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This study investigates aerodynamic pro-
cesses in interblade, axial annular, and radi-
al-axial channels in turbomachines. The task
addressed relates to the need to improve the
computational efficiency in solving direct and
inverse aerodynamic problems when analyz-
ing and designing flow parts of turbomachines.

A computationally efficient method for
solving direct and inverse aerodynamic prob-
lems has been proposed, which provides
acceptable accuracy for engineering practice at
significantly lower computational costs com-
pared to conventional CFD approaches. The
results include a devised single mathematical
formulation based on Euler equations for a
compressible fluid, written in terms of the flow
function.

The proposed method makes it possible to
consider direct and inverse problems within
a common mathematical structure. The sys-
tem of equations is reduced to a single differ-
ential equation and a set of algebraic relations
while the global flow problem is decomposed
into a set of independent problems for indi-
vidual cross-sections. The inverse problem is
stated as a nonlinear optimization problem
based on the mass flow rate agreement con-
dition derived from the energy equation. The
computational complexity is reduced by using
the flow function and the decomposition of the
computational domain.

The method combines the capabilities of
direct analysis and reconstruction of the flow
channel geometry based on the predefined
aerodynamic characteristics. Verification
by experimental data and direct calculation
results demonstrated good agreement between
the velocity distributions and the reconstruct-
ed geometry; the maximum deviations did not
exceed 0.3%.

The results could be practically applied to
preliminary design, parametric optimization,
as well as inverse design of the flow parts in
turbomachines

Keywords: inverse problem; flow function;
Euler equation; quasi-three-dimensional flow;
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1. Introduction

Turbomachines are the main elements of power plants,
aircraft and rocket engines, gas transportation systems, as
well as many industrial technological systems. Increasing
their efficiency directly affects the reduction of fuel con-
sumption, reduction of emissions of harmful substances,
increasing the reliability of equipment, and reducing the
cost of energy production. Given the increased requirements
for energy efficiency and environmental safety, the task to
improve the aerodynamic characteristics of turbomachines
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remains one of the priority areas of modern energy and trans-
port engineering.

Aerodynamic processes in the flow parts of turboma-
chines are characterized by a complex spatial structure of
the flow. The flow in interblade channels, annular diffus-
ers, transition and exhaust channels is accompanied by
significant pressure gradients, secondary flows, separation
phenomena, compressibility of the working fluid, and the in-
teraction of individual elements of the flow part. Even minor
changes in the geometry of the channels can significantly
affect energy losses, efficiency, stability margin, and oth-




er operational characteristics of turbomachines. Therefore,
reliable prediction of flow parameters and determining the
influence of geometric factors on flow characteristics are of
significant practical importance.

Current evolution of computer technology has enabled
the widespread introduction of numerical methods for study-
ing flows into the processes of analysis and design of
turbomachines. The use of computational hydrodynamics
makes it possible to obtain detailed information about the
flow structure and optimize geometric parameters at the
design stage. At the same time, the constant increase in the
requirements for the accuracy of calculations leads to an
increase in the complexity of mathematical models and an
increase in computational costs. This issue is especially acute
when conducting parametric studies, during multivariate
design, and while solving inverse problems where it is nec-
essary to repeatedly perform flow calculations for different
configurations of the flow part.

An important direction in the development of modern
design methods is the use of inverse problems, which make
it possible to determine the geometric parameters of the flow
part from the predefined aerodynamic characteristics. Such
approaches open up the possibility of purposeful formation
of the flow structure and increasing the efficiency of tur-
bomachines. At the same time, their practical application re-
quires the construction of mathematical models that combine
reasonable physical validity with acceptable computational
efficiency.

Thus, it is a relevant task to devise methods for aerody-
namic analysis and design of turbomachines, capable of pro-
viding a combination of physical reliability and high compu-
tational efficiency when solving direct and inverse problems.

2. Literature review and problem statement

Current methods of aerodynamic analysis and design of
flow parts in turbomachines are largely based on the use of
mathematical modeling of the working fluid flow. In [1], an
algorithm for calculating compressible flows in interblade
channels of turbomachines is proposed, which provides the
determination of the main flow parameters and velocity
distributions along the surfaces of the profiles. However, the
use of such an approach requires solving a complete system
of flow equations in the calculation domain, which limits its
use when conducting a large number of parametric calcu-
lations and in optimal design problems. Further research,
reported in [2], is aimed at improving the accuracy of the
description of the flow in the flow parts of turbomachines
by taking into account additional mechanisms for the for-
mation of energy losses. It is shown that the characteristics
of the stages are significantly affected by three-dimensional
effects, secondary flows, and end gaps. However, taking into
account these factors leads to an increase in the complexity
of mathematical models and an increase in computational
costs. For a more detailed description of the spatial structure
of the flow, three-dimensional flow models based on the Na-
vier-Stokes equations were used in [3]. This approach makes
it possible to obtain detailed information about the velocity
field, pressures, and loss parameters. At the same time, the
need to discretize the entire volume of the flow part and
take into account viscous effects significantly increases the
dimensionality of the problem, which complicates the use of
such models in tasks of repeated analysis and optimization.

