
Eastern-European Journal of Enterprise Technologies ISSN-L 1729-3774; E-ISSN 1729-4061	 2/5 ( 140 ) 2026

36

Copyright © 2026, Authors. This is an open access article under the Creative Commons CC BY license

CONSTRUCTION OF 
MATHEMATICAL MODELS 

OF HEAT EXCHANGE IN 
ELECTRONIC DEVICES WITH 

SEMI-THROUGH FOREIGN 
ELEMENTS

V a s y l  H a v r y s h
Doctor of Technical Sciences, Professor

Department of Software*
ORCID: https://orcid.org/0000-0003-3092-2279

S v i t l a n a  Y a t s y s h y n
Corresponding author

PhD, Associate Professor
Department of Software Engineering

Ukrainian National Forestry University
Gen. Chuprynky str., 103, Lviv, Ukraine, 79057

E-mail: yatsyshyn@nltu.edu.ua
ORCID: https://orcid.org/0000-0001-5200-4837

L u b o v  K o l y a s a
PhD, Associate Professor

Department of Mathematics*
ORCID: https://orcid.org/0000-0002-9690-8042

M y k h a i l o  S t e p a n i a k
PhD

Department of Computerized Automatic Systems*
ORCID: https://orcid.org/0000-0003-1859-4495

A n d r i i  K a p u s t i a n s k y i
PhD

Department of Heat Engineering 	
and Thermal and Nuclear Power Plants*

ORCID: https://orcid.org/0000-0002-2771-2505
*Lviv Polytechnic National University

S. Bandery str., 12, Lviv, Ukraine, 79013

This study investigates heat exchange 
processes in isotropic spatial environments 
with foreign semi-through elements subjected 
to external and internal thermal loads. 

Significant temperature gradients arise 
as a result of the thermal load. To establish 
and analyze temperature regimes for effec-
tive operation of electronic devices, mathe-
matical models for determining temperature 
fields have been constructed.

Based on the formulated boundary value 
problems of thermal conductivity, their ana-
lytical and numerical solutions have been 
defined. Using these solutions, numerical 
calculations of the temperature distribution 
in spatial coordinates for given geometric 
and thermophysical parameters have been 
performed.

For an effective description of the ther-
mal conductivity coefficient for inhomo-
geneous spatial media, asymmetric unit 
functions were used. A technique for seg-
ment-constant approximation of tempera-
ture as a function of spatial coordinates on 
the surfaces of foreign elements has been 
introduced. As a result, second-order dif-
ferential equations with partial derivatives 
and discontinuous and singular coefficients 
have been derived.

The numerical results reflect tempera-
ture distribution in the media in spatial 
coordinates for the given geometric and ther-
mophysical parameters. The number of par-
titions of the intervals (0; h), (–H; H), (0; R) 
was chosen to be equal to 9. That has made 
it possible to obtain numerical values of 
temperature with an accuracy of 10–6. The 
constructed mathematical models of heat 
transfer make it possible to analyze spatial 
isotropic media with foreign through-going 
elements in terms of their thermal stability
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1. Introduction 

Modern electronic devices operate under an accelerated 
mode, which leads to the emergence of intense temperature 
fields and their gradients. In certain local areas of processors 
and microcontrollers, high-intensity heat flows are generated. 
This leads to overheating of their components and, as a result, 
partial or complete failure of the device. Studies show that al-
most half of all microcircuits are destroyed due to overheating.  
This occurs on boards due to heating from neighboring el-
ements that emit heat, the thermal power of the elements 

and devices themselves, as well as uneven heat removal from 
thermally active areas. The number of failures due to the op-
eration of electronic devices is closely related to temperature 
conditions. Thus, for germanium elements at 140°C, this 
number is 7.5 times greater than at 20°C. It is even greater for 
silicon elements. It was found that the relative influence of 
temperature is the highest (55%) compared to humidity (19%), 
vibration (20%), and dust (6%).

