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1. Introduction 

The port terminals are the most important sections of 
transportation logistics chains, in which there takes place 
interaction of traffic streams of related types of transport. 
On efficiency of such an interaction there depend terms and 
cost of cargoes delivery, as well as their safety. While work-
ing out of projects of organization of new and reconstruction 
of acting terminals one of the main problems is finding of 
optimum capacity of fronts of cargoes delivery and pickup, 
which are determined according to size of delivered cargoes, 

uninterrupted and regular work of transport. In turn, the 
stated capacity is determined by numerical values of char-
acteristics of the main technological elements of a terminal, 
namely: moorages, storehouses, unloaders, access roads and 
etc. Whereby, the capacity of moorages, storehouses and ac-
cess roads are to be coordinated with each other.

Typically for formal description of functioning of a termi-
nal there is used combination of methods of the queueing the-
ory (QT) and the storage (inventory) theory. For example, the 
significance of QT for project calculations lies in the fact that 
it makes it possible to predict variation of length of queues and 
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time of being in a queue of transport units (TU) in a project-
ed terminal, that wait for beginning of loading or unloading 
for a remote prospect. Objectively existing variation and 
irregularity of movement of TU create difficult conditions 
for exploitation of production capacities of ports, that bring 
to necessity of organization of their reserves. The inventory 
theory makes it possible to give correct assessment of a level of 
expected reserves of cargoes in a storehouse of a terminal and 
to determine its necessary capacity, to give scientific grounds 
for a value of operation load on structural elements of moorage 
constructions and to improve its reliability. Description of a 
terminal in a form of one or another queueing system is also 
necessary for giving of scientifically grounded assessment of 
expected values of economic results and expenses that relate 
to exploitation of a terminal in the long term.

At the same time, while examination of a problem of 
formal description of a port terminal in terms of the stat-
ed theories there remain many unsolved tasks that relate 
to finding of key dependence of the main characteristics 
of technological elements on characteristics of incoming 
streams of TU. Characteristics of technological elements 
that were calculated not in the proper way can bring to ad-
ditional demurrage of TU and ships, as well as to losses that 
relate to such a demurrage. The mentioned problem is urgent 
for a theory and practice of projection of port terminals, 
and solving of theoretical difficulties that occur during it 
requires non-trivial special researches.

2. Literature review and problem statement 

It is known that in the present moment while projecting 
of port terminals for giving of grounds for their capacity, 
there are widely used methods of simulation [1, 2] and opera-
tions research [3, 4], that make it possible to model a work of 
a terminal. In the literature that is dedicated to modelling of 
a work of port terminals, for long time there were used ready 
models of queueing systems, with not enough considering 
of a specific character of a work of a port [5−7]. However, 
classical models of QT were worked out mainly for solving 
of tasks of telecommunication system projecting, and for 
most transport systems they are of little use. So, for example, 
they absolutely do not consider the factor of coordination of 
oncoming traffics in a terminal, and for description of such 
traffics there is used only a model of the stationary Poisson 
stream. At the same time, when there are present regulation 
of a work of transport (for example, in linear shipping), 
streams of TU, that come to a terminal, are not the Poisson 
ones but have some certain level of regularity.

The first researches that were dedicated to modelling of 
interaction of transport streams in a port in assumption of 
non-limited capacity of fronts of loading and unloading, were 
made in 70−80s of the last century [8, 9]. In the following two 
decades the accent of researches were put on building and 
analysis of stochastic models of work of port terminals with 
taking into consideration of the finite capacity of loading 
and unloading fronts [4]. In monograph [4] there is reflected 
a level of research of this problem up to 2006, where there 
are given stochastic models of transportation and storage 
systems with limiting of capacity, that is built with the help 
of combination of methods of the storage (inventory) theory 
and QT. However, in it there were analytically researched in 
general only relatively simple models of interaction of trans-
port streams, where one stream is regular, in other words it is 

characterized with constant rate of delivery (pickup) of car-
goes. At the same time real transport streams have greater or 
less level of irregularity and that is why they make interest 
for research of this more theoretically difficult case.

