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The object of this study is steady two-dimension-
al incompressible viscous flow in L-shaped channels
with different bend angles. The problem to be solved is
to determine how the bend angle affects the flow pat-
tern and hydraulic losses. Two geometries are com-
pared: channels with 45° and 90° bends. The compu-
tations are carried out for Re = 500, 1000, and 2000.
The flow is described by the stationary Navier-Stokes
equations, which are solved by the finite element
method. Newton’s method is used to solve the non-
linear system. The comparison is performed under
the same boundary conditions and computational
parameters.

The results are analyzed using velocity and pres-
sure fields, stream-function distributions, pressure
drop, loss coefficient, and Euler number. The calcula-
tions show that the 90° bend causes a stronger change
in the flow after the corner than the 45° bend. In the
90° channel, the direction of motion changes more
sharply. Therefore, the velocity field downstream of
the bend is more distorted, the gradients are higher,
and recirculation zones become more visible as Re
increases. In the 45° channel, the turn is smoother, so
thevelocity and pressure fields change more regularly.

The integral characteristics confirm this result.
For all Re considered, the 90° bend gives a larger pres-
sure drop than the 45° bend. The loss coefficient and
Euler number vary with Re, but the 90° geometry
remains less favorable. This is explained by stronger
rearrangement of the flow caused by the sharper turn.
The influence of the bend angle is shown both by field
plots and by pressure-loss indicators. The results may
be used in design of ducts, cooling channels, and pipe-
lines when pressure losses in curved parts should be
reduced

Keywords: Viscous flow, L-shaped channel,
incompressible Navier-Stokes equations, finite ele-
ment method

| =,

Received 16.03.2025

Received in revised form 25.05.2026
Accepted 05.06.2026

Published 29.06.2026

1. Introduction

Channels with bends are used in many engineering
devices, including pipe systems, ventilation ducts, and
cooling channels. When the flow passes through a turn,
the geometry affects the velocity distribution, the pressure
drop, and the possible appearance of recirculation zones.
For incompressible viscous fluids, these processes are usu-
ally modeled by the Navier-Stokes equations. The equations
consist of the momentum balance and the incompressibility
condition. Since exact solutions are available only for simple
cases, numerical methods are needed for most channel-flow
problems.

Here it is possible to use the steady Navier-Stokes model.
This formulation is appropriate when the flow is treated as
time-independent or when the established flow regime is of
primary interest. The steady problem is simpler than the full
time-dependent problem, but it is still nonlinear because of
the convective term. The effect of this term becomes stronger
at larger Reynolds numbers.
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For a finite element approximation of incompressible flow,
the velocity and pressure spaces must be chosen carefully.
Some pairs of spaces can lead to unstable pressure approxima-
tions. This issue is related to the inf-sup, or Ladyzhenskaya-Ba-
buska-Brezzi, condition. In this work, Taylor-Hood elements
are used. The velocity is approximated by quadratic functions,
and the pressure is approximated by linear functions.

The finite element method is suitable for the present
problem because the channel geometry is not rectangular.
The Navier-Stokes equations are written in weak form, and
then the unknown velocity and pressure are approximated in
finite-dimensional spaces. This procedure gives a nonlinear
algebraic system. In the computations below, this system is
solved by Newton’s method.

The numerical implementation is done in FEniCS. In this
environment, the weak formulation can be written in a form
close to the mathematical notation, while the assembly of
the finite element matrices is performed automatically. This
makes it convenient to test different channel geometries and
boundary conditions.
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Therefore, the studies of incompressible viscous flow in
channels with bends is relevant for engineering flow systems.
The bend angle can change the velocity distribution, pressure
drop, and formation of recirculation zones. These effects are
important when estimating hydraulic losses in pipe systems,
ventilation ducts, and cooling channels.

2. Literature review and problem statement

The finite element method is widely used for nonlinear and
incompressible flow problems. The work [1] considers numer-
ical methods for nonlinear variational problems and is useful
because the finite element discretization of the stationary Na-
vier-Stokes equations leads to a nonlinear algebraic problem.
However, this work does not study the influence of channel
geometry on hydraulic losses. In [2], a finite element approxi-
mation of the stationary Navier-Stokes equations is analyzed,
including stability, convergence, and error estimates for veloc-
ity and pressure. This source gives a mathematical basis for
the present numerical method, but it does not consider bent
channels or pressure losses caused by a change in geometry.
The paper [3] presents finite element modeling using FEniCSx
and parallel processing. Its main value for the present work is
computational, but it does not analyze the flow in L-shaped
channels. The books [4] and [5] describe the theory and imple-
mentation of the finite element method. They are useful for the
weak formulation and finite element approximation, but they
do not study the physical effect of a 45° or 90° bend.

Thus, the works [1-5] justify the use of FEM for nonlinear
flow problems. However, their aim is mainly mathematical
or computational. They do not answer the engineering ques-
tion considered in this paper: how the bend angle affects the
velocity field, pressure distribution, recirculation zone, and
hydraulic losses.

The influence of bends on flow structure and losses has
been studied in several experimental and numerical works.
In [6], experimental and CFD studies showed that the bend
shape of a pipeline channel affects wall damage. In particu-
lar, a 45° bend caused less damage than a 90° bend. This re-
sult confirms the importance of bend geometry. However, the
main quantity studied in [6] is wall damage, not the pressure
field, stream function, Euler number, or recirculation zones
in a two-dimensional L-shaped channel. In [7], flow after an
angled pipe bend was studied using laser velocity measure-
ments. The authors analyzed Dean vortices and showed that
a pipe bend can produce complex three-dimensional flow.
This work is important physically, but it deals with turbulent
three-dimensional pipe flow, while the present paper consid-
ers a stationary two-dimensional model.