In the process of designing electronic devices, developers 
choose metals with high thermal conductivity, in particular, cop-
per or aluminum to increase the thermal resistance of structures.  
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Although these materials conduct heat well, their influence 
on this process may depend on the shape and presence of 
defects inside individual device nodes. Experimentally ana-
lyzing the heating in individual elements of the device due 
to operation is impossible due to the complex geometric 
structure of the device or excessively high temperatures.  
In this case, mathematical models of the heat transfer process 
are built, which take into account the geometric structure of 
the electronic device and the physical process. Using them, 
it could be possible to predict the behavior of temperature 
gradients due to the operation of devices. And this would 
make it possible to develop algorithms and software tools on 
their basis for research on the selection of effective structural 
materials, the geometric design of individual elements and 
nodes, the installation of effective heat dissipation elements 
and their placement. As a result, it will be possible to increase 
the reliability and durability of electronic devices even at  
the design stage, without conducting expensive experiments. 

Therefore, it is a relevant task to construct mathematical 
models of heat transfer for isotropic spatial environments 
with heterogeneous elements of various geometric shapes.

2. Literature review and problem statement

In [1], the effectiveness of the boundary element method 
for determining numerical solutions of direct and inverse 
potential theory problems in a bounded segmentally homoge-
neous object of arbitrary shape, the components of which are 
in perfect contact, was noted. To solve the inverse problem, 
an iterative algorithm for identifying the main physical and 
geometric parameters of foreign elements based on redundant 
potential or flux data at the object boundary was introduced. 
To verify the effectiveness of the algorithm, a computational 
experiment was performed for the electrical exploration prob-
lem using an artificial constant electric field and the electrical 
profiling method. Local areas are modeled using relatively 
simple flat classical geometric figures. The use of such models 
in electrical exploration problems using the electrical profil-
ing method for detecting minerals is not effective enough. To 
increase the accuracy and reliability of the results, it is neces-
sary to build mathematical models based on the solution to 
non-stationary boundary value problems.

Work [2] considers the numerical modeling of heat con-
duction processes in complex inhomogeneous structures with 
sharply varying thermophysical parameters in space. The 
authors introduce a non-classical meshless method for solving 
the heat conduction equation, which involves dividing the 
region into its separate sections and using the interpolation 
method using polyharmonic functions. This method allows 
for a more accurate description of temperature fields in struc-
tures with internal inclusions and with thermal conductivity 
coefficients that change sharply. The effectiveness of the 
given method for analyzing thermal regimes is confirmed by 
numerical experiments. It can be used to analyze temperature 
regimes in modern electronic devices.

Study [3] reports modeling of heat transfer processes in 
complex technical structures using modern numerical meth-
ods. The finite element method, finite volume method, and 
computational fluid dynamics methods were used to analyze 
temperature states. The study emphasizes that for thermal 
management tasks in electronic devices, it is imperative to 
take into account the complexity of the design and the pres-
ence of local heat sources. This technique provides detailed 

reproduction of thermal regimes and contributes to the ratio-
nal design of electronic devices.

In [4], the process of heat transfer in solids is described. 
To determine the approximate solution of the heat conduction 
equation, a combination of the Boltzmann lattice method 
with the Runge-Kutta method was used. The method makes it 
possible to relate the temperature distribution to the geomet-
ric and thermophysical parameters of the structural material. 
It can be used for thermal modeling in electronic devices.

Analysis of papers [2–4] confirms that mathematical mod-
els built by using numerical methods make it possible to effec-
tively describe thermal processes in complex environments. 
However, in modern electronic devices, in particular mobile 
ones, the geometric dimensions of local heating areas and for-
eign inclusions are small. This complicates their accurate repro-
duction in models constructed on the basis of mesh methods or 
the finite element method. Averaging the physical parameters 
of the environment in such cases does not make it possible to 
adequately reflect the influence of foreign inclusions on the 
behavior of the temperature field.

In [5], the thermal contact resistance between rough 
surfaces was investigated, taking into account their microge-
ometry and thermophysical properties of materials. An ex-
perimental-theoretical approach was presented to determine 
the thermal contact resistance for surfaces with an uneven 
contact structure. The influence of the thermal conductivity 
of materials, contact pressure, and roughness parameters on 
the intensity of heat transfer through the contact zone was 
established. The results could be used to analyze thermal re-
gimes in complex structures and electronic systems.