Among the latest researches in the sphere of modelling 
of interaction of transport streams in transit points there 
can be singled out a work [10], in which for optimization of 
a plan of coordination of a stream of ships and rakes there 
is suggested a model that is based on generalization of a 
classical model of Wagner-Whitin in the inventory theory. 
However, such an approach is efficient only for a case of fully 
controlled transport streams, irregularity of coming of TU is 
not taken into consideration in it.

 In a review article [11] there is given a review of liter-
ature in planning of a work of multimodal transport, and 
there are systematized known results on planning of a work 
of multimodal and intermodal transport in strategical, tacti-
cal and operational levels. However, the given results relate 
only to determined conditions of transport work, factors 
of uncertainty, that play a significant role in a work of sea 
transport, are not reviewed in it.

In the article [12] there is observed a task of optimal 
management in placement of ships in a group of moorages in 
a port with use of stochastic dynamics, however, there was 
not researched an attendant problem of variation of a level of 
cargo reserves in storehouses.

In [13] there are solved problems of an optimal location 
of a transport centre (hub) in a transport network with a 
help of methods of QT with taking into consideration of 
limited capacity of a hub, that is presented in the form of a 
queueing system. However, at the same time there was not 
taken into consideration queues while interaction of trans-
port streams in a hub. In cited works [11−13] a problem of 
interaction of different types of transport and its influence 
on capacity of a port (terminal) is not observed, however, co-
ordination of different types of transport is very significant 
while organization of multimodal transportation. In [14] 
there was researched the influence of a level of regularity of 
movement of vessels on a level of cargo reserves in storehous-
es of a terminal, however, under assumption of regularity of 
its delivery to a terminal by surface transport, which is a big 
simplification of real processes of transportation.

In [4] with analytical methods (with a help of a special 
class of Markov processes - Markov drift processes) there 
were enough researches of models of interactions (via a 
storehouse) of transport streams in terminals for a case, 
when one of streams of means of transport (loaded and 
empty) is regular, and the other one is described by a model 
of the Poisson stream. In a case of an interaction of two ir-
regular transport streams because of significant analytical 
difficulties within Markov models, there was possible to 
research only the simplest case of interaction of two single 
TU. For solving of mathematical difficulties that occur and 
for getting of desired join queue-length distribution of TU 
and amount of cargo in a storehouse, it is necessary to make 
one or another simplifying assumptions, for example, about 
unlimited capacity of one of the fronts of loading/unloading 
of TU, unlimited capacity of a storehouse and etc.

3. Purpose and tasks of the research 

The purpose of the work is building up and analysis of 
a common enough stochastic model of a work of a port ter-
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minal in assumption of irregularity of delivery of cargo to 
a storehouse by TU of surface transport (with unlimited 
capacity of a front of unloading) and its pickup by ships. 
It is a necessary basis for working out of a scientifically 
grounded method of finding of main dependences of val-
ues of capacity of a terminal on set characteristics of TU’s 
streams.

For achievement of the stated purpose, it is necessary to 
solve the following tasks: 

– to give formalized description of a port terminal in 
terms of the inventory theory and QT with taking into con-
sideration of irregularity of delivery and pickup of a cargo by 
ships and TU;

– to take necessary simplifying assumptions and give in-
terpretation to a work of a terminal in terms of Markov drift 
process, but with additional boundary conditions; 

– to state a method of 
solving of a system of inte-
gral-differential equations, 
that was got while building 
up of stochastic model of a 
terminal for finding of join 
distribution of number of 
ships that are in a terminal, 
and amount of cargo that is in 
a storehouse;

– on the basis of a got 
decision to find formulae for 
calculation of main values of 
efficiency of a work of a ter-
minal, to work out a method 
of calculation of necessary ca-
pacity of a storehouse and to 
find a formula for calculation 
economically efficient term 
of recoupment of a project of 
organization of a terminal.