The works [8] and [9] are closer to the present problem
because they consider two-dimensional miter bends. In [8],
flow in a two-dimensional constant-width 90° miter bend
was studied, and it was shown that the sharp bend strongly
affects the downstream mean flow. However, only the 90°
bend was considered, so the influence of the bend angle was
not studied by comparison with a 45° geometry. In [9], fluid
flow and heat transfer in a two-dimensional miter bend were
analyzed. The authors compared pressure losses, velocity
distributions, streaklines, and numerical results. This work
is close to the present study because the Reynolds numbers
were of the order of 2000. However, it also does not give a
direct comparison of 45° and 90° L-shaped channels under
the same boundary conditions.

In [10], pressure-driven flow in microchannels with mi-
ter bends was studied experimentally. The authors showed
that bends can lead to additional pressure losses and vortex
formation. However, the geometry and scale of the problem
are different from the present two-dimensional L-shaped
channel. In [11], the pressure-loss coefficient of 90° sharp-an-
gled miter elbows was measured for a wide range of Reynolds
numbers. This work is useful for comparison of pressure
losses, but it is limited to 90° miter elbows and does not
compare 45° and 90° channels. In [12], head losses and loss
coefficients were studied experimentally for 45° and 90° PVC
pipe elbows. This work confirms that the bend angle affects
local hydraulic losses. However, it considers pipe elbows and
a different Reynolds-number range, so its results cannot be
directly transferred to the present two-dimensional model.

Therefore, the works [6-12] show that bends can change
the velocity distribution, produce recirculation zones, and
increase pressure losses. At the same time, they leave part of
the problem unexplored. Most of them consider pipe elbows,
ducts, microchannels, turbulent regimes, or only 90° bends.
This is mainly due to the fact that experimental works are
usually connected with real engineering pipe systems, where
three-dimensional effects and secondary flows are import-
ant. As a result, there is still a need for a separate two-dimen-
sional comparison of 45° and 90° L-shaped channels under
the same computational conditions.

Other works are focused on numerical methods for com-
plex domains. In [13], stationary incompressible flow around
a cylinder was modeled using FEM, FEniCS, and Gmsh. The
results agreed with the DFG 2D-1 benchmark values, which
shows that FEniCS can be used for laminar incompressible
flow problems. However, this is a benchmark problem and
not a comparison of bent channels. The paper [14] considers
a numerical algorithm for the Navier-Stokes equations and
its CUDA implementation. This work is relevant for compu-
tational efficiency, but it does not study the influence of bend
angle. In [15], the Navier-Stokes equations in doubly connect-
ed domains were studied using the fictitious-domain method.
In [16], a related fictitious-domain approach was applied to
problems with complex curvilinear boundaries. In [17], a
modified fictitious-domain method with Brinkman penal-
ization was considered for unsteady Navier-Stokes equations.
These works are important for treating complex domains,
but their main aim is the numerical method, not the hydrau-
lic comparison of 45° and 90° bends. In [18], a coordinate
transformation method was used for Navier-Stokes equations
in stream-function and vorticity variables. This work shows
another way to work with complex geometry, but it does not
analyze pressure losses in L-shaped channels.

Thus, the works [13-18] show that complex flow domains
can be treated by different numerical approaches. However,
they do not study the particular geometric question consid-
ered here: how the bend angle changes recirculation and
hydraulic losses when all other computational conditions are
the same. This is because these works are mainly focused on
numerical methods for complex domains, benchmark com-
putations, or computational efficiency, while the comparison
of hydraulic losses for different bend angles is outside their
main purpose.

The stationary Navier-Stokes model is suitable for many
engineering problems where an established flow regime is
considered. The book [19] describes the physical basis of
pressure losses, flow separation, recirculation, and the role
of the Reynolds number. However, it gives general physical



information and does not solve the present two-dimensional
L-shaped channel problem. The book [20] gives a mathemat-
ical treatment of steady-state Navier-Stokes problems and
supports the use of the stationary incompressible model.
However, it does not compare different channel geometries.
Taylor-Hood finite elements are a common stable choice for
incompressible flow problems. The source [21] describes fi-
nite element methods and automated solution of differential
equations, including tools used in FEniCS. The works [22-24]
describe numerical methods, the FEniCS project, and tutorial
aspects of solving partial differential equations in Python
with FEniCS. These works are useful for implementation,
but they do not analyze the physical influence of bend angle.
The paper [25] gives an example of FEniCSx implemen-
tation for a heat conduction problem, but it is not devoted
to Navier-Stokes flow. The paper [26] describes Gmsh as a
mesh generator, which is relevant for building meshes in
the present work. The paper [27] uses Newton’s method for
a nonlinear algebraic system, which is relevant because the
stationary Navier-Stokes equations also require a nonlinear
solver. However, [25-27] mainly support the computational
tools and do not study the flow in bent channels. These sourc-
es are used mainly to justify the mathematical model, finite
element approximation, software tools, mesh generation, and
nonlinear solver; therefore, they do not address the physical
influence of the bend angle.

The analysis of the cited works allows the unresolved
part of the problem to be stated as follows. The finite element
method, the stationary Navier-Stokes model, FEniCS imple-
mentation, mesh generation, and nonlinear solvers are well
developed. Also, many studies show that bends and elbows
influence flow structure and pressure losses. However, the
available works do not give a direct comparison of steady
two-dimensional incompressible flow in L-shaped channels
with 45° and 90° bends under the same Reynolds numbers,
boundary conditions, and numerical method. In particular, it
remains necessary to compare the velocity field, pressure field,
stream function, recirculation zone, pressure drop, hydraulic
loss coefficient, and Euler number for these two geometries.