In [6], a mathematical model of heat transfer through im-
perfect contact surfaces in multilayer structures is described. 
Using thermal contact resistance, the effect of surface mi-
cro-unevenness and contact pressure is effectively taken into 
account. This approach makes it possible to predict the tem-
perature distribution in complex technical systems with many 
contact surfaces. The results could be used to optimize ther-
mal regimes in engineering and electromechanical devices.

In the models [5, 6] built for complex structures, ideal 
thermal contact between components is taken into account. In 
complex engineering systems, due to heating, imperfect ther-
mal contact between dissimilar structural elements is observed. 
Therefore, the models are simplified and require improvement.

In study [7], an experimental analysis of thermal contact 
resistance between flat and curved surfaces was performed, 
taking into account changes in temperature, contact pressure, 
and geometric parameters of the surfaces. The results of the 
above analysis made it possible to identify patterns that repro-
duce changes in thermal contact resistance and their effect on 
the intensity of heat exchange in the contact zone. The results 
are essential for the development of heat-resistant systems 
and complex engineering structures.

In work [8], the thermal contact resistance between ob-
jects with a regular surface texture was studied, taking into 
account the influence of a heat-conducting intermediate me-
dium. The constructed mathematical model makes it possible 
to effectively describe heat transfer through contact surfaces, 
taking into account the geometric shape of micro-irregulari-
ties and the characteristics of the intermediate medium. As 
a result of numerical experiments, the influence of the param-
eters of the texture and thermal conductivity of the medium 
on the behavior of the heat flow and the phenomenon of ther-
mal rectification was revealed, which is critically important 
for multilayer structures.
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In [9], a mathematical model of the thermal process in 
systems with contact surfaces under transient thermal loads 
was built. The model is based on a description of each element 
of the system with thermal resistance and heat capacity, tak-
ing into account the interaction of heterogeneous materials 
in the contact zone. Numerical modeling confirms the sig-
nificant influence of thermophysical parameters of structural 
materials in the contact zone on the formation of spatial tem-
perature distribution, which makes it possible to analyze the 
thermal stability of complex electronic systems.

In [10], modern methods of artificial intelligence were 
applied to predict temperature fields in microelectronic sys-
tems. The model was constructed based on neural networks 
and, with its use, it is possible to take into account local heat 
sources. The application of this model makes it possible to 
detect uneven distribution of thermal loads and features of 
heat transfer in integrated circuits. Numerical experiments 
performed on the basis of this model confirmed the high accu-
racy of predicting the behavior of temperature fields. On this 
basis, it is possible to effectively detect zones of local overheat-
ing, which is critically important for ensuring the reliability of 
electronic components.

Studies [7–10] demonstrate significant progress in predict-
ing and modeling thermal processes in complex electronic 
systems. However, the constructed mathematical models 
reported in those studies do not allow for an effective quanti-
tative assessment of the reduction in peak temperatures and 
amplitudes of temperature fluctuations. And this is a deter-
mining criterion for increasing the reliability and thermal 
stability of modern electronic components with semi-through 
foreign elements.

In [11], a mathematical model was built that allows for the 
prediction of transient temperature processes in power elec-
tronic systems. The model takes into account variable thermal 
loads and the interaction between structural components with 
different thermophysical parameters. It is based on general-
ized heat conduction equations, which provides an effective 
determination of the spatial distribution of temperature 
fields without the need to use full CFD (computational fluid 
dynamics) or FEM (finite element method) models, which 
significantly reduces computational costs. Numerical studies 
confirm that the presented method allows for the prediction 
of temperature regimes for electronic systems under variable 
thermal load conditions with high accuracy.