In [4], the possibilities of using CFD approaches for cal-
culating complex flows in turbomachines are considered. It is
shown that increasing the physical reliability of the models is
accompanied by an increase in the calculation time and require-
ments for computational resources. Thus, the issue of finding a
compromise between the accuracy of the flow description and
the efficiency of the calculation algorithm remains.

The task to increase the accuracy of mathematical mod-
eling is considered in work [5], which analyzes current
evolution of CFD methods for turbomachines. It is shown
that the use of complex turbulence models and high spatial
detail makes it possible to improve the prediction of flow
parameters. However, such models have limited application
in solving optimization problems because each change in
geometry requires repeated execution of resource-intensive
calculations.

In [6,7], the possibilities of using high-precision ap-
proaches for modeling the structure of turbulent flows were
investigated. In work [6], the use of a detailed spatial descrip-
tion of the flow made it possible to obtain information about
the structure of vortex zones, flow mixing mechanisms, and
the formation of aerodynamic losses. The advantage of such
an approach is the possibility of direct analysis of complex
physical phenomena that are difficult to take into account in
simplified models. At the same time, the use of high spatial
and temporal detail significantly increases the volume of
calculations. This limits the application of such methods for
tasks that require a significant number of calculation cy-
cles, in particular in parametric studies and optimal design.
In [7], the application of numerical modeling methods with
increased accuracy for the analysis of gas-dynamic processes
in turbomachines was considered. It was shown that taking
into account the non-stationarity of the flow and detailed
transport mechanisms makes it possible to significantly in-
crease reliability in predicting the characteristics of the flow
part. However, increasing the physical completeness of the
mathematical model requires the use of complex calculation
grids and significant computational resources. In addition,
the direct application of such models in inverse design prob-
lems is complicated by the need for repeated calculations
when changing geometric parameters. The results make it
possible to analyze the mechanisms of loss formation and
complex vortex structures. However, the use of such methods
for real flow parts of turbomachines remains limited due to
significant computational costs.

The task to reduce the computational cost of numerical
modeling is considered in [8]. It is shown that even with the
use of modern computational technologies, ensuring both
high accuracy and acceptable speed remains challenging.
In [9, 10], models were proposed for describing flows taking
into account the real properties of the working fluid; how-
ever, increasing the level of physical description leads to a
further increase in the complexity of calculations. In [9],
approaches to numerical modeling of flows in turbomachines
are considered, taking into account the actual properties of
the working fluid and complex thermodynamic processes.
The use of refined models makes it possible to increase ac-
curacy in determining the flow parameters, especially with
significant changes in temperature, pressure, and density. At
the same time, taking into account additional physical effects
leads to an increase in the number of calculation parameters
and the complexity of the system of equations. This reduces
the efficiency of such models when performing a large num-
ber of calculations necessary for optimizing structures.



In [10], numerical modeling of flows in the flow sections
of turbomachines was investigated, taking into account vari-
able thermodynamic properties of the gas and complex flow
regimes. It was shown that such approaches provide a high
correspondence between the calculated and experimental
characteristics. However, increasing the accuracy of the
model is accompanied by increasing the requirements for the
calculation domain, grid detailing, and calculation execution
time. As a result, the use of such methods for tasks of find-
ing optimal geometry or solving inverse problems remains
limited.

One of the reasons for the limited practical effectiveness
of high-precision CFD approaches is the issue related to tur-
bulence modeling. In [11], a two-parameter turbulence model
was proposed, which became one of the most common in
engineering practice due to the successful combination of ac-
curacy and speed. At the same time, it was shown in [12] that
there is no universal turbulence model and prediction errors
increase significantly in flows with a complex structure, cur-
vature of streamlines, and unfavorable pressure gradients. To
overcome these difficulties, it was proposed in [13, 14] to use
machine learning methods and high-precision modeling data
to build new closure models.