All this allows to assert that it is expedient to conduct a
study on the influence of bend angle on incompressible viscous
flow in L-shaped channels is relevant for estimating pressure
losses and recirculation zones in engineering flow systems.

3. The aim and objectives of the study

The aim of the study is to identify the influence of
the bend angle on steady incompressible viscous flow in
L-shaped channels using the finite element solution of the
stationary Navier-Stokes equations in velocity-pressure vari-
ables. This will allow estimating which channel geometry
gives smaller recirculation zones and lower pressure losses
in engineering flow systems.

To achieve this aim, the following objectives were accom-
plished:

—to obtain the velocity fields for L-shaped channels with
bend angles of 90° and 45° at the considered Reynolds numbers;

- to obtain the pressure fields for both channel geome-
tries at the considered Reynolds numbers;

- to compute the stream-function fields for both channel
geometries in order to show the recirculation zones;

-to calculate the pressure drop, hydraulic loss coeffi-
cient, and Euler number for both channel geometries.

4. Materials and methods

The object of the study is steady two-dimensional incom-
pressible viscous flow in L-shaped channels with different
bend angles. The main hypothesis of the study is that the
bend angle affects the velocity field, pressure field, recircula-
tion zone, and hydraulic losses. It is assumed that the fluid is
Newtonian and incompressible, and that the flow regime can
be described by the stationary Navier-Stokes equations. These
simplifications make it possible to compare the influence of
the channel geometry under the same numerical conditions.

The physical formulation of the problem consists of
studying the hydrodynamics of pipeline channels. In modern
plumbing, channels with a 45° angle are commonly used.
They provide smoother water flow, reduce pressure losses,
and lower the risk of blockages compared to sharp 90° bends.
This work considers two types of L-shaped channels (Fig. 1).

Fig. 1. L-shaped channels: a — channel with a 90° bend;
b — channel with a 45° bend

As shown in Fig. 2, a, the channel has a sharp 90° bend
in the first configuration. Despite its simplicity, this geome-
try leads to an abrupt change in flow direction in the bend
region, which causes the formation of intense vortices and
significant pressure losses.

In the second configuration, shown in Fig. 2, b, the turn
is achieved not through a single sharp bend, but through two
successive 45° bends. This approach is widely used in modern
plumbing and engineering practice, as the gradual change
in flow direction reduces vortex intensity and decreases the
hydraulic resistance of the system.

To study this type of problem using numerical schemes, let’s
consider a simplified planar case. Let’s consider steady-state
Navier-Stokes problem in a two-dimensional domain Q — R?:

—LV2u+(u-V)u+Vp:0, xe,
Re
X €042,

@
V-u=0,

where the first term in the left-hand side of the first equa-
tion is the viscous term, (u-V)-u - the convective term,
Vp - the pressure gradient, Re - the Reynolds number,
and the domain Q has the shape of a curved channel. The
problem involves determining two fields, namely, the veloc-
ity field u = (u;, uy): Q — R?, a vector field describing the



fluid pressure at each point of the domain, and the pressure
fields, p : 2 — R, a scalar field describing the fluid pressure
at each point of the domain.

A two-dimensional pipeline channel with complex geome-
try is considered as the computational domain shown in Fig. 2.
The domain is divided into three subdomains: Q;, Q,, and Q;:

Ql :{xmin le S'X"max"x"max sz < LZ}’
'QZ = {xmin le S'xmax’xmax < x2 < f(xl )}’
‘QS :{xmax le SLl’xrn'm sz Sxrna.x}’

where x, = f(x;) — a function describing the lower rigid bound-
ary of I, for Xpmin < X1 < Xmax-

A

X,

L,

Q

Xmax

Q

which means that the fluid at a solid wall remains stationary,
and natural boundary condition at the outlet

ou
v _

n=0, xel .
6” p out

@

When numerically solving the posed steady-state prob-
lem (1)-(4) in a curved domain, one of the unresolved issues is
modeling the vertical inlet and horizontal outlet flows depend-
ing on the bending angle. This study examines the dynamics
of velocity and pressure field changes depending on the input
parameters and flow boundary conditions. The choice of do-
main geometry is considered optimal if the recirculation zones
in the bending zone are reduced. Problem (1)-(4) is solved in
terms of velocity-pressure variables, and to study the size of the

recirculation zone, it is necessary to determine the
stream function field. Based on the numerical results
obtained, determining the stream function in curved
domains is a separate problem. Various methods
exist; in this paper, the stream function is found by
introducing a velocity vortex, which leads to the solu-
tion of an elliptic equation for the stream function, on
the right-hand side of which is the velocity vorticity.

4.1. FEniCS package

FEniCS is an open-source package that uses
FEM to solve PDEs by turning scientific models
into effectual finite element code. FEniCS is easy
to get started with and also offers more advanced
capabilities for more knowledgeable users [16-18].
FEniCS requires the PDE to be expressed in the

max

Xmin \

X, = f(xy)

Fig. 2. Geometric diagram of the calculation area of the pipeline channel

The boundary of the computational domain consists of
three parts

o=r,vr ol ,
where I, - the inlet boundary

r

in

{xz = Lz’xmin < xl < xmax}’
I,y — the outlet boundary

r

ou min 2

. :{x1 =L,x,. <X Sxom}.
and I, - the solid walls.

