rational 
value of the speed when achieving maximum productivity. 
Increased values of the speed ψω = 0.7–0.85 were identi-
fied as rational in terms of productivity. The rational value 
ψω = 0.85 was experimentally established in [16] in the stud-
ied range ψω = 0.7–0.85 for dry grinding of limestone and 
clinker, as well as in work [17] in the range ψω = 0.65–0.85 
for dry grinding of pumice. The rational value ψω = 0.7–0.8 
was numerically established in [18] in the considered range 
ψω = 0.5–0.9 for wet grinding of platinum ore based on the 
generalization of the array of experimental data. A similar 
value was numerically found by the DEM method in [19] in the 
range ψω = 0.5–1, and also experimentally established in [20] 
in the range ψω = 0.7–0.8 for wet grinding of copper ore. The 
rational value of ψω = 0.75 in terms of the maximum ther-
modynamic heating temperature was numerically found by 
the DEM method with experimental verification in [21] in the 
studied range ψω = 0.55–0.95 for dry grinding of iron ore. The 
rational value of ψω = 0.7 was experimentally found in [22] in 
the range ψω = 0.6–0.85 for dry grinding of calcite. The uncer-
tainty and unfoundedness of the wide range of recommended 
speed values is due to the neglect of the differentiated influ-
ence of different loading mechanisms on the grinding process.

Studies [23–33] consider finding the rational value of the 
rotation speed when achieving the minimum energy intensity.

In [23–25], the average values of the speed ψω = 0.55–0.6 
were established as rational in terms of energy intensity. The 
rational value ψω = 0.6 was experimentally established in [23] 
in the studied range ψω = 0.2–0.7 for wet grinding of iron ore. 
The rational value ψω = 0.55 was experimentally found in [24] 
in the studied range ψω = 0.5–0.9 for dry grinding of quartz, 
limestone, and cement clinker, as well as in work [25] in the 
range ψω = 0.55–0.7.

In [26–30], reduced values of rotation speed ψω = 0.3–0.4 
were found to be rational. The rational value ψω = 0.4 was 
established based on the application of a numerical empirical 
model in work [26] in the considered range ψω = 0.4–0.9 for 
wet grinding of platinum ore. The value ψω = 0.4 was found 
based on the application of the numerical method of the 
achievable region in [27] in the same ψω range for wet grind-
ing of gold-bearing ore. The rational value ψω = 0.4 was found 
based on the application of a numerical mathematical model of 
an open cycle of grinding in [28] for wet grinding of platinum 
ore. The value ψω = 0.4 was also established in the review of 
the application of the numerical method of optimization of 
the achievable region in [29] for wet grinding in a tumbling 
mill. The rational value of ψω = 0.3–0.4 was established exper-
imentally in [30] in the studied range of ψω = 0.2–0.5 for dry 
grinding of platinum ore. An increase in the productivity of 
the grinding process with an increase in the rotation speed and 
a decrease in energy consumption with a decrease in the speed 
were found. Unsolved questions, reasons for the unsolved ones?

In [31–33], low values of the rotation speed of ψω = 0.03–0.1 
were found to be rational. The rational value of ψω = 0.1 was nu-
merically established by the DEM method in [31] in the studied 
range of ψω = 0.1–0.53 for dry grinding of iron ore. At ψω = 0.1, 
the highest intensity of the grinding process was found. The ra-
tional value of ψω = 0.04 was experimentally established in [32] 
in the considered range of ψω = 0.04–0.55 for dry grinding of 
quartz sand. The rational value of ψω = 0.03 was experimentally 
established in [33] in the range of ψω = 0.03–0.37 for the last 
stage of dry two-stage grinding of quartz sand.

However, the quantitative characteristics of the impact on 
the productivity and energy intensity of grinding in a  tum-
bling mill and the rational values of the rotation speed for 
individual mechanisms of impact, compression, and shear 
loading were not established in [16–33].

The dynamic parameters of the impact, compression, and 
shear interaction of the elements of the granular loading of 
the rotating drum chamber are determined by the characteris-
tics of the zones of movement of the medium. The behavior of 
these zones was modeled by the analytical and experimental 
method. In [34], the position of the boundary of the transition 
between the solid zone and the flight zone was established. 
In [35], the characteristics of the shear layer zone were re-
vealed. In [36], a general calculation algorithm for modeling 
zones in the loading motion pattern was developed. However, 
the results did not provide for a differential assessment of 
the speed parameters of the processes of impact, contact, 
and shear grinding. The characteristics of the active zones of 
loading motion were studied in [37–41] by the visualization 
method. The dynamics of the self-oscillating action of the 
loading and the grinding characteristics for discrete filling of 
the chamber were evaluated in [37]. In [38], the influence of 
the degree of filling of the chamber on self-oscillating grind-
ing for a discrete content of the crushed material in the load-
ing was considered. The influence of material content on the 
modes of motion of the loading and self-oscillating grinding 
for discrete filling of the chamber was studied in [39]. In [40], 
the influence of simultaneous changes in filling and material 
content on grinding was studied. The mathematical mecha-
nism of loss of stability of the flow of polygranular loading in 
the chamber of a rotating drum was revealed in [41]. In [42], 
qualitative conditions for the stability of the dynamic system 
of a tumbling mill were established. However, the results re-
ported in [37–42] correspond only to the self-oscillating mode 
of behavior of the intra-chamber loading.
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To determine the parameters of impact, compression, and 
shear interaction, an experimental method of numerical mod-
eling was used based on visualization of data on the behavior 
of granular loading in the chamber of a rotating drum [43–45]. 
A mathematical model of the mechanism of destruction by 
crushing under the action of the impact loading mechanism 
was built in [43]. In [44], a model of the mechanism of destruc-
tion by crushing under the action of the compression loading 
mechanism was constructed. A model of the mechanism of 
destruction by abrasion under the action of the shear loading 
mechanism was synthesized in [45]. The influence of kine
matic parameters and mass fractions of the loading motion 
zones on the productivity was taken into account. However, the 
results relate to productivity only for individual loading mech-
anisms and do not allow us to assess the influence of each of 
them on the energy intensity of the grinding process integrated 
by the mechanisms when the rotation speed changes.