Another promising direction was hybrid RANS-LES
approaches whose evolution is described in [15]. In [13], the
possibilities of using machine learning methods to build new
closure models in CFD were considered. The potential for
increasing the accuracy of predicting flow parameters was
shown. However, large volumes of high-precision data are
required to train such models. The authors of [14] proposed
a multi-criteria approach to building turbulence models
using CFD data. Accuracy was improved for certain classes
of problems but the issue of universality of models remains
unresolved. In [15], hybrid RANS-LES methods were inves-
tigated. The possibility of combining acceptable accuracy and
relatively moderate computational costs was shown. At the
same time, the complexity of implementing such approaches
significantly exceeds the complexity of conventional engi-
neering models.

In parallel with the development of CFD, aerodynam-
ic optimization and inverse design methods were actively
studied. In [16], the possibility of using control methods to
determine the optimal geometry of aerodynamic surfaces
was shown. Further advancement of this approach is report-
ed in[17], in which a conjugate approach to determining
the gradients of objective functions was devised. Its high
efficiency compared to finite difference methods was shown.
However, each optimization iteration still requires solving
the direct flow problem.

The practical application of such approaches for tur-
bomachines is considered in [18-20]. In [18], industrial
optimization strategies for turbomachines are analyzed. The
effectiveness of combining CFD and algorithms for finding
optimal parameters is shown. In [19, 20], modern reviews of
aerodynamic optimization methods for turbomachines are
given. Significant progress in the application of conjugate
methods and automated design is shown. It is the high com-
putational cost that remains the main reason for the limited
use of these methods in large-scale optimization problems.
An alternative direction of development has been reduced-or-
der methods and quasi-three-dimensional approaches. The
theoretical foundations of such an approach were laid in [21],
in which the general theory of three-dimensional flow in
turbomachines was stated.

Further advancement was achieved through methods of
quasi-three-dimensional analysis [22], which made it possi-
ble to take into account the spatial nature of the flow at sig-
nificantly lower computational costs. In [23], a comparison
of different end-to-end calculation methods was performed
and their suitability for preliminary design was shown. The
results from [24] confirmed the possibility of using such ap-
proaches for transonic turbine stages. To improve the accu-
racy of simplified models, a modern loss model was proposed
in [25], which makes it possible to take into account the main
mechanisms of energy dissipation without a significant in-
crease in computational complexity. However, most existing
quasi-three-dimensional methods focus mainly on solving
direct problems and do not provide an effective solution to
inverse design problems.

Thus, our review of existing approaches shows that
current methods for calculating flows in turbomachines
provide high accuracy in determining flow parameters but
their application in operational design and optimization
problems is limited by significant computational complexity.
High-precision methods require solving large systems of
equations taking into account viscous and turbulent effects,
while reduced-order methods are mainly focused on solving
direct problems and do not provide an effective statement of
geometry recovery problems.

The development of a mathematical framework that
would make it possible to simultaneously perform direct flow
analysis and solve inverse design problems at a significant
reduction in computational costs remains unsolved. It is
especially important to ensure the possibility of local solu-
tion of the problem in cross-sections of the flow part with-
out the need for multiple calculations of the full flow field.
Overcoming these limitations is possible by using a special
formulation of the flow equations, which preserves the basic
laws of motion of the working medium and simultaneously
reduces the dimensionality of the calculation problem. That
predetermined the area of research into devising a compu-
tationally efficient method for solving direct and inverse
aerodynamic problems in turbomachinery ducts based on
the flow function.

3. The aim and objectives of the study

The aim of our study is to devise a computationally ef-
ficient method for solving direct and inverse aerodynamic
problems in turbomachinery ducts based on the flow func-
tion, which enables reduction in computational costs while
maintaining the accuracy of the description of the flow pa-
rameters and geometry of the flow parts of turbomachinery
required for engineering analysis.

To achieve this goal, the following tasks were set:

—-to define a single mathematical statement of direct
and inverse aerodynamic problems for different types of
turbomachinery ducts and to reduce flow equations to a
compact system of differential and algebraic relations based
on the flow function;

- to formulate direct and inverse aerodynamic problems
as nonlinear optimization problems and to investigate the
correctness of their mathematical statement;

- to verify the accuracy of the proposed method by com-
paring the results of calculations with experimental data
and to assess the possibility of practical application of the
method.



4. The study materials and methods

4.1. The object and hypothesis of the study

The object of our study is aerodynamic processes in inter-
blade, axial annular, and radial-axial channels of turboma-
chines. The study is aimed at determining the possibility
of using a single mathematical statement based on the flow
function to solve direct and inverse problems of aerodynamic
design of elements in the flow parts of turbomachines.

The principal hypothesis assumes that the use of the flow
function as the main calculation variable makes it possible
to develop a single method for describing different types of
flows in the channels of turbomachines and reduce the com-
putational complexity of solving problems compared to full
CFD models while maintaining the accuracy necessary for
engineering analysis.

