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This study considers the construc-
tion of tubular surfaces with a spa-
tial axis of slope, referred to a coor-
dinate grid of curvature lines. Such
surfaces have a number of mathe-
matical advantages compared to sur-
faces described by arbitrary coordi-
nate grids. In differential geometry,
this has a theoretical justification and
applied value. This follows from the
special role of curvature lines as geo-
metrically privileged directions on
a surface with minimal and maximal
curvatures.

To parameterize a tubular surface
in this way, it is necessary that the
length of its axis be described by ana-
Iytical dependences in a finite form.
Typically, the length of spatial curves
is determined by numerical integra-
tion. There is a known group of plane
curves that are described by paramet-
ric equations as a function of the arc
length and for which such a problem
does not exist. This work proposes tak-
ing such curves as a horizontal pro-
Jection of a spatial curve. The spa-
tial curve should be constructed as
a slope curve with a constant elevation
angle relative to the horizontal plane.
Then the spatial curve, the equations
of which include the elevation angle,
will be described as a function of the
arc length. Its use as the axis of the
tubular surface makes it possible to
attribute the latter to the families of
coordinate lines of curvature.

In this paper, the horizontal projec-
tion of the axis of the tubular surface
is a logarithmic spiral. Parametric
equations of the tubular surface in
analytical form have been derived.
A surface with the elevation angle
of the axis f=10° and the radius
of the generating circle p = 15 linear
units was constructed. The orthogo-
nality of the resulting coordinate grid
has been proven through the analy-
sis of the coefficients of the first qua-
dratic form (F=0), which confirms
the assignment of the surface to the
lines of curvature. This makes it pos-
sible to improve the accuracy of calcu-
lating the stress-strain state of shells
in mechanical engineering and aero-
space engineering at simultaneous
minimization of computational costs
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1. Introduction

corresponding technological processes while maintaining the

The primary requirement for various technical forms at
the stage of their design is to increase the efficiency of the

operational reliability of working bodies. The effectiveness of
designing such surfaces in the aviation industry, hydraulics,
architecture, etc. directly depends on the availability of a math-




ematical apparatus for their description. Thus, improving the
reliability of pneumatic classifiers requires the availability of
an appropriate mathematical model for assessing the concen-
tration of fine particles in a gas-dispersed flow [1]. Maintaining
the operational reliability of means for preparing and distrib-
uting the feed mixture while enabling the required efficiency
of these processes requires an analytical description of the
movement of material by working bodies [2]. The existence
of an analytical description of the design of a screw working
body for surface tillage makes it possible to determining the
optimal kinematic parameters of the technological process [3].
Studying the process of transporting technological material by
working bodies of various designs is impossible without an
analytical description of the movement of particles of techno-
logical material along them [4].

Complex technical shapes often contain tubular surfaces
formed by the movement of a circle along a spatial trajectory.
The assignment of a surface to a coordinate grid of curvature
lines occupies a special place among existing techniques of
surface parameterization as it provides consistency with the
internal geometry of the surface. With such parameterization,
the middle term of the first quadratic form disappears, signifi-
cantly simplifying both it and the second quadratic form. In
this case, two independent directions of the metric character-
istics of the surface arise.

The assignment of a surface to a coordinate grid of curva-
ture lines is especially important in analytical and numerical
calculations. It makes it possible to connect the geometric
characteristics of the surface with physical processes — stress-
es, deformations, etc. In practice, the directions of extreme
stresses in the material are determined precisely by the cur-
vature lines. The presence of such a surface parameterization
makes it possible to simplify the analysis of the stress-strain
state of shells and thin plates. In the machine-building, ship-
building, aerospace industries, the orientation of stiffeners,
reinforcement, and seams along the lines of curvature makes
it possible to reduce stress concentration, increasing the reli-
ability and durability of working bodies.

In the case of using conventional methods in the design
of tubular surfaces, the axis of which is a spatial curve, dif-
ficulties arise because of the impossibility of analytically de-
scribing the length of the arc of such an axis. Thus, the issue
of assigning tubular surfaces to families of coordinate lines of
curvature is not only theoretically justified from the point of
view of differential geometry but also practically necessary.