Our review of the literature [1–45] allowed us to draw 
a  conclusion regarding the essence of the unsolved problem. 
It relates to the absence of models for predicting the differ-
ential effect of rotation speed on the energy efficiency of 
qualitatively different grinding processes in a tumbling mill 
by impact, compression, and shear. This is due to the difficul-
ties of analytical and numerical modeling and the complexity 
of instrumental experimental research of the effect of rota-
tion speed on grinding when implementing various loading 
mechanisms. The impossibility of applying such models is 
especially negatively manifested in the case of implementing 
an energy-saving process of multi-stage grinding. 

The above considerations indicate the relevance of con-
ducting a study on the effect of rotation speed on the energy 
intensity of grinding for individual destruction mechanisms.

3. The aim and objectives of the study

The aim of our work is to establish the influence of rota-
tion speed on the technological and energy parameters of the 
grinding process in a tumbling mill when implementing the 
loading mechanisms in the intra-chamber loading by impact, 
compression, and shear. This will make it possible to predict 
the energy efficiency of the grinding process by implementing 
different mechanisms of destruction of the crushed material 
when varying the rotation speed.

To achieve this goal, the following tasks were set:
– to model experimentally the productivity of the grinding 

process in a tumbling mill for different rotation speeds;
– to model experimentally the energy intensity of the tum-

bling mill rotation drive for different rotation speeds;
– based on numerical results, to identify the qualitative 

influence of rotation speed on the total energy intensity of the 
grinding process;

– based on numerical results from data visualization, to 
identify the comparative qualitative influence of rotation 
speed on the energy intensity of the grinding process for the 
loading mechanisms by impact, contact, and shear.

4. The study materials and methods

4. 1. The object and hypothesis of the study
The object of our study is the grinding process in a  tum-

bling mill when implementing individual loading mecha-
nisms in intra-chamber loading. The subject of the study 

is mathematical modeling of dependences of the specific 
productivity and energy intensity of grinding processes on 
the rotation speed when implementing the mechanisms of 
impact, compression, and shear loading, which enables im-
plementation of the mechanisms of destruction by breaking, 
crushing, and grinding.

Underlying the models of the considered grinding mech-
anisms are the relative dynamic parameters of the impact, 
compression, and shear interaction of the elements of the 
granular fill, which are the criteria for the similarity of the 
movement of the fill and the grinding process. As analogs to 
the productivity of grinding processes in a tumbling mill by 
breaking, crushing, and grinding, the energies of the impact, 
compression, and shear interaction are taken [43–45].

It was assumed that the impact interaction of the loading 
elements takes place on the surface of the transition of the 
flight zone into the shear layer zone [43], the compressive 
interaction takes place on the surface of the transition of the 
shear layer into the solid zone [44], and the shear interaction 
takes place in the shear layer [45].

The interaction of the chamber with the fill was assumed 
mainly along a cylindrical surface. The influence of the end 
walls of the chamber on the movement of the fill was neglected.

The factors of parameters for the steady-state mode of 
the fill movement in the chamber of the rotating drum were 
considered to be stationary flow patterns.

It was assumed that the mode of motion of the fill in the 
chamber of the rotating drum is steady. The dependences of 
the torque and power of the drive resistance on the rotation 
speed were assumed to be quasi-static.

As a simplified case of monofractional loading of the 
chamber of the rotating drum, a granular material with spher-
ical particles with a relative size ψd = 0.0104 was used. The 
value of the angle of internal friction of the material was 30°.

Since the boundary edge effect of the flow of the fill on 
the end wall of the chamber turned out to be insignificant, 
physical visualization of the data was adopted as a method of 
experimental research.

4. 2. Methodology for experimental modeling of the 
grinding process performance in a tumbling mill

The relative drum rotation speed ψω was taken as the 
input parameter, which is a variable factor of the research

� �� �
R
g

, 	 (1)

where ψω = ω / ωcr – relative rotation speed, ω – current value 
of the angular velocity of rotation of the drum; �cr g R�  – crit-
ical angular velocity of rotation of the drum, which corresponds 
to the equality of centrifugal acceleration on the cylindrical 
surface of the drum chamber ω2R to the acceleration of grav-
ity g; R – radius of the cylindrical drum chamber. The value of 
relative velocity ψω during the experimental determination of 
the productivity of the grinding process varied in the range of 
0.15–0.85 with a step of 0.1.

A stroboscopic tachometer was used to measure the rota-
tion speed.

As a geometric characteristic of the granular fill of the drum 
chamber, the degree of filling the chamber with the loading was 
taken – κ = w / (πR2L), where w is the volume of the portion of 
the fill in the chamber at rest, L – length of the drum chamber.

The value of the degree of filling during all studies was 
taken as κ = 0.45, which corresponds to the grinding process 
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in a tumbling mill with high throughput in terms of output of 
the finished product.