At the inlet boundary I, the velocity is prescribed. The
flow enters with a downward-directed parabolic profile:

u:um(x), xel

in?

4('x1 _xmin )(xmax _'xl)
D2

-U

2 max ' ’ (2)
where D = Xpax — Xmin iS the width of the inlet cross-section,
Unmax — the maximum velocity at the center.

Let’s consider Dirichlet boundary condition on the walls
I, (no-slip)

u=0, xel,

©)

variational or weak form [19, 20]. The variational
problem is entered into Python using the Unified
Field Language (UFL). The geometry and mesh
are created using Gmsh [21].

4. 2. Variational formulation
Let’s introduce functional spaces for the trial and test
speed functions:

Vo-lve[r(@)]' ], -u,. v -of ®
v, :{v e[H(@)] v, , - 0},

and pressure
Q—{qeLz(.Q)Uzqu—O}. 6)

In (5), (6) and further on, the generally accepted notations
from works [1, 2] are used.

Let’s multiply the momentum equation (1) and the conti-
nuity equation (2) by test functions v € ¥, and q € Q, respec-
tively, and integrate over the domain Q:

]

Q(—RleV2u+(u~V)u+Vp]-VdQ=0,
jg(V-u)qu:O.

Applying integration by parts, let’s obtain the variational
formulation:



1
R—eJqu :Vde+£(u-V)u~de—

~[p(V-v)de2=o, )

I(Vu)qd():O. ®)

Now let’s present the expansion of the solution in terms
of basis functions of the second order ¢;(x),i =1, ..., N, and
the first order ¢;(x), j = 1, ..., N,. The unknown functions are
expressed in terms of basis functions are follows

u, (x)=2 U (x). p, ()

i=1 j=0

[
N
Ny
X

=

According to the Galerkin method, trial functions are
selected from the same basis functions

v,=¢, k=1..,N,, q,=y,, I=1..,N,. ©)

Substitution of (9) into the variational form (7), (8) gives:

1
—> U |V¢ :VgdQ
Re U V4 Vhaas

+22U[Ujj-(¢j V)¢, d2-

i=1 j=1

2B [, (V-4,)d2=0. (10)
YU (V-4 w,d2=0. an

i=1

After the transformations, (10), (11) take the form of a
block system

(2

where:

(12)

1
A,=—|V¢ :Vg dQ,
«e) VAV

By =[(V ¢ )w,de,

2

By =—ij(V~¢k)dQ,

C (U)ZZUinI(¢; V)@ '¢k do,

and N(U) - the nonlinear convection matrix, U - the vector of
unknown velocities, P — the vector of the unknown pressure.

4. 3. Newton’s method for the approximate solution
of the system (12)

Let’s introduce the vector-valued function F : R**" — R"*™M,
and rewrite the system (12) as follows

F(U’P):[(A+N(U))U+BP]:(0].

B'U 0

The Jacobian of the system is J = DF. Let’s differentiate
with respect to (U, P). The nonlinearity appears only in the
upper block

0

%(N(U)U):N(U)wN(U)-U,

where DN(U) - U - the Fréchet derivative of the convective
term. In matrix element form

(DN(U)‘U)H =>U,[(4,V)4-4.d2+
Jj Q
+2.U, [(¢,V)4, -4, d2.
J Q
Thus the full Jacobian takes the form:

J(Un,Pn):[AJFN(U”):;N(U")-U" g |

At each iteration n =0, 1, 2, ..., let’s solve the linear block
system

ou
J(U",P”)[éP]——F(U”,P”),
then, let’s update the solution by formulas
U™ =U"+5U, P"' =P" + 5P,
until the stopping criterion is satisfied

HF(U",P”)

ggHF(U",PO)

Newton’s method exhibits quadratic convergence in the
vicinity of the solution

2
n+l n

e"|I<Clle

’

where e" = (U", P") - (U* P¥) - the error of the n-th step,
and (U*, P*) - the exact solution.

The accuracy of the numerical calculations was controlled
for the discrete nonlinear system obtained after finite element
discretization of the stationary Navier-Stokes equations. For
each Reynolds number and each channel geometry, Newton’s
method was applied with the same stopping criteria. The
iterations were stopped when the residual norm became less
than 1078, and the norm of the difference between two consec-
utive Newton iterates became less than 1071°. These two crite-
ria were used together to check that the algebraic system was
solved with sufficient accuracy and that the computed solution
no longer changed noticeably. The linear systems arising at
Newton iterations were solved with the same solver settings
in all calculations. Thus, the same accuracy requirements
were used for both bend angles and all Reynolds numbers.
Therefore, all velocity and pressure fields, pressure drops, loss
coefficients, and Euler numbers were obtained under the same
nonlinear solver accuracy conditions.

The stream function (x, y) is determined by the velocity
field u = (uy, u,). In the two-dimensional case, the following
relationship is used

oy

u, :a—‘//, u,= . 13)
0x, ox,



Vorticity is defined as

o, _au

2
ox, Ox,

1

Then the stream function is found from the solution of
the Poisson problem

-Ay = o,

where A4 - the Laplace operator. The corresponding weak
formulation is written as

J.QV v -Vgdx = J.Qa)(/ﬁdx,

and the following boundary conditions are imposed.

