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Identification process in stationary and 
non-stationary control objects has been investi-
gated in this study. The task addressed is to con-
struct mathematical models, to devise methods 
and procedures, and to develop programs focused 
on solving object identification problems.

This paper tackles the issue of robust identifi-
cation of control objects under the action of addi-
tive random noise of various statistical nature, in 
particular Gaussian and non-Gaussian noise. An 
approach to building identification algorithms 
based on the mixed correntropy criterion has 
been proposed, which combines the advantages 
of classical mean-square methods and informa-
tion-theoretic optimality criteria. 

The use of Price's theorem made it possible 
to define convergence conditions for the robust 
identification algorithm in both stationary and 
non-stationary cases in the presence of Gaussian 
and non-Gaussian noise. The influence of algo-
rithm parameters and noise characteristics on 
its dynamic properties has been established. 
Expressions for determining the optimal values 
of the algorithm's convergence parameter, which 
ensure the maximum convergence rate, have 
been derived. 

To confirm theoretical findings, simula-
tion modeling was carried out, the results of 
which confirm the effectiveness of the proposed 
approach and its advantages compared to con-
ventional identification methods, especially 
under conditions of non-Gaussian noise and 
nonstationarity, which indicates the feasibility 
of its use in adaptive and robust control systems. 

However, the resulting estimates are rather 
general and depend both on the degree of nonsta-
tionarity of the object and on the statistical char-
acteristics of usable signals and disturbances, 
which are often unknown. Therefore, the results 
could be applied in practice if such information 
is available or when estimates of these character-
istics are used
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1. Introduction

Many tasks related to control [1], forecasting [2], pattern 
recognition [3], etc. are associated with building a model of 
the following form

y(i) = W*TX(i) + ξ(i), 			    (1)

where y(i) is the observed output signal; X(i) = (х1(і), х2(і), …, 
хN(і))T is the vector of input signals N × 1; W*= (w1, w2, …, 
wN)T is the vector of unknown parameters N × 1; ξ(i) is the 
output noise; i is the discrete time, and are reduced to the 
minimization of some previously selected quality functional 
(identification criterion)

( ) ( )( )
1

,
n

i
i iF e eρ

=

 
  =∑ 			    (2)

where ( ) ( ) ( )ˆ ;i i ie y y= − ( ) ( ) ( )ˆ 1Ty i W i x i= −  is the output 
signal of the model; W is the vector estimate W*; ρ(e(i)) is 
some differentiable loss function satisfying the conditions:

1) ρ(e(i)) ≥ 0;
2) ρ(0) = 0;
3) ρ(e(i)) = ρ(–ei);
4) ρ(e(i)) ≥ ρ(ej) for |e(i)| ≥ |e( j)|.
The identification task is to find the estimate W defined 

as a solution to the extreme minimum problem

( ) min,F θ = 				    (3)

or as a solution to a system of equations
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where ( ) i
i

j

e
eρ

θ
∂

′
∂  

is the function of influence.

When choosing ( )( ) ( )20,5e i e iρ =  the influence function 
is equal to ( )( ) ( ),e i e iρ′ =  that is, it increases linearly with 
increasing e(i), which explains the instability of the least 
squares method (LSM) estimate to outliers and noise, the dis-
tributions of which have large tails. Such an estimate cannot 
be used in practice. In this regard, the problem of construct-
ing estimates arises, which, unlike LSM, are stable in the 
presence of non-Gaussian noise. Among such estimates, the 
most popular is the M-estimate, which is defined as a solution 
to extreme problem (2) when choosing a loss function other 
than quadratic.

However, existing robust algorithms for constructing 
M-estimate mainly use second-order statistics and require 
for their implementation sufficiently complete a priori infor-
mation about the properties of objects and noise. In addition, 
they are inconvenient for use in real time.

Therefore, research into the development of convenient 
robust identification algorithms that use higher-order statis-
tics is relevant. Such algorithms could make it possible not 
only to expand the range of problems being solved but also to 
significantly improve the results in solving existing practical 
tasks.

2. Literature review and problem statement

The classical robust criteria proposed in [4, 5] are a com-
bination of quadratic and modular functionals. As shown 
in these works, such a combination ensures optimality of 
estimates for the Gaussian distribution and robustness to 
distributions with heavy “tails” (outliers). It should be noted, 
however, that the efficiency of the robust estimates obtained 
in those papers significantly depends on the numerous 
parameters that are in these criteria. Although there are 
currently some recommendations for the choice of these 
parameters, they are mostly chosen taking into account the 
experience of the researcher.

The combined functionals proposed in [6, 7] expand the 
possibilities of robust identification, but require the specifica-
tion of a mixing parameter. This approach was used in [8] to 
solve the identification problem, but this parameter was not 
specified in that work either.

In [9], the criterion of the smallest average kurtosis was 
introduced, and a fairly simple identification algorithm was 
obtained. As shown in the work, this algorithm is resistant 
to a wide range of noise (impulse, uniformly distributed and 
Gaussian).

To solve the tasks of machine learning and signal pro-
cessing (control, forecasting, etc.), the use of the information 
approach is becoming increasingly widespread [10]. This is 
due to the fact that one of the basic operations of statistics, 
machine learning and signal processing is correlation, which 
makes it possible to quantitatively determine the similarity 
of random variables (processes) using their second-order 
statistics. On the one hand, it is very convenient to use, and 
on the other hand, its optimality is limited by the Gaussian 
data distribution.