As a geometric characteristic of the content of particles of 
crushed material in the grinding loading of the drum chamber, 
the degree of filling of the grinding loading with crushed ma-
terial was taken – κm = wm / (κπR2L), where wm is the volume 
of a portion of crushed material in the chamber at rest. The 
value of the degree of filling of the grinding loading with 
crushed material in the experimental determination of the 
productivity of the grinding process was taken as κm = 0.4, 
which approximately corresponds to the value of the volume 
fraction of the gaps between spherical bodies of the same 
size at rest. Such content of crushed material in the fill corre-
sponds to the process of coarse grinding in a tumbling mill.

Laboratory beakers were used to dose the loading portion. 
The portion volume was determined at rest.

As a geometric characteristic of the element of the granular 
fill of the drum chamber, the relative size of the element in the 
chamber was taken – ψd = d / (2R), where d – average absolute 
size of the element. Steel balls with a relative size of ψd = 0.026 
were used as grinding media in the experimental laboratory 
mill. Particles of pre-crushed cement clinker with a relative size 
of ψdm < 0.0059 were used as the grinding material.

A laser-type analyzer was used to measure the particle 
size of the fill.

Laboratory studies of the grinding process in a tumbling 
mill were based on standard methodologies. We determined 
the particle size distribution of the starting material and the 
finished grinding product by sieving them through sieves and 
calculating the fraction content.

The duration of the grinding process was 30 min.
The productivity of the grinding process in a tumbling 

mill was estimated by the value of sieving through control 
sieve No. 008. The relative productivity C was taken as a char-
acteristic of productivity

C m
m

r

m
� �1 , 	 (2)

where mr is the mass of the residue on sieve No. 008 after siev-
ing, mm is the total mass of the crushed material before sieving.

Electronic scales were used to measure the mass of the 
crushed material.

4. 3. Methodology for experimental modeling of the 
energy intensity of the tumbling mill drive

As a criterion for evaluating the power parameter of the 
tumbling mill drive, the relative moment of resistance of 
the load to rotation ψM = M / Mmax is taken, where M is the 
absolute value of the moment of resistance, Mmax is the value 
of the conditional maximum moment of resistance. The mo-
ment Mmax corresponds to the imaginary distribution of the 
fill in the cross section of the chamber in the form of an ideal 
solid segment, rotated together with the drum relative to the 
initial position at rest at a right angle θ (Fig. 1).

The magnitude of the conditional maximum moment 
Mmax is equal to the product of the load gravitational force 
modulus G by distance OC from the rotation axis O to the 
center of gravity C of imaginary segment 1 (Fig. 1)

Mmax = (2 / 3)R3(sin3β)Lρg,

where ρ is the bulk density of the fill at rest; β is half of the 
central angle of the ideal load segment in the cross-section 

of the chamber, the value of which is determined from equa-
tion  2β – sin(2β) = 2πκ.

 
Fig. 1. Scheme of the occurrence of the conditional 	

maximum moment of resistance of the flowing load to the 
rotation of the filled drum Mmax: 1 – imaginary ideal load 

segment in the cross-section of the chamber

To determine the absolute moment of resistance M, the 
calibration dependences of the drive torque on the rotation 
speed were used, which were obtained using a dynamometer.

As the power characteristic of the tumbling mill drive, the 
relative moment of resistance of the load to rotation when the 
chamber is half filled ψM0.5 was taken

�
�M

M
R L g0 5 3

3
2. ,� 	 (3)

where ψM0.5 = M/Mmax0.5 – relative moment of resistance at 
half-filling, where Mmax0.5 = (2/3)R3Lρg – conditional maxi-
mum moment of resistance at half-filling, the value of which 
corresponds to the maximum possible value of Mmax at κ = 0.5.

The relative power of the load resistance to rotation at 
half-filling of the chamber ψP0.5 is taken as the energy charac-
teristic of the tumbling mill drive

� � ��P M0 5 0 5. . .� 	 (4)

The value of relative velocity ψω during the experimental 
determination of ψM0.5 and ψР0.5 varied in the range of 0–1.35 
with a step of 0.05.

4. 4. Methodology for numerical modeling of the 
total energy intensity of the grinding process in a tum-
bling mill

As characteristics of the total energy intensity of the 
grinding process in a tumbling mill, the total specific produc-
tivity CE and the total specific energy intensity EC of grinding 
were taken:

C C
E

P
�
� 0 5.

, 	 (5)

E
CC
P�

� 0 5. .	 (6)

The ratio of process productivity C and rotational resis-
tance power ψР0.5 was adopted as criteria for evaluating the 
total energy intensity of grinding.
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4. 5. Methodology for numerical modeling of energy 
intensity of grinding processes by mechanisms of de-
struction by impact, crushing, and grinding

An experimental method of numerical modeling based 
on experimental visualization of the behavior of the fill in the 
chamber of a rotating drum was used to determine the para
meters of shear interaction. The visualization was carried out 
by fixing through a transparent end wall and further process-
ing of the patterns of the load movement in the cross section 
of the chamber. Separate obtained patterns of steady-state 
load movement in the chamber of a stationary rotating drum 
at κ = 0.45 [43] are shown in Fig. 2.

   
 

   
 

   

a

d

g

b

e

h

c

f

i

Fig. 2. Motion patterns of granular fill with relative 	
particle size ψd = 0.0104 at chamber filling degree κ = 0.45: 

a – ψω = 0.1; b – ψω = 0.2; c – ψω = 0.3; d – ψω = 0.4; 	
e – ψω = 0.5; f – ψω = 0.6; g – ψω = 0.7; h – ψω = 0.8; 	

i – ψω = 0.9 (according to [43])

The algorithm for implementing the data visualization method 
involved sequentially implementing a number of stages [43–45].  
A computational scheme of the three-phase mode of fill motion 
in the cross-section of a rotating chamber was applied (Fig. 3). 
According to the scheme, impact, compression, and shear inter-
actions were determined by numerical modeling.

