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1. Introduction

Areas of stress concentration are most often contact zones 
where local damage, wear, or destruction occurs. This is espe-
cially relevant for parts working under significant loads, under 
conditions of friction, aggressive environment, or variable 
temperature [1]. Solving the normal problem without frictional 
contact is the first step to the analysis of more complex mod-
els. The problems of adhesive contact, as well as contact with 
elastomers, are often reduced to its non-adhesive form [2, 3]. 
Thus, the problem without frictional contact forms the concep-
tual basis of all contact mechanics. Failure to take geometric 
features into account when calculating strength can lead to 
fatal consequences. However, each new form usually requires 
a new analytical approach and solution method. Therefore, the 
mechanics of contact interaction continues to actively evolve, 
which is reflected in many current studies based on the mate-
rials from earlier classical research [4, 5].

It should be noted that the application of modeling of such 
processes is complicated by a number of factors. Therefore, 
numerical methods are a tool for solving such problems. In 
particular, in the Ansys software environment, the finite el-

ement method (FEM) makes it possible to take into account 
complex geometry, various boundary conditions, and physi-
cal properties of materials. However, functional limitations 
in the field of post-processing do not always allow for a simple 
analysis of the achieved results.

Therefore, the issue of the need to develop specialized 
software that increases the efficiency of processing results in 
Ansys is important. It should provide automated data process-
ing, statistical analysis, construction of plots, comparison with 
reference results, as well as adjustment of model parameters. 
Thus, the combination of Ansys with MATLAB makes it pos-
sible to create an effective environment for the analysis of con-
tact interactions. This is especially important when studying 
bodies with complex geometry. It is the visualization, interpre-
tation, and possibly additional adjustment of the results in such 
post-processing that become more effective, which is a neces-
sary modern condition for successful engineering research.

Thus, the relevance of the scientific area related to the 
mechanics of contact interaction is predetermined not only 
by the need to model contact processes but also by the neces-
sity to devise adaptive computing solutions that integrate var-
ious methodologies – analytical, numerical, statistical, and 
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This study investigates the process of contact interaction between 
a rigid punch and an elastic half-space under the action of a central-
ly applied clamping load. The task addressed is automating the pro-
cessing of results for data analysis.

This paper considers a problem for a punch with complex geome-
try. The contact zone has a doubly connected shape bounded by con-
centric ellipses, which complicates the analytical description of the 
stressed-strained state.

To solve the problem analytically, a perturbation method was 
applied, using the previously found expansion of the simple layer 
potential with a small parameter. This makes it possible to reduce 
the problem to a configuration with a circular ring whose exact 
solutions are known in the form of a series with recurrent coeffi-
cients. The obtained analytical results serve as a reference basis for 
assessing the accuracy of numerical modeling, for example, when 
constructing a finite element model. Such mathematical formaliza-
tion makes it possible to effectively assess the reliability of the results.

Consequently, calculation models were built in the Ansys soft-
ware environment taking into account features of the punch shape. 
Special software was developed that enables exporting calculation 
data to the MATLAB software package with subsequent post-pro-
cessing to automate data processing. The proposed approach 
reduced the complexity of post-processing by approximately 45–55%.

It was found that with an increase in the eccentricity of the 
ellipse, the pressure under the punch increases. In the central zone, 
a lower pressure is recorded, which increases along the edges of the 
contact area. The numerical results correlate well with the analyti-
cal ones.

The results reported here could be used for strength calcula-
tions in engineering practice under conditions of contact interaction 
between structural elements of mechanical engineering where the 
contact zone has the shape of an elliptical ring
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meet the modern requirements of engineering practice. This 
provides additional opportunities for devising and analyzing 
effective methodologies for assessing strength, optimizing 
structures, as well as increasing their operational reliability.

2. Literature review and problem statement

An important step in the mechanics of contact interaction 
was the development of analytical methods for perturbing the 
shape of the boundary and perturbing elastic properties for spa-
tial problems in the theory of elasticity for solving problems of 
piecewise homogeneous non-canonical regions with interfaces 
close to canonical ones [6]. But the issues of two-connected 
areas remained unresolved. Despite the high theoretical and 
practical significance of that work, it should be recognized that a 
complete study of all possible non-canonical cases is impossible 
because of their infinite number. The statement and method of 
solving problems about the stressed-strained state of elastic bod-
ies with initial stresses during their contact interaction with rig-
id and elastic punches was proposed in [7]. Using this method, 
it is possible to construct exact solutions to the problem for an 
elastic half-space with initial stresses when pressing an elastic 
punch, for which solutions of corresponding problems without 
initial stresses are constructed [7, 8]. But issues close to the ring 
regions remained unresolved. Therefore, the analytical solution 
of the problem with an elliptical contact ring can serve as the 
first step to solving the problem with initial stresses.

