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This study explores a rectangular metal wave-
guide with narrow impedance walls, described by
equivalent impedance-type boundary conditions.
The task addressed is to build an effective mathemat-
ical model for analyzing waveguides with non-ide-
ally conducting and irregular boundary surfaces,
by determining their dispersion characteristics and
wave propagation constants.

An approach based on the Fourier method and
Leontovych impedance boundary conditions has
been proposed. This has made it possible to avoid the
complications associated with the vector statement
of the problem and obtain transcendental equations
for determining the propagation constants of bulk
and surface waves. The dispersion equation was
analytically solved and the eigenwave parameters
were calculated in a wide range of surface imped-
ance values.

The analytical results made it possible to verify
correctness of the approach from a physical point
of view; they could facilitate the optimization of
parameters for the basic structure to the require-
ments of a specific microwave device. This is due to
the use of an impedance boundary condition model,
which adequately takes into account the influence of
losses and reactive properties of the surface on elec-
tromagnetic fields and wave propagation processes
in the waveguide.

In practice, the proposed approach could be
used for the analysis and design of complex peri-
odic microwave structures, in particular, filters,
directional couplers, as well as power distribution
elements between phased array antenna elements.
Through the generalization of research results in the
Jorm of normalization of the impedance and spec-
tral characteristics of the basic waveguide structure,
the obtained characteristics could be used to design
microwave devices in the range from decimeter to
millimeter wavelengths
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1. Introduction

Periodic and non-periodic directional structures consist-
ing of waveguides of rectangular and circular cross-sections
with various inhomogeneities are widely used in microwave
technology. Newer frequencies are being mastered in radio
engineering and telecommunications applications. These in-
clude, for example, 5G/6G communication systems, global
positioning, as well as complexes for their suppression.

The development of new ranges and systems requires
taking into account the level of increasing losses and the
enhancement of surface effects associated with the roughness
of the walls or the application of metamaterials on them,
and through-holes in directional systems. Known numerical
methods are capable of performing appropriate calculation;
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however, only by burdening the full model against the back-
ground of a gap in correspondence between the mathematical
and physical interpretations of the processes.

Instead, impedance boundary conditions make it possible
to adequately take into account these effects without over-
complicating the model: the impedance approach enables
modeling these factors through computationally efficient
boundary conditions. Analytical modeling using the Fourier
method together with impedance boundary conditions pro-
vides quick estimates of key parameters and makes it possible
to easily identify physical patterns. This makes it extremely
useful both at the initial design stages and when optimizing
filters, directional couplers, phase shifters, etc.

Therefore, it is a relevant task to conduct studies aimed
at analyzing the dispersion characteristics of a rectangular




waveguide with narrow impedance walls under a multi-
mode mode.

2. Literature review and problem statement

The analysis of electromagnetic wave propagation in
guide structures usually leads to the formulation of boundary
value problems for Maxwell’s equations with complex bound-
ary conditions. In most practical cases, these problems do not
have rigorous analytical solutions, which requires the use of
either approximate or numerical methods.

The main disadvantages of approximate methods [1] in-
clude the limited range of variation of model parameters.
Numerical methods also have their specific advantages and
disadvantages or limitations. Universal numerical methods
are widely used for guide systems with complex geometry, but
they are disconnected from the physical model. Therefore, un-
der certain conditions, their application causes the emergence
of solutions that do not correspond to the modes present
in the waveguide. This requires either a posteriori filtering
or the imposition of a priori constraints. The assignment of
additional conditions that would suppress fictitious modes re-
quires the researcher to complicate the algorithm for finding
solutions that have physical meaning and correspond to the
waves actually existing in the system.

The authors of [2] provide a cumbersome complex solution
for complex geometry. In [3], a metamaterial is used as an im-
pedance structure. The application of the geometric theory of
diffraction (GTD) method for impedance surfaces is proposed
in [4] but, in its pure form without modifications, the GTD
method leads to significant errors. The finite element method
is discussed in [5, 6], but it is resource-intensive and therefore
impractical. The impedance method in combination with the
finite element method for calculating losses in the structure of
an H-plane waveguide [7] requires a careful choice of impedance
and mesh values for reliable results. Studies [8, 9] consider the
numerical analysis of bandpass filters and low-pass filters based
on waveguides with complex geometry and require cumbersome
calculations. The same applies to the numerical analysis of mul-
tiband filters and multiplexers with higher harmonics [10, 11].

Depending on the type and magnitude of the waveguide
unevenness, one chooses among narrowly specialized meth-
ods. For small unevenness, asymptotic approaches are usually
used. As a result of the analysis of the non-strict Galerkin
equation in the mixed statement for Maxwell’s equations [12],
an incorrect reproduction of boundary conditions on complex
boundaries occurs. In [13], the boundary value problem is
solved by the method of parabolic equations. This method
gives significant errors due to the basic assumption of unidi-
rectional paraxial wave propagation.

In [14], an infinite waveguide with inhomogeneous losses
is considered, where the problem is the inhomogeneity of the
boundaries. The authors of [15] propose a semi-analytical solu-
tion to the diffraction problem but, in this case, there is both
slow convergence of the series and the presence of global errors
of the solution. Numerical methods for solving the scattering
problem in periodic waveguides are considered in [16]. At the
same time, it was not possible to avoid the general drawback of
numerical methods, namely, sensitivity to space discretization,
as well as the danger associated with the loss of physical clarity
of the process. In work [17], the results of the study on the spec-
tral characteristics of guided modes in smoothly irregular wave-
guides using the symbolic method are reported. The authors

were unable to get rid of the cumbersomeness of analytical
expressions. In addition, the instability of the convergence of
the result is observed in the presence of large-scale calculations.