The simulation cycle by experimental visualization of data 
for one drum rotation speed consisted of the following stages:

1) obtaining a pattern of the fill motion for the current 
value of the drum rotation speed;

2) visualization of the fill motion zones by highlighting 
them in the pattern;

3) visualization of the central averaged normal cross-sec-
tion of the shear layer by highlighting in the obtained pattern;

4) visualization of geometric data by measuring them in 
the pattern;

5) visualization of the loading dilatancy in the motion 
zones by evaluating them from the pattern;

6) calculation of values of the loading interaction parame-
ters using the corresponding expressions;

7) obtaining a pattern of the loading motion for the next 
value of the drum rotation speed and transition to a new sim-
ulation cycle.

 
Fig. 3. Calculation diagram of the motion pattern with 

flow lines of granular fill in the chamber of a rotating drum 
(according to [43–45])

Measurements of the linear dimensions and areas of geo-
metric figures in the motion patterns were carried out using 
specialized computer systems.

The value of the relative rotation speed ψω when visualizing 
the fill motion patterns varied from the rest state to the bound-
ary of the transition of the circulation mode of motion to the 
near-wall layer mode in the range of 0–1.35 with a step of 0.05.

As characteristics of the volumes of the solid zone, shear 
layer zone, and flight zone of the fill, the mass fractions of solid 
zone κsr, shear layer zone κsl, and flight zone κfr were taken:

�
� �sr

srF
R

�
2
,	 (7)

�
� ��sl

sl

sl

F
R

�
2

,	 (8)

� � �fr sr sl� � �1 , 	 (9)

where Fsr is the area of the solid zone FADGA (Fig. 3) in the 
motion pattern; Fsl is the area of the shear layer zone FBEGDB; 
υsl is the dilatancy of the shear layer zone.

As an analog of the productivity of the impact grinding 
process, the relative energy of the impact interaction of the 
loading elements is taken [43]

Q
h
Ri
fr

fr�
4

� ,

where hfr is the vertical distance from the highest to the low-
est point on the free surface of the loading flight zone in the 
motion pattern.

As an analog of the productivity of the crushing process, 
the relative energy of the compressive interaction of the load-
ing elements is taken [44]
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Q
R R

h Rgc
sl

sl
sl�

�� ��
�

2 2
0

2 2

28
,  

where Rsl0 is the radial coordinate of the base of the central av-
eraged normal cross-section of the shear layer; hsl is the height 
of the central averaged normal cross-section of the shear layer.

The relative energy of the shear interaction of the loading 
elements is taken as an analog of the productivity of the grind-
ing process by grinding [45]

Q
V V R

h ga
sl sl

sl
sl�

�� �max ,0
2

2
�

where V W h Vsl i sl sl slmax sin cos
sin

� � �
�

� �2
1 0

2�
�
�

 – maximum 

shear velocity in the central averaged normal cross-section 
of the shear layer; Vsl0 = ωRsl0 – shear velocity of the sup-
port surface of the central averaged normal cross-section 
of the shear layer; Rsl0 – radial coordinate of the base of the 
central averaged normal cross-section of the shear layer; 
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gle of internal friction of the granular load; W g a L f L f qi fr� � � � � � � � �/ / /2 2 33 3  

W g a L f L f qi fr� � � � � � � � �/ / /2 2 33 3  – apparent total vertical 

acceleration of the shear layer, which causes its movement; 
afr – apparent additional inertial acceleration of the shear 
layer due to the increase in kinetic energy after the impact 
interaction of the flight zone with the shear layer;

f q m L
� � �
�

�
�

�

�
� �

�

�
�

�

�
�

2

9 3 2
,  L q qm V

d
sl�

�

�
�

�

�
� � �2

3 3
2

3
0
6

3
,  

q
d

V
c

d Vsla
sl� � �

�

�
��

�

�
��

1 3
3

2

2
2

0
2 , m

d
V
c
V dVsla
sl slo� �

�

�
�

�

�
�

1 2 3
3 0

3 4 ,  

c
hsl sl

�
�1

3
sin

sin cos
�

� �
 and d hsl sl�

�
2

1
sin cos
sin
� �
�

 – variables;

V
R R

hsla
sl

sl
�

�� �� 2
0

2

2
 – average value of the speed of movement 

in the central averaged normal section of the shear layer.
As characteristics of performance analogs, which are 

brought to a comparative form for further comparative analy
sis, normalized performance analogs of the processes of im-
pact crushing Qin, crushing Qcn, and grinding Qan are adopted:

Q Q
Qin

i

i
=

max
, 	 (10)

Q Q
Qcn

c

c
=

max
, 	 (11)

Q Q
Qan

a

a
=

max
,	 (12)

where Qimax, Qcmax and Qamax are the maximum values of Qi, 
Qc and Qa.

As characteristics of relative dimensionless analogs of 
productivity, which are transformed for further comparative 

quantitative analysis, taking into account the proportional 
influence of the values of the experimentally obtained de-
pendences of absolute productivity on the rotation speed, 
generalized analogs of the productivity of the processes of im-
pact grinding Qig, crushing Qcg and grinding Qag are adopted:

Q Q Cig in= , 	 (13)

Q Q Ccg cn= , 	 (14) 

Q Q Cag an= . 	 (15)

As characteristics of the energy intensity of grinding 
processes in a tumbling mill when implementing individual 
loading mechanisms in intra-chamber loading, taking into 
account the influence of the values of the experimentally 
obtained dependences of the absolute drive power on the ro-
tation speed, the following analogs of the specific productivity 
of grinding by impact QEi, crushing QEc, and grinding QEa 
were adopted:

Q
Q

Ei
ig

P
�
� 0 5.