Papers [9, 10] report the advancement of the Wiener-Hopf 
method and its application to the solution of contact problems 
in the theory of elasticity. But despite the theoretical elegance, 
for many, even relatively simple, functions, the analytical (in 
closed form) implementation of factorization is extremely 
difficult. Work [11] gives an overview of stress concentration 
studies in elastic bodies. The asymptotic approach to the study 
of stress distribution near curved openings and cutouts with 
non-smooth contours is especially highlighted. But, despite the 
large number of applied problems, the consideration of doubly 
connected contours is beyond the scope of that work.

Paper [12] reports the latest mathematical models and 
methods in the mechanics of contact interaction. In the work, 
the interaction of axisymmetric bodies with circular and an-
nular regions is considered in detail, taking into account the 
adhesive component. The effect of adhesion and frictional 
sliding was studied. Contact problems and bodies with sur-
face notches were solved. But not enough attention was paid 
to research for non-canonical contact areas.

With the evolution of technologies and materials, the tasks 
of contact interaction take on new forms and challenges. It is 
the contact interaction of punches of different shapes that re-
mains an urgent task, including those with an elliptical shape. 
The adhesive contact of a rigid elliptical punch with an elastic 
half-space was numerically investigated in [13]. The simula-
tion was carried out using the boundary element method ap-
plying the fast Fourier transform. But the issues related to the 
bivalent contact area were not considered. The likely reason is 
difficulties associated with the analysis of cases of contact with 
doubly connected regions, which requires taking into account 
additional topological conditions and is an important step in 
understanding contacts of arbitrary complexity, which are not 
taken into account in classical solutions.

In work [14], a new approach was devised and applied 
to study steady-state vibrations of a ring punch on an elastic 
half-space without taking into account frictional forces. The 

solution to the contact problem is reduced to a singular integral 
equation, which allows it to be solved by the method of orthog-
onal polynomials. Other statements for such a problem, for 
example for regions close to rings, have not been solved. The 
next stage would be interesting to consider a non-axisymmet-
ric problem taking into account friction. However, this would 
greatly complicate the reduction to an integral equation with 
the subsequent solution of orthogonal polynomials.

In the classic work [15], an analytical solution to the problem 
for a ring punch was obtained in the form of a double series, in 
which the coefficients are calculated exactly from simple re-
currence relations. Owing to this approach, simple closed-form 
formulae can be obtained in each approximation, convenient 
for analysis and engineering practice. An analytical solution 
in the form of a series often preserves the dependence on the 
parameters of the problem in symbolic form. This makes it 
possible to analyze the impact of changing these parameters 
without the need for recalculation. Once the coefficients of the 
series are determined, the value of the function at any point is 
calculated much faster compared to numerical methods that 
require processing a large grid or matrix. Another advantage is 
the reduction of computing resources. To obtain a solution, only 
the coefficients of the series and the calculation of the sum are 
required, which significantly saves memory and processor time 
compared to the solution of complex systems of equations by 
FEM with a significant number of variables. Therefore, analyti-
cal solutions in the form of series are a benchmark for checking 
numerical methods and are indispensable for problems where 
high accuracy and deep theoretical analysis are required. 

The advancement of the method proposed in [15] is the 
analytical method devised in [16]. Problems with areas close to 
a circular ring are reduced to problems with areas in the form 
of a circular ring, which makes it possible to use already known 
solutions. The basis of this method is the development of the po-
tential of a simple layer. It was applied in [16] to the problems of 
the propagation of cracks, which are close in shape to a circular 
ring. But paper [16] did not consider the issues of contact inter-
action. This fact shows the possibility of applying the proposed 
method for different classes of problems. The development of 
this method with respect to the family of contact problems for 
dies with a flat base with a cross-sectional shape close to a cir-
cular ring is reported in [17, 18]. But the use of this approach is 
limited by the complexity of the mathematical apparatus.

Most modern contact problems with complicated condi-
tions require a numerical solution. Inverse contact problems 
are very complex (often ill-stated) because they require the 
determination of unknown boundary conditions (e.g., con-
tact shape, pressure distribution) based on limited measure-
ments (e.g., surface displacements). Because of their complexi-
ty and instability, most of them do not have analytical solutions 
and therefore require the use of numerical methods, for ex-
ample, FEM, in combination with regularization methods to 
ensure the stability of the solution. The contact problem in the 
theory of elasticity, taking into account friction and separation, 
can be solved as an inverse, in which the role of an unknown 
function is played by the deviation of tangential movements 
from their values in the case of complete adhesion [19]. But 
that work did not consider issues of three-dimensional state-
ment of the problem. The likely reason is difficulties associated 
with the mathematical solution of spatial problems.