4. Description of a general scheme of modelling of a work 
of a port terminal 

We will observe a port terminal that consists of n in-
terchangeable moorages and a storehouse. Similar cargoes 
are delivered to a terminal with a help of surface type of 
transport (motor vehicles or rakes) and immediately come 
to a storehouse. We consider that a stream of such TU is 
described with a model of a compound renewal process [15]. 
It means that intervals of time between near moments of ar-
rival of TU are mutually independent random variables with 
the same distribution function (d. f.) A (t), and their carrying 
capacity − independent on them and mutually independent 
random variables with the same d. f. G(x). All cargoes that 
were delivered to a storehouse are taken out with a help of 
N, N>n, vessels, each of which works in its separate line. The 
time of a round voyage is a random variable with d. f. B(t), 
and d. f. of a net carrying capacity of arbitrary ship is H(x). 
The rate of loading of a cargo from a storehouse (if it is not 
empty) to any ship is W.

To make building up and analysis of a mathematical 
model simpler we will suppose that: 

а) capacity of a storehouse is big enough, it means that 
we will neglect a possibility of additional demurrage of TU, 
that was caused with complete filling of a storehouse; 

b) time of unloading of a cargo from TU to a storehouse 
is negligible (it is equal to zero); in other words, we con-
sider that a front of unloading of a cargo has an unlimited 
capacity. 

We should mark that the stated assumptions do not 
except a situation, in which one or several ships can be in 
demurrage at moorages for additional time because of ab-
sence of a cargo in a storehouse in expectance of delivery of 
a cargo by TU. 

We will take the following designations: 
(t)ν  – number of ships that are in a terminal (at moorag-

es and in a queue to them) in the moment of time t;
(t)ξ  – amount of cargo that are in a storehouse in the 

moment t.
A structural scheme of the described transportation and 

storage system is presented in Fig. 1. 

5. A system of integral-differential equations in relation 
to limit probabilistic distribution 

From a mathematical point of view our task is to 
find limit (with t → ∞) distribution of a random vector 
( (t), (t)).ν ξ  From a physical point of view it means that we 
research a work of a terminal in a steady-state (or in equilib-
rium) condition. 

We will mark: 

k tF (x) lim { (t) k, (t) x},→∞= ν = ξ ≤P x 0,k 0,1,2,...,N,≥ =

desired limit probabilistic distribution (in assumption of 
existence of the stated limits). For finding of such a dis-
tribution it is necessary to make a number of additional 
assumptions that make it possible to bring a random process 
( (t), (t))ν ξ to Markov process. We put

1tA(t) 1 e ,t 0;-λ= - ≥

2t
B(t) 1 e ,  t 0;

-λ
= - ≥

x/gH(x) 1 e ,x 0,-= - ≥

where 1λ  is intensity of a stream of TU; 21/ λ  − the average 
duration of a voyage of one ship; g − the average net carrying 
capacity of a ship.

 Fig. 1. Structural scheme of interaction of transport streams in a port terminal
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With such assumptions a stream of loaded TU is de-
scribed with a model of the compound Poisson process X(t), 
X(0)=0, with non-negative trajectories and zero drift [15], 
and a process ( (t), (t))ν ξ  becomes Markovian. For finding 
of limit distribution of this process it is necessary first of all 
to derive a proper system of integral-differential equations. 
This system of equations is derived with a help of typical 
probabilistic reasoning that lies in recording of asymptotic 
relations that connect desired distribution in two infinite-
ly close moments of time, and in further limiting process  
[4, 15]. For example, according to theorem of total proba-
bility in an infinitely small interval (0, t)∆  of steady-state 
operating condition of a system we have with x>0