During training, parameter tuning, etc., the most widely 
used criterion MSE also employs the second-order statistics 
of the error signal and is optimal under the assumptions of 
linearity and Gaussianity of the signals. If non-Gaussian, in 
particular, impulse noise is present in the measurements, a 

criterion that takes into account all higher-order statistics of 
the error signal will be more effective.

In [11], the concept of information-theoretic learn-
ing (ITL) was introduced, using the quadratic Renyi entropy 
as a criterion, for which a nonparametric estimate based on 
Parzen windows with Gaussian kernels is determined direct-
ly from the data samples. In [12], it was proven that when 
using Renyi entropy, the training results in minimizing the 
Renyi distance between the conditional probability density 
function of the desired and actual output signals for given 
input signals.

The results of numerous studies [13–15] indicate that in 
the presence of non-Gaussian, in particular, impulse noise, 
in measurements, the approach based on the information 
characteristics of signals is effective. Thus, in work [13], that 
was demonstrated on the problem of equalizer synthesis. In 
work [14]   ̶  on the problem of processing non-Gaussian sig-
nals, and in [15] – on the task of adaptive control. However, 
a criterion that takes into account all the statistics of the 
higher-order error signal turns out to be more appropriate.

Recently, the approach based on maximization of the 
correntropy criterion has gained the greatest development in 
the implementation of robust Kalman filters [16, 17]. In iden-
tification, filtering, etc. problems, the correntropy between 
the required output signal and the model output signal (real) 
is used as a functional. In [18], a multi-step identification al-
gorithm based on maximization of the correntropy criterion 
was studied. However, when implementing this algorithm, 
the question arises of choosing the memory depth of the al-
gorithm, the solution of which requires additional research.

Correntropy contains rotation-invariant Mercer kernels, 
among which the most widely used are Gaussian ones. 
However, the center of the Gaussian kernel in correntropy is 
always located at zero, which may not be the best choice for 
many situations with non-zero average noise. In this regard, 
the maximum correntropy criterion with a variable center 
was proposed to improve convergence in more common 
situations [19]. This approach was used in [20] to solve the 
identification problem. However, [19, 20] do not indicate how 
to choose the parameters of the algorithms. 

In addition, it was proposed to use Laplace kernels [21] 
and Cauchy kernels [22] instead of Gaussian kernels.

A further development in this direction was the use 
of mixed criteria, the first of which was proposed in [23]. 
In [23–26], a mixed criterion based on Gaussian kernels was 
considered. In particular, in [23], the task of robust learning 
was considered. In that work, the concept of multi-kernel 
correntropy (MKC) was proposed, in which each component 
of a mixed Gaussian kernel can be concentrated at a different 
point. In [24], the task of time series forecasting was consid-
ered, and in [25], the problem of Kalman filter synthesis was 
tackled. In [26], the use of generalized maximum correntropy 
with a mixed norm for robust adaptive filtering was consid-
ered. In [27], the mixture correntropy criterion was proposed, 
where two Laplace kernel functions are combined as a kernel 
function. In [28], a criterion representing a double Cauchy 
mixture was studied. However, those papers have neglected 
the issue of choosing the optimal algorithm parameters.

Work [29] reports a study on convex and non-convex 
kernel functions from the point of view of robustness and 
stability. To improve the ability of stable filters to high lev-
els of non-Gaussian observation noise, a mixed strategy of 
convex and non-convex stable functions is presented. The 
simulation results show that under different levels of severe 
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non-Gaussian noise, the mixed strategy can avoid the local 
minimum by applying a single non-convex function and 
further improve the accuracy of filtering based on the convex 
function. Therefore, the mixed strategy can comprehensively 
improve the efficiency of the generalized M-estimator based 
on fixed-point iterations.

It should be noted that algorithms that maximize corren-
tropy are easy to implement and efficient. However, the task 
of determining the statistical properties of such algorithms 
remains unsolved at present.

All this gives grounds to argue that it is advisable to conduct 
a study aimed at determining the statistical properties of gra-
dient algorithms for identifying stationary and non-stationary 
objects in the presence of Gaussian and non-Gaussian noise.

3. The aim and objectives of the study

The aim of our work is to determine the statistical prop-
erties of gradient algorithms for identifying stationary and 
non-stationary parameters of control objects, using mixed 
correntropy. This will make it possible to obtain and adjust 
robust estimates as information about the studied process is 
received online.

To achieve this goal, the following tasks were set:
– to consider correntropy as a measure of similarity;
– to investigate the issue of convergence of the algorithm 

and the steady state of the estimation process in the station-
ary case in the presence of Gaussian and non-Gaussian noise;

– to investigate the issue of convergence of the algorithm 
and the steady state of the estimation process in the non-sta-
tionary case in the presence of Gaussian and non-Gaussian 
noise;

– to simulate the process of estimating the parameters of 
a linear object using robust algorithms.

4. Materials and methods

The object of our study is the process of identification of 
stationary and non-stationary control objects. As a hypothe-
sis, it is assumed that the object under study is linear but can 
be stationary or non-stationary. Due to the fact that the pres-
ence of Gaussian or non-Gaussian noise in the measurements 
was assumed, an information approach based on the concept 
of mixed correntropy was applied to obtain robust estimates. 
In this case, it is assumed that mixed correntropy uses a 
mixture of two Gaussian functions as a kernel function. To 
simplify the study of the case of a non-stationary object, it 
is assumed that its parameters are described by a first-order 
Markov model.

To verify the effectiveness of the proposed algorithms, 
their robust properties, and also to study the speed of their 
convergence, a series of experiments were conducted in the 
MATLAB environment. To solve the identification problem, 
corresponding samples of input and output signals of station-
ary and non-stationary linear objects were generated. Inde-
pendent noise distributed according to Rayleigh, Laplace, 
and Gaussian laws was added to the original signals of the 
object.

