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This study investigates the pro-
cess of constructing approximate
helicoid sweeps based on the classi-
cal theory of their continuous bend-
ing in the surface of revolution.
Straight helicoids are non-sweep
surfaces; therefore, a flat work-
piece for fabricating them can only
be an approximate sweep. Such an
approximate sweep is a flat ring
bounded by the inner and outer arcs
of circles whose radii are tabular
data. The dimensions of the ring
must be such as to ensure a mini-
mum of plastic deformations when
forming them into a helicoid coil.

To find the dimensions of the
ring, the classical theory of bend-
ing of non-sweep surfaces has been
applied. According to the theorem
of differential geometry, any helical
surface can be bent into a surface of
revolution. Such bending is carried
out by reducing the pitch of the sur-
face to zero: that makes it possible to
visually observe the deformation of
the surface. The resulting surface of
revolution can be approximated by
a truncated cone. The exact sweep
of the truncated cone will be an
approximate sweep of the helicoid
turn. This approach is based not
on experimental data but on theo-
retical approaches to the bending
process. Depending on the type of
helicoid, the surface of revolution
can be a catenoid or a single-cavity
hyperboloid of revolution. This
makes it possible to choose such sec-
tions of the surface of revolution for
approximation by a truncated cone
where it most closely fits it. This
will correspond to the minimum of
plastic deformations when forming
the sweep of the cone into a heli-
coid turn.

In this work, approximate sweeps
have been constructed for straight
closed and open helicoids with the
same design data: surface pitch,
H =100 linear units; radii of the
cylinders bounding the surface,
r =20 linear units; and R = 60 linear
units. The results are attributed to
a new approach to finding approx-
imate sweeps using the theory of
bending of non-sweeping surfaces
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1. Introduction

various industries for transporting materials [1, 2], for preparing

mixtures [3], etc. The straight helicoid has two varieties: open

The most common helical surface in technology is a straight ~ and closed, which are similar to each other but have certain dif-
closed helicoid, known as a screw. Screws are widely used in  ferences. Usually, in engineering practice, these differences are




not paid attention to, although they can significantly affect the
construction of an approximate spiral sweep. In mechanical
engineering practice, approximate methods for constructing
a flat workpiece are used, the accuracy of which directly af-
fects the amount of plastic deformations during the formation
of the turn [4]. When screws operate under difficult condi-
tions at a large load, then the deviation of the spiral geometry
significantly worsens the operating characteristics [5].

The lack of an accurate analytical method for determining
the geometric parameters of the workpiece leads to a number
of technological problems in real production. The use of ap-
proximate empirical or graph-analytical models leads to an
uneven distribution of internal stresses when stretching steel
rings into a screw turn. In turn, this causes a decrease in the
thickness of the screw in critical areas, deviations from the
design pitch of the screw, and the emergence of microcracks
on the inner edge, which increases the percentage of defects.
In addition, minimizing deformation forces is one of the
main factors in reducing the energy intensity of production
processes. With the evolution of computer technology and
numerical methods, the task of finding a flat workpiece for
manufacturing a screw turn remains relevant both in theoret-
ical and practical aspects.

2. Literature review and problem statement

Screw turns can be formed from a straight strip, which
does not require finding flat blanks. There are machines for
winding a strip into a helical surface of a given length with-
out welding individual turns. Such a technology is considered
in [6]. It is characterized by technological versatility and high
productivity. However, from a geometric point of view and
the stress-strain state of the turn, such a technology does not
provide high accuracy of the turn without additional correc-
tive operations. In addition, it is energy-consuming due to
overcoming significant resistance that occurs during plastic
deformation of the strip.

In [7, 8], methods for generating helicoids of various
types (including inclined) using geometric algorithms were
proposed. However, the authors’ attention focused on related
computer design using CAD (Computer-Aided Design) and
BIM (Building Information Modeling) technologies. The
issues of manufacturing such surfaces and studying their op-
erational characteristics were left out of consideration.

In [9], a technology for winding circular sector blanks to
form helicoidal surfaces was proposed. In this case, a signifi-
cant reduction in the deformation force was recorded. How-
ever, when using sector blanks, the reliability of the product
during its further operation is reduced.