In [12], a reduced-order model is described, which is 
intended for modeling thermal processes in electronic com-
ponents taking into account surface thermal radiation. The 
reported method combines the finite element method with 
the reduction of the model order, which makes it possible to 
save computational time while maintaining high accuracy for 
predicting temperature distributions. Numerical experiments 
confirm that the developed model enables effective determi-
nation of the behavior of the temperature field under different 
thermal load conditions. It also provides the ability to ana-
lyze the thermal regimes of electronic systems in real time, 
which is critically important for increasing the reliability of 
components containing local intense zones and semi-through 
foreign elements.

In studies [11, 12], techniques are described that are 
suitable for predicting dynamic thermal processes. How-
ever, the consideration of individual foreign components 
in such models remains insufficiently developed, in partic-
ular when it is necessary to establish the limiting heating 
indicators and temperature drop limits. These factors often 

determine the durability and stability of modern microelec-
tronic systems.

A number of studies describe mathematical modeling of 
temperature regimes in thermosensitive media with foreign 
inclusions. In particular, in [13], a nonlinear model was pro-
posed, which took into account thermosensitive elements 
with semi-through foreign inclusions and linearization was 
applied to reduce the axisymmetric nonlinear boundary value 
problem to a quasi-linear one. However, the model does not 
provide for internal thermal heating in the volume of a thin 
cylinder, which reduces its suitability for predicting the be-
havior of temperature fields under real operating conditions 
of microelectronic devices.

In [14], a linear and nonlinear mathematical model of 
thermal conductivity for an isotropic layer with a semi-
through cylindrical inclusion and internal heat sources was 
built. At the same time, in the cited work, attention focuses on 
the formulation and analytical study of the model, while the 
numerical analysis of temperature fields and the influence of 
system parameters was not carried out in detail.

Thus, our review of [13, 14] demonstrates that the existing 
approaches allow us to estimate the general trends of tempera-
ture distribution in thermally sensitive environments. However, 
they do not provide sufficient accuracy for objects with local 
internal and external thermal loads, semi-through foreign ele-
ments and non-uniform distribution of thermophysical prop-
erties. This necessitates devising more effective analytical-nu-
merical models for predicting temperature fields in modern 
microelectronic systems, which is the main goal of our study.

Analysis of related literature [1, 5–10] reveals the existence of 
a significant problem associated with the lack of theoretically 
justified approaches to the formalization of heat conduction 
processes in heat-active media containing internal foreign 
semi-through elements of arbitrary geometric shape. Exist-
ing mathematical models do not adequately reflect the heat 
transfer between structural elements of modern electronic 
devices, taking into account local heating in inhomogeneous 
areas, which limits their practical applicability for multifunc-
tional composite structures. The main factor determining this 
problem is the complexity of the mathematical description of 
thermal processes in media with a complex geometric structure 
and inhomogeneous properties. However, this is only part of 
the difficulty – it is even more difficult to carry out real tests 
of such models. Experiments are expensive because the exact 
reproduction of conditions requires enormous effort.

All this allows us to state that it is advisable to conduct 
a study aimed at building analytical and numerical models of 
heat transfer for isotropic spatial environments with inhomo-
geneous elements of various geometric shapes. The models 
to be constructed make it possible to predict temperature 
regimes in modern electronic devices made of composite 
materials, which creates the prerequisites for increasing their 
efficiency, reliability, and durability of operation.

3. The aim and objectives of the study

The purpose of our study is to determine the temperature 
fields in spatial environments with foreign semi-through 
elements due to external and internal heating. The math-
ematical models to be constructed will make it possible to 
increase the accuracy in predicting temperature regimes and 
provide effective means for optimizing the design of modern 
electronic devices.
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To achieve the set goal, it is necessary to solve the follow-
ing tasks:

– to build a mathematical model of heat transfer in an 
isotropic plate with a semi-through inclusion of a paral-
lelepiped shape, which is heated by a heat flux at the bound-
ary surface;

– to construct a mathematical model of heat transfer in 
an isotropic layer with a semi-through inclusion of a cylin-
drical shape, in the area of which internal heat sources are 
uniformly concentrated.

4. The study materials and methods

The object of our study is the heat transfer processes in 
isotropic spatial media with foreign semi-through elements 
that are subjected to external and internal thermal loads.