The generated data was divided into training, validation, 
and test samples. Before the identification process, data 
pre-processing was performed, which included normaliza-
tion and removal of outliers.

5. Results of investigating statistical properties of the 
identification algorithm in the stationary case

5. 1. Correntropy as a measure of similarity
Correntropy is a local similarity function, which is 

defined as a generalized correlation in kernel space. It 
is closely related to the cross-information potential (CIP) 
in information theory of learning (ITL) [2]. It shows very 
promising results in nonlinear non-Gaussian signal pro-
cessing.

Correntropy is used to represent the similarity between 
two random variables X and Y.

Let ( ),kσ ⋅ ⋅  be a Mercer kernel function with kernel band-
width σ. Then correntropy can be defined as

( ) ( ){ } ,   , .V X Y E k X Yσ= 			    (5)

Here {}E ⋅  is the mathematical expectation.
In general, the Gaussian kernel is the most widely used 

kernel in correntropy, and it looks like this

( ) ( )
2

2

1 exp ,,
22

k eG eX Y σσ σπσ

 
= = − 

   
		  (6)

where e = X – Y is the error value.
Here, the nonlinear mapping φ(·) is used by the kernel 

function to map the input space U into the multidimensional 
space F, and it satisfies condition ( ) ( ) ( ) , , .x y k X Yσϕ ϕ =  
Then (5) is rewritten as

( ) ( ) ( ){ }, , .V X Y E X Yϕ ϕ=

One of the key parameters in correntropy is the ker-
nel bandwidth. Usually, a small kernel bandwidth makes 
the algorithm more robust to outliers, but it leads to slow 
convergence and low accuracy. On the other hand, when 
the kernel bandwidth increases, robustness will be signifi-
cantly reduced in the case of anomalous values. To achieve 
better performance, a new similarity measure, mixture 
correntropy, has been proposed [23]. It can achieve fast 
convergence speed and higher filtering accuracy while 
maintaining robustness to outliers. Mixed correntropy 
uses a mixture of two Gaussian functions as the kernel 
function as follows

( ) ( ) ( ) ( )
1 2

, 1 ,M X Y E G e G eσ σα α+ − 
 =

where 0 ≤ α ≤ 1 is the mixture coefficient; σ1 and σ2 are the 
kernel bandwidths of the Gaussian functions ( )

1
Gσ ⋅  and 

( )
2

Gσ ⋅  respectively. When the mixture coefficient α takes 
an appropriate value, the performance of MCC can be better 
than that of the original correntropy criterion, so the mixture 
correntropy is a more flexible similarity measure.

Generally, the empirical loss of the mixture cor-
rentropy can be expressed as ( )ˆ ,L X Y  or ( )ˆ ,L e  where  
X = [x1, x2, …, xN]T, Y = [y1,y2,…,yN]T, та e = [e1,e2,…, eN]T. It 
is defined as follows

( ) ( )
( ) ( ) ( )

1 2
1

ˆ ˆ, 1 ,

111 ,
N

i

L X Y M X Y

G
N

e G eσ σα α
=

=

 

= −

+ −= −  ∑
  

where ei = xi – yi.
Then (5) can be written as follows
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Using (6), we obtained

( ) ( ) ( )2

, 2
0

11, .
2 !2

n n

n n
n

c
e c

V X Y E
nσ σπσ

∞

=

  − −  =      
∑

As σ increases, the higher-order moments with respect to 
the center will decrease faster, so the second-order moment 
will dominate in the value of Vσ,c(X, Y).  In particular, for  
c = E{e} and ,σ →∞  maximizing the correntropy of the cen-
ter is equivalent to minimizing the error variance.

5. 2. Studying the statistical properties of the identi-
fication algorithm in the stationary case

Hereinafter, the algorithm that maximizes the mixed 
correntropy criterion is denoted as MCC, and the algo-
rithm that is an MCC algorithm with a variable center is 
denoted as MCC-VC. The weight vector is determined by 
maximizing

( ){ }
( )

( ) ( )

2

2
11

2

2
22

1 exp
22

,
11 exp

22

MCC VCJ E G e c

e c

E
e c

σ

α
σπσ

α
σπσ

− = − =

  −  − +
  
  =    −  + − −     

where c ∈ R is the location of the center.
When c = 0, the above cost function reduces to the orig-

inal MCC algorithm. The MCC-VC algorithm, which is an 
adaptive algorithm based on stochastic gradient, takes the 
following form [23]

( ) ( )
( ) ( )( ) ( )

( ) ( )( ) ( )

2

1 2
1

2

2 2
2

1

exp
2

( )1 exp ,
2

W i W i

e c
e i c X i

e c e i c X i

αη
σ

α η
σ

= − +

 − + − − +
 
 

 −
+ − − −  

 

 

		  (7)

where W(i) denotes the vector of weights at the iteration; η1, 
η2 > 0 is the step size; e(i) is the prediction error, which can 
be expressed as

( ) ( ) ( ) ( )1 .Te i d i W i X i= − − 		   (8)

If σ →∞  and c = 0, the MCC-VC algorithm is reduced to 
the LMS algorithm

( ) ( ) ( ) ( )  1 .W W ei ii Xiη= − +
 		   (9)

According to Parzen’s window theory, the following ratio 
is true 

( )( ){ } ( )( )1 ,
k

i k L
E G e k c G e i c

Lσ
= −

− ≈ −∑
 

	  (10)

where L is the sliding length of the data: ( ){ }L

i k L
e k

= −
denotes L 

number of error samples (L must be large enough to ensure 
that the error curve is suitable for parameter estimation). 
Then for online parameter adaptation, the following holds:

( ) ( ) ( )( )

( )

( ) ( )

1 2

2

2
11,

2

2
22
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1
2

1 exparg min ,22

11 exp
22
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e c

E
e c

σ

σ σ
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σπσ
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σπσ

∈ ∈

=
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 
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   −     −   + − −        

 	 (11)

where M and C denote the admissible parameter sets, σ1(k), 
σ2(k), c and c(k) denote the adapted parameters at iteration 
time k.