When building the mathematical model, it is assumed
that the working medium is a compressible inviscid fluid.
The flow is considered to be stationary, adiabatic, and con-
tinuous. Under these conditions, the total enthalpy, entropy,
as well as isentrope index, remain constant along the stream-
lines, which makes it possible to use a simplified notation of
the equations of motion.

The adopted simplifications are associated with the ne-
glect of direct modeling of viscous effects, the development
of the boundary layer, and complex turbulent structures.
This assumption allows us to focus on determining the basic
patterns of the velocity distribution and geometric parame-
ters of the flow; the estimation of losses can subsequently be
performed using empirical or semi-empirical relationships.

Our study considers a mathematical model of compressible
flow in turbomachine channels [26-29]. The proposed method
assumes three basic types of flow channels: interblade chan-
nels on surfaces of rotation, free section of an axial annular
channel, and axisymmetric radial-axial annular channel.
Under our assumptions, the basic equations of motion of a
compressible fluid are transformed using a flow function that
ensures that the flow continuity condition is met.

4. 2. Description of the mathematical model
The basic equations in the model:
- energy conservation equation (in absolute or relative
statement)
2 WZ 2

i =i+—, —pv+ ——=const; 1
0 P IS LR W

- isentropic process equation
pv* = const; )

- continuity equation

0 (R 0(R
—| —=C, |[+=—| —C, |=0; 3
aR[v RJ Gz[v Z] ©®)
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For inverse problems, the velocity distribution, and its de-
rivatives along the streamline in the corresponding direction
are specified as additional constraints (equations) [30]. For ex-
ample, in a special case for the axial direction, the system takes

dC(z dw(z d’C(z
the form C = C(z) or W= W(g), ( ) or ( ) or (2 )
de( z) dz dz dz
or ———=. For channels of other types, the velocity and its

z
derivatives will depend only on the selected flow direction.

5. Results of developing and investigating a method for
solving direct and inverse aerodynamic problems in
turbomachinery ducts

5.1. Results of defining the mathematical state-
ment of flow problems in turbomachinery ducts

The general form of equations that meet the requirements
for an arbitrary surface of rotation is defined in [29]. The
work gives a single structure of equation reduction, which is
acceptable for all three types of ducts [26-28, 30].

The key feature of the proposed method is solving
equations based on the introduction of the flow func-
tion. The flow function ¥ =mY¥ was set as a normalized,
twice continuously differentiated function whose range of
change is [0, 1] (Fig. 1)

¥ =F+xF/1+xF, 7)

where “x” is some previously unknown continuous twice-dif-
ferentiated function of actual variables, which is determined
in the process of solving aerodynamic problems and can take
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both positive and negative values: -1 < “x” < o.
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Fig. 1. Example of flow function ¥ = F +xF /1+xF
distributions

For interblade channels, the geometry is defined by
the convex side (suction side) and the concave side (pres-
sure side) (Fig. 2,a): ¢41) and ¢,(I) respectively, with
the corresponding definition of the local cross-sectional
area. The relative cross-sectional area of the channel is

9_%(1)
2, ()-o.(1)
nels, the radii of the root (hub) and the periphery (tip)
are set as Rp(Z), which corresponds to the cross-sectional
area (Fig. 2, b): F(Z) = ﬁ(R,i —RZ).

F(@,l) = 0< F <1 (Fig. 2, b). For annular chan-



This method makes it possible to replace the continuity
equation with an equivalent system that provides a consistent
representation of the mass flow distribution in different types
of channels, and thus the same mathematical structure is
preserved for interblade and annular channels.

For the free section of the annular channel, the system of
equations, which is equivalent to the continuity equation, is
represented in the form
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C,=———, Cp=————, gy ="/ —. 8
"T2aRR * T 2zRoz’ O oz R ®)
For interblade channel:
_VOo¥ ,, _vo¥
“re0’ Tt roal’
w 0¥ (10¥
Loctgf=—/— 9
w, == (r aaj ©)
For annular channel:
vV oG vV oG oG ,0G
L L o S L Y A1)
27R OR 27R 0Z 0Z OR

At the next stage, the Euler equations are transformed,
resulting in the dependences for determining the correspond-
ing pressure gradient.