The hypothesis of the work assumes that the tempera-
ture fields in such media, caused by the combined effect of 
internal and external heating, can be represented by ana-
lytical-numerical solutions of the corresponding boundary 
value problems of heat conduction. In these problems, in-
homogeneous differential equations with partial derivatives 
of the second order contain discontinuous and singular 
coefficients that arise due to the presence of foreign semi-
through elements.

The study assumes the isotropic nature of the spatial 
media, that is, the thermophysical parameters are constant 
along all coordinate axes. The mathematical models of heat 
transfer built for this system are simplified since the analysis 
of temperature fields and modes is carried out exclusively in 
spatial coordinates.

The method of asymmetric unit functions is used to 
model thermal conductivity in isotropic media with foreign 
semi-through elements. This approach makes it possible 
to describe the effective thermal conductivity of a material 
of heterogeneous structures as a single whole in the form 
of appropriate relations and form a single inhomogeneous 
second-order differential equation with partial derivatives, 
which contains discontinuous and singular coefficients.

In addition, a segment-constant approximation of the 
temperature field on the boundary surfaces of foreign 
elements is introduced, which provides the possibility of 
using integral Fourier and Henkel transforms for analyti-
cal and numerical solution of boundary problems of heat 
conduction.

An isotropic plate with a thickness of 2δ with thermally 
insulated front surfaces |z| = δ, which contains a foreign 
semi-through inclusion with a length h and a width 2H, 
is considered, which is referred to the Cartesian rect-
angular coordinate system (Oxyz). In the region Ω0 =  
= {(x, h, z) : |x| ≤ H, |z| ≤ δ} of the boundary surface L+ = 
= {(x, h, z) : |x| ≤ ∞, |z| ≤ δ} of the plate, a heat flux is con-
centrated, the surface density of which is q0 = const, and 
on the other surface of the plate L– = {(x, –l, z) : |x| ≤ ∞, 
|z| ≤ δ} the conditions of convective heat exchange with 
the environment according to Newton’s law with constant 
temperature tc = const are given. On the boundary surfaces 
of the inclusion K±H = {(±H, y, z) : 0 ≤ y ≤ h, |z| ≤ δ}, K0 =  
= {(x, 0, z) : |x| ≤ H, |z| ≤ δ}, there is an ideal thermal contact 
t0(±H, y) = t1(±H, y), λ0 ⋅ ∂t0(x, y)/∂x = λ1 ⋅ ∂t1(x, y)/∂x for 
|x| = H, 0 ≤ y ≤ h, |z| ≤ δ and t0(x, 0) = t1(x,0), λ0 ⋅ ∂t0(x, y)/∂y =  
= λ1 ⋅ ∂t1(x, y)/∂y for y = 0, |x| = H, |z| ≤ δ (0 – for inclusion, 
1 – for plate) (Fig. 1).
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Fig. 1. Isotropic plate with a half-through inclusion under 	
the action of heat flux

In the above structure, the temperature distribution t(x, y) 
in spatial coordinates x and y is determined by solving the 
heat conduction equation
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where λ(x, y) – thermal conductivity coefficient of a non-uni-
form plate:
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where λ1 and λ0 are the thermal conductivity coefficients of 
the plate and inclusion materials, respectively; α– is the heat 
transfer coefficient from the surface L–; S±(ζ ) are asymmetric 
unit functions.

5. Results of investigating mathematical models  
of heat transfer in media with foreign elements

5. 1. Mathematical model of heat transfer in a plate 
due to heating by a heat flux at the boundary surface

The function T(x, y) = λ(x, y)θ(x, y) was introduced and 
differentiated for variables x and y taking into account the 
expression for the thermal conductivity coefficient λ(x, y) (3). 
As a result, we obtain
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where θ(x, y) = t(x, y) – tc; δ±(ζ) = (dS ± (ζ))/dζ – asymmetric 
Dirac delta functions.