From a practical point of view, work [18] is interesting;
it combines modern methods of machine learning and domain
decomposition. All this was intended to solve partial differen-
tial equations. But such a combination of methods failed to
overcome the violation of strict agreement at the boundaries
of subdomains and the accumulation of errors when "gluing”
subdomains. In addition, a large amount of training data is
required for training. The complex numerical statement of the
boundary value problem for a waveguide using the impedance
method in surface acoustic modeling is discussed in [19]. Here,
poor reproduction of the mode structure of the waveguide and
the dependence of accuracy on frequency are observed. The
full-wave Galerkin method in the time domain in combina-
tion with the use of the finite element method for analyzing
electromagnetic field modes was used by the authors of [20].
However, the temporal nature of the method, the presence of
time dispersion, the appearance of parasitic modes during the
solution, together with high computational costs, make it less
effective and less accurate than the direct spectral statement of
the eigenproblem in boundary value methods.

The estimation of the threshold value of the penalty coef-
ficient and the limiting value of the time step for the Galerkin
method with a gap in the time domain using the Helmholtz
equation is discussed in [21]. This method provides stability
and accuracy only with a very careful selection of parameters.
Limiting the time step increases computational costs. The dif-
ficulties of using this approach are associated with increased
sensitivity to geometry, grid cell size, and electrophysical
properties of the medium.

The superconvergent Galerkin method with a gap in the
simulation of high-frequency waves [22] requires careful mesh
preparation and preservation of high-order elements during
calculations. It is sensitive to stabilization parameters and is
limitedly effective for complex, multi-scale, or very high-fre-
quency problems. The approach in[23] based on Green’s
functions for Neumann boundary conditions turns out to be
numerically complex due to the singularity of the derivatives
and is sensitive to geometry, especially in the high-frequency
region. Accordingly, it requires dense discretization and special
numerical schemes, in particular, for the implementation of the
process of regularization of singular integrals.

In [24], the definition of constant propagation is con-
sidered, but in a conical segment of a slotted rectangular
waveguide. The analysis of integral equations of three-dimen-
sional rectangular waveguide microwave structures using
Green’s functions, the calculation of which is accelerated by
the Ewald method, is given in work [25]. The method has
geometric and frequency limitations and requires significant
computational resources. At the same time, it is quite complex
to implement and sensitive to the settings of the accelerating
parameters of the computational process.

For many practical applications, it is extremely important
to determine the dispersion characteristics as accurately as pos-
sible. In such cases, the impedance method [1] offers an effec-
tive and physically meaningful approach to the analysis of the
propagation of electromagnetic waves in complex waveguide
systems. However, an analytical solution to the electrodynam-
ic problem of two coupled irregular lossy waveguides operat-
ing under a multimode mode has not yet been obtained. The
calculation of the electrical characteristics of such structures
is complicated by the presence of a large number of auxiliary



waveguides and coupling holes of different diameters. Such
complexity of the design requires the development of a com-
putational model that makes it possible to analyze factors
affecting the surface impedance parameters of a narrow wall
of an irregular waveguide.

One of the possible options for overcoming the specified
difficulties may be the use of analytical modeling. This is the
approach used in [1]. However, in the case of its direct use,
this does not deprive the final result of analytical cumber-
someness and, as a result, leads to the lack of obviousness of
its physical interpretation.

Summarizing the tasks not yet solved in the reviewed liter-
ature [1-25], which concern the determination of the influence
of different types of impedance on the dispersion characteris-
tics of the key structure in a wide range of frequency changes
and impedance parameters, two main groups can be identified.
A first issue is the extreme complexity and cumbersomeness
of analytical solutions, especially for problems in vector state-
ment. A second issue concerns the high requirements for com-
putational resources to obtain numerical results of the required
level of accuracy. One of the possible ways to overcome these
problems is to use a combination of Leontovych impedance
boundary conditions with the Fourier method.

3. The aim and objectives of the study

The purpose of our study is to determine the influence of
different types of impedance on the dispersion characteristics
of a rectangular waveguide with narrow impedance walls in
a wide range of frequency and impedance parameters using
the Fourier method and Leontovych impedance boundary
conditions. This will make it possible not only to reduce the
complexity of analytical expressions but also derive a solution
analytically. At the same time, the requirements for the calcu-
lation process are reduced.

To achieve this goal, it is necessary to solve the following
tasks:

- by setting and further solving the boundary value prob-
lem, derive a dispersion equation for a key structure with one
and two impedance walls;

- to determine the frequency dependence of the phase
velocity of surface and bulk waves for a wide range of gener-
alized parameters of the impedance structure;

- to categorize waves and define their critical values (per-
turbation and transformation conditions in the key structure);

- to calculate dispersion characteristics of the waveguide’s
eigenwaves for different types of surface impedance in a wide
range of its possible values, corresponding to both dielectrics
of natural origin and artificial media.

4. The study materials and methods

The object of our study is a rectangular waveguide with
narrow impedance walls, described by equivalent impedance-
type boundary conditions. The hypothesis of the study as-
sumes the validity of applying approximate Leontovych bound-
ary conditions to the selected key structure (Fig. 1).