The boundary condition for the stream function can be
determined from the input boundary condition (2), using the
second formula (13). Then the stream function at the input
boundary:

_§(§3 —x;in)+

‘//(ég’LZ):[Jl;n;x +%(xmax+xmin)(§2_xr2nin)+ ’

+X X (f—x )
min”" max min

X SE<X

Therefore, the stream function on the lower boundary
Tolower that is, at & = xpin = 018 Weiowe? = 0, While on the upper
solid wall I'yupper, that is, at £ = Xpay is

— l Umax 3
qupper -

6 D> ™

A “soft” boundary condition can be imposed on the outlet
boundary Iy,

Wy
ox

1lx=r

out

=0.

Thus, the described method gives the numerical proce-
dure used in this work. First, the stationary Navier-Stokes
problem is written in weak form. Then it is discretized by the
finite element method and solved by Newton’s method. The
computed velocity and pressure fields are used further to
analyze the flow pattern, recirculation zones, pressure drop,
loss coefficient, and Euler number.

5. Numerical results of modeling the flow in bended
channels

5.1. The velocity field

Fig. 3 presents the velocity vector field of fluid flow in an
L-shaped channel. The field is represented by arrows (vec-
tors), each indicating the local direction of fluid motion at the
corresponding point in the domain.

The arrow directions illustrate the flow trajectory and al-
low visualization of changes in the flow pattern, particularly
in the bend region of the channel.

This type of visualization provides a clear representation
of the flow structure and reveals the characteristic features of
fluid motion in a channel with complex geometry.

61 ~.
X r 4‘ Hl
‘n(/l/#
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Fig. 3. Velocity field in an L-shaped channel: a — channel with
a 90° bend; b — channel with a 45° bend

Fig. 4 presents the velocity contour lines of fluid flow in
L-shaped channels with 90° and 45° bends. These contours
illustrate the velocity distribution throughout the channel,
where lines connecting points of equal velocity provide a
clear visualization of the flow structure.

A noticeable increase in velocity is observed in the bend
region. This is due to the fact that the flow changes direction,
causing a redistribution of velocities: in certain areas the flu-
id accelerates, particularly closer to the inner side of the bend.
At the same time, along the straight sections of the channel,
the velocity gradually becomes more uniform, forming a
more stable and well-defined flow profile.

When the two geometries are compared, the 45° channel
gives a smoother passage of the flow through the bend. The
direction of motion changes gradually, and no sharp velocity
jumps are observed in the computed field. For the 90° bend,
the situation is different. The flow is forced to turn over a
shorter region, so the deformation of the velocity field is
stronger. Higher velocity gradients appear near the bend,
and local zones with more complicated motion can be seen.
Therefore, the bend angle noticeably changes the flow char-
acter inside the channel.

Fig. 4 shows the velocity field in two channels with bends
of 90° and 45°. In both cases, it can be seen that the velocity
magnitude is largest in the central parts of the channels.
Therefore, red regions appear in the central parts of the chan-



nels. On the solid walls, the no-slip condition is prescribed.
There the velocity decreases and becomes zero, so blue re-
gions appear near the channel walls.
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Fig. 4. Contour isolines of the velocity field distribution:
a — channel with a 90° bend; b — channel with a 45° bend

It can be seen that the flow direction in the channel with
the 90° bend changes more sharply. Therefore, larger velocity
gradients appear in the bend region of this channel. Also, in
the channel with the 90° bend, the flow directly meets the
solid wall in the bend region. This can increase the possibility
of blockage in practical channels.

In the channel with the 45° bend, the change in the flow
direction is smoother. Therefore, the velocity field is more
uniform, and the velocity changes more gradually in the bend
region. The flow also becomes more stable after the turn.

Thus, the channel geometry has a visible influence on
the flow structure. The 45° bend gives a smoother and more
uniform flow, while the 90° bend causes a sharper change in
the velocity field and flow deceleration near the corner.

5.2. The pressure field

The pressure distribution p was computed for two channel
geometries with bend angles of 45° and 90°. The obtained nu-
merical results are shown in Fig. 5. The color scale in the figure
shows the pressure values in the computational domain: red cor-
responds to regions with higher pressure, and blue corresponds
to regions with lower pressure. This representation makes it
possible to compare how the change in the channel bend angle
affects the pressure distribution inside the flow domain.

Fig. 5 shows the pressure distribution in channels with dif-
ferent bend geometries. In both cases, a high-pressure region is

observed near the inlet boundary. This region is shown in red.
As the flow passes through the bend and then moves along the
horizontal part of the channel, the pressure gradually decreases.

In the channel with the 90° bend, the flow direction
changes rather sharply. Therefore, a clearly visible blue region
appears near the inner corner. This shows that the pressure in
this part drops sharply and reaches its minimum value.
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Fig. 5. Pressure field contour isolines:
a — channel with a 90° bend; b — channel with a 45° bend

At the inlet part, the pressure is also high, but after the
sharp bend it decreases more strongly than in the 45° chan-
nel. In the horizontal part of the channel, the pressure grad-
ually decreases toward the outlet. Thus, the 90° bend creates
a stronger disturbance of the flow and a more visible pressure
drop near the corner.

In the channel with the 45° bend, the pressure changes
more smoothly. A higher pressure value is observed in the
vertical inlet part, so this region is shown in red. After the
bend, the pressure gradually decreases. This is seen from the
blue color in the horizontal part of the channel, where the
pressure becomes lower as the flow moves toward the outlet.

In the bend region, a very sharp pressure drop is not ob-
served. This shows that the 45° bend is smoother for the flow.

5.3. Current function

Fig. 6 shows the stream function for the L-shaped chan-
nels with bend angles 45° and 90° at different Reynolds
numbers. The contours of i represent streamlines and make
it possible to examine the structure of the flow.

When the Reynolds number increases, the streamlines
become more curved near the bend. Local recirculation



zones also become more visible. This is related to the growing
role of inertia.