As a result of substituting expressions (4) into relation (1), 
a second-order partial differential equation with discontinu-
ous and singular coefficients is obtained
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where Δ is the Laplace operator in the Cartesian rectangular 
coordinate system
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As a result of such transformations, the desired tempera-
ture field in the given medium is completely determined from 
equation (5) under boundary conditions (2).

The unknown functions θ(x, 0), θ(±H, y) are approximat-
ed by the spatial coordinates x and y by segment-constant 
functions in the form:
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Here, yj ∈ (0; h); y1 ≤ y2 ≤ … ≤ yn–1; xk ∈ (–H; H); x1 ≤ x2 ≤ … 
≤ xm–1; θj(j = 1…n), θk(j = 1…m) are unknown approximation 
values of temperature θ(±H, y), θ(x,0); n and m are the num-
ber of partitions of intervals (0; h), (–H; H).

To solve equation (5) under boundary conditions (2) using 
expressions (6), the integral Fourier transform with respect to 
the x coordinate is applied. As a result of such transformation, 
the original boundary value problem is transformed into an 
ordinary second-order differential equation with constant 
coefficients. In this case, the right-hand side of the equation 
contains discontinuous and singular coefficients that reflect 
the influence of semi-through foreign elements:
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where T y� �  – transform of a function T(x, y)
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The general solution to equation (7) is derived by the method 
of variation of constants
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Boundary conditions (8) were used to find the constants 
of integration and, on this basis, the solution to problem (7), 
(8) was obtained
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The inverse integral Fourier transform was applied to re-
lation (9) and as a result, the solution to the boundary value 
problem (1), (2) was derived in the following form:
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where: 
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The unknown approximation values θj (j = 1…n), θk (k = 
= 1…m), temperatures θ(±H, y), θ(x, 0), are determined by 
solving the system of n + m linear algebraic equations ob-
tained from expression (10).

As a result of the transformation performed, the deter-
mined temperature field in a plate with a semi-through foreign 
inclusion, caused by a locally applied heat flux at the boundary 
surface, is described by formula (10). From this expression, it 
is possible to derive numerical values of the temperature at an 
arbitrary point of the "plate-inclusion" structure, which makes 
it possible to analyze the temperature regimes in this structure 
and to evaluate the influence of the inclusion on the tempera-
ture distribution.

Analysis of numerical results. According to formula (10),  
the calculation and numerical analysis of the temperature 
distribution θ(x, y) in the plate were performed. The fol-
lowing initial data were selected: the material of the plate 
and inclusions is silicon (λ1 = 154.7 W/(m · deg)) and sil-
ver (λ0 = 419 W/(m · deg)) at a temperature of t = 27°C; q0 =  
= 200 W/m2; l = h = 0.005 m; H = 0.01 m; α- = 17.64 W/(m2 · deg). 
The change in temperature θ(x, y) depending on the spatial 
coordinates x and y is illustrated. From the behavior of the 
curves (Fig. 2, a) it is seen that the temperature as a function of 

the spatial coordinate y is smooth and monotonic and reaches 
maximum values at the boundary surface of the plate L+,  
on which the heat flux is concentrated. Fig. 2, b shows the 
behavior of temperature depending on the coordinate x and 
determines the point (0; 0.005) at which the maximum value 
is reached. If the absolute value of the spatial coordinate x in-
creases, the temperature decreases.

As can be seen from Fig. 2, a, b, there is no temperature 
jump on the inclusion surfaces K0, KR (the conditions of ideal 
thermal contact are met), which indicates the adequacy of the 
mathematical model to the real physical process. The number 
of partitions n and m of intervals (0; h) and (–H; H) is chosen 
to be equal to nine. As a result, the numerical experiment was 
performed with an accuracy of 10-6.

5. 2. Mathematical model of heat transfer in a layer 
due to internal heating by a cylindrical source

The model of heat transfer in an isotropic layer with 
a semi-through cylindrical inclusion, in the region of which 
internal heat sources are uniformly concentrated, is described 
in paper [14]. As a result of analysis of (1) to (15) in [14], the 
temperature field in a layer with a semi-through thermally ac-
tive cylindrical inclusion is described by formula (15) in [14], 
which makes it possible to determine the temperature at any 
point of the "layer-inclusion" structure. At the same time, the 
cited work did not perform a numerical analysis of the tem-
perature distribution in the layer.