As a result, for the interblade channel, the following is
obtained:

In an axial-radial annular channel, in the general case
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In the special case when the angle of rotation of the
axes (Fig. 3)isa =0
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where M, =C,/a, M, =C,/a-Machnumbers determined

from the axial and radial components of the flow velocity;
a=/kpv - speed of sound:
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For the free section of the axial annular channel
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Fig. 2. Designations for the boundaries of sections in turbomachine channels:

a — interblade channel; b — annular channel

which allowed us to obtain expressions for
pressure gradients in the form of functions of



the derivatives of the flow function, velocity components, and
Mach numbers.

z

Fig. 3. Coordinate directions in the meridional plane

5. 2. Establishing procedures for solving direct and
inverse problems

This subchapter considers an example of an axisymmet-
ric flow in annular channels, for which the solution was
obtained in the meridional plane. The transformation of
coordinates from r and z into orthogonal coordinates m and
n (Fig. 3), rotated by an angle «, is introduced.

The application of such a transformation allowed us to
construct an arbitrary family of lines n = const, which deter-
mined the calculated cross-sections of the channel. The ori-
gin of the coordinate directions m and n was located on the
7 axis, while the possibility of its displacement in the radial
direction was provided:
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We set coordinates for the inner boundary my = my (n;) and
the outer boundary of the channel m, = m, (n;), and their deriv-

dmk(ni) dmp(nl.) dzmk(ni), dzmp(ni)

atives . The solution

n_ ' dn n’ n

to the flow calculation problem is considered complete when the
variables x of the flow function (7) are defined along the lines
n=mn; or in a reasonably dense set of cross sections n = const.
The problem for the interblade channel can be represented
similarly. The problem of calculating the flow in a certain cross
section [ = const (Fig. 2, a) is defined as a partial problem, while
its independence from other partial problems is established.

The solution to the problem of determining the flow
parameters in a predefined cross-section | = const was in-
vestigated. The principle is similar to that for other types of
channels. In the cross-section n = n;, the required number of

equidistant points m;, j=1,N, m; = my (n), m, = my, (n;) was
set. The values of the independent variables “x” of the flow
function are set, and, at the points, we calculate the values of
the dimensionless flow function (7), its partial derivatives up
to the second order inclusive, and the circumferential compo-
nents of the flow velocity (10), (16).

At point m; with numbers j = 1 or j = N, the p; or py
pressure was determined, which satisfied the energy conser-
vation equation
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The solution to the equation for pressure gradient

a7

d—p =f (m, p) in the cross section n= n; was defined as the solu-
m

tion to the Cauchy problem on the interval [m (1), m, (n)] under
the boundary condition set by pressure value p; or pressure py.

For arbitrarily defined actual variables of the flow func-
tion (for example, zero values), pressure values were determined
at all points of the channel cross section. Condition (17) was met
only at one point: at point m; = my (1), or my= m,(n;). Therefore,
the fulfillment of the energy conservation equation depended on
the correct choice of actual variables “x” (7). The specific prob-
lem was stated as a nonlinear programming problem, in which
the objective function was defined as a quantitative estimate of
the fulfillment of equation (17) at points m;, j=1,N. The mass
flow rate through the channel, calculated from equation (17),
and the mass flow rate predefined by the conditions of the spe-
cific problem should not differ at the points set.

Therefore, the solution was derived independently
for each cross-section, and the cross-section itself was
discretized into a set of points. At these points, the flow
function and its derivatives were calculated, the velocity
components were set (inverse problem) or determined (di-
rect problem); the boundary pressure was determined
from the energy equation, and the pressure field inside the
cross-section was obtained by solving the Cauchy problem.

The initial data for the calculation: mass flow rate, total
pressure and specific volume, geometry of the channel bound-
aries and their derivatives. For the inverse problem, the geom-
etry of the streamline and the velocity distribution along it.

The result of solving the direct problem is the reconstruc-
tion of the full set of flow variables within the cross-section,
and for the inverse problem, determining the geometry of
channel boundaries. The solution depends on the unknown
parameters — “x” function, which determine the nature of
change in the flow function.

Thus, each local problem is stated as a nonlinear optimi-
zation problem where the design variables “x” are the param-
eters of the flow function, the objective function is the sum
of the squares of the mass flow rate residuals estimated from
the energy equation.

The proposed flow function-based statement reduces the
complete system of governing equations to a compact and
computationally efficient form.



As a result, the calculation of the flow in each cross-sec-
tion is transformed into an independent nonlinear optimiza-

tion problem, which significantly simplifies the solution pro-  related to the inlet velocity (Fig. 6).

cedure while maintaining physical
consistency.

5. 3. Verifying the accura-
cy of solving aerodynamic and
problems in the ducts of tur-
bomachines

5.3.1.Investigating the ac-
curacy of solving direct aero-
dynamic and problems in the
ducts of turbomachines

Fig. 4-6 show a comparison of
experimental [30] and calculated data
in the interblade ducts of two rotor
cascades of turbines TP-1A (P-2617A)
and TP-2A (P-3021A), and the
nozzle cascade TC-1A (C-9012A,
H-4) [31, 32].