Unlike classical methods that consider the blank as a sim-
ple ring, current approaches [10] take into account the internal
geometry of the surfaces, which makes it possible to reduce
residual stresses in the metal. The authors of [10] emphasize
that for accurate design of flat blanks it is advisable to use the
differential geometry apparatus to take into account the non-
linear dependence between deformation and helicoid pitch.
It should be noted that the methodology proposed by the
authors is limited to the case of a constant pitch of the he-
lix. This makes it unsuitable for designing highly efficient
screw systems with variable pitch and amplitude parameters.

In [11], the methodology and results of experiments on
forming screws from screw blanks are described. For this
purpose, forming rollers and screw blanks with different outer

and inner diameters were used. In this case, experimental
studies play a leading role in finding blanks and manufactur-
ing turns from them. Theoretical studies based on bending
a blank for a closed helicoid were conducted in [12]. This
study is a continuation of it and concerns two surfaces —
closed and open helicoids and their comparison.

The above allows us to state that it is advisable to conduct
a study aimed at improving the accuracy of constructing ap-
proximate turns of closed and open straight helicoids.

3. The aim and objectives of the study

The aim of our research is to devise a technique for con-
structing approximate sweeps of turns of closed and open
straight helicoids based on continuous bending of these heli-
cal surfaces in the surface of revolution. This will make it pos-
sible to improve the accuracy of constructing the approximate
sweep, which, in turn, will reduce plastic deformations during
the manufacture of the turn.

To achieve this goal, the following tasks were set:

- based on the approximation of the surface of revolution
into which the straight closed helicoid is bent, to construct an
approximate sweep of its turn;

- based on the approximation of the surface of revolution
into which the straight open helicoid is bent, to construct an
approximate sweep of its turn;

- to compare the sweeps for both helicoids with the same
design parameters.

4. The study materials and methods

The object of our study is the process of constructing
approximate helicoid sweeps based on the classical theory of
their continuous bending in the surface of revolution. It was
hypothesized that the application of the theory of continuous
bending would make it possible to more accurately determine
the parameters of the approximate sweep and compile recom-
mendations for reducing plastic deformations when forming
it into a coil. The assumption is that the workpiece material is
homogeneous, isotropic, and behaves during deformation in
the same way as the theoretical surface during bending. The
simplification is that the thickness of the coil and workpiece
material is taken equal to zero.

To solve the tasks set in the work, a comprehensive method-
ology was used, based on a combination of theoretical and
applied methods: methods of differential geometry, methods of
geometric modeling and approximation, methods of integral and
differential calculus, as well as a comparative-analytical method.

To construct intermediate positions when bending a closed
helicoid into a known surface of revolution - a catenoid, the
following parametric equations were used [13]:
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where u, ¢ are independent surface vari- 2r

ables, and u is the length of the straight-

line generatrix, the reference of which
starts from the helicoid axis; ¢ is the
angle of rotation, which for one helicoid
varies within ¢ =0...27; b and p are
constants. The pitch H of the helicoid
is determined by the helical parame-
ter b: H = 2zb. The shape of the surface
depends on the value of the bending
parameter p: at p = b - a closed helicoid,
at p=0 - a catenoid, at b > p > 0 - inter-
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continuous bending.

Analogous equations for bending an
open helicoid take the following form [14],
and a component of these equations is a di-
recting helix on a cylinder of radius a with
a helical parameter b:

(1-p)sin? B +cos? B
~“1-2psin? B +p?sin? B’

a

b=r, p.smﬂcosﬁ. . @
1-2psin? B+ p?sin? B

The shape of the helix depends on constants r,, £, p, where
p is the bending parameter, £ is the helix elevation angle, r, is
the initial radius value at p = 1. A helical linear surface passes
through the guide helix (2), which is deformed during bending,
and is described by the following parametric equations:
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where s and u are independent surface variables, and s is the
length of the helical guide line, and u is the length of the
rectilinear generating surface. At p =0, equations (3) tak-
ing into account (2) describe a single-cavity hyperboloid of
revolution - the surface of revolution onto which the open
helicoid bends. At p = 1/sin?8 - an oblique closed helicoid, at
1/sin?8 > p > 0 - intermediate positions of the surface during
continuous bending, among which there is a straight open
helicoid (at p = 1).
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5. Results of investigating a technique for constructing an
approximate sweep of a helicoid coil of the same pitch