2. Literature review and problem statement

Geometric design of surfaces with predefined character-
istics of linear coordinate grids is the object of many studies.
For example, in [5], an approach to the design of unfolded
surfaces with a given curvature line is reported. The authors
analyzed the conditions under which the resulting surface
is cylindrical, conical, or tangent to the edge of the return.
In [6], the design of unfolded surfaces with given geodesic
coordinates (the resulting surface is a cylinder) or coordinates
of curvature lines (the resulting surface is tangent) is consid-
ered. A significant limitation of those papers is the possibility
of applying the proposed methods to designing only a limited
list of surfaces. They cannot be applied to the design of tubu-
lar surfaces because of their more complex internal geometry.

The design of geodesic tubular surfaces in three-dimen-
sional Minkowski space is the focus of work [7]. The results

of such studies are extremely important for theoretical phys-
ics. However, their application in classical Euclidean space
requires additional adaptation.

In [8], the curvatures of tubular surfaces were investigated
using the Bishop frame. This is both an advantage and a dis-
advantage of the study. After all, objective difficulties arise in
this case, associated with the transition from the description
of curves in the local Bishop frame to parametric equations in
a fixed coordinate system. The reason is the complexity of inte-
grating the parameters of the Bishop frame for an arbitrary axis.

In [9], an attempt to avoid such a problem is made by
using a modified orthogonal frame. The authors investigated
the asymptotic and geodesic curves of focal tubular surfaces
and their geometric invariants (flat and minimal surfaces, We-
ingarten surfaces). However, they did not consider the issue
of assigning tubular surfaces to a coordinate grid of curvature
lines in an analytical form.

Work [10] reports the study and interpretation of the
geometric properties of harmonic evolute surfaces of tubular
surfaces in Euclidean three-dimensional space. The proposed
approach is based on the displacement of the point of the initial
surface in the direction of the normal by a distance reciprocal
to the mean curvature. The authors’ attention focused precisely
on the interpretation of the evolute properties of surfaces, leav-
ing open the task of analytical parameterization of the initial
surface with ensuring the orthogonality of the coordinate grid.

Finding families of surface curvature lines is simplified
when one of them is known. Such cases include tubular sur-
faces, in which the frame of the generatrix circles is a family of
curvature lines. In this case, the problem is reduced to finding
a second family, that is, to the set of orthogonal trajectories
perpendicular to the first family. This case also includes un-
folded surfaces, in which the set of rectilinear generatrixes is
a family of curvature lines. So, the second family is a set of
orthogonal trajectories to the first family.

Special attention is paid to the applied aspects of the
assignment of curvilinear surfaces to lines of curvature. In
works [11, 12], the direct influence of the exact geometric de-
scription of the surface of the working body on the system’s
performance in terms of calculating the deformations of
elements is emphasized. The assignment of surfaces to a coor-
dinate grid from lines of curvature plays an exceptional role in
minimizing errors.

All this allows us to assert that the issue of assigning sur-
faces to a coordinate grid from lines of curvature is important.
In this case, objective difficulties arise associated with the need
to solve differential equations to derive parametric equations
of the spatial axis as a function of the arc length. An option
for overcoming these difficulties is the use of special classes of
curves that make it possible to avoid numerical integration. The
unsolved issue is the lack of an approach capable of combining
the analytical advantages of slope curves with the assignment
of a tubular surface to families of curvature coordinate lines.

Therefore, it is advisable to conduct a study aimed at de-
vising a technique for constructing tubular surfaces based on
slope curves.

3. The aim and objectives of the study

The aim of our study is to devise a technique for construct-
ing tubular surfaces with an axial slope curve, referred to
a coordinate grid of curvature lines. This will make it possible
to improve the accuracy of calculating the stress-strain state of



shells in mechanical engineering and aerospace engineering
while simultaneously minimizing computational costs.