The assumptions adopted before formulating the boundary
value problem in the form of the Helmholtz equation concern
the restrictions on the variation of the structure parameters,
under the existence of which the impedance boundary con-
ditions are valid. To ensure the validity of the application of

approximate boundary conditions, the periodic structure in the
side narrow walls was replaced by an equivalent smooth im-
pedance surface characterized by a uniform, isotropic surface
impedance Z;. In general, the surface impedance of a narrow
wall is a complex quantity, which makes it possible to take into
account, among other things, losses in the waveguide.
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Fig. 1. Rectangular waveguide with narrow impedance walls

The simplifications of the model concern the homoge-
nization of the boundaries along the narrow walls, which,
accordingly, requires small variations in the geometry of their
surface relative to the wavelength.

A rectangular coordinate system was used, the origin of
which coincides with one of the vertices of the rectangle. The
following notations were used: a is size of the wide wall of the
main waveguide, b is the size of the narrow wall of the main
waveguide. Let the fundamental wave of Hj, type be incident
on the waveguide entrance.

It is expedient to consider the propagation of transverse elec-
tric waves in a rectangular waveguide, the impedance of the nar-
row wall of which (x =0, x = a) is not zero. The impedance of the
narrow walls is due to the presence of, for example, round holes
in them. Let the wide walls of the waveguide (y=0, y=>b) be
characterized by ideal conductivity, and the medium inside the
waveguide by the relative dielectric permittivity &,=1 and mag-
netic permeability z¢. = 1. The process of vibrational perturbation
is considered stationary, and fields of any type have the form of
waves propagating along the z axis. All components of the fields
periodically change according to the exp|j - (e - t - £ - 2)] law. In
further calculations, this factor is omitted.

5. Results of investigating the dispersion
characteristics of a rectangular waveguide with narrow
impedance walls

5.1. Stating the boundary value problem and obtain-
ing the dispersion equation

In the case of TE waves, the longitudinal component H, is
determined from the Helmholtz equation

&*H, &°H
+
axz 8}12

£+y1-H, =0, 1)

where y? =kZ — B2 is the square of the transverse wave num-

ber; ky=w-+/&y- Ly — Wave number of unlimited free space
with dielectric &5 and magnetic y constants of vacuum;
w=2-m-c/A - cyclic frequency; ¢ - speed of light; A — wave-
length; S - longitudinal wave number (propagation constant)
in the directional structure.



By solving the Helmholtz equation (1) for a given direc-
tional system by the Fourier method, an expression for the H,
component was obtained

H, :(Acosyxx+Bsinyxx)'(Ccosyyy+Dsinyyy), )

where A, B, C, D are unknown constants to be determined; y,,
7y are transverse wave numbers along coordinates X, y, respec-
tively: yf =y —75.

Given that the wide walls of the waveguide under con-
sideration are perfectly conducting, the boundary condition
for the tangential component of the electric field E, takes the
following form

_oH,

E
ooy
y

=0. 3)
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0

Solution to (2) can be written as
. nmwo .
Hz:(Acosyxx+Bsmyxx)cosTye ibz, 4)

where from the defined boundary conditions the values are
Yy=n-m/b,n=0,1,2,..

For narrow impedance walls the Leontovych boundary
conditions can be written as

[nE]=Z, [n[nHH ©)]

where n is the normal directed into the impedance wall.
For the problem under consideration, condition (5) will
take the following form:

—atx=0
E,=-Z0-Hy; (6)
—atx=a
E,=Z,-H, @)

where Z?, Z; are in the general case the complex impedances
of the side walls, depending on the frequency.

Boundary conditions (6) and (7) include the E, compo-
nent, which is to be determined. We obtain an expression for
the E, component in terms of the longitudinal component H.

For this purpose, the following system of equations was
used to couple the longitudinal and transverse components:

., OB, . OoH
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where &, and u, are the absolute dielectric and magnetic
constants.

For transverse electric waves, the following expressions
are valid:

. 1 0H
Ey:].w.uo.j. Z’
Yi ox
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yi Ox
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where yi =yZ— 5 is the transverse wave number.

For the convenience of performing further numerical
analysis, a normalized impedance was introduced into the
equation, referred to the characteristic impedance of free space

Zy= 20,
€o

and impedances Z?, Z, which are normalized in the same way:

Z g

Zo (10)
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Now, taking into account (10), we can write the dispersion
equation in the form

(Z? +ZS)~cosyxa+

2
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are quantities normalized to the wave number of free space
ky=w-+Jgo- .

Now, after standard formal transformations, equation (11)
can be written as follows

73 T -(Z? +Zs)~cosyxa+
73+ 22271 )-siny,a=0. (12)

The resulting expression (12) is a dispersion equation with
respect to the transverse wavenumber y,.

5. 2. Solving the dispersion equation for bulk and sur-
face waves

When the impedance has only an imaginary part, the
dispersion equation (12) takes the form of a transcendental
equation of the following form

ﬁn '77x (XS +X's )~cosyxa+

+(77J2c_)2s 'Xg'yjn)'Sin%ca:O‘ (13)

By solving this equation, the propagation constants of
fast (bulk) waves in a waveguide with impedance walls were
obtained.

In the case of slow (surface) waves, the transverse wave
number y, is imaginary and, therefore, in (13) we can intro-
duce the substitution y, — j - yx. Now

2
n-mw
i =7£[b J ,

and equation (13) takes the form of a dispersion equation that
depends on the transverse wavenumber

fi 'yx ()?g +Xs)'ChJ/xa_
~(73+ X,-X0-7% )-shy.a=0.