For the TP-1A cascade, the calcu-
lation results are represented as fol-
lows: the distribution of the dimen-
sionless velocity in the interblade
channel at the angle of the inlet flow
without shocks 5, = 21° (Fig. 4), and
the distribution of the dimension-
less velocity along the profile surface
at different angles of the inlet flow
B = 18°, 21°, 26°, 33° (Fig. 4).

Calculations for the TP-2A type
cascades were carried out in or-
der to determine the distribution
of flow parameters in the diffus-
er-confusion channels of cascades.
In the original TP-2A cascade, the
curvature of the concave surface of
the profile was increased by cutting
[30], while the convex surface re-
mained unchanged. As a result, the
interblade channel first expanded
and then narrowed. The basic geo-
metric parameters: a; - width of
the inlet opening, a,, — width of the
middle of the channel, a, - width
of the outlet throat (Fig.5). The
original TP-2A cascade is char-
acterized by the following geo-
metric_ ratios a,=a,/a =0.92
and a,=a,/a,=1.16, while the
two modified TP-2Ak cascades
have diffusion ratios a, =1.08 and
1.23 at the same a, =a, /a,=1.16.

Basic geometric characteristics of
the TC-1A nozzle cascade are shown
in Fig. 6. Experimental studies on
this cascade are reported in [31, 32]
under the following conditions:
Mach number 0.4, Reynolds num-
ber 7 - 10°. Comparison with experi-
mental data is carried out using the
distribution of dimensionless velocity
C=C,/C,(C;- current value of ve-

locity on the profile surface, Cy - flow velocity at the inlet to
the cascade) along the profile surface where the local velocity is
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Thus, the devised method for solving a direct problem
makes it possible, at satisfactory accuracy, to perform cal-
culations in the confuser, diffuser-confuser, and diffusion
channels of turbomachinery cascades.

To assess reliability of the calculated flow characteristics
in the cross section of the free annular channel, a comparison
was performed to experimental data [33, 34].

An axial turbine stage was investigated (Fig. 7) [33]. Flow
parameters were measured in the end cross sections of free an-
nular gaps after the rows of blades using gas-dynamic probes.

Our comparison of the calculated and experimental re-
sults is illustrated in Fig. 8-10, which show the distributions
of static pressure P and two velocity components az and
C,, along cross section 1 (section 1) (velocities are referred
to velocity Cy, equivalent to the stage difference). Similar
distributions of mass flow, static pressure P,, velocity and its
components ézz and C,, along the blade height were obtained
both behind the stator in cross section 2 (section 2) and be-
hind the rotor in cross section 2 (section 2) (Fig. 11-13).
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Fig. 7. Basic geometric characteristics of the turbine stage
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Fig. 9. Distribution of velocity component Elz along cross
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The comparison confirmed that the devised method for
free annular channels enabled determining the radial distri-
bution of flow parameters after turbine cascades at accept-
able accuracy. Our results indicate the possibility of using the
proposed method for the analysis and design of multi-stage
sections, as well as for the preliminary formation of flow

parameter distributions when designing transition and outlet
channels in turbomachines.
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5.3.2.Investigating the accuracy of solving inverse
aerodynamic problems

A transonic turbine rotor cascade in an aircraft turbojet
engine was chosen as a test case [30]. From the direct solution
to the problem on a cylindrical flow surface, the following
was obtained: the distribution of flow parameters in the
interblade channel, the profile loss coefficient based on the
velocity distribution, the geometry of the mean streamline,
and the velocity distribution along it (used as boundary con-
ditions for the inverse problem).

Using these boundary conditions, the inverse problem was
solved. The results of the comparison are shown in Fig. 14.

It should be noted that the accuracy of determining the
profile boundaries in the inverse problem depends both on
the accuracy of the boundary conditions and the accuracy
of the solution itself. They, in turn, depend on the accuracy
of the statement and solution to the direct problem. For the
devised methods, the difference between the coordinates of
the original profile and the profile reconstructed using the in-
verse problem does not exceed 0.03 mm. Thus, the solutions



to the direct and inverse problems demonstrate comparable
accuracy. The velocity distribution along the surfaces of the
original and reconstructed profiles is shown in Fig. 15.