, 	 (16)

Q
Q

Ec
cg

P
�
� 0 5.

, 	 (17)

Q
Q

Ea
ag

P
�
� 0 5.

,	 (18)

and analogs of the specific energy intensity of the processes of 
impact grinding EQi, crushing EQc, and grinding EQa:

E
QQi
P

ig
�
� 0 5. , 	 (19)

E
QQc
P

cg
�
� 0 5. , 	 (20)

E
QQa
P

ag
�
� 0 5. . 	 (21)

The ratio of generalized analogs of the productivity of 
impact grinding Qig, crushing Qcg, and grinding Qag and the 
power of resistance to rotation ψР0.5 was adopted as criteria 
for assessing the energy intensity of grinding processes for 
destruction mechanisms.

5. Results of research on the processes of impact, 
crushing, and grinding in a tumbling mill

5. 1. Results of experimental modeling of the pro-
ductivity of the grinding process in a tumbling mill

A plot of the results from the experimental determination 
of change in relative productivity С from the relative rotation 
speed ψω is shown in Fig. 4. The values of С were calculated 
using expression (2), the values of ψω were calculated using 
expression (1).

Our experimental dependence of the numerical values of 
relative productivity С characterizes the quantitative influ-
ence of the rotation speed on the overall productivity of the 
grinding process in the tumbling mill.
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C = 0.5967ψω + 0.1159
R² = 0.9779
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Fig. 4. Experimental dependence of change in relative 
productivity C on the relative rotation speed ψω

5. 2. Results of experimental modeling of the energy 
intensity of the tumbling mill drive

Plots of our results from the experimental determination 
of change in the relative moment of the fill resistance to ro-
tation when the chamber is half filled ψM0.5 and the relative 
power of the load resistance to rotation when the chamber is 
half filled ψP0.5 from the relative rotation speed ψω are shown 
in Fig. 5. The values of ψM0.5 and ψP0.5 were calculated using 
expressions (3) and (4).
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Fig. 5. Experimental dependence of change in the relative 
moment of load resistance to rotation at half-filling of the 
chamber ψM0.5 and the relative power of load resistance 	

to rotation at half-filling of the chamber ψP0.5 	
on the relative rotation speed ψω

The obtained experimental dependences of the numerical 
values of change in the relative moment of resistance ψM0.5 
and the relative power of resistance ψP0.5 of the load to rota-
tion at half filling of the chamber characterize the quantita-
tive influence of the rotation speed on the energy intensity of 
the tumbling mill drive.

5. 3. Results of numerical modeling of the total energy 
intensity of the grinding process in the tumbling mill

A plot of our results from the numerical determination 
of change in the total specific grinding efficiency CE from the 
relative rotation speed ψω is shown in Fig. 6. The values of CE 
were calculated from expression (5).

A plot of our results from the numerical determination 
of change in the total specific energy intensity of grinding EC 
from the relative rotation speed ψ is shown in Fig. 7. The EC 
values were calculated using expression (6).

The obtained functional dependences of the numerical 
values of change in the total specific productivity CE and the 
total specific energy intensity EC of grinding characterize 

the quantitative influence of the rotation speed on the total 
energy intensity of the grinding process in a tumbling mill.
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Fig. 6. Functional dependence of change in the total specific 
grinding efficiency CE on the relative rotation speed ψω
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Fig. 7. Functional dependence of change in the total specific 
energy intensity of grinding EC on the relative 	

rotation speed ψω

5. 4. Results of numerical modeling of the energy 
intensity of fill grinding processes by impact, crushing, 
and grinding mechanisms

Plots of our results from the numerical determination of 
change in the dimensionless parameters of the energy inten
sity of the grinding processes by impact, crushing, and grind-
ing in a tumbling mill are shown in Fig. 8–12.

Plots of the results from the numerical determination of 
change in the mass fractions of the solid zone κsr, the shear 
layer zone κsl, and the flight zone κfr from the relative rotation 
speed ψω are shown in Fig. 8. The values of κsr, κsl and κfr 
were calculated from expressions (7) to (9).
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zone κfr on the relative rotation speed ψω
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Plots of the results from numerical determination of 
the change in normalized analogs of the productivity of the 
processes of granulating by impact Qin, crushing Qcn and 
grinding Qan depending on the relative rotation speed ψω are 
shown in Fig. 9. The values of Qin, Qcn and Qan were calculated 
using expressions (10) to (12).
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Fig. 9. Functional dependence of change 	
in the normalized analogs of the productivity 	
of the processes of granulating by impact Qin, 	
crushing Qcn, and grinding Qan on the relative 	

rotation speed ψω

Plots of our results from the numerical determination 
of change in the generalized analogs of the productivity of 
the processes of granulating by impact Qig, crushing Qcg, and 
grinding Qag depending on the relative rotation speed ψω are 
shown in Fig. 10. The Qig, Qcg and Qag values were calculated 
using expressions (13) to (15).
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Fig. 10. Functional dependence of change 	
in generalized analogs of the productivity 	

of the processes of granulating by impact Qig, 	
crushing Qcg, and grinding Qag on the relative 	

rotation speed ψω

Plots of the results from the numerical determination 
of change in the analogs of the specific productivity of the 
processes of granulating by impact QEi, crushing QEc, and 
grinding QEa depending on the relative rotation speed ψω are 
shown in Fig. 11. The QEi, QEc and QEa values were calculated 
from expressions (16) to (18).