In the 90° channel, the disturbance near the turning
region is stronger for all Reynolds numbers. The streamlines
are compressed near the inner wall, and their clustering be-
comes more noticeable as Re increases. This shows that the
sharper bend produces a more disturbed flow pattern.

In the 45° channel, the streamlines change direction
more gradually. Even at the largest Reynolds number consid-
ered, the flow pattern remains smoother than in the 90° case,
and the recirculation zones are weaker.

These results show two effects at the same time. Increas-
ing Re strengthens inertial effects, while reducing the bend
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angle makes the flow more regular and decreases the inten-
sity of vortical structures.

Fig. 6 shows the stream-function distribution ¢ for channels
with bend angles of 45° and 90° at Reynolds numbers Re = 500,
1000, and 2000. The stream-function lines make it possible to
trace the character of fluid motion inside the channel.

For the channel with the 45° bend, the stream-function
lines are distributed rather uniformly. As the Reynolds num-
ber increases from 500 to 2000, the flow keeps a smooth char-
acter. The streamlines pass through the bend region gradual-
ly and then enter the horizontal part of the channel without
sharp changes. This shows that the geometry of the 45°
channel provides a smoother change in the flow direction.
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Fig. 6. Visualization of the stream function y in L-shaped channels for different bend angles and Reynolds numbers:
a — channel with a 90° bend at Re = 500; b/ — channel with a 45° bend at Re = 500; ¢ — channel with a 90° bend at Re = 1000;
d — channel with a 45° bend at Re = 1000; e — channel with a 90° bend at Re = 2000; 7/ — channel with a 45° bend at Re = 2000



In the channel with the 90° bend, the flow pattern is
more complex. At Re = 500, the flow still passes through the
bend in a relatively stable way, but the stream-function lines
are already more strongly curved near the corner. When the
Reynolds number increases to Re = 1000 and Re = 2000,
local vortex zones appear after the bend. This is seen from
the closed or strongly curved stream-function lines in the
horizontal part of the channel. Such zones appear because of
the sharp change in the flow direction near the 90° corner.

Thus, an increase in the Reynolds number strengthens
the influence of channel geometry on the flow structure.
In the channel with the 45° bend, the stream-function lines
remain more uniform, and the flow keeps a smoother char-
acter. In the channel with the 90° bend, vortices and zones of
nonuniform motion appear as Re increases, especially after
the bend. This shows that the sharp 90° bend disturbs the
flow more strongly than the smoother 45° bend.

5.4.The pressure drop, hydraulic loss coefficient,
and Euler number for both channel geometries

To compare the two channel geometries quantitatively,
it is possible to calculate the pressure drop AP, the friction
coefficient Cj, and the Euler number Eu for several Reynolds
numbers. The computations are performed for channels with
bend angles 45° and 90°.

The pressure-drop values are higher in the 90° channel
for all Reynolds numbers. The reason is the sharper turn of
the flow. In this geometry, the direction of motion changes
over a shorter distance, so the inertial contribution near the
bend becomes stronger. The pressure field is less uniform in
this region, and the total hydraulic resistance increases.

At Re = 500, the pressure drop in the 90° channel is approx-
imately 10.1% larger than in the 45° channel. At Re = 1000, the
difference is about 10.8%. At Re = 2000, it reaches approximate-
ly 12.2%. The increase of this difference with Re shows that the
influence of the bend geometry becomes more visible when
inertial effects grow.

The same tendency is obtained for Crand Eu. Their values
are larger for the 90° channel, which means that this geom-
etry produces higher energy losses. The agreement between
the pressure drop, friction coefficient, and Euler number
supports the consistency of the comparison.

As the Reynolds number grows, the absolute value of Cy
decreases because viscous effects become relatively weaker.
However, the difference between the two geometries remains.
In the considered range of Re, the bend angle continues to be
one of the main factors controlling the hydraulic losses.

The simulations therefore show that replacing the 90°
bend by a 45° bend reduces the pressure drop and hydraulic
resistance. The smoother turn also leads to a more regular
flow distribution inside the channel.

The average pressure on a boundary segment is computed
by integration over that segment:
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The hydraulic loss coefficient and the Euler number are
calculated as follows

AP
C.= , Bu= Alj
pU

— pUmax max

The corresponding numerical values are given in Table 1.

Table 1

Comparison of hydrodynamic flow characteristics in
L-shaped channels with bend angles of 45° and 90° at
different Reynolds numbers

Re (dimen- | Bend angle | AP (dimen- | Cy (dimen- | Eu (dimen-
sionless) ) sionless) sionless) sionless)
500 45 0.260596 0.5212 0.2606
500 90 0.286797 0.5736 0.2868
1000 45 0.123542 0.2471 0.1235
1000 90 0.136875 0.2737 0.1369
2000 45 0.055111 0.1102 0.0551
2000 90 0.061812 0.1236 0.0618

Table 1 gives the values of the pressure drop AP, resis-
tance coefficient C, and Euler number Eu for the two chan-
nel geometries. The values are presented for Re = 500, 1000,
and 2000. For all considered Reynolds numbers, the values
of AP, Cy, and Eu are higher for the channel with the 90° bend
than for the channel with the 45° bend. When the Reynolds
number increases from Re = 500 to Re = 2000, these quanti-
ties decrease for both geometries.

For the channel with the 45° bend, the values of the hy-
drodynamic characteristics are lower. This is related to the
smoother passage of the flow through the bend. Therefore,
the change in the direction of motion is less abrupt. As a
result, the pressure drop decreases and the resistance to the
flow becomes lower.