Analytical methods remain important for the construction 
of reference solutions. Comparison with classical solutions is 
a critically important engineering procedure (verification). It 
ensures that the tool (Computer-aided engineering (CAE) sys-
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tem) and the model built by the user give physically reasonable 
and close to accurate results before they are used to solve real, 
complex engineering problems. In [20, 21], a static analysis of 
the stressed-strained state of rolling ball bearing was imple-
mented by FEM using the Ansys software package. Within this 
approach, the three-dimensional contact interaction between 
the bearing elements is reproduced, which includes a complex 
type of contact, and material characteristics are selected and 
refined directly in Ansys to ensure the correctness of the simu-
lation. Works [20, 22] compare the results obtained by the finite 
element method using Ansys and classical solutions to elasticity 
problems using the Hertz method, which are used to verify nu-
merical models, for examples with a circular contact area. But 
those papers lack automatic post-processing, which makes it 
difficult to analyze the results for specific tasks. 

The open MATLAB code with a volume of 528 lines, as 
well as a detailed mathematical interpretation of the finite el-
ement analysis algorithms of contact interaction, is reported 
in [23]. It is proposed to solve nonlinear equations iteratively, 
using the Newton-Raphson method. Numerical examples are 
given and a comparison is made with the results obtained us-
ing the FEBio (Finite Elements for Biomechanics) open soft-
ware package, which served as a validation of the approach.

In [24, 25], a modeling methodology combining Ansys 
software environments (Maxwell and Twin Builder) with 
MATLAB (Simulink) is proposed. The results of numerical ex-
periments confirm the effectiveness of the proposed approach. 
The developed computational prototype provides a correct en-
gineering assessment of the structure and creates the basis for 
its further optimization. But this approach can be successfully 
used in practice, first of all, by specialists with deep knowledge 
of both mathematics and mechanics, as well as programming.

Our review of the literature demonstrates that most cur-
rent studies focus on single-connected contact zones and 
classical statements, while problems with doubly-connected 
regions remain underexplored. Also, the coordination of 
analytical and numerical approaches is critically important 
for the verification of models and ensuring their engineering 
reliability. The problems of contact interaction for bodies with 
a complex, in particular multi-connected, contact area remain 
insufficiently researched. A possible reason is the complexity 
of the mathematical apparatus required for solving such a class 
of problems. The lack of specialized software for post-process-
ing automation complicates the analysis of the results. The 
combination of using ready-made software packages with the 
development of proprietary software creates the basis for a 
more flexible and reliable analysis of contact problems. It is the 
integration of these approaches that determines the promising 
direction of development, ensuring the optimization of engi-
neering solutions and the expansion of modeling capabilities. 

The above allows us to argue that it is reasonable to con-
duct a study on FEM, using reference analytical solutions, 
with post-processing for problems with contact areas close 
to circular ones.

3. The aim and objectives of the study

The purpose of our research is to devise an approach to 
analyzing the contact interaction between bodies of complex 
geometry by combining analytical solutions, numerical mod-
eling, and developing specialized software for post-process-
ing automation. This will make it possible to improve the pro-
cess of analyzing complex contact problems, due to greater 

complete reproducibility and automation for different forms 
of dies and loads. It will also create conditions for integration 
with, for example, Excel, LaTeX, Word, Git, if necessary Py-
thon, Julia, through external interfaces.

To achieve this aim, the following objectives were accom-
plished:

– on the basis of the existing general analytical solution, 
perform calculations for the characteristic variants of the 
problem of contact interaction between an elliptical ring 
punch and an elastic half-space;

– to build a FEM model of the contact problem in the An-
sys environment, conduct numerical experiments;

– to develop software for post-processing the problem in 
MATLAB;

– to represent the results of modeling and post-processing 
for specific numerical examples.

4. The study materials and methods

The object of our research is the process of contact inter-
action between a rigid punch and an elastic half-space under 
the action of a centrally applied compressive load. Within the 
limits of the model, we take the punch to be absolutely rigid 
with a flat base occupying a two-connected elliptic region in 
the plane, and we consider the elastic half-space to be homo-
geneous and isotropic. 

The principal hypothesis assumes that the synergistic 
use of Ansys and MATLAB in solving contact problems of 
this class enables an increase in the accuracy and efficiency 
of modeling. Within the scope of the study, mathematical 
and computer modeling of the stressed-strained state of the 
system was implemented, which makes it possible to inves-
tigate the influence of geometrical and physical-mechanical 
parameters on the distribution of contact stresses.

As a mathematical model, such a statement of the prob-
lem will be chosen that is based on reducing the problem 
of embossing a flat punch of a non-circular ring shape to a 
sequence of equivalent problems for a punch in the form of a 
circular ring [15–18]. This approach will be used to verify the 
results obtained by the numerical method.