For a waveguide with one narrow impedance wall, equa-
tions (13), (14) are simplified. Under the condition X? =0,
equation (14) takes the form
_X s @ .

tgya= (15)

X
The conditions for the propagation of electromagnetic
waves in waveguides of different cross-sections are the fulfill-
ment of the inequality 4 < A.,, where A, is understood as the
wavelength measured in free space, at which the propagation
of a wave of this type in the waveguide stops.

5. 3. Classification of wave types and critical values
of wavelengths

From equation (15) an analytical relation was obtained
from which the critical wavelengths in a rectangular wave-
guide with two impedance walls can be determined. The crit-
ical wavelengths correspond to condition 3% =kZ —y?, and,
therefore, after substitution ky — k.,

X, + X0
tek..a= s_—S5 16
S ¢ (16)
the solution to which is
1 X, + X0
lz—arctg S B a7
Aoy 27 1-X,-X°

For a single impedance wall, equation (16) simplifies to:
2
tg kCZr _(M] a= _)E'S L,

b n '\
{5
and takes the following form for waves of type TE,, o, when

XE=+X,:

tgk,a=—-XL. (18)

For inductive reactive impedance, we obtain a solution in
the form

absolute value of the capacitive impedance (line 1), the value
a / Ae also increases, which corresponds to a decrease in the
critical wavelength A, In the case of the inductive impedance
of the waveguide wall (line 2), with an increase in impedance,
the a / A, value decreases, which corresponds to an increase
in the critical wavelength A.,.

tg(ka)
A

H(Jl)

Fig. 2. Graphical analysis of critical wavelengths
of a waveguide with one impedance wall

The conclusions regarding the critical wavelength are con-
firmed by numerical calculations of the normalized values of
the critical wavelengths of the quasi-Hyo and quasi-Hy types
(for a wall with inductive and capacitive impedance) from the
impedance of one wall of the waveguide (Fig. 3) according to
formulae (17) and (20).

Fig. 2 shows that in the structure under consideration,
with the capacitive impedance of the wall, the propagation of
awave of the Hy type is possible, which does not propagate in
waveguides with ideal walls. Physically, this is due to the fact
that in such a structure, the existence of a transverse compo-
nent of the electric field E, on the impedance wall is possible,
which is not possible in a waveguide with ideal walls.

In the case of an inductive impedance of the wall X, the
existence of a wave of the Hy, type becomes impossible (Fig. 2,
line 2). With increasing X L a/ A, decreases, which occurs
with increasing critical wavelength A,

In the structure under consideration, with capacitive imped-
ance, the propagation of both bulk and surface waves is possible.

a 1 S
—:—arctg(XSL). (19) 2/l
Ao 21 -
0.9421- S
- - quasi-Hjo // 35X
For capacitive reactance ( X§ =-X; ) equa-  0.901 |-\ b
tion (16) takes the form 0.86 /
o) YK
_ ¥ 0.819
tgk.,a=+X5. / \'\-\._ i
0.778 —
Its solution is
0.737
a 1 5 ][
— =—arctg( XS ). (20)  0.696
Ao 2m g( g ) /
0.655 !
Fig. 2 illustrates the results of a graphical 0.614
analysis of the critical wavelengths of a wave- /
A ) 0.573 4
guide with one impedance wall. Here, the func- |Zs | Zy)|
2 3 4 5 6 7 8 9 10

tions F =tgk,a, F=-XL, F=+X¢. are plotted:

As follows from Fig. 2, for ideal metal walls,
when the surface impedance is zero, the plots
intersect at point a /A, =0.5, which corre-
sponds to the A = 2a value - the critical wave-
length of the H;, type. With an increase in the

Fig. 3. Dependence of the ratio of value of the wide wall of a waveguide to
the critical wavelength a / A, on the value of the free space normalized
to the wave resistance of the surface impedance modulus |Z; / Z,| for the
quasi-H;o wave for the case of capacitive impedance: (increasing curve) and
inductive impedance (decreasing curve) for one impedance wall



Similar calculations were performed for a waveguide with
two impedance walls. The results of these calculations using
formula (17) are shown in Fig. 4.

Fig. 5 shows the results of the calculation for two im-
pedance walls according to formula (17) and according to
formula (19) for one impedance wall with an inductive imped-
ance in both cases. The dependences of the ratio of the size of
the wide waveguide wall to the critical wavelength a / A, for
the quasi-H,, wave on the value of the impedance modulus
normalized to the free space wave resistance for different
numbers of impedance walls are shown.

The results of investigating the dependence of the ratio
of the size of the wide wall of the waveguide to the critical
wavelength on the modulus of the normalized surface imped-
ance lead to the following generalization. For the quasi-Hjq
wave, the curves have a decreasing character for the inductive
impedance, and an increasing one for the capacitive one, and
this tendency is preserved for both the model with one imped-
ance wall and with two. In contrast, for the quasi-H,, wave,
the curves decrease for the inductive surface impedance in the
case of both one and two impedance walls.

a/ A
0.942

5. 4. Dispersion characteristics of the waveguide’s
eigenwaves

In the considered structure, the propagation of both fast
(bulk) and slow (surface) waves is possible. The existence of
fast waves is determined by the condition

ker < k < kg

where k;, is the wave number of transformation (conversion of
fast waves into surface waves).
The k., value was determined from (18) provided that 7, =0.
Since 7%, =72 +(nn/kob)?, at n=0 and at capacitive im-
pedance X¢

tgyca _ ¢
SR
7xa k,

a

1
19)