To achieve this goal, the following tasks were set:

- to find a condition under which both families of a tu-
bular surface will be families of curvature lines, and to derive
parametric equations of a tubular surface in general form;

- to give a specific example of constructing a tubular sur-
face and to show that the resulting general equations actually
describe a tubular surface, referred to families of curvature
coordinate lines.

4. The study materials and methods

The object of our study is the process of constructing
tubular surfaces with a spatial axis of slope, referred to a coor-
dinate grid of curvature lines. The principal hypothesis as-
sumes that the use of slope curves as axes of tubular surfaces
will make it possible to obtain their parametric description in
analytical form. This, in turn, will make it possible to ensure
accurate orthogonality of the coordinate grid (referral to cur-
vature lines) without using approximate numerical methods.
It is assumed that such a description is possible when
specifying the horizontal projection of the spatial curve by
parametric equations in the function of the arc length. The
simplification is that the study did not take into account cases
of possible self-intersection of the surface, which can occur
with large values of the axis curvature or a large radius of the
generating circle.

If the axis of the tubular surface is a plane curve, then
its mathematical description with the condition of reference
to curvature lines does not require special calculations.
An example is a torus whose surface axis is a circle. The
formation of the surface occurs by the movement of the
generating circle in the normal plane of another circle - the
axis of the tubular surface. The axis of the tubular surface
is also termed the axis of centers since all the centers of the
generating circle are located on this curve (in this case, on
the circle). It is important to note that with such formation
of the tubular surface, both families of coordinate lines are
lines of curvature. The set of generating circles and the
trajectories of individual points of their movement form an
orthogonal grid. This grid is a grid of lines of curvature. If
the axis of the tubular surface is spatial, then its construction
is carried out in a similar way; however, the resulting grid is
not orthogonal. The lines of curvature are only the family of
generating circles, and the second family, orthogonal to the
first, must be found. This is explained by the fact that the
generating circle of the surface is constructed in the normal
plane of the Frenet trihedron of the surface axis. For the
plane axis, the trihedron moves along it without rotation
around the orthotangent, and along the spatial axis it rotates
around it proportionally to the torsion. In this regard, for the
spatial axis, it is necessary to make a transition from one in-
dependent variable v to another, u, according to the formula,
which involves integrating the torsion o = o(s) depending on
length s of the surface axis

v=—J.o—-ds+u. ®

The spatial axis of the tubular surface is given by paramet-
ric equations, which include the axis curvature k = k(s) and
the elevation angle S = S(s). The equations given in [13] for
a constant angle £ = const take the following form:

X :cosﬂjcos[

1 '[kds]ds;
cos

Yo =C0S ﬁjsin(cols 5 _[kds] ds;
Zo =Ssin f. (2)

At =0, the spatial slope curve (2) is transformed into
a plane curve, which is described by the natural equation k = k(s).
Thus, a plane curve with a known natural equation k = k(s) can
be transformed into a spatial slope curve according to equa-
tions (2) by introducing the elevation angle S = const.

Our study applied methods of differential geometry, in
particular the theory of curves and surfaces. Mathematical
modeling was based on vector analysis and the method of
transition to a new independent variable through integration
of the axis torsion expression. To describe the orientation of
the generating circle, the orths of the accompanying Frenet
trihedron were used.

We calculated coefficients for the first quadratic form of the
surface and analytical transformations using symbolic calcula-
tion methods. To visualize the results and build graphic models
of tubular surfaces, the MATLAB software (USA) was used.

The procedure for checking the adequacy of the proposed
model was based on the analysis of coefficient F of the first
quadratic form: the theoretical proof that F =0 for any point
on the surface is a criterion for the orthogonality of the grid
and confirmation of its belonging to the lines of curvature.