The finite element model will be implemented using the 
Ansys software environment. Calculations will be performed 
in version 2025 R2 (free Student Software) [26].

Processing of numerical results and visualization was per-
formed in MATLAB in the MATLAB language [27] (we applied 
MATLAB and Simulink Student Suite R2025b personal license) 
based on data exported from Ansys. The starting points (x, y 
coordinates and z stress) are read from tabular files and trans-
ferred to a uniform regular grid using cubic interpolation.

It is planned to develop a software app for exporting 
numerical calculations from Ansys to MATLAB in tabular 
format, as well as develop software for post-processing and 
analysis of results.

5. Results of the simulation study of the contact 
interaction between a punch and an elastic half-space

5. 1. Analytical solution to the problem of indenta-
tion of a two-link punch with a base in the form of an 
elliptical ring

Indentation on a homogeneous and isotropic elastic half-
space by a rigid punch with a flat absolutely smooth base, 
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bounded in plan by an elliptical ring, is considered. The 
origin of the coordinate system coincides with the center of 
symmetry of the punch. The elastic half-space fills the entire 
part of the half-space x3 ≤ 0 (Fig. 1). On the Ox1x2 plane, a 
doubly connected region Ω bounded by closed lines Γ1 and 
Γ2 is considered. It is assumed that there are no tangential 
stresses throughout the Ox1x2 plane.

The problem considers only isotropic and homogeneous 
materials operating within the limits of elasticity. Given 
the generalized nature of the problem statement, averaged 
physical and mechanical characteristics of steel, represen-
tative of most structural brands, were used in the calcu-
lations. Calculations were performed for various material 
characteristics using Ansys. The choice of a specific brand 
of material was not carried out, which does not affect the 
correctness and universality of our results within the limits 
of the formulated model.

For the analytical model, solutions were obtained in di-
mensionless form. The resulting dimensionless dependences 
enable the further transition to dimensional values for any 
specific material through the reverse transition from di-
mensionless parameters to dimensional ones. This makes it 
possible to generalize the result and apply it to a wide range 
of elastic materials, which is proposed in many studies on 
mechanics [28].

It is assumed that there are no normal stresses on the 
Ox1x2 plane outside the region Ω of the punch contact with 
the elastic half-space. At the points of the region Ω, the elastic 
medium is subjected to a compressive load p(x1, x2) whose 
function characterizes the pressure distribution under the 
punch and is not predetermined. Apart from the centrally 
applied force, there is no other load. Under the action of the 
load, the punch will move gradually without rotation. The 
equilibrium equations are written in the following form [2]:

( )1 2 1 2, d d ,P p x x x x
Ω

= ∫∫ 			           (1)

1 0,M =  2 0,M = 			           (2)

where P, M1, M2 are the main vector and main moments of 
forces applied to the punch.

In the case of a flat punch [2, 17], the condition 
for the vertical movement of the points of area Ω 
is reduced to a two-dimensional integral equation 
of the first kind for the desired normal pressure 
distribution p(x1, x2)

( )
( ) ( )

2
1 2 1 2

2 2

10 1 20 2

, d d1 ,
p x x x x

E x x x xΩ

νδ
π
−

=
− + −

∫∫ 	 (3)

where E is the modulus of elasticity, δ is the gradu-
al movement parallel to the vertical axis x3. The δ 
value is unknown in advance; equations (1), (2) are 
used to determine it.

The coordinate system is transformed to a 
polar (ρ, θ) one in which the position of a point is 
given by polar radius ρ and angle θ:

1 cos ,x ρ θ=

2 sin .x ρ θ= 		  (4)

The perturbation method was used to find a 
solution to the problem [6, 16]. For this purpose, 
it is assumed that the equations of lines Γ1 and Γ2 
bounding the contact area are concentric and they 
can be represented in the form of power series of a 
small dimensionless parameter ε:

( )( )1 1: 1 , ;a fΓ ρ ε θ= ⋅ +

( )( )2 2: 1 , ,b fΓ ρ ε θ= ⋅ + 	 	  (5)

where a < b, ɛ<1, f(ɛ, θ) is a continuous and single-val-
ued function, such that it can be represented by power 
series of ɛ

( ) ( ) ( ) ( ) ( )2 3 4
1 2 3 4, ...f f f f fε θ ε θ ε θ ε θ ε θ= + + + + 	 (6)

A small parameter quantitatively characterizes the devi-
ation of the shape and dimensions of the contact area from 
some known (for example, circular) configuration. Let’s 
choose ɛ as the eccentricity of the ellipses

 
2 2

2 1 1
2 21 1 ,

a b
a b

ε = − = −  	 (7)

where a < b, a, b are focal, a1, b1 are minor semi-axes of ellipses.
Then the equations of the boundaries of the contact 

zone (4) take the form:

2

1 1 2 2

1: ;
1 cos

a εΓ ρ
ε θ

−
=

−

2

2 2 2 2

1: .
1 cos

b εΓ ρ
ε θ

−
=

−
	 (8)

Fig. 1. Punch loading scheme
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And equation (5) is in the following form

( ) ( )2 2 4 2 21 1, sin 4 3sin sin ....
2 8

f ε θ ε θ ε θ θ= − − − − 	 (9)

An assumption was adopted, similarly to [16–18], that the 
desired distribution of normal forcing p(ρ, θ) and the gradual 
displacement δ can also be represented in the form of expan-
sions in powers of ɛ. Taking this into account, we look for a 
solution to equation (3) in the form of a power series ɛ, whose 
coefficients in the middle of the contact area Ω are continu-
ous functions with continuous derivatives

( ) ( )
0

, , .k
k

k
p pρ θ ρ θ ε

∞

=

=∑ 		 (10)

The solution to equations (1)–(3) will be stable and con-
verge when ɛ < 1 [29, 30].

To obtain a dependence for p(ρ, θ) suitable for practical 
calculations, a fixed point with coordinates (ρΓ2, θ*) is taken 
on the outer contour of the punch in the plan. We draw a 
beam from the origin of coordinates through this point. It 
will cross the inner contour of the contact area Ω at the point 
with coordinates (ρΓ1, θ*). When determining the contact 
pressure p(ρ, θ) (10) at point (ρ, θ*) of this beam, it was found 
that the expression p(ρ, θ*) [17] for the first two approxima-
tions takes the form

2
* 0 1( , ) ,p P Pρ θ ε= + 		  (11)

where 

0 02 ,
2

QP
b
σ

π
=

( )1 0 0 1 *2 0.5 0.004741 0.1692 cos2 .
2

QP
b

σ σ σ θ
π

 = + −  	 (12)

Coefficients σi are determined from recurrence relations 
similar to those found in [15, 17]. Unlike other approaches, 
our analytical solution in the form of a series provides the 
possibility of accurate calculation in each approximation. 
This fundamental property significantly increases the reli-
ability and accuracy of the results.

5. 2. Numerical modeling of interaction between 
a punch and an elastic half-space based on the finite 
element method

In Fig. 2, a sequence of actions for the numerical solution 
to the contact problem is proposed, covering four interrelated 
stages. First, a three-dimensional geometric model of the 
punch and elastic half-space is built in the Ansys software 
package [26].

Next, discretization of the area is performed, namely, a grid 
of finite elements is built with local thickening in the studied 
zones and mandatory control of element quality metrics. For 
which Ansys Meshing with Mechanical profile and Quadratic 
element order is applied. SOLID187 (Tet10) tetrahedral ele-
ments with intermediate nodes provide the most adequate 
reproduction of the curvilinear boundaries of the ring contours 
of the punch (Fig. 3). We enabled Adaptive Sizing for the back-
ground (half-space volume), which makes it possible to automat-
ically adjust the sampling step depending on the local geometric 
complexity and curvature, as well as the global High smooth-
ing, to remove sharp quality fluctuations in transition zones.

The discretization strategy is based on the idea of local 
thickening at the boundaries of the punch’s contact with 
the half-space with a transition to a coarser grid. To do this, 
Face Sizing with Behavior with the value Hard (the step is 
fixed) and the option Smooth Transition (controlled growth 
of the size of the elements outwards) is imposed on both ring 
bands. Discretization quality is evaluated by the Element 
Quality metric under the Aggressive Mechanical test mode. 
Owing to Face Meshing at the edges of the contact zone, the 
correct division of the half-space surface into finite elements 
is obtained. After that, a numerical calculation is performed.

Our calculated data are exported to MATLAB [27]. At the 
current stage, data exchange between Ansys and MATLAB is 
implemented with the help of a specially developed software 
module in the APDL (user-defined macro) language, which 
automates the construction of tabular files of results. The 
macro refers to the results of calculations (coordinates of 
nodes, stresses, displacements), forms ordered arrays of data 
from them and writes them into an Excel spreadsheet file.

The final stage is postprocessing in MATLAB. Quantitative 
analysis is performed (search for extreme values, comparison 

of calculation results for cases of different 
initial conditions), as well as construction of 
final plots and comparative tables.

5. 3. Development of software for 
post-processing of the problem in 
MATLAB

The developed module in the MATLAB 
environment is intended for automated 
post-processing of calculation results and Fig. 2. Scheme of algorithm implementation for solving the contact problem

Fig. 3. An example of finite-element discretization of the 
half-space taking into account the elliptic two-link geometry 

of the punch
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construction of visualizations for further analysis. The module 
forms a sequence of operations: import of tabular data, eval-
uation of discretization parameters, construction of a regular 
grid, interpolation on it based on the initial nodal values, and 
further detection of areas with a predetermined pressure level. 
Using standard MATLAB functions requires repeating many 
manual operations by hand, which slows down the analysis. 
In contrast, the proposed software implements complex, fully 
automated processing of a series of calculations and obtaining 
a single system of graphic materials.