The direct problem was solved for a diffuser with a length of
I=500 mm and an opening angle of a« = 37.5°. In total, 501 de-
sign cross sections [ = const were considered [33].

obtained from the inverse problem, as well as the correspond-
ing boundary conditions. The boundaries of the diffuser
obtained from the inverse problem are marked with triangles
in Fig. 16. Table 1 gives relative deviations in the radial co-
ordinates for the surfaces of the inner ARy, and outer ARy,
contours at 51 cross sections [ = const.
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As a result, the flow parameters in each T

cross section were obtained, as well as the .05 -0
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geometry of the average streamline and

the velocity distribution along it. Fig. 16, 17
show a comparison between the initial ge-
ometry of the diffuser and the geometry

Fig. 15. Distribution of dimensionless flow velocity A = W;/W, along the
contours of profiles on a cylindrical surface of revolution:
——&—— direct problem; — & inverse problem

Table 1
Relative deviations in the radial coordinate for the sleeve and the shell in cross sections /= const
Hub Tip
Section No.| Coordinate [, m | ARy, % |Section No.| Coordinate , m | ARpu, % |Section No.| ARy, % Section No. | ARy, %
1 0 -0.013 26 0.25 -0.017 1 0.105 26 0.097
2 0.01 -0.012 27 0.26 -0.017 2 0.102 27 0.097
3 0.02 -0.011 28 0.27 -0.016 3 0.100 28 0.097
4 0.03 -0.010 29 0.28 -0.016 4 0.098 29 0.096
5 0.04 -0.010 30 0.29 -0.015 5 0.097 30 0.096
6 0.05 -0.009 31 0.3 -0.015 6 0.096 31 0.096
7 0.06 -0.009 32 0.31 -0.014 7 0.095 32 0.096
8 0.07 -0.009 33 0.32 -0.013 8 0.095 33 0.096
9 0.08 —-0.009 34 0.33 -0.013 9 0.095 34 0.096
10 0.09 -0.009 35 0.34 -0.012 10 0.095 35 0.097
11 0.1 -0.009 36 0.35 -0.012 11 0.095 36 0.097
12 0.11 -0.009 37 0.36 -0.013 12 0.096 37 0.098
13 0.12 -0.010 38 0.37 -0.014 13 0.096 38 0.098
14 0.13 -0.010 39 0.38 -0.016 14 0.096 39 0.099
15 0.14 -0.011 40 0.39 -0.020 15 0.097 40 0.100
16 0.15 -0.011 41 0.4 -0.025 16 0.097 41 0.100
17 0.16 -0.012 42 0.41 -0.033 17 0.098 42 0.100
18 0.17 -0.013 43 0.42 -0.043 18 0.098 43 0.100
19 0.18 -0.013 44 0.43 -0.056 19 0.098 44 0.099
20 0.19 -0.014 45 0.44 -0.074 20 0.098 45 0.098
21 0.2 -0.015 46 0.45 -0.096 21 0.098 46 0.095
22 0.21 -0.015 47 0.46 -0.124 22 0.098 47 0.091
23 0.22 -0.016 48 0.47 -0.158 23 0.098 48 0.086
24 0.23 -0.016 49 0.48 -0.200 24 0.098 49 0.079
25 0.24 -0.017 50 0.49 -0.251 25 0.097 50 0.069
- - - 51 0.5 -0.313 - - 51 0.057
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Analysis of the results given in Table 1 reveals that the
geometry of the diffuser channel restored using the inverse
problem has a high correspondence to the original con-
figuration. The maximum relative deviations in the radial
coordinates for the inner and outer contours do not exceed
the established limits, which indicates sufficient accuracy
in determining the boundaries of the flow channel for the
predefined flow parameters.

Our results confirm that the proposed inverse solution
procedure provides consistency between the predefined aero-
dynamic characteristics and the resulting channel geometry.
This demonstrates the possibility of using the method for
problems of preliminary design of flow parts in turboma-
chines when it is necessary to quickly assess the impact of
changing geometric parameters on the flow structure.

6. Discussion of results based on investigating a
method for solving direct and inverse aerodynamic
problems in turbomachine channels

Our results are attributed to the features of the mathe-
matical statement, in which the flow function is used as the
main variable, and the execution of the energy conservation
equation is controlled through the mass flow rate matching
condition formulated on the basis of equation (17). The use of
the flow function parameters x defined in formula (7) allowed
us to reduce the problem of calculating the flow in each cross
section to an independent nonlinear optimization problem. It
is this structure of the statement that provided the possibility

to locally determine flow parameters without the need to
solve the global system of equations.