,

The limit of the relation in (19) is equal to

lim tg}/ixa =1.
720 y,a

0.901 \

\ quasi-Hjo

0.86 \
0.819

0.778 \‘

0.737 K\
0.696

0.655

0.614 ’/ %\
. / \\

0.573
0.532 j

ot—

S +HXp

—

1 2 3 4 5

75/ 7.
6 7 8 9 o s/ Zil

Fig. 4. Dependence of the ratio of value of the wide wall of the waveguide to the critical wavelength a / 1., on the value of the
inductive impedance modulus normalized to the free space wave resistance (decreasing curve) and the capacitive impedance
modulus normalized to the free space wave resistance (increasing curve) for the quasi-H;y wave in the case
of two impedance walls

a/ e
0.451 \\
0.41 xx
0.369 \
0.328
‘\ S quasi-<Hp
0.287 one impedance
0.246 wall (inductive
. impedance)
0.205
0164 \\ two impedance
\ walls (inductive
0.123 \ impedance)
0.082 . duasitln ——
. pa—
0.041
1Zs/ Zy|
1 2 3 4 5 6 7 8 9 0

Fig. 5. Dependence of the ratio of value of the wide wall of the waveguide to the critical wavelength a / 4., for the quasi-H,y wave
on the value of the impedance modulus normalized to the wave resistance of free space for one and two impedance walls



Therefore, an analytical expression was obtained for ki,

(20)

One of the most important characteristics of any trans-
mission line is the dispersion characteristic, which shows the
dependence of the phase velocity of the wave vy or the nor-
malized propagation constant § on the frequency or wave-
length. The dispersion characteristics have features related to
the structure of the transmission line (its cross-section, the
nature of the change in properties, both in the cross-section
and longitudinal sections, as well as the type of filling of the
transmission line with a certain material).

The calculation of the propagation constants in this work
was implemented in the form of a program to numerically
solve the dispersion equations (13), (14). The values of
the propagation constants of bulk and surface waves were
obtained depending on different values of the surface im-
pedance of the walls and the nature of its
reactance, as well as for different values of §

(quasi-Hyo) and combined (surface, which turns into bulk).
Analyzing these plots, we can say that for the quasi-H;, wave,
for changes in |Z;/ Z,| from 0 to 2, § changes by 33%, and
for changes in |Z; / Z,| from 2 to 10 - by 32%. In this interval
of |Zs/ Z,| values, B changes weakly. The nature of change
in the combined wave is as follows: in the |Z;/ Z,| interval
from 0 to 2, a sharp f, change is visible, and then § changes
weakly, approaching the value of the propagation constant of
a regular waveguide.

In the case of two impedance walls (Fig. 9), in this struc-
ture at a / A = 0.8, the propagation of three types of waves is
possible: bulk (quasi-Ho) and two surface waves.

When |Zs / Z,| — 0, the quasi-H;, wave transforms into an
H,o wave with ideal walls while the surface waves degenerate.
Thus, for certain |Z;/ Z,| values, the bulk wave undergoes
clipping. With increasing |Z;/ Z,|, § decreases, and for the
first wave it tends to unity, and the second wave transforms
from surface to bulk. The splitting of surface waves occurs
under the condition |Z;/ Z,| = 1.

the frequency (wavelength) of the source. 1
The wavelength range was chosen from the

—

condition of single-mode propagation of 09 +0.5j
the wave H;o in a waveguide with smooth 08 / /Il//I }) 1.0f
metal walls. / /,/ < S

Fig. 6 shows the dependence of the con- (7 / +5.0j
stant of propagation of the quasi-H;, wave / / —_

on a/A in a wide range of values of the 0.6

inductive impedance Z;/ Z,=+0.5j; +1.0j;

+5.0j; +10.0j. 0.5

The dependences of the propagation con-
0.4

/ +10.0j
/.

stant on the normalized to the wavelength
size of the wide wall for different types of

/ quasirH;o

waves existing in the structure (Fig.6,7) 03

show the presence of normal dispersion, the 5

a/\

value of which depends on the wavelength 0.1 02
and the impedance value, decreasing with
increasing impedance value and decreasing

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 6. Dependence of the propagation constant ﬁ of the quasi-Hjg wave

wavelength.

In Fig. 7, similar dependences are plot-
ted, but in the case of two walls with ca-
pacitive impedance for the same values of
the normalized surface impedance. Unlike
inductive impedance, with capacitive imped-
ance of the walls, all dispersion curves are
shifted to the region of shorter wavelengths,
since in such structures the critical wave-
lengths are smaller. The shift to the region of
shorter wavelengths depends on the imped-
ance value, increasing with its increase, and
can be quite large.

The dispersion equation was also solved
for surface waves. Its analysis revealed that
surface waves in the considered structure
can propagate only if the narrow walls
of the waveguide have a capacitive imped-
ance (Fig. 8).