In the fragment in Fig. 4, the Excel file with the results of 
the numerical experiment is shown; the first three columns of 
the range A:C are read, which are interpreted as the coordi-
nates of the nodes X, Y and the corresponding stress values Z. 
The resulting vectors are used as data for further pro-
cessing, namely interpolation on a regular grid. This 
approach avoids loss of accuracy as it does not require 
prior data aggregation or format changes. In this case, 
MATLAB works directly with the original tabular data.

First, the sampling step h is estimated using the 
k-NN method (distance to the second neighbor), which 
adequately characterizes the local density of points in 
an unevenly discretized area (Fig. 5). Next, the working 
step of the regular grid is set: Δ = 0.7h was chosen, which pro-
vides a smoother reconstruction without excessive overdensity. 
Node vectors are formed and, with the help of meshgrid, a rect-
angular regular grid (Xq, Yq) for further data transfer.

The stress values are interpolated onto a regular grid. Ma-
trix Zq = F(Xq, Yq) is calculated on the resulting grid, which 
is used further (Fig. 6).

To analyze our results, characteristic zones of the given 
pressure were found (Fig. 7).

A mask is formed where Zq is below the selected percen-
tile relative to the valid values (Fig. 8). At the output, a binary 
mask is obtained for building the desired area of pressure 
distribution.

Second derivatives Zxx, Zyy, Zxy are calculated. Based on 

them, matrix xx xy

xy yy

Z Z
H

Z Z
 

=  
  

 is formed and eigenvalues λ1,2  

are found. Borders are zones where the minimum eigenvalue 
min(λ1, λ2) is negative (Fig. 9).

The gradient ∇Zq=(Gx, Gy) field and its modulus |∇Zq| are 
calculated. Low pressure zones are defined as the intersec-
tion of two criteria: |∇Zq| below the percentile threshold (Pla-
teauGradPct), Zq does not exceed the specified level (Fig. 10).

The proposed software, implemented by means of 
MATLAB, provides a complete sequence of data process-
ing and visualization generation operations, in particular:

– automated calculation of the dimensions of the stress 
matrix taking into account the results of numerical modeling;

– interpolation of stress values on a regular grid;
– selection of zones of extreme or specified pressure;
– saving processing results in the required formats.
Standard MATLAB functions (readmatrix, scatteredIn-

terpolant, gradient, eig, etc.) act as basic building blocks in 
the developed software.

Fig. 4. Reading of raw data and formation of X, Y, Z arrays

Fig. 5. Construction of a regular grid with a step of Δ = 0.7h 
and safety fields

Fig. 6. Zq = F(Xq, Yq) matrix reconstruction

Fig. 7. Zone selection diagnostic panel and key parameters 
of the algorithm

Fig. 8. Search for zones of a given pressure

Fig. 9. Determining the boundaries of the specified pressure 
zones

Fig. 10. Determining low pressure zones
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5. 4. Results of modeling and postprocessing and 
comparing analytical and numerical results

Applying the algorithm described above, a specific ex-
ample of forcing into the elastic half-space by a cylindrical 
absolutely rigid flat punch was considered, the cross-sec-
tion of which has the area of an elliptical ring in the 
plan (Fig. 1). The reference analytical solution was found 
using formulae (11), (12) in dimensionless parameters. The 
normal dimensionless pressure was determined as p / p*, 
p* = Q / (2πb2), and the geometric dimensions of the punch 
were determined in relation to b. This makes it possible to 
universalize the result and carry out analysis for different 
classes of materials by substituting specific physical and me-
chanical characteristics. The calculations in Ansys use the 
average values of density and modulus of elasticity, which 
are typical for most structural grades of steel. The following 
parameters are set: half-space – Structural Steel (isotropic lin-
ear elastic) with parameters: density ρ = 7850 kg/m3, Young’s 
modulus E = 2.0 × 1011 Pa (200 GPa), Poisson’s ratio ν = 0.3, 
shear modulus G = 7.6923 × 1010 Pa (≈ 76.9 GPa). To simplify 
the model, the punch is assigned the same material, but it 
is declared absolutely solid (Rigid). The outer diameter of 
the punch is chosen to be 100 mm, and the inner diameter 
is 40 mm. Centrally applied load, P = 1000 N.