0 1 2 0

x

1 0 1 1
0

F (x) [1 ( N ) t]F (x)

t G(x y)dF (y) t(F (x) F (0)) o( t),

= − λ + λ ∆ +

+λ ∆ − + µ∆ − + ∆∫

k 1 2

x

k 1 k
0

k k k 2 k 1

F (x) [1 ( (N k)) t]

F (x W t) t G(x y)dF (y)
k

t(F (x) F (0)) (N k 1)F (x)

o( t),k 1,2,...,N 1,

+

−

= − λ + λ − ∆ ×

× − ∆ + λ ∆ − −∫

−µ ∆ − + λ − + +
∆ = −

N 1 N N N

x

1 N 2 N 1
0

F (x) [1 ( ) t]F (x W t)

t G(x y)dF (y) tF (x) o( t).−
+

= − λ + µ ∆ − ∆ +

+λ ∆ − +λ ∆ + ∆∫

where 

k k kW g;   min(k,n); W / g.= µ µ = µ µ =

After brace expansion in the right parts of these equali-
ties, dividing of both parts by t∆  and move to the limit with 

t 0,∆ → +  we will get the following system of integral-differ-
ential equations:

1 2 0

x

1 0 1 1
0

0 ( N )F (x)

G(x y)dF (y) (F (x) F (0)),  x 0,

= − λ + λ +

+λ − + µ − >∫  	 (1)

 	 (2)

'
N N 1 N N

x

1 N 2 N 1
0

W F (x) ( )F (x)

G(x y)dF (y) F (x),x 0,−
+

− = − λ + µ +

+λ − +λ >∫  	 (3)

Boundary conditions are formally got from a system  
(1)–(3) with limit transfer with x 0:→ +

k k 1 2 k

2 k 1

'W F (0) [ (N k)]F (0)

(N k 1)F (0),−

= λ + λ − +
+λ − +

 

k 1,2,...,N,= 	 (4)

(0F 0) 0.=  	 (5)

To a system of equations (1)–(5) it is to be added normal-
ization conditions:

N

k
k 0

F ( ) 1.
=

∞ =∑  	 (6)

The boundary-value problem (1)–(6) can be solved an-
alytically with a help of the Laplace transform method. We 
will mark through 

sx
0 0

0
(s) e dF (x),

∞
−φ = ∫

sx
k k k

0
(s) F (0) e dF (x),Res 0, k 1,2,...,N,

∞
−

+
φ = + ≥ =∫ 	  (7)

the Laplace-Stieltjes transformations of functions

kF (x), k 0,1,...,N.=  

We transform a system (1)–(6), with use to the integral 
terms of a theorem of convolution with taking into consid-
eration of the conditions (4), (5). In the result, we will come 
to the following system of algebraic equations for finding of 
functions (7):

1 2 0 1 1 1 1[ (1 g(s)) N] (s) (s) F (0),     − λ − + λ φ + µ φ = µ  	 (8)

	  (9)

	 (10)

N

k
k 0

(0) 1.  
=

φ =∑ 	  (11)

Summing all equations of the system (8)–(10), after ele-
mentary transformations we will get the following equality: 

N N

1 k k k k
k 0 k 1

(1 g(s)) (s) s [W (F (0) (s))].
= =

−λ − φ = − φ∑ ∑ 	 (12)

Having divided both parts of the equality (12) by s and 
moved to the limit with s 0→ + , we will get a relation, which 
expresses so called conservation law of cargo traffic that is 
delivered to a storehouse of a terminal and that is taken out 
from it, that takes place in a steady-state regime of work of 
a terminal:

N
(1)

1 k k k
k 1

g W (F ( ) F (0)),
=

λ = ∞ −∑  	 (13)

where 

(1)

0
g xdG(x)

∞
= < ∞∫  

is an expectation value (the average value) of carrying ca-
pacity of one TU. Actually, in the left-hand side of equali- 
ty (13) there stands intensity of cargo traffic that comes to a 
storehouse of a terminal, and in the right-hand side – there 