The table also shows that, when the Reynolds number in-
creases from Re = 500 to Re = 2000, the values of AP, Cj, and
Eu decrease for both channel geometries. This means that,
in the considered range of Reynolds numbers, the relative
pressure losses and resistance become smaller. However, the
channel with the 90° bend remains more resistant to the flow
in all cases compared with the 45° channel.

Thus, the results in the table agree with the results
obtained from the velocity, pressure, and stream-function
fields. The channel with the 45° bend gives a smoother and
more uniform flow, while the channel with the 90° bend
causes stronger flow redistribution, larger pressure losses,
and higher hydrodynamic resistance.

6. Discussion of the modeling results

The obtained numerical results show that the bend angle
of the channel has a significant influence on the flow struc-
ture. This is explained by the fact that the motion of the fluid
is determined not only by the Reynolds number Re, but also
by the geometry of the computational domain. In the con-
sidered problem, the channel geometry is given by two bend
variants: 45° and 90° (Fig. 1). The mathematical statement of
the problem is given by formulas (1), (2), and the boundary
conditions are given by formulas (3), (4).

From the analysis of the velocity fields in Fig. 4, it can be
seen that, in the channel with the 45° bend, the flow changes



direction more smoothly. The maximum velocity values are
located mainly in the central part of the channel, while near
the walls the velocity decreases. This is related to the no-slip
condition prescribed on the solid boundaries. In the chan-
nel with the 90° bend, the flow has to change its direction
sharply. Therefore, a more visible redistribution of velocity is
observed in the bend region. After the bend, the velocity field
becomes less uniform than in the 45° channel.

The pressure distribution p, shown in Fig. 5, also confirms
the influence of the channel shape on the flow. In both cases,
higher pressure is observed in the inlet part of the channel,
and the pressure decreases toward the outlet. However, in the
channel with the 90° bend, the pressure changes more sharply,
especially near the inner corner. This is explained by the sharp
change in the direction of the flow. In the channel with the 45°
bend, the pressure changes more smoothly because the turn is
less sharp and the flow passes through it more evenly.

The difference between the two geometries is especially
clear in the analysis of the stream function ¢ for Reynolds
numbers Re = 500, 1000, and 2000 (Fig. 6). In the channel
with the 45° bend, the stream-function lines are distributed
rather uniformly for all considered values of Re. As the Reyn-
olds number increases, the flow becomes more intensive, but
the general flow structure remains smooth. This shows that
the 45° bend gives a softer change in the direction of fluid mo-
tion and does not lead to a strong formation of vortex zones.

A different pattern is observed in the channel with the
90° bend. At Re = 500, the flow still passes through the bend
in a relatively stable way. However, when the Reynolds num-
ber increases to Re = 1000 and Re = 2000, vortex zones begin
to appear after the bend. This can be seen from the closed
or strongly curved stream-function lines in Fig. 6, c, e. The
appearance of such zones is related to the fact that the flow
cannot smoothly follow the sharp 90° turn. Therefore, as Re
increases, the influence of the channel geometry becomes
stronger, and the flow becomes more complex.

The calculated integral characteristics also confirm the
influence of the bend angle. For all considered Reynolds
numbers, the pressure drop in the 90° channel is larger than
in the 45° channel. The loss coefficient and Euler number
also show that the 90° bend is less favorable. This is caused
by a sharper change in the flow direction and stronger rear-
rangement of the velocity field after the bend.

These results are consistent with known studies of flows
in bends and elbows. A direct comparison with experimental
data is limited, because the present paper considers a two-di-
mensional L-shaped channel, while many experimental
works deal with pipe elbows, duct bends, or microchannels.
Therefore, the comparison is mainly qualitative.

The stronger deformation of the velocity field in the 90°
channel agrees with the results [8], where a sharp 90° miter
bend was shown to strongly affect the downstream mean
flow. A similar tendency was reported [9] for a two-dimen-
sional miter bend. In the present work, this effect becomes
more visible as Re increases: at Re = 500 the flow remains
relatively regular, while at Re = 1000 and Re = 2000 the
stream-function lines become more curved and recirculation
zones appear after the 90° bend.

The formation of recirculation zones and the increase in
pressure losses are also consistent with the results [10], which
showed that miter bends can produce vortices and additional
pressure drop in microchannels. Although their geometry
is different, the same general tendency is observed here: a

sharp change in flow direction makes the flow pattern more
complicated and increases hydraulic losses.

The pressure-loss results also agree qualitatively with
experimental data for miter elbows and pipe elbows. The
paper [11] showed that the pressure-loss coefficient of 90°
miter elbows depends on the Reynolds number. In the pres-
ent work, the loss coefficient and Euler number also change
with Re. The comparison of the 45° and 90° channels is
also consistent with [12], where experimental data for pipe
elbows showed that the bend angle affects local losses. In
the present calculations, the 90° bend gives larger losses
than the 45° bend.

Thus, the comparison with previous studies supports
the main conclusion of this work: a sharper bend leads to
stronger deformation of the velocity field, possible recircula-
tion after the bend, and larger pressure losses. The 45° bend
gives a smoother change in the flow direction and smaller
hydraulic losses.

A feature of the presented numerical comparison is that
the same mathematical model, numerical method, boundary
conditions, and Reynolds numbers are used for both geome-
tries. This makes the comparison more correct, because the
difference between the obtained results is mainly related to
the bend angle. Thus, the influence of the channel geometry
can be separated from the influence of changes in numerical
parameters.