The MCC-VC algorithm can be rewritten as an adaptive 
filter with nonlinear error

( ) ( ) ( )( ) ( )1   ,W i W i f e i X iη= − +
 
		   (12)

where f(e(i)) – scalar error function e(i). For the MCC-VC 
algorithm, we obtain

( ) ( ) ( )( )

( ) ( ) ( )( )

2

2
1

2

2
2

exp
2

1 exp .
2

e c
f i e i c

e c
e i c

α
σ

α
σ

 − = − − +
 
 
 − + − − −
 
 

	  	 (13)

Since the desired signal y(i) is expressed by equation (1), 
we obtain

( ) ( ) ( ) ( ) ( ) ( )1 ,T ae i W i X i v i e i iξ= − + = + 		  (14)

where ( ) ( )1 1T WW i W i∗− = − −  is the estimation error vector 
at iteration (i – 1); ( ) ( ) ( )1a Te i W i X i= −  is the prior error.

After writing the algorithm (12) with respect to errors ,W  
multiplying both parts on the left by TW  for the math-
ematical expectation we obtain

( ){ } ( ){ }
( ) ( )( ){ } ( ) ( )( ){ }
2 2

22 2

1

2 .a

E W i E W i

E e k f e k E X i f e kη µ

= − −

− +

 

	 (15)

To guarantee the convergence of the solution, it is neces-
sary to gradually decrease the value of ( ){ }2

E W i . 
Thus

As long as the MCC-VC algorithm step satisfies (16), 

the sequence ( ){ }2
E W i decreases and converges, and the 

learning process is stable.

( ){ } ( ){ } ( ) ( )( ){ }

( ) ( )( ){ } ( ) ( )( ){ }
( ) ( )( ){ }

2 2

22 2
2 2

1 2

2
0 0 .
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E W i E W i E e k f e k

E e k f e k
E X i f e k

E X i f e k

η

µ η

≤ − ⇔ − +

+ ≤ ⇔ < ≤

 

(16)
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There is an exact measure of convergence efficiency 
called the excess mean square error (EMSE), which is the 
mean square prior error ( ){ }2 .aM e k

The following assumptions are adopted to study conver-
gence:

1) the noise ξ(i) is independent, identically distributed, 
and independent of the input signal X(i);

2) the a priori error ea(i) is independent of the noise ξ(i);
3) the filter is long enough so that ea(i) is Gaussian and 
( ) 2

X i  asymptotically uncorrelated with f2(e(i)), i.e.

( ) ( )( ){ } ( ) ( )( ){ }2 2 2lim lim , 
i iXE X i f e k Tr R E f e k
→∞ →∞

= 	 (17)

where ( ) ( ){ } X
TE X i X iR =  is the covariance matrix of the 

input vector, and Tr(·) is the trace operator.
Assuming that the estimation process is stable and in a 

steady state, the following holds

( ){ } ( ){ }2 2
lim li 1m  .
i i

E W i E W i
→∞ →∞

= −  		  (18)

Then boundary (15) at i →∞  produces

( ) ( )( ){ } ( )( ){ }2 .2lim lim
i i

a TM e i f e i r M f e iη
→∞ →∞

=  	  (19)

For the case of Gaussian noise, under the above assump-
tions, we obtain the noise ξ(i) with variance 2 .ξσ  According 
to the Gaussian assumptions and Price’s theorem [30], the 
following holds:

where ( ){ }2 2 2a
e E e i ξσ σ= +  denotes the variance of the er-

ror e(i); ( ){ }2lim a

i
iS E e

→∞
=  EMSE; ce is the mean and central 

position of the Gaussian error e(i).
Similarly, we obtain

The stationary EMSE of the MCC-VC algorithm is actu-
ally a monotonically increasing function of the kernel width. 

Compared to LMS, MCC-VC has adaptive step parameters:

( ) ( )( )( )2
2

1 1exp / 2 ;i e i cη η σ = − − 
 

( ) ( )( )( )2
2

2 2exp / 2 .i e i cη η σ = − − 
 

Since ( )1 ,iη η≤  ( )2 iη η≤  MCC-VC can achieve a lower 
steady-state EMSE than LMS, but also a correspondingly 
slower convergence rate.

It is obvious that for the case of Gaussian noise, the EMSE 
value will be the smallest when c = ce. This means that the noise 
center is found, and the MCC-VC algorithm reduces to the MCC 
algorithm. This extends the application of the adaptive filter to 
the case where the mean value of the noise is not zero.