5. Calculation and construction of a tubular surface

5. 1. Derivation of parametric equations of a tubular
surface in general form

The axis of the surface, that is, the line of centers, is de-
scribed by parametric equations (2) as a function of the length
of its arc s. When s = const, a point is fixed on the axis, which
is the center of the generating circle in the normal plane of
the axis. At this point, the accompanying Frenet trihedron
is located, in which the orthogonals of the main normal n
and binormal b are located in the normal plane of the axial
line (Fig. 1), and the orthogonal 7 is tangent to it. The equa-
tions of the generating circle of radius p in projections onto
these orthogonals of the trihedron take the form:

DPp = PCOSV;
pp = psinv, 3)

where p = const - radius of the generatrix; v — independent
variable (angle of rotation of a point of the circle in the nor-
mal plane around the orthogonal tangent 7.

The transition from equations (3) of a circle in the nor-
mal plane of the Frenet trihedron to equations in the fixed
coordinate system OXYZ is carried out using equations that
include the direction cosines of the principal normal and the
binormal:

X =X+ p,cosa, + ppCOSAy;
Y = Yo + Py €08 By + pp €OS By;

Z =2+ Py COSYy + Py COSYy. (4)



Fig. 1. Graphic illustration for constructing the generatrix of
a tubular surface in the normal plane of the accompanying
Frenet trihedron of the centerline

The expressions for A, B, C and the direction cosines that
determine the direction of the indicated angles of the trihe-
dron are determined through the first and second derivatives
of the center line (2):

A =Y020 ~ YoZo3
B =z9X — 20Xo3

ol "o,
C=X0Y0—XoY0>

Bz, —Cyq
cosa, = 0~ Yo =

\/(x(’)z + o2 +z{)2)(A2 +B? +C2)

= —sin( ! Ikdsj;
cos 3

cosfp, = Cxg — Az
\/(x(’)z +¥o? +z{)2)(A2 + B? +C2)

= cos[ 1 Ikdsj;
cosf3

Ay, — Bx;
oSy, = Yo~ %o =0;

\/(xgz +y? +z{)2)(A2 +B? +C2)

A

cosay ::—sinﬂcos[ 1 Jkds];
NA?+B?+C? cos B

B

1
cos B, =——-——=-sinBsin| —— | kds |;
P VA% + B2 12 P [COSﬁI j

c

COSyp = ————-—=C0Sf3. (5)
\JA?+B?+C?

If the axial line (2) is given as a function of the length of

its arc s, then x§ + yi +z¢ =1 and expressions (5) are signifi-
cantly simplified. The resulting equations (4) are equations
of a tubular surface, since they depend on two independent
variables s and v. In them, only one family of circles is a line
of curvature, and the second is not. In order for the second
family to be a family of lines of curvature, it is necessary to
switch to a new variable u according to (1).

There is a linear relationship between the torsion ¢ and
the curvature k of the slope curve: o=k- tgfi. Therefore,
(1) for the axial slope curve takes the following form

v:u—tgﬁ‘[k(s)ds. (6)

When a trihedron moves along its axial line, its orthog-
onals of the main normal and binormal rotate around the
orthogonal tangent by an angle determined by the inte-
gration of the torsion. In order for the second family to be
perpendicular to the family of circles, this rotation must
be eliminated. This is done using the transition (6), that is,
a rotation with a "minus” sign (in the opposite direction) is
performed.

Substitution of expressions (5) and (3) into equation (4)
taking into account (6) after transformations and simplifica-
tions gives the following result:

X(u,s) :cosﬂJ‘cosw ds—

_siny/ cos(u—l// sinﬁ)+ _
- 7+sinﬁc0sy/ sin(u -y sinﬁ) ’
Y(u,s) = cosﬁjsinw ds+

[ cosy cos(u—y sin B)- .
i

+
—sin Bsiny sin(u—y/ sin 8

Z(u,s)=ssin f+ pcos sin(u—l//sinﬁ). @)

In parametric equations (7), for the purpose of more com-
pact notation, the following substitution is used

1
w(s)= wosp j kds. (8)

Thus, to construct a tubular surface, it is sufficient to have
the dependence k = k(s), but it must be such that it is possible
to perform the integration of equations (2).