5. 1. Construction of an approximate sweep of a straight
closed helicoid coil

In a straight closed helicoid, all rectilinear generatrixes
intersect its axis at a right angle. The coil is characterized
by the following design parameters (Fig. 1, a): H - helicoid
pitch, R - radius of the outer bounding cylinder, r - radius of
the inner bounding cylinder (shaft). The approximate sweep
takes the form of a flat ring, the dimensions of which are
given in Fig. 1, b.

b

Fig. 1. Graphic illustrations for constructing an approximate sweep of a straight
closed helicoid: a — frontal projection of the turn with an indication of its
dimensions; b — approximate sweep of the turn

The design parameters of the coil were taken as follows:
H=100 linear units, r=20 linear units and R =60 linear
units. It was constructed according to equations (1), with
@ =0...27, u=0...60. Based on the dependence H = 2zb, the
value of the helical parameter was determined: b =15.9. Un-
der the condition of the bending parameter p = b.

The frontal projection of the coil is shown in Fig. 2, a. An-
other extreme position of the surface after bending (catenoid),
obtained at p =0, is shown in Fig. 2, b.
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Fig. 2. Frontal projections of the extreme positions
of a closed helicoid: a — before bending at p= b;
b — after bending to a catenoid at p=0

The straight line (the axis of the surface of the turn), which
is marked with a thick line, on the catenoid turns into a circle —
its throat line. If the task were to construct an approximate
sweep of such a turn, then the catenoid would be approxi-
mated by a truncated cone rather roughly. This is evidenced
by the large deviation of the generatrix cone in Fig. 2, b (solid
line) from the meridian of the catenoid. However, part
of the surface where the shaft is located must be cut out.



This corresponds to the construction of the surface when u
changes within u =20...60. If such a limited section of the
surface (from the thick dashed line) on the catenoid is approx-
imated by a truncated cone, then such an approximation is
much better (thin dashed line). From this illustrative example,
an important conclusion can be drawn: the approximation of
the catenoid by a truncated cone improves with an increase
in the size of the internal limiting cylinder (shaft). The exact
sweep of a truncated cone is an approximate sweep of a closed
helicoid. Accordingly, improving the approximation should
lead to a decrease in plastic deformations when forming the
approximate sweep into a helicoid turn.

By gradually reducing the bending parameter p, it is pos-
sible to trace the bending of the surface by reducing its pitch.
Fig. 3 shows in projections individual positions of the surface
during bending, from which a part is removed since the corre-
sponding space must be occupied by the shaft. A characteristic
feature of such bending is that one full turn of the surface re-
mains so during bending. In addition, rectilinear generatrixes
of surfaces are only at the beginning of bending (Fig. 3, a),
after which they become curvilinear.
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Fig. 3. Individual positions of the surface of a closed helicoid at its continuous
bending into a catenoid: a — p=15.9; b—p=12; c— p=8;d—p=4,e—p=0

After substituting u = const into the surface equation (1),
a line was described on the surface. At p =0, a circle was ob-
tained on the surface of the catenoid. For u = 20, a circle was
obtained, indicated in Fig. 2, b, by a dashed line, and at u = 60,
a circle of a larger base. Their radii are determined from the
square root of equations (1) before the trigonometric func-
tions. They are denoted, respectively, as r, = 25.5, and R, = 62.
If the values u =20 and u = 60 were substituted into the last
equation (1), then the difference from the
obtained results determined the height
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After substituting the dimensions of the truncated
cone into (4) and performing calculations, we can obtain:
Ry =67.6, ry=27.8. The ¢y angle is determined provided
that the length of the arc of the circle of the truncated
cone is equal to the length of the corresponding arc of the
circle on the flat ring, i.e., 2zR, = @¢R,. Hence, we can deter-
mine ¢q = 330°.

5. 2. Construction of an approximate sweep of a turn
of a straight open helicoid

A straight open helicoid (Fig. 4) differs from a closed one in
that its rectilinear generatrixes, which also form a right angle
with the axis, do not intersect it, but are transverse to it, i.e., tan-
gent to a circle of radius r, (Fig. 4, b). As the radius r, decreases,
the surface approaches a closed helicoid. Inside the space
bounded by a cylinder of radius r,, the surface does not exist. The
parameters of the turn are similar to those previously accepted:
H =100, r=20and R = 60. In this case, the radius r, can be taken
from the interval 0 <r, <r (at r, =0, equations (2), (3) do not
work and, in this case, it is necessary to proceed to equations (1)).
The average value from this interval can be taken, i.e., r,=10.