Plots of our results from the numerical determination 
of change in the analogs of the specific energy intensity 
of the of granulating by impact EQi, crushing EQc, and 
grinding EQa from the relative rotation speed ψω are shown  
in Fig. 12. The EQi, EQc and EQa values were calculated us-
ing expressions (19) to (21).
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Fig. 11. Functional dependence of change 	
in the specific productivity analogs of the processes of 

granulating by impact QEi, crushing QEc, and grinding QEa 	
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The obtained functional dependences of the numerical 
values of changes in dimensionless parameters of analytical 
modeling characterize the quantitative influence of rota-
tion speed on the energy intensity of grinding processes in 
a tumbling mill for the mechanisms of destruction by impact, 
crushing, and grinding.

6. Results of investigating the energy efficiency of 
granulation processes in a tumbling mill by impact, 

crushing, and grinding: discussion and summary

Our results of experimental modeling have made it possi-
ble to assess the qualitative and quantitative influence of the 
rotation speed on the overall productivity of the grinding pro-
cess in a tumbling mill. The algorithm of model calculations 
provided for the assessment of relative productivity by sieving 
through the control sieve C (2). A monotonic decrease in pro-
ductivity with a decrease in rotation speed was found (Fig. 4). 
It was established that the relative productivity decreased by 
2.9 times with a decrease in the relative rotation speed ψω 
from 0.85 to 0.15. The revealed effect of speed on the overall 
productivity of the grinding process complements and ex-
pands similar results reported in [16–22].

The results of numerical modeling allowed us to assess 
the qualitative and quantitative influence of rotation speed 
on the energy intensity of the tumbling mill rotation drive. 
The algorithm of model calculations provided for the as-
sessment of the energy intensity of the rotation drive by the 
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relative moment ψM0.5 (3) and the relative power ψP0.5 (4) of 
the resistance when the chamber is half filled with the load. 
A monotonic decrease in ψM0.5 and ψP0.5 with a decrease 
in the rotation speed was found (Fig. 5). It was established 
that ψM0.5 acquires a maximum value at ψω = 0.85, and ψP0.5  
at ψω = 0.9–0.95. The revealed effect of speed on the energy 
intensity of the mill rotation drive complements and expands 
the data given in [10–14].

Our results of numerical simulation have made it possible 
to assess the qualitative influence of the rotation speed on the 
total energy intensity of the grinding process. The algorithm 
of model calculations provided for the assessment of the total 
energy intensity of the process by the total specific produc-
tivity CE (5) and the total specific energy intensity EC (6) of 
grinding, as the ratios of productivity C and the total power of 
the drive resistance ψР0.5. An intensive decrease in the energy 
intensity of grinding was found with a decrease in the rotation 
speed (Fig. 6, 7). The intensity of the decrease in energy inten-
sity increases with a decrease in speed. It was found that the 
total specific productivity CE (Fig. 6) increases and the total 
specific energy intensity EC (Fig. 7) decreases by 2.5 times with 
a decrease in ψω from 0.85 to 0.15. The revealed results on the 
influence of speed on the total energy intensity of the grinding 
process expand and complement the data reported in [15].

The results from numerical modeling allowed us to evaluate 
the comparative qualitative influence of the rotation speed on 
the energy intensity of the grinding process for the mechanisms 
of destruction of the crushed material by breaking, crushing 
and grinding. The algorithm of model calculations provided for 
the assessment of performance analogs for these mechanisms 
by the corresponding energies of impact Qi, compression Qc, 
and shear Qa of the interaction of the loading elements [43–45].

The localization and intensity of the implementation of 
the interactions of the elements were determined by the zones 
of movement of the load in the cross-section of the rotating 
drum chamber. The implementation of the impact interaction 
is localized on the surface of the transition of the flight zone 
into the shear layer zone, the compression interaction – on 
the surface of the transition of the shear layer zone into the 
solid zone, the shear interaction – in the shear layer zone. 
The algorithm of model calculations provided for the assess-
ment of the volumes of the zones of movement by the mass 
fractions of the solid zone κsr (7), the shear layer zone κsl (8), 
and the flight zone κfr (9). It was found that the minimum 
value of κsr and the maximum value of κfr were achieved at 
an increased rotation speed and the maximum value of κsl 
was achieved at a reduced speed (Fig. 8). It was found that the 
minimum value of κsr is 0.49 at ψω = 1, the maximum value of  
κsl is 0.2 at ψω = 0.4–0.45 and the maximum value of κfr is 
0.48 at ψω = 1–1.05. The revealed effect of speed on the distri-
bution of mass fractions of the loading motion zones clarifies 
and expands the similar results from [33–35].

The difference in the dimensionalities of values for pro-
ductivity analogs Qi, Qc and Qa discovered earlier in [43–45] 
caused inconveniences in conducting their comparative qual-
itative analysis. Therefore, the model calculation algorithm 
provided for further assessment of the values of the normal-
ized productivity analogs of the processes of granulation by 
impact Qin (10), crushing Qcn (11), and grinding Qan (12), as 
the ratios of their current and maximum values.

The next stage of the model calculation algorithm involved 
further comparative quantitative assessment of the identified 
analytical dependences of normalized productivity analogs Qin, 
Qcn and Qan on rotation speed (Fig. 9), taking into account the 

proportional influence of the values of the experimentally ob-
tained absolute productivity dependences on speed С (Fig. 4), 
by generalized productivity analogs of the processes of granula-
tion by impact Qig (13), crushing Qcg (14), and grinding Qag (15), 
as products of Qin, Qcn and Qan and the total productivity С.