N 1 N N 1

2 N 1 N N N

[ sW (1 g(s)) ] (s)

(s) ( sW )F (0), Res 0;   
−

−

− − + λ − + µ φ +
+λ φ = −µ + ≥

k 1 2

x

k k 1 k
0

k k k 2 k 1

F (x) [1 ( (N k)) t]

F (x W t) t G(x y)dF (y)

t(F (x) F (0)) (N k 1)F (x)

o( t), k 1,2,...,N 1,

+

−

= − λ + λ − ∆ ×

× − ∆ + λ ∆ − −∫

−µ ∆ − + λ − + +
+ ∆ = −

k k 1 2 k

2 k 1 k 1 k 1

k k k k 1 k 1

[ sW (1 g(s)) (N k)] (s)

(N k 1) (s) (s)

( sW )F (0) F (0),k 1,2,...,N 1,   
− + +

+ +

− − + µ + λ − + λ − φ +
+λ − + φ + µ φ =
= −µ + + µ = −
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stands intensity of a stream of a cargo that is uploaded from 
a storehouse to ships. 

Solving of a system (8)–(11) can be found by means 
of sequential expression of functions k (s), k 1,2,...,N,φ =  
through 0(s)φ  and further use of the equality (12). The 
constants that remain being unknown kF (0),k 1,2,...,N,=  are 
found from conditions of the functions k (s), k 0,1,...,N,φ =  
analyticity in the right half-plane Res 0.≥  It is possible to 
show that system’s (8)–(10) determinant has exactly N roots 
in this half-plane.

Having determined functions kF (x), k 0,1,...,N,=  it is 
possible to calculate, for example, the following important 
indices of a work of a terminal:

а) stationary mean amount of cargo that is in a store-
house in an arbitrary moment of time,

N N

k k s 0
k 0 k 00

d
x dF (x) (s) ;

ds

∞

=
= =

ξ = = - φ∑ ∑∫M

b) stationary mean number of ships that are in a terminal 
in an arbitrary moment of time,

N N

k k
k 1 k 1

kF ( ) k (0);
= =

ν = ∞ = φ∑ ∑M  

c) stationary probability of the fact that a storehouse is 
empty 

N

k
k 1

F (0);
=

∑  

d) capacity (throughput) of a front of loading of a ter-
minal 

N

k k
k 1

W F ( ).
=

∞∑

We should mark that expression 

N
(1)

k k 1
k 1

W F ( ) g
=

∞ - λ∑  

has a meaning of a reserve of capacity of a front of loading 
of a terminal. 

To prevent too great accumulation of cargoes in a ter-
minal with passing of time this reserve, according to (13), is 
to be positive. From a formal point of view positiveness of a 
reserve means existing of a steady-state regime of a work of 
transportation and storage system under observation. 

6. Solving of a system (8)–(11) for  
a special case N=1, n=1

For this special case (one ship, one moorage) system  
(8)–(10) will take the following form:

1 2 0 1 1[ (1 g(s)) ] (s) (s) F (0),

                                
λ - + λ φ - µφ = -µ

 
	  (14) 

Solving of problem (14) is given with the following for-
mulae:

1 1
0

1 2

(s) F (0)
(s) ,

(1 g(s))
φ -

φ = µ
λ - + λ

 	  (15)

1

1 2 2
1

1 2 1 2

(s)

[ (1 g(s)) ]( sW)
F (0) .

[ (1 g(s)) ][ sW (1 g(s))]

φ =
λ - + λ µ - - λ µ

=
λ - + λ µ - + λ - - λ µ

(16)

With s 0→ +  from formulae (15), (16), with use of the 
L’Hôpital’s rule we will get the following relations

0 1 1
2

F ( ) (F ( ) F (0)),
µ

∞ = ∞ -
λ

 

(1)
1 2

1 1 (1)
1 2 2

g W
F ( ) F (0) .

g ( ) W
µλ - λ

∞ =
λ λ + µ - λ

	  (17)

From (11), (17) we find

(1)
1 2

1
2

g ( )
F (0) 1 ,

W
λ λ + µ

= -
λ  

(1)
1

0
2

g
F ( ) ,

W
λ µ

∞ =
λ 	

 

(1)
1

1
2

g
F ( ) 1 .