5.2. Construction and verification of a tubular sur-
face according to the obtained equations in general form
A tubular surface can be constructed, the horizontal
projection of the axis of which is a logarithmic spiral with
the dependence k(s) = a/s, where a is a constant. Accord-
ing to (2), the parametric equations of the axis take the

following form:
scos’ alns . [ alns
Xo(s)=————x]| cos B cos +asin ;
a cosf3 cosf
scos’ . [ alns alns
Yo(s)=————x| cos Bsin —acos ;
a?+cos? B cos cos B

2 +cos? B
Zo(s)=ssin B. 9)

Substitution in (7) of the required expressions gives para-
metric equations of the tubular surface related to the coordi-
nate lines of curvature:

. [ alns
sin
cos

ﬂjcos(uatgﬂlns)+

X(u,s):xo (s)—p

>
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+sin 3 cos
cosf3

jsin(u—atgﬁlns)
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Z(u,s)=zo(s)+ pcos B sin(u—atgBlns). (10



In equations (10), expressions Xy(s), yo(s), Zo(S) are para-
metric equations of the surface axis and are given in (9).
In Fig. 2, a tubular surface is constructed using equations (10), in
which the axis is a slope curve with a rise angle of #=10°. The
horizontal projection is a logarithmic spiral. The axis curvature

is given by the dependence k=a/s,

the lines of curvature of the surface. According to the ex-
pressions of the coefficients (12), we can conclude that for
all tubular surfaces with an axial slope line, the first two
coefficients will be the same, and only the third depends on
the dependence k = k(s).

where a = 10. The radius of the gener- 140 7 80 ]
ating circle p = 15 linear units.
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dratic form. The coefficients of the first
quadratic form are determined through
the partial derivatives of the parametric
equations of the surface (7). They take
the following form:

X Sim//sin(u—l//sinﬁ)_
ou —sinﬁcosq/cos(u_wsinv),

oY cosy sin(u—y sin )+ .
ou P +sinﬁsinl//cos(u—u/sinv) ’
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%—f:cosﬂcosw[l—pkcos(u—w sinv)];
%:cosﬂsinw[l—pkcos(u—w sinv)];

aa—f:sinﬂ[l—pkcos(u—y/sinv)] 11

The coefficients of the first quadratic shape of a tubular
surface (10) are as follows:

2 2 2
E: 61 + 6l + 6£ :pz;
ou ou ou
p_OX X 0Y oY oz oZ_

_7.74_7.74_7.7_0;
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2
1
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The equality F = 0 is a condition for orthogonality of the
grid of coordinate lines, which for the tubular surface (7)
is a sufficient condition for relating the coordinate lines to

(12)

Fig. 2. Tubular surface assigned to families of curvature coordinate lines:
a — frontal projection; b — horizontal projection

6. Discussion of results based on constructing tubular
surfaces with an axial slope line

A tubular surface is formed by the movement of a circle
of constant radius, which during movement is always in the
normal plane of the curved line, which is the axis of the surface.
To implement such a scheme of surface formation, the accom-
panying Frenet trihedron was used. When it moves along the
axis, two orths - the main normal 7 and the binormal b - form
a normal plane in which a circle with the center on the axis is
located (Fig. 1). It is described by parametric equations (3) in
projections onto these orths. But when the trihedron moves
along the axis, the orientation of these orths relative to the
fixed coordinate system OXYZ changes. The transition from the
equations of the circle in the trihedron system to the equations
of the surface in the fixed coordinate system OXYZ is carried
out using expressions (4). These include the direction cosines
of the main normal and binormal, which are determined from
formulas (5). Whereas equations (3) describe a circle and are de-
pendences of the variable v, then equation (4) are dependences
of two variables v and s, where the position of the generating
circle depends on the length of the arc s of the axial line. The
surface constructed in this way is not referred to the coordinate
lines of curvature. In order to refer it to the lines of curvature,
it is necessary to pass from the variable v to the variable u ac-
cording to formula (1). It is this dependence, which includes the
integration of the torsion along the variable s, that requires para-
metric equations of the spatial axis of the surface as a function
of the length of its axis. Few such spatial curves are known. The
general approach to their construction according to the given
dependences of the curvature k and the torsion o depending on
the length of the arc s leads to a system of differential equations,
which in the general case cannot be solved in a finite form.