At p=1, a straight open helicoid
passes through the helical line (2). In
this case, a = r, and b = r,tgp. The helical
parameter b=15.9, as in the previous
case. Hence, we can determine the angle
S = arctg(b/r,) = 57,8°. To construct
the surface using equations (3), we need
to know the limits of parameter u. For
a closed helicoid, its reference was from
the axis, i.e., it was within u =r...R. For
an open helicoid, such reference does not
work, since the straight-line generatrix
does not intersect the axis. The distance
p from the axis of the surface to a point
on it is given by formula p =+ X2 +Y?2,
where X and Y are equations (3) for
the horizontal projection of the surface.
After algebraic transformations, we find

2
p_\/a2+a2L:b2 (acosﬁ+bsinﬁ)2. (5)

At p =1 based on (5) we can derive

p=+u?+r2, hence u=+/p>—r,. (6)
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of this catenoid compartment would
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be h.=15.7. These dimensions can be
taken as the dimensions of a truncated
cone that approximates the catenoid com-
partment and whose generatrix in Fig. 2, b
is depicted by a thin dashed line. Having
these dimensions, we can find the radii of
the outer Ry and inner r, of the bounding
circles of the flat ring (Fig. 1, b):
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ry = Teyhe +(R° rc) ) @) Fig. 4. Projections of a straight closed helicoid with an indication of its design
R. -1, parameters: a — frontal projection; b — horizontal projection



In order to find the required section of the open helicoid,
which is located between cylinders r =20 and R = 60, these
values must be substituted in turn into (6) and find the lim-
its of change in parameter u: u =17.3...59.2. It is advisable
to construct a full turn of the oblique
closed helicoid at p=1/sin?4. In this
case, as in the case of p =1, according
to (2) we can find: b = r,tgp. The pitch
of the surface H =2zb = 2zar,tgp. This
value is the length of the straight line
into which the arc of the circle of ra-
dius r, is transformed. Therefore, the
limits of change in arc length s were
as follows: s=0...27r,tgf =0...100. In
Fig. 5, a, according to equations (2), (3),
a full turn of the oblique closed helicoid
is constructed. The parameter u varied
within the range of u =0...59.2, and for
u =17.3, the thick dashed line shows the
boundary of the inner part of the surface
that needs to be removed for the shaft.

Fig. 5, b shows a single-cavity hyperboloid of revolution,
onto which an oblique closed helicoid is bent. It should be
noted that the straight open helicoid, which is the target and
which is depicted in Fig. 4, is an intermediate surface during
bending when p = 1. As can be seen from Fig. 5, b, the approx-
imation of the hyperboloid by a truncated cone also improves
as one moves away from the thickened throat line or from the
thickened straight line in Fig. 5, a. The arc of the circle r, on
the original surface (Fig. 4, b) transforms into these lines. For
this reason, the r, value was taken midway between r, =0
andr,=r.
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Fig. 5. Frontal projections of the extreme
positions of the open helicoid: @ — before bending
at p=1/sin?B; b — after bending onto a hyperboloid
of revolution at p=0

Fig. 6 shows, in projections, individual positions of the
surface during bending, in which the inner part of the surface,
starting from the thickened dashed line, is removed. Atp =1 it
becomes a tangent line to the shaft of radius r, = 20.

Fig. 6. Individual positions of the helicoid surface during its continuous bending
into a hyperboloid: a — p=1/sin?g; b— p=12;c—p=1;d—p=0.6;e—p=0

A characteristic feature of such a bending is that only the
initial turn is a closed helicoid while the intermediate positions
are open helicoids. With such a bending, the straight genera-
trixes remain straight, and a full turn can be transformed into
an incomplete one, as, for example, in Fig. 6, cat p = 1.

It is required to find an approximate sweep of one full
turn of a straight open helicoid, that is, of the intermediate
surface at p = 1. At p = 0, the straight open helicoid bends into
a single-cavity hyperboloid of revolution (Fig. 5, b, 6, e). The
radii of its larger and smaller base can be determined. For this
purpose, formula (5) is used at p =0 in expressions a and b,
by alternately substituting instead of u its value u = 59.2 for
the larger base (outer edge of the helicoid) and u = 17.3 (inner
edge, which should contact the shaft). The result of our calcu-
lations is R, = 33 and r. = 13.6.