W
λ µ

∞ = -
λ  	

(18)

Formulae (15)–(18) give solving of tasks. 
As the expressions (18) are probabilities, all of them are 

to be not negative and less than a unit from which there 
comes the necessity to fulfil condition 

(1) 2
1

2

W
g .

λ
λ <

λ + µ

Note that relation (13) in this case will take the form:

(1) 2
1 1

2

W
g (1 F (0)) .

λ
λ = -

λ + µ

The Laplace-Stieltjes transformation of d.f. of cargo 
amount, that is in a storehouse, is 

0 1(s) (s) (s),φ = φ + φ

That is why two initial moments of this distribution can 
be found with the formulae

2(0), (0).ξ = -φ ξ = φ′ ′′M M  

With a help of formulae (15), (16) after a number of not 
complicated calculations we find 

(1) (2)
1 1

(2)
1 1 2

(1) (1) (1) 1
2 1 2

1
{ (2Wg g )F (0)

2
F ( )[( )g

2g ( g W)]}[ W g ( )] ,
1

-

ξ = λ + µ +

+λ ∞ µ - λ +

+ λ - λ - λ µ - λ

M

2 (1) (2)
2 1 1 0 1 0

2

1
[( ) (0) 2 g (0) g F ( )],ξ = λ + µ φ - λ φ + λ′′ ′

λ
∞M  (19)

2 0 1 1

1

(s) [ sW (1 g(s))] (s)

( sW)F (0),Res 0.

-λ φ + - + µ + λ - φ =
= µ - ≥
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where

(i) i

0
g x dG(x) , i 1, 2, 3;

∞
= < ∞ =∫  

(1)
0 1 1 0

2

1
(0) [ (0) g F ( )];φ = µφ - λ ∞′ ′

λ

(1) (2) (2)1
1 1 1 2

(1) (1) (1) 1
1 2 1 2

(0) {F (0)(2Wg g ) F ( )[( )g
2

2g ( g W)]}[ W g ( )] ;-

λ
φ = + µ + ∞ µ - λ +′

+ λ - λ - λ λ + µ

(2) (3)1
1 1 1

(3) (1) (2) (2)
1 2 1 1 2

(1) (1) (1) 1
1 2 1 2

(0) {(3g W g )(F ( ) F (0))
3

F ( )( g 6 g g ) 3 (0)[( )g

2g (W g )]}[ W g ( )] .-

λ
φ = + µ ∞ - +′′

+ ∞ λ - λ - φ λ + µ +′

+ - λ λ - λ λ + µ

7. Discussion of results of the researches of  
stochastic model of a terminal 

We will state some practical tasks, for solving of which 
there can be used the results that were got below. We will 
present two such tasks. 

а) Determination of the necessary capacity of a store-
house.

Capacity of a storehouse is the most important charac-
teristic, which determines capacity of a terminal and serves 
as a damper, which smoothes irregularity of arrival of TU 
of related types and which reduces a risk of demurrage of 
ships in waiting of delivery of a cargo or its taking out from 
a storehouse, which is completely filled. It is clear that this 
capacity depends of a level of regularity of TU/ships arriv-
als and, as well as dynamics of variation of a level of cargo 
reserves that is stored in a storehouse. We will mark the 
capacity of a storehouse with Е. Then it can be determined 
from conditions of small probability of its exceeding with a 
random value ξ of capacity Е, it means that from condition 

{ E} 1 ,ξ ≤ ≥ - εP

where ε − the given small probability. With use of one of 
modifications of the Chebyshev’s inequality [16], we get

2

2

( E)
{ E} ,

( E)
ξ -

ξ ≤ ≥
ξ - + ξ
M

P
M D

where 2 2( ) .ξ = ξ - ξD M M  Having equated the right part 
of the last inequality with 1- ε, we will get the following 
formula for calculation of the necessary capacity of a store-
house:

1
E .

- ε
= ξ + ξ

ε
M D

b) Determination of a term of recoupment of the project 
of construction (reconstruction) of a terminal. 