Analytical and numerical calculations have been com-
pared. The dependence of pressure distribution under the 
elliptical ring punch is shown in Fig. 11 for the case ɛ = 0.6: 
solid lines – analytical solution using equations (11), (12);  
dashed – finite elements; lines 1 correspond to sections θ = π / 2,  
lines 2 – θ = π / 4, lines 3 – θ = 0.

The dependence of pressure distribution on the eccen-
tricity in the cross section along the х1 axis when θ = 0 is 
illustrated by the plots shown in Fig. 12.

Fig. 13 shows the pressure distribution surface over the 
contact area for values ɛ = 0.6.

A similar surface is depicted in Fig. 14 for values ɛ = 0.8.

The corresponding picture of equal pressure is depicted 
in the Ox1x2 plane. 

6. Discussion of results of devising an approach to 
analyzing the contact interaction between bodies of 

complex geometry 

The devised approach to analyzing the contact interaction 
between bodies of complex geometry is explained by the need 
to improve the work of engineers at the stage of designing 
parts, structures, and mechanisms. Our approach includes 
three successive stages. The first, calculations according to 
formulae (11), (12), is an analytical benchmark for the distri-
bution of contact pressure. Next, a highly detailed FEM-mod-
eling is carried out in Ansys based on the finite-element dis-
cretization of the half-space, taking into account the elliptic 
two-link geometry of the punch (Fig. 3). At the last stage, 
postprocessing is performed in MATLAB (Fig. 4–10).

Each stage not only provides its data but also serves as 
a check on the previous one. For example, for interpretation 
and verification, a comparison of analytical and numerical 
solutions for the typical case ε = 0.6 (Fig. 11) demonstrates 
practically sufficient convergence of the pressure distribu-
tion curves, which confirms the adequacy of the constructed 
model. That is, analytics sets a physically based benchmark. 
FEM replaces the infinitesimal nature of the differential 
equations with a finite, discrete grid. The discrepancy be-
tween the analytical solution and the solution obtained by 
FEM is greatest in narrow sections or zones of sharp change 
in the geometry or gradient of the pressure function (for 
example, stress concentration), since the accuracy of FEM 

Fig. 11. Comparing the methods

Fig. 12. Influence of eccentricity on normal pressure

Fig. 13. Distribution of normal pressure under the base 	
at ɛ = 0.6

Fig. 14. Distribution of normal pressure under the base	
 at ɛ = 0.8
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depends on the density (fineness) of the mesh. In narrow 
sections, physical parameters (such as stresses or gradients) 
change very quickly. If the grid step in these critical zones 
is not small enough, FEM cannot adequately approximate 
the rapid change of these parameters. Such a case can lead 
to a significant discretization error, which decreases with a 
decrease in the size of the elements (dense grids) and, accord-
ingly, a greater discrepancy with the exact analytical result. 
In addition, FEM requires solving a large system of linear 
algebraic equations. This process, especially when using it-
erative solvers, always contains a numerical round-off error, 
which also contributes to the divergence.

Ansys calculates stresses for real 3D geometry. MATLAB 
performs a quantitative mapping and highlights areas of po-
tential congestion. As a result, calculated data in tabular and 
graphical forms were obtained, which allow us to analyze 
contact pressure distribution to identify stress concentrations 
and rational design.

Owing to the analysis of the distribution of contact pres-
sure under the base of the two-link elliptical punch, charac-
teristic regularities were revealed. With an increase in the 
eccentricity of the ellipse (which corresponds to a decrease in 
the area of the contact area), the value of the average pressure 
under the punch increases (under the condition of the same 
load) (Fig. 12). When comparing Fig. 13, 14 it can be seen 
that the minimum values are located at the points on the rays 
θ = 0 and θ = π. Lines of equal pressure form closed contours 
around the areas with minimum values, and approaching 
the contact boundaries, they gradually transform into curves 
similar in shape to the boundaries of the contact area itself. 
At ɛ = 0.6, the pressure is more evenly distributed than at 
ɛ = 0.8, there are no clearly expressed minima, this homog-
enization is due to the fact that the contact area takes on a 
shape closer to a circular ring. A lower pressure is recorded in 
the central zone, which increases at the edges of the contact 
area. The identified numerical dependences are consistent 
with the analytical calculation according to formula (11), 
confirming the correctness of our results.

The analytical module is based on classical solutions for 
ring punches [15, 17, 18]. In contrast to typical applied works, 
where the results of FEM are not verified [21], we use the 
analytical model as an independent reference for validating 
the pressure field and checking the quality of the mesh. This 
fundamentally increases the reproducibility of the resulting 
pressure distributions.

At the numerical stage, Ansys is not used as a black box 
but as a controllable toolbox. A three-dimensional model 
of an absolutely rigid punch and an elastic half-space was 
constructed, contact pairs were introduced, and local thick-
ening of the mesh along the inner and outer boundaries of 
the elliptical ring was performed. Similar strategies for grid 
construction are used in [20, 21] but, in this case, the calcula-
tion results are compared with the analytical reference ones.