Analysis of numerical results. According to formula (15) 
in [14], the calculation and numerical analysis of the temperature 
distribution θ(r, z) in the layer were performed. Initial data: layer 
and inclusion material – silicon (λ1 = 154.7 W/(m · deg)) and sil-
ver (λ0 = 419 W/(m·deg)) at temperature t = 27°C; q0 = 200 W/m3;  
l = h = 0.005 m; R = 0.01 m; α+ = 17.64 W/(m2 · deg). The deter-
mined numerical results for temperature are in Tables 1, 2.
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Fig. 2. Temperature θ(x, y) dependence on a – y coordinate for given values of the x coordinate; b – x coordinate for given 
values of the y coordinate; 1 – x = 0; 2 – x = 0.01; 3 – y = 0.005; 4 – y = 0; 5 – y = –0.005

Table 1
Temperature change depending on the spatial radial coordinate r (for z = 0)

r, m 0.00 0.02 0.04 0.06 0.08 0.10

t, °С 15.853 15.851 15.849 15.847 15.845 15.843

Table 2

Temperature change depending on spatial axial coordinate z (for r = R)

z, m –0.005 –0.004 –0.003 –0.002 –0.001 0.000 0.001 0.002 0.003

t, °С 15.353 15.355 15.357 15.359 15.361 15.363 15.357 15.353 15.349
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The number of partitions n and m of intervals (0; h) and 
(0; R) is chosen to be nine. As a result, the numerical experi-
ment is performed with an accuracy of 10-6.

6. Discussion of results based on construction  
of mathematical models of heat transfer in spatial 

environments with heating in canonical regions

The boundary value problems of heat conductivity are for-
mulated taking into account the physical essence of the processes 
occurring in isotropic spatial environments with the presence of 
foreign semi-through elements. The integration of such elements 
into the environment leads to the fact that the generalized differ-
ential equations of heat conductivity contain discontinuous and 
singular coefficients, which reflects local changes in physical pa-
rameters due to foreign inclusions. The appearance of the curves 
in Fig. 2, which are constructed on the basis of the determined 
numerical values of temperature as a function of spatial coor-
dinates, obtained using the analytical solution of the boundary 
value problem, indicates the correspondence of the results to 
the physical process. This is confirmed by the smoothness of the 
temperature as a function of spatial coordinates (the conditions 
of ideal thermal contact are met) on the surfaces of conjuga-
tion of inhomogeneous environments (plates and inclusions) 
K±H = {(±H, y, z) : 0 ≤ y ≤ h, |z| ≤ δ}, K0 = {(x, 0, z) : |x| ≤ H, |z| ≤ δ} 
and the fulfillment of the given boundary conditions.

The reported technique is based on the use of the theory 
of generalized functions, which made it possible to describe 
the thermophysical parameters of inhomogeneous media 
with canonical foreign elements. As a result, a single gener-
alized differential equation of heat conductivity of the second 
order with discontinuous and singular coefficients and the 
corresponding boundary conditions on the boundary surfaces 
of the media were obtained. To determine the analytical-nu-
merical solutions to boundary problems (1), (2) of our work 
and (1), (2) in [14], the method of segment-constant approxi-
mation of temperature as a function of spatial coordinates on 
the boundary surfaces of foreign inclusions (6), (10) [14] was 
applied. This approach made it possible to effectively use the 
integral Fourier and Hankel transforms, which provided the 
determination of analytical-numerical solutions in the form 
of (10) and (15) in work [14]. The temperature distribution is 
geometrically depicted in Fig. 2 and given in Tables 1, 2.