At the same time, the comparison with other authors
has limitations. The cited works do not use exactly the same
geometry and boundary conditions as the present paper.
Works [8,9] are close to the present study because they
consider two-dimensional miter bends, but they do not give
the same comparison of 45° and 90° L-shaped channels.
Work [10] considers microchannels. Works [11] and [12]
consider pipe elbows. Therefore, the comparison with these
studies should be understood mainly as qualitative. It sup-
ports the obtained numerical results, but it does not replace
direct experimental validation for the same two-dimensional
L-shaped geometry.

The internal limitations of this study are related to
the chosen problem statement. The study is limited to a
two-dimensional model. The influence of wall roughness,
heat transfer, pipe elasticity, and three-dimensional effects
is not considered. These simplifications make it possible to
compare the influence of the channel geometry under the
same numerical conditions, but they also limit the direct
transfer of the results to real engineering systems. First, the
computations were performed only for Reynolds numbers
Re =500, 1000, and 2000. Therefore, the obtained conclu-
sions are mainly valid for this range of values. Second, only
two channel geometries were considered: channels with
bends of 45° and 90°. Other bend angles, smooth curvilinear
turns, and more complex channel shapes were not analyzed
in this work. In addition, the results depend on the selected
mesh, boundary conditions, and computational parameters
given in Table 1.

These limitations define the area of applicability of the
obtained results. The presented conclusions can be used for
the analysis of two-dimensional laminar flow in channels
with similar geometry, close boundary conditions, and the
considered range of Reynolds numbers. If Re is increased
significantly, if the channel shape is changed, or if a three-di-
mensional model is used, additional checks of stability and
reproducibility are needed.



The limitations of this work include the small number
of considered geometric configurations. The paper analyzes
only two bend angles, 45° and 90°. This limitation can be
removed in future studies by considering additional angles,
for example 30° 60° and 120° as well as channels with a
smooth curvilinear bend. Another limitation is the absence
of direct experimental data for exactly the same two-dimen-
sional L-shaped geometry. In future studies, this can be ad-
dressed by comparing the numerical results with laboratory
measurements for the same geometry or with more suitable
benchmark problems.

Further development of the study may be related to ex-
tending the range of Reynolds numbers, using more complex
channel geometries, and moving to three-dimensional com-
putations. It is also useful to study the influence of the mesh
size, inlet velocity profile, and outlet length on the formation
of vortices after the bend. At the same time, additional diffi-
culties may appear. They may be related to the stability of the
numerical method, the quality of the mesh, and the increase
in computational cost. Thus, the comparison with previous
studies shows that the obtained tendencies agree with known
behavior of flows in bends and elbows. Direct experimental
validation for the same two-dimensional geometry remains a
task for future work.

7. Conclusion

1. Numerical modeling of flow in channels with different
bend geometries was performed. The obtained velocity fields
showed that, in the channel with the 45° bend, the flow
changes direction more smoothly. In the channel with the
90° bend, a sharper redistribution of velocity is observed in
the bend region. The maximum velocity values are mainly
located in the central part of the channel, while near the
walls the velocity decreases because of the no-slip condition.
A feature of this result is that, under the same computational
conditions, the channel with the 45° bend gives a more uni-
form flow motion than the 90° channel. This is explained by
the fact that, at the angle of 45°, the change in the direction
of motion occurs gradually, while at the angle of 90° the flow
has to change direction sharply.

2. The pressure distribution in channels with bend angles
of 45° and 90° was analyzed. It was found that, for all con-
sidered Reynolds numbers, the pressure is higher in the inlet
region and decreases toward the outlet. At the same time,
the pressure drop in the channel with the 90° bend is larger
than in the channel with the 45° bend. According to the re-
sults of comparison of hydrodynamic flow characteristics in
channels with bend angles of 45° and 90° at different config-
urations, at Re = 500, the value of AP is 0.260596 for the 45°
channel and 0.286797 for the 90° channel; at Re = 1000, the
values are 0.123542 and 0.136875, respectively; at Re = 2000,
the values are 0.055111 and 0.061812, respectively. Therefore,
the sharp 90° bend causes larger pressure losses. In contrast
to the smoother 45° bend, the 90° geometry creates stronger
resistance to the flow because of the sharp change in the
direction of motion.

3. The behavior of the stream function was studied for
Reynolds numbers Re = 500, 1000, and 2000. In the channel
with the 45° bend, the stream-function lines are distributed
rather uniformly for all considered values of Re. This shows
that the flow structure remains stable and smooth even when

the Reynolds number increases. In the channel with the 90°
bend, vortex zones appear after the bend as Re increases.
This is especially visible at Re = 1000 and Re = 2000. This
result differs from the 45° case, where clear vortex formation
is not observed. The appearance of vortex zones in the 90°
channel is explained by the fact that the flow does not have
enough space to rearrange smoothly after the sharp bend.

4. A quantitative comparison of hydrodynamic charac-
teristics for the two channel geometries was carried out.
According to modeling results, the values of the resistance
coefficient Cy and the Euler number Eu are higher for the
channel with the 90° bend in all cases. For example, at
Re =500, the coefficient Cyis 0.5212 for the 45° channel and
0.5736 for the 90° channel; at Re = 2000, the values are 0.1102
and 0.1236, respectively. A similar pattern is observed for the
Euler number Eu. This confirms that the channel with the
90° bend gives greater hydrodynamic resistance to the flow.
Compared with known approaches to the analysis of flows
in channels with complex geometry, the present work gives a
direct comparison of two bend angles under the same com-
putational parameters. This makes it possible to show more
clearly the influence of the channel geometry itself.
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