In the case of non-Gaussian noise, a Taylor series expan-
sion is used to obtain the steady-state EMSE. In the steady-
state state, the iterative changes in the parameter values 
become insignificant, so we can rewrite (19) as

( ){ } ( ){ }2 .2 a TrE e f e E f eη=  		   (22)

When taking the Taylor expansion f(e) with respect to ea 
around ξ, it is valid to have

( ) ( ) ( ) ( )
( ) ( )21 , 

2

a a

a a

f e f e f f e

f e o e

ξ ξ ξ

ξ

′= + = + +

′′+ +  		   (23)

where ( )2ao e  denotes the third and higher order terms, 
and according to (11) we obtain:

( ) ( ) ( )2 2

2 2exp 1 ;
2 2

  
k k

c
f v

cξ ξ
σ σ

  − − ′  = − −
  
     

		
 (24)

( ) ( )2
3

2 4 2

3exp ,
2 k k k

f v
cξ ξ ξ

σ σ σ

 −   = − −     
′′

 
1,2.k =  	 (25)

Based on assumptions 1 and 2, if ( ){ }2aE o e  is suffi-
ciently small, the following relations are obtained:

( ){ } ( ){ } ( )
( ) ( ){ }

2

2  ;

a a a

a

E e f e E e f f e

E f So e

ξ ξ

ξ≈

′= + +

′+
 
		  (26)

( ){ } ( ){ } ( ) ( ) ( ){ }2 2 2  | | .E f e E f E f v f fξ ξ ξ′′ ′≈ + + (27)

Substitution (26) and (27) in (22), allowed us to obtain 

( ) ( ){ }
( ){ } ( ) ( ) ( ) ( ){ }

2

2
.

2

X

X

Tr R E f
S

E f Tr R E f f f

η ξ

ξ η ξ ξ ξ
=

′ ′ ′− +
	 (28)

( ) ( )( ){ } ( ) ( ) ( )( ){ }
( ){ } ( )( ){ }

( )( ) ( )( )

( )( ) ( )( )
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2 2

2 2
1 1

2 2
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exp 1

i

2

lim l

2

im

l

e

im
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2
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i
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e i c e i c
E

e i c e i c
E

E

S

S

ξ

σ σ

σ σ

πσ
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→∞
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′= =

   − −   − − +     

−

 
 
 
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


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   −   + − −         

=

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )

2 2

2 2
1 1

2 2

2 2
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2
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exp 1
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e
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e i c e i c
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E
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σ σ

σ σ

σ

∞
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

 
 
 
 

∗

   − −   − − +         
   − −   + − −        

 − −
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 
 
 







∗








∫

 (20)
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    − −    = − − + − − − =            
     − − −    = − − + − − − −            
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 
 
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 
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∞
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
 
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
∫
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Further, after substituting (24) and (25) in (28), the fol-
lowing ratio is obtained:

,AS
B C
η
η

=
−

		  (29)

where:

( )

( )

( ) ( )
( )

2

2
1 2

2

2
2

exp

;

1 exp
X

c

A Tr R E c
c

ξ
α

σ
ξ

ξ
α

σ

   −   − +   
   = −    −   + − −       

( ) ( )

( ) ( ) ( )

2 2

2 2
1 1

2 2

2 2
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exp 1

2 ;

1 exp 1

c c

B E
c c

ξ ξ
α

σ σ

ξ ξ
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σ σ

   − −   − − +
   
   =     − −   + − − −       
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( )

( ) ( )

( ) ( )

( ) ( )

2

2
1

4 2

4 2
1 1

2

2
2

4 2

4 2
2 2

exp

2 5
1

.

1 exp

2 5
1

X

c

c c

C Tr R E
c

c c

ξ
α

σ

ξ ξ
σ σ

ξ
α

σ

ξ ξ
σ σ

  −  − ×
  

  
  − −  × + − +
  
  =    −  + − − ×     
  − − × + −     

From the above equation, it is clear that LMSS S→   
as .σ →∞

Furthermore, when the η step size is small enough, (29) 
can be simplified to

( )
 ,

2
XTr R A

S
B

η
=

where

( )

( ) ( )
( )

2

2
1 2

2

2
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;

1

c

A E c
c

ξ
α

σ
ξ

ξ
α

σ

   −   − +   
   = −    −   + − −       

( ) ( )

( ) ( ) ( )

2 2

2 2
1 1

2 2

2 2
2 2

. 

exp 1
2

1 exp 1
2

c c

B E
c c

ξ ξ
α

σ σ

ξ ξ
α

σ σ

   − −   − − +
   
   =     − −   + − − −       

The steady-state error (EMSE), which is defined by the 
above equation, can be accurate and efficient only when the 
a priori error ea is small enough to make the term ( ){ }2aE o e  
negligible.

This means that if the step size or noise power is too large 
and the central position of the kernel function deviates from 
the noise mean, there will be a large discrepancy between the 
predicted and actual EMSE values.

5. 3. Results of investigating the statistical proper-
ties of the identification algorithm in the non-station-
ary case

Next, it is assumed that the parameters to be estimated 
are non-stationary, that is, described by a first-order Markov 
model

( ) ( ) * ,c i c i c∆∗ ∗= + 	 (30)

where ( )*
1 2, ,...,

T

Nc c c c∆ ∆ ∆ ∆∗ ∗ ∗=  is a vector of a random se-
quence N × 1, the components of which have zero mathemat-
ical expectation, the correlation matrix of which is equal to 

{ }.T
cR E c c∗ ∗=

For the error vector ( ) ( ) ( )W i i ic c∗= − , the following is 
true

( ) ( )
( ) ( )( ) ( )
( )
( )( ) ( )

1

1

.