In project calculations characteristics W, n, E are assumed 
to be controlled. Realization of technological elements of a 
terminal with these characteristics requires certain invest-
ments, therefore, there occurs a task to assess a term of re-
coupment. For this it is required to assess expected expenses 

that relate to organization of a terminal and its exploitation, 
as well as economic results of a work of an operator of a termi-
nal, it means a financial result of his business activity. With 
such a purpose we will use additional designations:

(t)Π  – level of profit of a port operator from exploitation 
of a terminal in the moment of time t;

D(t)  – total income that was got by an operator in time 
interval (0, t] for carrying out of loading-unloading opera-
tions and for storage of cargoes, where 

t(t)

1 2 m xp
m 1 0

D(t) a X(t) a d ( )d ,
ω

=
= + γ + ξ τ τ∑ ∫ 	  (20)

where 1a  is a tariff rate for unloading of 1 t of cargo from 
TM to a storehouse; 2a  is a tariff rate for loading of 1 t of 
cargo from a storehouse to a vessel; (t)ω  is a number of ves-
sels with a cargo, that left a terminal in time interval (0, t]; 

mγ  is a net carrying capacity of the mth vessel with a cargo, 
that left a terminal in time interval (0, t]; xpd  is an income 
for day storage of 1 t of a cargo in a storehouse; R(t)  is the 
total expenses of an operator in interval (0,t], that relate to 
exploitation of a terminal, with 

t

xp
0

R(t) rt r ( )d ,= + ξ τ τ∫ 	  (21)

where r is regular daily exploitation expanses for a terminal; 
xpr  is daily expenses for storage of 1 t of a cargo in a store-

house. 
With taking into consideration of the stated designa-

tions and relations (20), (21) it is possible to write

(t)

1 2 m
m 1

t

0

(t) (0) (D(t) R(t))(1 f)

(0) [a X(t) a

p ( )d rt](1 f),t 0,
xp

ω

=

Π = Π + - - =

= Π + + γ +∑

+ ξ τ τ - - ≥∫ 	  (22)

where xp xp xpp d r ;= -  f is a tax rate for profit; (0)Π  is the ini- 
tial value of profit. 

If to observe a work of a terminal in the stationary 
(steady-state) regime , then relation (22) can be presented in 
the following way (we moved the initial moment of time to 
-∞  and rejected the initial value of profit):

t(t)

1 2 m xp
m 1

(t) [a X(t) a p ( )d rt](1 f),
ω

= -∞
Π = + γ + ξ τ τ - -∑ ∫  

t .-∞ < < ∞ 	  (23)

The mean value of random variable (22) is equal to

(1)
1 1 2

t

xp

(t) [a g t a gt

p ( )d rt](1 f),
-∞

Π = λ + Λ +

+ ξ τ τ - -∫

M

M 	  (24)

where Λ  is the intensity of a stationary stream of ships with 
cargoes, that leave a terminal, with 

N

k k k
k 1

(F ( ) F (0)).
=

Λ = µ ∞ -∑

While getting of the formula (24) there was used the 
Wald identity [16], as well as the following known charac-
teristic of the compound Poisson process [15]:
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(1)
1X(t) g t.= λM

On differentiating equality (23), we will get

(1)
1 1 2 xp( (t)) [a g a g p r](1 f).Π = λ + Λ + ξ − −′M M

Therefore, with taking into consideration of discount 
rate δ  hence we find the average value of profit for recoup-
ment period Т:

T
(T t)

0

T
(1)

1 1 2 xp

e ( (t)) dt

1 e
[a g a g p r](1 f).