Therefore, in this work it is proposed to take for the axis
a spatial slope curve that has a constant elevation angle f.
In this case, the transition to a new variable occurs according
to the new dependence (6), in which it is necessary to perform



integration not of the torsion but of the curvature, which is
much simpler. In addition, the spatial axis is built on the basis
of a plane curve, the parametric equations of which can be
found by dependences k = k(s). Such curves are known. For
a constant angle £ with a properly chosen dependence k = k(s),
which makes it possible to integrate dependences (2), it is pos-
sible to obtain parametric equations of the slope curve for the
axis of the tubular surface. The result (F = 0) is explained by the
fact that the introduction of a new variable u through the inte-
gration of the torsion makes it possible to compensate for the
rotation of the Frenet trihedron around the tangent, ensuring
strict orthogonality of the grid at each step along the axis. At the
same time, from a practical point of view, such a parameteriza-
tion of the surface makes it possible to increase the accuracy
of its metrological control, in contrast to [14, 15], where this
is achieved in a much more complicated and expensive way.

Thus, the devised technique makes it possible to obtain
analytical parameterization of tubular surfaces by curvature
lines. The evidence base was based on the successful testing
of the method for a logarithmic spiral, which was confirmed
graphically and analytically.

In any case, the transition from an arbitrary family of co-
ordinate lines to the desired one is associated with significant
analytical difficulties, which, as a rule, lead to the solution of
differential equations. This is the limitation of the transition
from an arbitrary surface parameterization to a given one. For
example, if at the first stage of the mathematical description
of the surface axis by equations (2) it is not possible to find
such a curvature dependence k = k(s) that these equations can
be integrated, then the construction of the surface becomes
impossible. The disadvantage is that the transition to a new
variable according to expression (6), which also requires in-
tegration, is possible for a wide class of dependences k = k(s),
but further construction of the surface cannot be performed
due to the impossibility of integrating equations (2).

The development of this research may consist in the con-
struction of channel surfaces (for example, hydraulic systems
with variable pressure), assigned to families of coordinate lines of
curvature, in which the radius of the generating circle is variable.

7. Conclusions

1. One family of curvature lines of a tubular surface is
a set of circles of constant radius. Each circle of this set is
located in the normal plane of the axis of the tubular surface
with the center on it. The position of a separate circle is given
in the normal plane of the accompanying Frenet trihedron of
the surface axis and is converted into projections on the axis
of a fixed coordinate system using direction cosines. When the
accompanying trihedron moves along the axis, a set of circles
is formed, which are a family of curvature lines. However, the
second family of lines with such a movement of the trihedron
is not a family of curvature lines. Since the two families of
curvature lines are mutually perpendicular, the second family
can be searched for as a set of orthogonal trajectories to the
family of circles. This requires a transition to another variable
surface that describes a separate circle. This is due to the
integration of the expression for the torsion of the axis along
the length of its arc. Our paper considers a simplified version
when the axis of the surface is the slope curve and from tor-
sion it is possible to pass to curvature, which greatly facilitates
the solution of the problem. Parametric equations of a tubular
surface in general form have been derived.

2. According to the resulting equations, a tubular surface
has been constructed, the axis of which is the slope curve ob-
tained by transforming a plane curve into a logarithmic spiral.
It is proved that families of coordinate lines are lines of curva-
ture. For this purpose, three coefficients of the first quadratic
form of the tubular surface are found on the basis of partial
derivatives of general parametric equations. The average coeffi-
cient F is equal to zero, which indicates the orthogonality of the
families of coordinate lines. This is sufficient to confirm that the
tubular surface is assigned to two families of curvature lines. Ac-
cording to the obtained generalized parametric equations, a tu-
bular surface can be constructed, assigned to curvature lines. To
do this, one needs to specify the angle of elevation of the slope
curve - the surface axis — and the dependence of the curvature
on arc length k = k(s), for which there is a flat curve.
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