The reliability of results based on the direct problem is
confirmed by comparing the calculated and experimental
data shown in Fig. 4-6. The matching of velocity distribu-
tions indicates that the proposed statement correctly repro-
duces the main regularities of compressible flow in the in-
terblade channels of turbomachines. The result is explained
by the fact that the flow function automatically ensures that
the continuity equation is fulfilled while the use of Euler
equations makes it possible to correctly take into account the
influence of channel geometry on the flow structure.

The high accuracy of the inverse problem solution is
confirmed by the results shown in Fig. 15-17 and given
in Table 1. A comparison of velocity distributions in Fig. 15
illustrates a practical coincidence of the results from the di-
rect and inverse problems; the data in Fig. 16, 17 and Table 1
indicate high accuracy in the reconstruction of the channel
geometry. The maximum deviations in the blade profiles did
not exceed 0.03 mm, and they were less than 0.32% for the
diffuser. This result is explained by the fact that the optimiza-
tion objective function is directly related to the fulfillment of
the mass flow conservation condition, therefore the geometry
is reconstructed in accordance with the specified aerody-
namic characteristics.

Compared with the known CFD approaches based on
solving the Navier-Stokes equations and RANS-, LES-, or
DNS-modeling [6-10], the proposed method is characterized
by significantly lower computational complexity. Unlike
conventional inverse methods that require multiple solutions
to direct problems or the use of adjoint equations [16-20],
the inverse problem in our method is stated locally in each
cross-section. This makes it possible to significantly reduce
the number of unknowns and reduce computational costs
without losing engineeringly acceptable accuracy. At the
same time, unlike classical end-to-end methods [21-24], the
proposed statement makes it possible to solve direct and in-
verse problems within a single mathematical model.

At the same time, a certain limitation of the proposed
method is the use of an inviscid flow formulation based on
Euler equations, which does not provide direct modeling of
friction processes, boundary layer development, flow detach-
ment, and secondary flows. However, determining losses in
the flow parts of turbomachines does not necessarily require
a complete solution to the viscous problem because there
are empirical and semi-empirical dependences that make
it possible to estimate losses based on flow parameters, in
particular, on the distribution of velocity, pressure, and geo-
metric characteristics of channels. The use of such models
in combination with the proposed method could ensure that
the main loss mechanisms are taken into account without a
significant increase in computational complexity.

Further studies may involve the integration of loss models
and simplified turbulence models into the constructed sys-
tem of equations, as well as the expansion of the algorithm
for flows with pronounced viscous effects. The combination
of the proposed method with semi-empirical loss estimation
models when solving problems of optimal design of flow
parts of turbomachines is especially promising. Such inte-
gration would make it possible to use the obtained velocity
distributions and flow parameters not only to determine
the geometry of the channels but also for a comprehensive
assessment of their aerodynamic efficiency when searching
for optimal design solutions. The main difficulties related to



such advancement might involve ensuring the consistency of
semi-empirical dependences with the mathematical notation
of the method, maintaining computational efficiency and sta-
bility in solving inverse problems at an increase in the num-
ber of design parameters. At the same time, our results allow
us to argue about the prospects of using the proposed method
for preliminary design, parametric studies, and optimization
of elements in the flow parts of turbomachines.

7. Conclusions

1. A unified mathematical representation of direct and
inverse aerodynamic problems for various types of turboma-
chinery ducts has been devised. The use of the flow function
as the main variable has allowed us to reduce the compress-
ible flow equations to a compact system of differential and
algebraic relations, which provided the possibility of describ-
ing interblade, axial annular, and radial-axial ducts within
the framework of a single approach. That made it possible to
decompose the initial multidimensional problem into local
subproblems in the duct cross-sections, due to which the
computational complexity was reduced by at least an order of
magnitude compared to conventional CFD approaches. The
resulting effect is explained by the reduction in the number
of interconnected unknowns and the absence of the need to
solve large global systems of equations.

2. A procedure for solving direct and inverse problems
based on local decomposition of the computational domain
and statement of the problem of determining the flow pa-
rameters as a nonlinear optimization problem has been
proposed. This method allowed us to reduce dimensionality
of the problem and ensure the restoration of the geometry of
flow channels with a deviation of no more than 0.03 mm for
the blade profiles and 0.32% for the diffuser channel. This
indicates the capability of the proposed method to provide the
necessary accuracy for inverse design problems.

3. The proposed method was verified by comparing the
calculated results with experimental data and the results of
direct calculations for turbomachinery channels. Consistent
velocity and pressure distributions in the interblade, annular,
and diffuser channels were obtained, while the discrepancy
between the calculated and reference geometric parameters
did not exceed 0.3%. Our results confirm the possibility of
using the proposed method for preliminary design, para-

metric studies, and optimization problems of flow parts in
turbomachines.
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