Fig. 8 shows the dependence of the nor-
malized propagation constant f on different
|Zs /| Z,| values for a / A =0.8. It can be seen
that for changes in |Z;/ Z,| from 0.1 to 10
in a rectangular waveguide with one im-
pedance wall, two waves are disturbed: bulk

on the ratio of the size of the wide waveguide wall to wavelength a / 4
for different values of the inductive impedance normalized to the free space
wave resistance in the case of a single impedance wall
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Fig. 7. Dependence of the propagation constant ﬁ of the quasi-H;o wave
on the ratio of the size of the wide wall of a waveguide to wavelength a / 4
for different values of the capacitive impedance in the case of a single
impedance wall
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6. Discussion of results based on investigating the
dispersion characteristics of a rectangular metal
waveguide with narrow impedance walls

The peculiarities of the approach to solving the problem
of eigenwaves of the key structure consisted in combining the
Fourier method with the use of Leontovych impedance bound-
ary conditions. This allowed us to construct two dispersion
equations for two types of waves: bulk (13) and surface (14).

To obtain the main result — an analytical solution to the
dispersion equations - certain simplifications were intro-
duced into the key structure, namely, first, one impedance
wall was left, and then two. It was this simplification that
made it possible to analytically find an expression for deter-
mining the critical wavelengths in such a structure (17), (19),
(20) and to carry out a numerical analysis of the structure.

Analysis of the results of our computational experiment of
ratios (17), (19), (20) was used to determine the types of waves
that can propagate in the key model structure in the presence

of one or two impedance walls. From Fig. 3, 4, it is possible
to determine the transformation point - the transition from a
bulk wave to a surface wave, and vice versa. In the process of
research, it was found that in such a structure, unlike a metal
waveguide, a Hy, wave can propagate, which physically means
the presence of a transverse component E, in the structure of
the electric field.

The presence of inductive walls in the structure leads
to a shift of the critical frequency to the lower frequency
region (Fig. 2, 6). This corresponds to the effect of the wave-
guide expansion without its physical expansion. The presence
of walls with capacitive impedance leads to a shift of the
frequency to the higher frequency region (Fig. 2, 7), which
corresponds to the narrowing of the waveguide, but without
an actual corresponding change in geometry. The magnitude
of the shift depends on the impedance of the waveguide walls
and practically does not change for large (more than 10) val-
ues of the inductive impedance modulus normalized to the
wave resistance.



The dependences of propagation constants of bulk and
surface waves on different values of the surface impedance
of both inductive (Fig. 7) and capacitive (Fig. 8) nature were
obtained. In a wide range of changes in the normalized wave-
length a / A (from 0.1 to 1.6), the presence of normal disper-
sion for the quasi-H;o, wave was revealed.

This frequency behavior of the eigenwaves of the key
structure can be explained by the presence of dispersion in
the characteristics of impedance materials. At the same time,
it becomes possible to control the frequency characteristics of
the structure without changing its geometry.

For the model with two impedance walls, more complex
physical processes of transformation of wave types into one
another are inherent. Therefore, in this case, both normal and
anomalous dispersions are observed. As can be seen from Fig. 8,
when changing the |Z; / Z,| values from 0.1 to 10, two waves are
excited in a rectangular waveguide with one impedance wall:
bulk (quasi-H;) and combined (surface, which passes into bulk).
In the case of two impedance walls, a whole spectrum of both
bulk and surface waves is excited. For example, quasi-Hj, is cut
off at the value of the normalized impedance |Z; / Z| = 1.5, but
with an increase in |Z; / Z,|, the phase velocity of surface waves
normalized to the wave number of free space decreases, and for
the first wave it tends to unity, and for the second wave it passes
from surface to bulk. In this case, the splitting of surface waves
occurs under the condition |Z; / Z,| =1 (Fig. 9).

As a result of the numerical solution of the transcendental
equations, the values of the propagation constants of bulk and
surface waves were obtained depending on different values of
the surface impedances in a wide range of changes in the nor-
malized width of the waveguide to wavelength a / A. A strong
anomalous dispersion of the bulk wave is observed in the
second harmonic region. Here, the value of the propagation
constant decreases with increasing frequency.

Our principal results do not contradict the physical princi-
ples and laws of the interaction of electromagnetic waves and
a rectangular waveguide with narrow impedance walls. In par-
ticular, the key structure in the limiting case of metal side walls
gives a result that is identical to a hollow metal waveguide [2].

The proposed model could be applied to the analysis of
complex aperiodic structures such as directional couplers, filters,
as well as phased array antenna feed networks. The analytical
approach allows for accurate calculation of coupling coefficients
for power transfer between waveguides by mode conversion (e.g.,
TE;o to TMpy). It also facilitates the analysis of aperture-related
losses in high-frequency radar and communication systems. The
statement is valid over the entire operating wavelength range
(decimeter, millimeter, and submillimeter) of waveguide struc-
tures. The key structure and its mathematical model could be
used to analyze the field structure, diffraction coefficients, and to
estimate the magnitude of dissipative losses in the multimode
regime. These tasks will be the subject of future research.

A limitation of our study is the consideration of the detection
of regularities in the dependence of the 8 delay coefficients only
on ratio a /A=0.8, which corresponds to the first harmonic,
and in the range of surface impedance values |Z| from 0 to 10.
At higher values of surface impedance in such structures, the
disappearance of dispersion for the main wave type is observed.

The disadvantages of the study include the fact that not all
inhomogeneities can be modeled by a homogeneous imped-
ance structure, but only those that are small in size relative to
the wavelength.

Further development of our study involves obtaining
dispersion characteristics for waves that are excited in the

key model structure (Fig. 1) in a wider wave range, namely
a/A=1.6; 2.4; 3.2, which corresponds to the second, third,
and fourth harmonics of the fundamental wave H,,. Of cer-
tain practical interest are also studies on the field structure of
the excited wave types and determination of losses taking into
account the complex nature of the surface impedance in the
presence of one and two impedance walls. The latter research
will be useful, in particular, to developers of absorption filters,
namely, harmonic filters of microwave transmitters.