W i W i

c i f e i x i

W i c

f e i x iη

∆

η∗

∗

= − −

− + =

= − − +

+

 



		  (31)

Multiplying both parts of (31) on the left by ( )TW i  
and calculating the mathematical expectation allowed us 
to obtain

( ){ }
( ){ }
( ) ( ) ( )( ){ }
( )( ) ( ){ }

{ }
( ){ }

( ){ }
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−




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  	  (32)

Taking into account the statistical properties of signals 
and noise made it possible to obtain

( ){ }
( ){ }
( ) ( )( ){ }
( )( ) ( ){ }

{ }

2

2

22 2

2

1

2

.

a

E W i

E W i

E e i f e i

E f e i x i

E c

η

∆

η

∗

=

= − −

− +

+ +

+





Thus, the magnitude of the error depends not only on the 
properties of signals and interference, but also on the non-sta-
tionarity of the object.

For the Gaussian interference, the use of Price’s theo-
rem [30] made it possible to obtain:
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For the steady state, when 

 { } ( ){ }22
,lim lim( ) 1

i i
E W i E W i

→∞ →∞
= − 

taking into account the fact that

{ }
2

,T
cE c E c c trR∆ ∆ ∆∗ ∗  ∗ = = 

  

the following relation is obtained from expression (32)
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This ratio made it possible to determine the following 
value of S
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+ + + + +
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(33)

Thus, the magnitude of S significantly depends on the 
non-stationarity of the object.

Consider the case of non-Gaussian noise.
In the case of non-Gaussian noise, the following is true:
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where:
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 1,2;k = 	 (37)
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1,2.k = (38)

Substituting (37) and (38) into (32), after simple transfor-
mations, the following expression for S is obtained:
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where

( )( )

( )( )

( ) ( )( )

2

2
12

2

2
2

exp

;

1 exp

x

i c

A trR E i c
i c

ξ
α

σ
ξ

ξ
α

σ

   −   − +       = −    −   + − −        

;cB trR=

( ) ( )( ){ } ( ) ( )( ){ } ( )( ){ } ( )( ){ }
( )( ) ( )( ) ( ) ( )( ) ( )( )

( )( )

2

1

2 2 2 2

2 2 2 2
1 1 2 2

2

2
1

lim lim lim

lim exp 1 1 exp

m

1
2 2

exp 1
22

li

a a a a
n

e

i i i

i

i

E e i f e i E e i f e i E e i E f e i

e i c e i c e i c e i c
SE

e i cS

ξ

α α
σ σ σ σ

α
σπσ

→∞ →∞ →∞

→∞

→∞

+
′= + = =

      − − − −      = − − + − − − =                  
 − = − −  
 

( )( ) ( ) ( )( ) ( )( ) ( )( ) ( )

( )
( )

( )

2 2 2 2

2 2 2 2
1 2 2

3 3
1 2

3 3
2 2 2 22 2
1 2

1 exp 1 exp d
2 2

1 ;

e

e

e i c e i c e i c e i c
e i

S S

S Sξ ξ

α
σ σ σ σ

σ σ
α α

σ σ σ σ

+∞

−∞

        − − − −        + − − − − =                        

= + −
+ + + +

∫

( )( ){ } ( )( ) ( )( ) ( ) ( )( ) ( )( )

( )( ) ( ) ( )( ) ( )( ) ( )

2 2 2 2

2
2 2 2 2
1 1 2 2

2 2
2

2

exp 1 1 exp 1
2 2

1 exp 1 exp exp
2

lim

li
2

m
2 2i

e

e i c e i c e i c e i c
E f e i E

e i c e i c e i c
e i c

i
α α

σ σ σ σ

α α
σπσ σ→∞

      − − − −      = − − + − − − =                  
    − − −    = − + − − − × −          

→∞

 

( ) ( ) ( )
( )

( ) ( )
( )

2 2 2
1

2 3
2 2 2

1

2 2
2

3
2 2 2

2

d
2

2 2

1 .
2 2

e

e

S
e i

S

S

S

ξ

ξ

ξ

ξ

σ σ
α

σ
σ σ

σ σ
α

σ σ

+∞

−∞

  +  = +   + + 

+
+ −

+ +

∫



Mathematics and Cybernetics – applied aspects 

43
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i.e., S is a monotonically non-increasing function of parameter η.
From condition η∂ ∂ =/ 0,S  an equation is obtained to 

determine the optimal value of the parameter , which pro-
vides the minimum value of S.

As can be seen from the results given in this section, the 
stationary value of the estimation error depends not only 
on the type of noise distribution but also on the degree of 
non-stationarity (Δс*) of the estimated parameters

2 0.AC BD BCη η+ − = 	 (40)

Solving equation (40), we get the value of the desired 
parameter η.

5. 4. Results of modeling the process of estimating 
model parameters in the presence of non-Gaussian 
interference

Experiment 1. The task of identifying a stationary linear 
object was considered, which is described by equation (1) 
with the following parameters

128; 96; 85; 64; 57; 48; 31;
.

21; 0; 2; 20; 32; 62; 97; 108; 127

T

W ∗  − − − − − − −
=   − 

As an input signal, a sequence of normally distributed 
quantities х(i) ~ N(0,1) was chosen. When checking the ro-
bustness of the algorithms, independent noise distributed 
according to the Rayleigh law with σ = 1, Laplace with σ = 3, 
and Gaussian with σ = 3, was added to the output signal of 
the object. A comparative analysis was performed to com-
pare the robust properties of the LSM algorithm and algo-
rithm (31) with different с, σ1, σ2, α parameters. To generate 
a mixed Gaussian correntropy, and where σ1 

and σ2 represent 
specific kernel parameters, and σ1 > σ2, ( )

1
G eσ  and ( )

2
,G eσ  

were mixed. The simulation results are shown in Fig. 1, 
which demonstrates the change in the value

( )
21 * ,

2
RMSE W i W= −

where W(i) and W* denote the vectors of estimated and target 
parameters, respectively.