−δ −

−δ

Π =′∫

−
= λ + Λ + ξ − −

δ

M

M  	 (25)

A project of organization (reconstruction) of a terminal 
is compensated in general for period Т, if the right part of 
expression (25) is equal to the cost of a project I0.Therefore, 
the expected term of recoupment makes 

0
(1)

1 1 2 xp

I1
T ln 1 .

[a g a g p r](1 f)

 δ = − − δ λ + Λ + ξ − −  M
	 (26)

We should note that the last formula has the meaning 
only with meeting of conditions 

(1)
0 1 1 2 xpI [a g a g p r](1 f).δ < λ + Λ + ξ − −M

We will give a numerical example, that shows application 
of formula (26), restricting ourselves with case N=1, n=1. 
We will take the following value of the initial characteris-
tics, that are included to the right part of formula (26):

1 20,5,  1/ day,  0.25λ = λ =  ships/day, 

g(1)=5 thousand t, g(2)=(g(1))2=25 (thousand t)2, 

g=25 thousand t, W=11 thousand t/day, 

a1=a2=10 monetary unit/t, рхр=0.05 monetary unit/t day, 

r=10 thousand of monetary unit/day, I0=25 million of 
monetary unit, 

δ =  0.15 year-1, f=0.25.

According to these initial data, the daily cargo turn-
over of a terminal is equal to (1)

1g 2.5λ =  thousand t and, 
moreover, 

1F (0) 0,373,≈ 1F ( ) 0,6,∞ =

11
(0,6 0,373) 0,1.

25
Λ = − ≈

For the stated initial data the average amount of cargo, 
that is stored in a storehouse, that was calculated under for-
mula (19), will make 

M 5,45ξ ≈  thousand t. 

Formula (26) gives the following value for expected term 
of recoupment:

We should mark that the found solution of a system of 
equations (8)–(11) for a case of unlimited capacity of a front 
of unloading serves as the basis for analysis of a system with 
finite capacity; it can be observed as a null approximation 
for the stated probabilistic distribution in case of a great 
enough but finite rate of unloading of cargoes from TU to 
a storehouse. 

The method, that was worked out above, makes it possi-
ble to analyze a number of other problems, that have applied 
meaning, for example, to research the influence of a level of 
irregularity of arrival of ships and TU on a level of cargo 
reserves in a storehouse (and on its capacity); for such a 
purpose it is possible to use a method of the Erlang fictitious 
phases, with taking of the fact that d.f. A(t) is the Erlang 
distribution [14]. 

8. Conclusion

1. A work of a port terminal is described in the terms 
of the theory of inventory and QT with taking into con-
sideration of irregularity of arrival of TU with a cargo and 
empty ships in assumption of unlimited capacity of a front of 
unloading. Such a description does not match with an earlier 
known scheme of similar Markov processes with drift [4] in a 
result of necessity of taking into consideration of additional 
boundary conditions, that were caused with possible inter-
ruption of loading to ships because of absence of cargoes in 
a storehouse. 

2. With a help of the used type of the Markov process 
with drift there is got a system of integral-differential 
equations and boundary conditions for finding of limit join 
distribution of number of ships, that are in a terminal in 
an arbitrary moment of time, and amount of cargo that are 
stored in a storehouse.

3. There is stated a method of solving of the mentioned 
system of integral-differential equations in a closed form for 
a case of arbitrary number of moorages and ships under ser-
vice, that is based on the Laplace transformation. 

4. On the basis of the got solution there are got formulae 
from calculation of main indices of efficiency of a work of 
a terminal, there is worked out a method of calculation of 
necessary capacity of a storehouse and there is got a formula 
for calculation of economically viable term of recoupment of 
a project of construction of a terminal.
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