The MATLAB module performs full-fledged post-pro-
cessing: import of Ansys nodal data, interpolation, automatic 
selection of zones of specified pressure. Similarly to the 
well-known approaches of simultaneous application of An-
sys-MATLAB, reported in [24, 25], such an approach, for ex-
ample, helps diagnose potentially dangerous areas of contact.

Therefore, the proposed approach makes it possible to 
combine the strengths of analytical methods and numerical 
modeling. The analytical component performs the role of a 
physically based standard to control the correctness of the 
results. The Ansys finite element analysis environment pro-

vides a geometrically adequate three-dimensional contact 
interaction statement and a robust computational solution. 
The MATLAB-based software that we have developed im-
plements formalized quantitative post-processing, which 
includes interpolation, identification of characteristic load 
zones, and comparison of different geometry and load vari-
ants. Previous approaches used Ansys and MATLAB in iso-
lation [20–23, 31, 32] or integrated mainly as tools for the sim-
ulation of controlled processes [24, 27]. In contrast to already 
existing approaches, an integrated scheme together with our 
proprietary software module is proposed. The scheme built 
functions as a reproducible engineering procedure for quan-
titative assessment and interpretation of contact pressure dis-
tribution in spatially complex two-connected contact zones.

Conventional use of standard functions in MATLAB 
requires monotonous repetition of dozens of operations for 
each calculation, manual selection of computational grid 
parameters, and separate construction of final visual and tab-
ular data for each case. Instead, the proposed software offers 
comprehensive automation of computational processing and 
immediately generates a single package of graphical materi-
als (surfaces, isolines, cross-section diagrams) and tabular 
data necessary for comprehensive analysis of results. This 
approach significantly increases the analytical efficiency.

Despite these advantages, our study has some limitations 
and drawbacks. The work assumes (for simplification) an 
absolutely rigid punch and no friction (non-adhesive contact) 
with linear-elastic behavior of the half-space material. Only 
static loading was taken into account, and dynamic effects, 
thermoelasticity, or plasticity of the material were not taken 
into account.

Further research should eliminate the specified restric-
tions and expand the scope of application of our methodology. 
Future studies may aim to implement our approach to prob-
lems that take into account the roughness of the half-space, 
friction forces, and adhesion in contact [2, 13, 17, 29], which 
will require the improvement of the mathematical apparatus 
for solving more complex contact problems. It is important 
to apply the proposed algorithm to other types of contact 
interactions – in particular, for punches of arbitrary shape or 
contacts with anisotropic and layered materials. Analysis of 
dynamic contact processes [4, 14, 28] and thermomechanical 
contact conditions [1] is a relevant area, although its imple-
mentation will require significant computing resources and 
may be accompanied by additional difficulties.

7. Conclusions

1. We have analytically solved the problem of contact 
interaction between a rigid punch, which has a base in the 
form of an elliptical ring, and an elastic half-space; it serves 
a reference basis for the verification of numerical modeling. 
The resulting formulae are convenient for engineering prac-
tice, which is explained by their closed form. The formulae 
serve as a direct engineering toolkit for calculating structural 
elements with elliptical annular contact areas to ensure their 
reliability and durability.

2. Based on the construction of FEM models for solving 
the contact problem in the Ansys environment, reasonable 
variants of discretization of the contact zone were obtained. 
The most acceptable discretization of the contact zone was 
chosen. Such FEM models have a thickened mesh at the edg-
es of the contact zone and a sparser mesh where the normal 
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pressure reaches its minimum values. The FEM models built 
allow us to solve individual problems in the general task of 
modeling the process of interaction of bodies with a two-link 
contact area in the form of an elliptical ring by varying the 
properties of materials and boundary conditions.

3. Based on the developed APDL macro, an automat-
ed process of data transfer from Ansys to MATLAB was 
obtained. Specially developed software in MATLAB im-
plemented the task of postprocessing. Such a combination 
partially eliminates the problem associated with insufficient 
automation of standard post-processing for solving problems 
of contact mechanics. The features and differences are the 
elimination of the stage of manual export and formatting of 
data, minimizing the risk of errors related to the human fac-
tor, improving the quality of results, building visualizations.

4. A comparative analysis between analytical and numer-
ical results was conducted. In the central zone of the elliptical 
ring, which is the contact zone, the maximum discrepancy 
does not exceed 5–10%. In numerical modeling, the largest, 
albeit finite, pressure values are located on the boundaries 
of the contact zone. In the case of an analytical solution, the 
value of the pressure at the boundaries goes to infinity. This 
difference is caused by the discreteness of the FEM model 
and simplifications of the analytical statement of the bound-
ary conditions.
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