7. Conclusions

1. We have solved a boundary value problem analyti-
cally by reducing it to dispersion equations. The results of
investigating the influence of different types of impedance
on the dispersion characteristics of a rectangular waveguide
with narrow impedance walls in the range of changes in the
relative frequency and modulus of normalized impedance
are presented. This was achieved by combining the Fourier
method with Leontovych boundary conditions. The issue of
extreme complexity and cumbersomeness inherent in analyt-
ical methods was overcome by reducing the boundary value
problem to transcendental dispersion equations.

2. Two types of perturbed waves in a rectangular wave-
guide with narrow impedance walls have been determined:
bulk and surface. Dispersion equations for these waves were
built. Factors that affect the parameters of such structures
were determined, in particular, the magnitude and nature of
the surface impedance and the operating wavelength. Disper-
sion equations were derived for two types of key structures
- with one and two impedance walls.

3. The classification of wave types and analytical deter-
mination of critical wavelength values for a model with one
and two narrow walls has been carried out. It is shown that
bulk (fast) and surface (slow) waves can exist in such a struc-
ture. The presence of wave types propagating in it is indicated.
The problem related to high requirements for computational
resources to obtain numerical results of the required level of
accuracy does not even arise in this case because the critical
wavelengths are determined precisely analytically. It is estab-
lished that for the fundamental wave of the quasi-H;, struc-
ture, with an increase in the normalized impedance modulus
at small impedance values, the deceleration coefficient initial-
ly decreases quite quickly. However, with a further increase in
impedance, the rate of decrease of the deceleration coefficient
decreases sharply due to the approximation of the quasi-Hj,
wave propagation conditions to the corresponding conditions
in a regular waveguide.

4. When determining the dependence of the propagation
constants of fast and slow waves on the surface impedance,
the fact of the presence of a strong anomalous dispersion of
the fast wave for the second harmonic has been established.
In this case, the value of the propagation constant decreases
with increasing frequency by 33-35%. When the surface
impedance tends to zero, the quasi-H;o wave turns into the
H, wave with ideally conducting side walls, and the surface
waves degenerate. Thus, when the normalized modulus of the
surface impedance is equal to 1.5, the bulk wave undergoes
clipping. With a further increase in the surface impedance, the
first wave turns into a wave of an empty waveguide, and the
second wave is transformed from surface to bulk. The splitting
of surface waves occurs at the point where the normalized val-
ue of the modulus of the surface impedance is equal to unity.



Conflicts of interest

Use of artificial intelligence

The authors declare that they have no conflicts of interest
in relation to the current study, including financial, personal,
authorship, or any other, that could affect the study and the

The authors confirm that they did not use artificial intelli-
gence technologies when creating the current work.

results reported in this paper.

Authors’ contributions

Funding Ludmila Logachova: Conceptualization, Methodology,

The study was conducted without financial support.

Validation, Formal analysis, Visualization, Writing — original
draft; Tetiana Bugrova: Conceptualization, Methodology,
Validation, Formal analysis, Visualization, Writing - original
draft; Mikhail Chornoborodov: Validation, Supervision,

Data availability Writing - original draft; Sergii Morshchavka: Validation,

All data are available in the main text of the manuscript.

Formal analysis, Visualization; Natalia Chornoborodova:
Formal analysis, Visualization, Writing - review & editing.