A monotonic sequential decrease was found, with a de-
crease in the rotation speed, of the maximum value of Qig, 
which is realized at an increased rotation speed, and the max-
imum values of Qcg and Qag, which are realized at an average 
rotation speed (Fig. 10). It was found that the maximum value 
of Qag, which is realized at ψω = 0.6, is 1.05 times inferior to 
the maximum value of Qcg, which is realized at ψω = 0.65, 
and 1.41 times inferior to the maximum value of Qig, which is 
realized at ψω = 0.9.

The results found on the influence of speed on the pro-
ductivity of granulation processes by impact, crushing, and 
grinding coincide well with the data from GOST 10141-91 
"Rod and ball mills. General technical requirements" and 
its analogs [46, 47]. These technical standards regulate the 
processes of wet grinding of ore and non-metallic minerals 
in tumbling mills. The extreme speed value found for impact 
grinding performance ψω = 0.9 (Fig. 10) approaches the stan-
dard speed of ball mills ψω = 0.75–0.85, which corresponds 
to the coarse grinding process mainly by impact. On the other 
hand, the extreme speed values found for crushing and grind-
ing performance ψω = 0.65 and ψω = 0.6 (Fig. 10) approach 
the standard speed of rod mills with peripheral unloading 
ψω = 0.55–0.65, which corresponds to the medium grinding 
process mainly by grinding and crushing.

The final stage of the model calculation algorithm in-
volved estimating the energy intensity of the grinding process 
in a tumbling mill when implementing individual loading 
mechanisms using the specific productivity analogs of the 
granulation processes by impact QEi (16), crushing QEc (17), 
and grinding QEa (18) and the specific energy intensity ana-
logs of the granulation processes by impact EQi (19), crushing 
EQc (20), and grinding EQa (21), as well as the ratios Qig, Qcg 
and Qag and the relative power ψP0.5. An intensive decrease 
in the energy intensity of grinding with a decrease in the ro-
tation speed was found (Fig. 11 and 12). The intensity of the 
decrease in energy intensity increases with a decrease in the 
speed. An intensive sequential increase, with a decrease in the 
rotation speed, of the maximum value of QEi, realized at an 
increased rotation speed, the maximum value of QEc, realized 
at an average speed, and the maximum value of QEa, realized 
at a reduced speed (Fig. 11). It was found that the maximum 
value of QEa, realized at ψω = 0.35, is 1.13 times greater 
than the maximum value of QEc, realized at ψω = 0.6, and 
1.28  times greater than the maximum value of QEi, realized 
at ψω = 0.9. An intensive sequential decrease, with a decrease 
in the rotation speed, of the minimum value of EQi, realized at 
an increased rotation speed, of the minimum value of EQc, re-
alized at an average speed, and of the minimum value of QEi,  
realized at a reduced speed (Fig. 12). It is established that 
the minimum value of EQa, which is realized at ψω = 0.35, 
is 1.13 times inferior to the minimum value of EQc,, which is 
realized at ψω = 0.6, and 1.28 times inferior to the minimum 
value of EQi, which is realized at ψω = 0.9.

Analysis of Fig. 11, 12 reveals that the rational energy 
efficiency of the process of coarse grinding in a tumbling 
mill, mainly by impact, provided that unproductive contact 
of the loading flight zone with the cylindrical surface of 
the chamber is prevented, which reduces the grinding effi-
ciency, can be considered an increased value of the rotation  
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speed ψω = 0.75–0.9. In this case, the value of the specific pro-
ductivity of grinding by impact acquires a fraction of 0.69–1 of 
the maximum value. The rational energy efficiency of the pro-
cess of medium grinding in a tumbling mill, mainly by crush-
ing, can be considered an average speed value ψω = 0.55–0.65. 
In this case, the value of the specific productivity of grinding 
by crushing is 0.92–1 of the maximum value. The rational 
energy efficiency of the process of fine grinding in a tumbling 
mill, mainly by grinding, can be considered a reduced speed 
value ψω = 0.3–0.4. In this case, the specific productivity of 
grinding by grinding is 0.97–1 of the maximum value.

Comparative analysis has shown the convergence with 
the known data of the individual results obtained in deter-
mining the influence of rotation speed on the energy intensity 
of impact grinding, crushing and grinding. The identified 
values of specific productivity and energy intensity of grind-
ing  (Fig. 11, 12) supplement, expand, and refine similar results 
reported in [16–33] in terms of taking into account the influ-
ence of speed changes. The established extreme value of rota-
tion speed ψω = 0.9 in terms of energy efficiency of the impact 
grinding process approaches the results from [16–22] in terms 
of identifying rational in terms of productivity increased values 
of speed ψω = 0.7–0.85. The identified extreme value of rotation 
speed ψω = 0.6 in terms of energy efficiency of the crushing 
grinding process approaches the results of papers [23–25] in 
terms of identifying rational in terms of energy intensity av-
erage values of speed ψω = 0.55–0.6. The extreme value of the 
rotational speed ψω = 0.35, which is found to be extremely ef-
ficient in terms of energy consumption, approaches the results 
reported in [26–30] on identifying rational, energy-efficient, 
reduced speed values ψω = 0.3–0.4. The results from [31–33] 
on identifying rational, energy-efficient, low speed values 
ψω = 0.03–0.1 correspond to the specific productivity of the 
grinding process by grinding, which is a fraction of 0.32–0.73 
of the established maximum value (Fig. 11). It can be assumed 
that with a decrease in the degree of filling of the working 
chamber of the drum with the load, the further established 
speed value, which will correspond to achieving extreme en
ergy efficiency of the process, will approach ψω = 0.03–0.1.