In Fig. 1, a–f, the curve with triangles corresponds to 
the LSM algorithm, the curve with crosses to algorithm (31) 
with c = 0.5, σ1 = 5, σ2 = 2, the curve with squares to algo-
rithm (31) with c = 1, σ1 = 7, σ2 = 3, the curve with circles to 
algorithm (31) with c = 1.5, σ1 = 7, σ2 = 3.

As can be seen from Fig. 1, a–f, the LMS algorithm has 
the highest convergence rate for the case of interference with 
a Gaussian distribution. If the interference has a different 
distribution, the LMS algorithm, unlike algorithm (31), does 
not converge.

Experiment 2. The task of identifying a non-stationary 
linear object described by equation (1), the parameters of 
which vary according to (30), was considered. As in Exper-
iment 1, independent noise with the same distributions was 
added to the output signal of the object.

The results of the experiment are given in Tables 1, 2, 
where the value of the normalized error after 100 iterations 
of each simulation algorithm is presented.

Table 1

Results of experiment 2 at α = 0.5

Algorithm/Noise Rayleigh, 
 σ = 1

Laplace,  
σ = 3

Normal,  
σ = 3

LMS 0.36 0.29 0.21
(31) c = 0, σ1 = 5, σ2 = 2 0.12 0.08 0.054
(31) c = 0, σ1 = 7, σ2 = 3 0.10 0.067 0.043
(31) c = 0, σ1 = 9, σ2 = 5 0.09 0.059 0.032

(31) c = 0.5,
 
σ1 = 5, σ2 = 2 0.08 0.05 0.025

(31) c = 0.5, σ1 = 7, σ2 = 3 0.075 0.034 0.018
(31) c = 0.5, σ1 = 9, σ2 = 5 0.068 0.025 0.009
(31) c = 1, σ1 = 5, σ2 = 2 0.015 0.009 0.006
(31) c = 1, σ1 = 7, σ2 =3 0.011 0.008 0.0057
(31) c = 1, σ1 = 9, σ2 =5 0.010 0.0076 0.0041

(31) c = 1.5, σ1 = 5, σ2 = 2 0.012 0.007 0.005
(31) c = 1.5, σ1 = 7, σ2 = 3 0.010 0.0063 0.0032
(31) c = 1.5, σ1 = 9, σ2 = 5 0.007 0.0054 0.0026

Table 2

Results of experiment 2 at α = 0.8

Algorithm/Noise Rayleigh, 
σ = 1

Laplace, 
 σ = 3

Normal,  
σ = 3

LMS 0.36 0.29 0.21
(31) c = 0, σ1 = 5, σ2 = 2 0.11 0.072 0.044
(31) c = 0, σ1 = 7, σ2 = 3 0.09 0.061 0.037
(31) c = 0, σ1 = 9, σ2 = 5 0.08 0.052 0.026

(31) c = 0.5,
 
σ1 = 5,σ2 = 2 0.075 0.042 0.022

(31) c = 0.5, σ1 = 7, σ2 = 3 0.069 0.029 0.012
(31) c = 0.5, σ1 = 9, σ2 = 5 0.054 0.018 0.007
 (31) c = 1, σ1 = 5, σ2 = 2 0.010 0.007 0.0052
(31) c = 1, σ1 = 7, σ2 = 3 0.0092 0.0054 0.0046
(31) c = 1, σ1 = 9, σ2 = 5 0.00081 0.0048 0.0038

(31) c = 1.5, σ1 = 5, σ2 = 2 0.0073 0.006 0.0041
(31) c = 1.5, σ1 = 7, σ2 = 3 0.0067 0.0057 0.0026
(31) c = 1.5, σ1 = 9, σ2 =5 0.0056 0.0034 0.0017

As can be seen from Tables 1, 2, algorithm (31) with differ-
ent с, σ1, σ2, α parameters works well for all considered noise 
types. In a certain range, the estimation accuracy improved 
with increasing σ1 since this provided better compatibility with 
Gaussian noise for the estimation algorithm.
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6. Discussion of results based on investigating the 
properties of the algorithm for robust identification of 

control objects using mixed correntropy

The research reported in this work is a continuation 
and development of previous studies described in [8, 18, 20]. 

The results from those works were applied in this paper to 
determine the properties of the identification algorithm, 
which maximizes, in contrast to the criteria used in those 
papers, the mixed correntropy criterion. The results from the 
identification of stationary and non-stationary objects are 
more general than the existing ones. Thus, the identification 
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Fig. 1. Histograms of noise (left) and training error (right) for the distributions: a, b – Gaussian; c, d – Laplace; e, f – Rayleigh
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algorithm, which takes the form of (7), consists of two parts, 
which correspond to two different Gaussian kernels.

Unlike the algorithms considered in [25, 27], which 
require the calculation of the inverse covariance matrix of 
observations, which has, as a rule, a large dimensionality, 
the algorithm (12), (13) uses information only about the last 
observation. Thus, the implementation of the given algorithm 
does not cause difficulties.

The use of Lyapunov functions allowed us to determine 
the convergence condition for algorithm (7), which is deter-
mined from expression (16). To determine an exact measure 
of convergence efficiency, called the excess mean square er-
ror (EMSE), which is the mean square prior error M{e2a(k)}, 
it is assumed that:

1) the noise ξ(i) is independent, identically distributed, 
and independent of the input signal X(i); 

2) the a priori error ea(i) is independent of the noise ξ(i); 
3) the filter is long enough so that ea(i) is Gaussian and 

||X(i)||2 is asymptotically uncorrelated with f2(e(i)). 
These assumptions are a significant simplification, which 

provided the advantages of this study, which are to obtain 
clear and transparent results.