It is worth noting that existing approaches to solving bound-
ary value problems of thermal conductivity for isotropic media, 
in particular presented in [1], do not make it possible to accurate-
ly reflect local temperature changes, which is critical for electri-
cal exploration problems. Numerical modeling methods, such as 
FEM, are accompanied by the accumulation of errors [2–6]. The 
proposed analytical-numerical technique makes it possible to 
minimize these errors as they are limited only to the stages of nu-
merical integration and segment-constant approximation of the 
temperature on the surfaces of foreign inclusions. And this pro-
vides a high level of accuracy of the results, unattainable when 
using traditional experimental or numerical methods [7–12].

The use of generalized functions also makes it possible to 
adequately describe the geometric shapes of inhomogeneous 
media and locally concentrated heating zones, resulting in dif-
ferential equations of heat conduction with partial derivatives 
and singular coefficients.

In modern electronic devices, the presence of localized 
thermally active nodes of canonical form prompts the need to 
construct mathematical models of heat transfer between their 

individual structural elements. Such models can take a linear 
or nonlinear form for isotropic spatially inhomogeneous media. 
Although the proposed models are simplified, they serve as 
a foundation for the further development of complex nonlinear 
models of heat transfer in thermally sensitive composite media.

Based on our analytical-numerical solutions to boundary 
value problems of heat transfer, it is possible to develop com-
putational algorithms and software for their numerical imple-
mentation. This will allow for further research into materials 
used in modern digital electronic devices to improve thermal 
stability and increase durability.

It is recommended to take into account the presence of 
foreign elements in structures for the analysis of thermal re-
gimes, which significantly increases the complexity of solving 
boundary value problems of thermal conductivity, but provides 
a more accurate reflection of physical processes and the behav-
ior of the temperature field as a function of spatial coordinates.

Our study was performed for a stationary thermal conduc-
tivity process, so the models are limited to determining the 
temperature only by spatial coordinates. The boundary value 
problems were solved for a medium with one foreign element, 
which does not reduce the generality of the study.

The disadvantage of the study is the simplification of mod
els, which do not take into account nonlinear effects of heat 
transfer in heterogeneous structures, as well as the lack of ex-
perimental verification. The disadvantage associated with the 
simplification of models will be eliminated in further studies by 
devising more complex models. As for the experimental data, 
there are certain difficulties associated with reproducing lo-
calized thermal processes in real designs of electronic devices.

Further research will focus on the construction of mathe-
matical models of heat transfer for media with several foreign 
elements, for a non-stationary heat conduction process, as 
well as taking into account the influence of thermal radiation.

7. Conclusions 

1. A mathematical model of heat transfer in the structural 
units of electronic devices containing a foreign element of 
a parallelepiped shape, under the action of a heat flux locally 
concentrated in a rectangular region on the boundary surface of 
the medium, has been built. The solution to the corresponding 
boundary value problem is an analytical-numerical expression 
in the form of an improper integral with an infinite upper limit. 
In order to determine the approximate values of the tempera-
ture on the surfaces of the foreign element, a system of linear 
algebraic equations has been formed, the coefficients of which 
contain integrals with infinite limits. As a result of performing 
certain mathematical transformations, these integrals have been 
reduced to integrals with finite limits. Further, the use of numer-
ical integration according to the 3/8 Newton method provided 
the determination of the numerical values for coefficients in the 
system of linear equations, which was solved by the iterative 
method. The determination of the temperature distribution in 
the space of the medium obtained in this way was achieved with 
an accuracy of 10–6, which significantly exceeds the possibilities 
of using traditional numerical methods or experimental mea-
surements to solve similar boundary value problems.

2. A mathematical model of heat transfer in structural 
units of electronic devices with a foreign cylindrical element 
in which internal heat sources are evenly distributed has been 
constructed. An analytical-numerical solution has been ob-
tained for the corresponding boundary value problem, on the 
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basis of which, using numerical integration of the improper in-
tegral, the temperature values for selected geometric and ther-
mophysical parameters have been determined with an accuracy 
of 10–6. A numerical experiment confirms that to ensure such 
accuracy, the segment-constant approximation of the tempera-
ture on the conjugation surfaces of inhomogeneous materials 
requires nine divisions of the corresponding intervals.
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