The results obtained in this work allow us to solve the 
problem of approximate modeling of the influence of rotation 
speed on the energy efficiency of grinding in a tumbling mill 
by impact, compression, and shear. The constructed numeri-
cal model made it possible to carry out a comparative analysis 
of the influence of speed on the destruction of the material 
by impact, crushing, and grinding during the implementation 
of the grinding process. This made it possible to predict an 
intensive decrease in the energy intensity of grinding with 
a decrease in rotation speed, as a defining characteristic of the 
process. Since granulation by impact, crushing, and grinding 
is related to the fineness of grinding, our model also makes it 
possible to predict the particle size composition of the final 
product of multi-stage disintegration.

The scope of application of the results is the implemen-
tation of stages of coarse, medium, and fine grinding of the 
multi-stage grinding process. The condition for using the 
results is an expedient change in the parameters of traditional 
working processes of tumbling mills. The potential expected 
effect of the use is to reduce the energy consumption of the 
grinding process by rationally changing the rotation speed, 
the degree of filling of the chamber and the content of the 
crushed material at different stages of the process.

The applicability of the established dynamic characteris-
tics of the impact, compression, and shear interaction and the 

results of predicting the parameters of the coarse, medium, 
and fine grinding process by implementing the impact, crush-
ing, and grinding mechanism is limited by the discrete values 
of the input parameters. The adopted value of the degree of 
filling of the drum chamber with the load was κ = 0.45, which 
corresponded to the grinding process in a tumbling mill with 
high throughput. The size of the granular particles of the 
model load relative to the diameter of the chamber was 0.0104.

The use of only the experimental method for physical vi-
sualization of the behavior of the internal chamber loading of 
the rotating drum by video recording through the transparent 
end wall of the chamber limited the accuracy of determining 
the velocity fields and boundaries of the zones of movement 
of granular particles. In the future, it is planned to search for 
opportunities to use X-ray systems to study the movement of 
granular media.

The disadvantage of this study is the use of one discrete 
value of the degree of filling, which imposes certain restric-
tions on the application of the results. It seems that a poten-
tially interesting area of further research is to identify the 
characteristics of the interaction of elements with a different, 
in particular, smaller filling of the chamber with the load. 
This will make it possible to identify new dynamic effects of 
granulation mechanisms by impact, crushing, and grinding. 
In the future, it is advisable to experimentally determine the 
influence of the degree of filling of the chamber with the load 
on the technological and energy efficiency of grinding with 
the joint differentiated action of the mechanisms of loading 
by impact, compression, and shear. This will make it possible 
to establish rational conditions for the implementation of the 
mechanisms of destruction by breaking, crushing, and grind-
ing when implementing energy-saving multi-stage grinding 
processes in grinding units with drum-type mills.

7. Conclusions

1. We have experimentally established that the productiv-
ity of the grinding process in a tumbling mill monotonically 
decreases with decreasing rotation speed. For the degree of 
filling the chamber with the load κ = 0.45, the relative pro-
ductivity, estimated by the value of sieving through control 
sieve No. 008 at a grinding duration of 30 min, decreased by 
2.9 times with a decrease in the relative rotation speed ψω 
from 0.85 to 0.15.

2. It was experimentally established that the energy con-
sumption of the tumbling mill rotation drive monotonically 
decreases with decreasing rotation speed. For κ = 0.45, the rel-
ative power of the load resistance to the rotation of the drum 
with a half-filling of the chamber ψP0.5 acquired a maximum 
value at ψω = 0.9–0.95.

3. Numerical modeling of the total energy intensity of the 
grinding process in a tumbling mill was based on the evalu-
ation of the ratios of process productivity C and the power 
of the drive resistance to rotation ψР0.5. It was established 
that the total specific energy intensity of grinding decreases 
intensively with a decrease in the rotation speed. For κ = 0.45, 
with a decrease in ψω from 0.85 to 0.15, the total specific pro-
ductivity CE = С / ψР0.5 increased and the total specific energy 
intensity EC = ψР0.5 / С decreased by 2.5 times.

4. Numerical modeling of the energy intensity of grinding 
processes in a tumbling mill for impact, crushing, and grind-
ing loading mechanisms was based on taking into account 
the relative dynamic parameters of impact, compression, and 
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shear interaction of granular elements. These interaction pa-
rameters are criteria for the similarity of the loading motion 
and the grinding process. The energies of the corresponding 
interactions were taken as analogs of the productivity of 
grinding processes. The energy intensity of grinding processes 
was estimated by the ratios of the analogs of the productivity 
of individual destruction mechanisms and the power of the 
drive resistance to rotation.

An intensive decrease in the energy intensity of grinding 
was revealed with a decrease in the rotation speed and a se-
quential transition of the prevailing loading mechanisms from 
high-speed impact to medium-speed crushing and low-speed 
grinding. For κ = 0.45, the maximum value of the specific 
productivity of the grinding process by grinding, which is 
realized at ψω = 0.35, is 1.13 times higher than the similar in-
dicator of the grinding process by crushing, which is realized 
at ψω = 0.6, and is 1.28 times higher than this indicator of 
the grinding process by impact, which is realized at ψω = 0.9. 
The rational in terms of energy efficiency value of the speed 
for the coarse grinding process, mainly by impact, can be 
considered an increased ψω = 0.75–0.9, for medium grinding, 
mainly by crushing, the average ψω = 0.55–0.65, and for fine 
grinding, mainly by grinding, the reduced ψω = 0.3–0.4.
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