From the last equation (3), it is possible to determine the
difference of coordinate Z, which is height h, of the hyperbo-
loid section. As a result, it is possible to derive: h. = 35.5. These
dimensions are taken as the dimensions of the truncated cone,
which quite accurately approximates the section of the hyper-
boloid of revolution (this can be seen from Fig. 5, b, on which
the straight-line generatrix of the cone is depicted by a thin
dashed line). According to formulae (4), it is possible to find
the radii of the circles that limit the flat ring: Ry = 68.3, ry = 27.7.
The next step was to determine the angle ¢, (Fig. 1, b).

In the initial state, the projection of the internal helix
of the helicoid, which is in contact with the shaft, has a
length of 2zr. The height of one turn H =100. Hence, we
can find the length of the internal helix of the helicoid:
s=4/(2nr)*+ H? =160.6. During the bending process, its
length does not change, respectively, the inner circle of the
flat workpiece had such a length. On the other hand, its
length is determined from the product s = ¢gry. By equating
these lengths, we can find ¢, = 332°.

5. 3. Comparative analysis of the process of bending
and construction of approximate sweeps of straight
helicoids

The approximate sweeps for closed and open straight
helicoids with the same design parameters are practically
the same. But the bending process and the dimensions of
the truncated approximating cones differ significantly. For
example, the height of the truncated cone that approximates



the section of the hyperboloid is more than twice the height of
the similar cone for the section of the catenoid. It is important
that the approximation of the hyperboloid is better. This is
explained by the fact that the meridian of the hyperboloid,
i.e., the branch of the hyperbola, as it moves away from the
throat line asymptotically approaches the straight line - the
generatrix of the approximating cone. Unlike the closed he-
licoid, when bending the open straight generatrixes always
remain straight. To some extent, this creates an analogy with
the bending of unfolded surfaces.

If during the bending of a closed helicoid the turn remains
complete all the time, then in the second case this does not
happen. Fig. 7 plots the change in radius p of the inner line of
the turn, which in the initial state is in contact with the shaft,
as the bending parameter p decreases to zero.
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Fig. 7. Plots of change in the helical lines of a surface
when it is bent into a surface of revolution, i.e., as the
parameter p decreases (1 — a line that is initially straight
and coincides with the axis of the surface; 2 — a line that
is initially in contact with the shaft): a — closed straight
helicoid; b — open straight helicoid

When we consider closed or open straight helicoids, we
mean that they are such only in the initial state (closed - at
p=15.9 and open - at p = 1). At other values of the bending
parameter p, other helical surfaces were obtained, and at
p =0 - surfaces of revolution. If in a closed helicoid, when its

pitch decreases, the space for the shaft increases from p =20
to p=25.6 (Fig. 7, a, curve 2), then in an open helicoid it
initially increases and then decreases (Fig. 7, b, curve 2). This
corresponds to the fact that the surface first "untwists” and
then "twists” (Fig. 6). In the final state, when it becomes a sec-
tion of a hyperboloid, its surface overlaps in a certain sector,
the value of which can be found if necessary.

6. Discussion of results based on constructing
approximate helicoid sweeps

Our results are explained by the application of the clas-
sical theory of bending of helical non-sweep surfaces in the
surface of revolution. Despite the similarity of the turns of
closed (Fig. 1, a) and open (Fig. 4, a) straight helicoids, the
surfaces of revolution on which they bend differ significantly
in both shape and size (Fig. 2, 5, b). However, the sweeps
of approximating truncated cones, which are approximate
sweeps for helicoids, are the same with minor deviations. As
can be seen from the figures (Fig. 2, 5, b), the approximation
of the open helicoid is more accurate. This means that when
forming the same flat workpiece (approximate sweep) into an
open helicoid, the plastic deformations will be smaller than
when forming it into a closed helicoid.

The bending of helical surfaces in the surface of revo-
lution is known in differential geometry. For example, in
Fig. 3, a number of intermediate positions are constructed
for continuous bending of the surface of a closed helicoid
into a catenoid according to equations (1). In [14], the prac-
tical implementation of such bending is considered using
the example of a straight open helicoid. However, other
parametric equations are given there that describe its contin-
uous bending. The use of new equations has made it possible
to approach the bending of an open helicoid in a new way
and obtain new results. The intermediate positions of such
bending are given in Fig. 6. There is a significant difference
between the bending of these surfaces.