The resulting expression (21) indicates that in the case 
of Gaussian noise, the investigated algorithm for identifying 
stationary objects can achieve a lower stationary EMSE than 
LMS, but also a correspondingly slower convergence rate. In 
the case of non-Gaussian noise, Taylor series expansion was 
used to obtain the stationary EMSE in the stationary case. 
It should be noted that the obtained expression (29) for the 
stationary error (EMSE) can be accurate and effective only 
when the a priori error ea is small enough. This means that 
if the step size or noise power is too large, and the central 
position of the kernel function deviates from the noise mean, 
there will be a large discrepancy between the predicted and 
actual EMSE values.

In the study of non-stationary objects described by the 
first-order Markov model (30), expressions for the value S 
for Gaussian (33) and non-Gaussian (39) disturbances were 
derived, which significantly depends on the non-stationarity 
of the object. These expressions show that S is a monotoni-
cally non-increasing function of parameter η. In our work, 
equation (40) was derived, solving which allows finding the 
optimal value of the desired parameter η that provides the 
minimum value of S.

The simulation results confirm the effectiveness of using 
the mixed correntropy functional for identifying stationary 
and non-stationary objects.

Our results, represented by expressions (16), (21), (29), 
(33), (39), allow the researcher to preliminarily assess the 
capabilities of a particular algorithm and the effectiveness of 
its application when solving practical tasks. In addition, these 
results can be an inspiration for improving and optimizing 
robust identification algorithms.

The significance of our results relates to the fact that they 
make it possible to assess the capabilities of a robust algo-
rithm when solving practical problems under conditions of 
a priori and current uncertainty regarding the properties of 
objects, signals and interference.

The results of our study, shown in Fig. 1 and given in 
Tables 1, 2, indicate the possibility of improving existing 
data processing technologies based on robust estimates. In 
addition, it is possible to accelerate the development of new 
applications for real-time calculations in continuous techno-
logical process control systems, time series forecasting, etc. 

Their implementation does not impose special requirements 
on computing equipment.

The limitation of the study is that the obtained estimates 
are quite general and depend both on the degree of non-sta-
tionarity of the object and on the statistical characteristics of 
the usable signals and interference, which are often unknown.

Due to the fact that the issue of the optimal choice of 
parameter values remains open, it seems important and ad-
visable to conduct research into the following:

1) determining the effectiveness of the devised approach 
in learning in the non-stationary case, when a model oth-
er than the first-order Markov model is used to describe 
non-stationarity;

2) establishing the dependence of the speed of the learn-
ing algorithm on the degree of non-stationarity of the studied 
object, i.e., Δc*;

3) compiling recommendations for choosing optimal pa-
rameter values and/or rules for their correction;

4) defining the effectiveness of the devised approach for 
identifying nonlinear objects.

7. Conclusions 

1. The issues of algorithm convergence and steady 
state of the estimation process in the stationary case in the 
presence of Gaussian and non-Gaussian noise have been 
investigated. Our results indicate that in the case of Gauss-
ian noise, the investigated algorithm for stationary object 
identification can achieve a lower stationary EMSE than 
LMS. However, the convergence rate becomes slower. In the 
case of non-Gaussian noise, the obtained expression for the 
EMSE (S) value can be accurate and effective only when the 
a priori error ea is sufficiently small. This means that if the 
step size or noise power is too large and the central position 
of the kernel function deviates from the noise mean, there 
will be a large discrepancy between the predicted and actu-
al EMSE values.

2. The issue of algorithm convergence and steady state 
of the estimation process in the non-stationary case in the 
presence of Gaussian and non-Gaussian noise is investigated. 
In this case, non-stationarity is considered in the form of a 
first-order Markov model. Expressions for the value of S for 
Gaussian and non-Gaussian noise were derived.

3. A second-order equation has been built, solving which al-
lows finding the optimal value of the desired algorithm param-
eter η, which ensures its maximum convergence speed when 
identifying non-stationary objects and measurement noise. This 
is explained by the fact that this equation is obtained under the 
conditions of minimizing the stationary EMSE.

4. The process of estimating stationary and non-station-
ary parameters of a linear object was simulated. A sequence 
of normally distributed quantities х(i) ~ N(0,1) was selected 
as the input signal. When checking the robustness of the 
algorithms, independent noise distributed according to the 
Rayleigh law with σ = 1, Laplace with σ = 3, and Gaussian 
with σ = 3, was added to the output signal of the object. A 
comparative analysis was performed to compare the robust 
properties of the LSM algorithm and the proposed algorithm 
with different с, σ1, σ2, α parameters.

The simulation results lay the foundation for selecting al-
gorithm parameters during its implementation. Based on the 
analysis of the simulation results, the following conclusions 
can be drawn.
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First, the use of the maximum correntropy function-
al is quite effective for identifying linear stationary and 
non-stationary objects. 

As can be seen from the simulation results, the LMS 
algorithm has the highest convergence rate for the case of 
interference with a Gaussian distribution. 

If the interference has a different distribution, the 
LMS algorithm, unlike the proposed algorithm, does not 
converge, which is explained by the fact that the influ-
ence function of the algorithm increases linearly with 
increasing e(i).

Second, the simulation results show that the proposed 
algorithm with different с, σ1, σ2, α parameters works well 
for all considered noise types. In a certain range, the estima-
tion accuracy improved with increasing σ1. This is due to the 
better compatibility with Gaussian noises for the estimation 
algorithm.
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