References
1. Gowrish, B., Mansour, R. R. (2020). A Novel Bandwidth Reconfigurable Waveguide Filter for Aerospace Applications. IEEE Micro-
wave and Wireless Components Letters, 30 (6), 577-580. https://doi.org/10.1109/lmwc.2020.2989283
Yuferey, S. V. (2009). Surface Impedance Boundary Conditions. CRC Press. https://doi.org/10.1201/9781315219929
Guha, R., Wang, X., Tang, X., Varshney, A. K., Ghosh, S. K., Datta, S. K. et al. (2021). Metamaterial assisted microwave tubes: a review.
Journal of Electromagnetic Waves and Applications, 36 (9), 1189-1211. https://doi.org/10.1080/09205071.2021.2016499
4. Gaucher, S., Guiffaut, C., Bui, N., Reineix, A., Cessenat, O. (2023). Angle-Dependent Face-Centered SIBC Model of Metamaterial in Con-
formal FDTD Methods. IEEE Transactions on Antennas and Propagation, 71 (9), 7438-7446. https://doi.org/10.1109/tap.2023.3297330
5. Larson, M. G., Bengzon, F. (2013). The Finite Element Method: Theory, Implementation, and Applications. Texts in Computational
Science and Engineering. Springer Berlin Heidelberg. https://doi.org/10.1007/978-3-642-33287-6
6. Beilina, L., Ruas, V. (2022). On the Maxwell-wave equation coupling problem and its explicit finite-element solution. Applications of
Mathematics, 68 (1), 75-98. https://doi.org/10.21136/am.2022.0210-21
7. Jiang, H., Cércoles, J., Ruiz-Cruz, J. A. (2025). Fusing Leontovich Boundary Conditions and Scalar 2-D FEM to Compute Lid and
Lateral Wall Losses in H-Plane Waveguide Devices. IEEE Microwave and Wireless Technology Letters, 35(6), 764-767. https://
doi.org/10.1109/lmwt.2025.3557266
8. Hinojosa, J., Maximo-Gutiérrez, C., Alvarez-Melcon, A. (2023). Design of Evanescent Mode Band-Pass Filters Based on Groove Gap
Waveguide Technology. https://doi.org/10.2139/ssrn.4332500
9. Marini, S., Rueda, A. S., Soto, P., Nieves, E. G., Boria, V. E. (2026). Design of Low-Pass Corrugated Filters Based on Half-Mode Groove
Gap Waveguide Technology. Electronics, 15 (1), 234. https://doi.org/10.3390/electronics15010234
10. Zhou, K., Wu, K. (2023). Substrate Integrated Waveguide Multiband Bandpass Filters and Multiplexers: Current Status and Future
Outlook. IEEE Journal of Microwaves, 3 (1), 466-483. https://doi.org/10.1109/jmw.2022.3227131
11. Shen, Y., Zhang, T., Luo, L., Zhu, H., Chen, L. (2025). 4 X 4 Wideband Slot Antenna Array Fed by TE440 Mode Based on Groove Gap
Waveguide. Electronics, 14 (4), 813. https://doi.org/10.3390/electronics14040813
12. Zaghdani, A., Hasnaoui, A., Sayari, S. (2024). Analysis of aWeak Galerkin Mixed Formulation for Maxwell’s Equations. Kragujevac
Journal of Mathematics, 50 (3), 387. https://doi.org/10.46793/kgjmat2603.387z
13. Abdikalikova, G. (2025). Solvability of the Boundary Value Problem for a System of Parabolic Equations. Mathematical Methods in
the Applied Sciences, 49 (5), 4328-4339. https://doi.org/10.1002/mma.70348
14. Shusharin, M. M., Svetkin, M. L., Bogolyubov, A. N., Erokhin, A. I. (2021). Mathematical Modeling of Infinite Waveguides with
Inhomogeneous Losses. 2021 Photonics & Electromagnetics Research Symposium (PIERS), 92-97. https://doi.org/10.1109/
piers53385.2021.9694768
15. Osipov, A. V. (2021). A Semi-Analytical Solution of the Impedance-Wedge Problem. 2021 International Conference on Electromagnet-
ics in Advanced Applications (ICEAA), 193. https://doi.org/10.1109/iceaa52647.2021.9539554
16. Zhang, R. (2021). Numerical methods for scattering problems in periodic waveguides. Numerische Mathematik, 148 (4), 959-996.
https://doi.org/10.1007/s00211-021-01229-0
17. Divakov, D. V., Tyutyunnik, A. A. (2022). Symbolic Investigation of the Spectral Characteristics of Guided Modes in Smoothly Irregular
‘Waveguides. Programming and Computer Software, 48 (2), 80-89. https://doi.org/10.1134/s0361768822020049
18. Heinlein, A., Klawonn, A., Lanser, M., Weber, J. (2021). Combining machine learning and domain decomposition methods for the
solution of partial differential equations — A review. GAMM-Mitteilungen, 44 (1). https://doi.org/10.1002/gamm.202100001
19.

Anaya, S. G., Moura, H. G., Teodoro, E. B., Miranda, R. F. d., Mufioz, D. M. (2025). A comprehensive digital waveguide formulation us-
ing the impedance method for acoustic simulation. Mechanical Systems and Signal Processing, 224, 112047. https://doi.org/10.1016/
j-ymssp.2024.112047



20.

21.

22.

23.

24.

25.

Arab, H., Wang, D., Wu, K., Dufour, S. (2022). A Full-Wave Discontinuous Galerkin Time-Domain Finite Element Method for Electro-
magnetic Field Mode Analysis. IEEE Access, 10, 125243-125253. https://doi.org/10.1109/access.2022.3222359

Wang, P, Shi, Y., Ban, Z. G., Zhu, S. C., Yang, Q., Li, L. (2020). Penalty Factor Threshold and Time Step Bound Estimations for Dis-
continuous Galerkin Time-Domain Method Based on Helmholtz Equation. IEEE Transactions on Antennas and Propagation, 68 (11),
7494-7506. https://doi.org/10.1109/tap.2020.2998585

Feng, H., Chen, C., Wang, Y.-D., Wang, Y.-Y., Chen, H., Yin, W.-Y, Zhan, Q. (2025). A Superconvergent Discontinuous Galerkin Meth-
od Alleviating Numerical Dispersion in High-Frequency Wave Modeling. IEEE Transactions on Microwave Theory and Techniques,
73 (11), 8573-8584. https://doi.org/10.1109/tmtt.2025.3591719

Franklin, J. (2025). Green’s Functions for Neumann Boundary Conditions. Mathematics, 13 (21), 3399. https://doi.org/10.3390/
math13213399

Abdullin, R., Narudinov, R. (2021). Propagation Constant in Tapered Segment of Slotted Rectangular Waveguide. 2021 29th Telecom-
munications Forum (TELFOR), 1-4. https://doi.org/10.1109/telfor52709.2021.9653384

Huéscar de la Cruz, A. M., Gémez Molina, C., Quesada Pereira, F. D., Alvarez Melcon, A., Boria Esbert, V. E. (2024). Efficient Inte-
gral Equation Analysis of 3-D Rectangular Waveguide Microwave Circuits by Using Green’s Functions Accelerated With the Ewald
Method. IEEE Transactions on Microwave Theory and Techniques, 72 (10), 5709-5720. https://doi.org/10.1109/tmtt.2024.3388193