In the first case (straight closed helicoid), the full turn of the
surface remains so until it is transformed into a catenoid (Fig. 3).
In the second case, the surface first "untwists” around the
axis and turns into an incomplete turn. Then it begins to
"twist” and becomes a full turn at p = 0.6 (Fig. 6). With a fur-
ther decrease in the pitch, further "twisting” occurs with the
overlap of the turns in a certain sector in the top view. The
transformation of the inner edge during bending for both
surfaces, which at the beginning of bending adjoins the shaft,
is demonstrated by plots in Fig. 7.

There is a practice of manufacturing screws in workshops
that do not have the necessary machines to form the desired
helical surface. The technique involves welding together the
required number of flat rings (approximate reamers), which
correspond to the number of turns, and their subsequent
stretching. Stretching occurs along a shaft, onto which welded
rings are previously strung. One end of the welded rings is
welded to the shaft, and the other is stretched using a winch
along its axis. In principle, with such a technology, it would
be necessary to simultaneously stretch and "tighten” the ring
to an angle of 360° — ¢, which corresponds to one turn. With
such simultaneous stretching and "tightening”, the ring will
turn into a helical surface, which will be closer in shape to an
open helicoid than to a closed one. This is explained by the
fact that the formation of an open helicoid is associated with
smaller plastic deformations, therefore requiring less energy



consumption. This is a theoretical study on the process of
bending a flat workpiece into a coil, which helps understand
its essence and take it into account in the practical manufac-
ture of a coil.

The limitation of our research is that it concerns helical
surfaces only of constant pitch, limited only by cylindrical
surfaces. The disadvantage is that after forming a flat ring into
a finished coil, its geometry may differ from the theoretical
form. This is due to the fact that after the termination of the
action of deforming forces, partial unbending of the coil may
occur. Future studies could find approximate helicoid sweeps
limited not by cylindrical but by conical casings.

The proposed technique makes it possible to abandon
labor-intensive methods of physical prototyping. Our results
could be implemented in agricultural engineering, chem-
ical and construction industries, transport, and logistics
systems, etc. The economic and technological effect of the
implementation of the proposed technique is expected to be
due to the reduction of material consumption of produc-
tion (minimization of allowances for cutting the edge of the
coil), reduction of energy consumption of the processes of
stamping or stretching the rings, as well as an increase in the
operational life of screw surfaces through the elimination of
zones of concentration of residual plastic stresses.

7. Conclusions

1. A straight closed helicoid is bent by gradually decreas-
ing the pitch onto a known surface of revolution - a catenoid.
A certain catenoid section corresponds to the helicoid section
between the cylindrical casings, the dimensions of which are
found through the design parameters of the helicoid coil.
This section is approximated by a truncated cone, the exact
sweep of which is an approximate sweep of the helicoid coil.
As a result of theoretical bending, it has been shown that the
approximation accuracy increases as the radius of the internal
limiting cylinder increases. An approximate sweep of the he-
licoid coil with a pitch H = 100 and limiting cylinders of radii
r=20 and R = 60 has been constructed.

2. A straight open helicoid is also bent by gradually de-
creasing the pitch onto a known surface - a single-cavity
hyperboloid of revolution. The approximation accuracy also
improves as the radius of the internal bounding cylinder in-
creases as the meridian of the hyperboloid, i.e., the hyperbola,
approaches the straight line - the generatrix of the approxi-
mating cone. Similarly to the first case, its dimensions were
found and an approximate sweep of the helicoid with the
same design parameters was constructed.

3. Closed and open straight helicoids with the same di-
mensions practically do not differ from each other. However,
they bend into different surfaces of revolution, which are
approximated by truncated cones. The dimensions of these

cones differ significantly in size from each other, although
their sweeps are almost the same. It is characteristic that for
an open helicoid, the approximation of its surface of revolu-
tion by a truncated cone is much better than for a closed one.
This means that from a flat blank that has almost the same
dimensions for both helicoids, both closed and open helicoids
can be formed. However, when forming an open helicoid, the
plastic deformations will be smaller.
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