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1. Introduction

The process of managing a modern organization is char-
acterized by a high degree of uncertainty of the external
and internal environment, which entails the need to make
informed management decisions based on all sorts of risks.
This necessitates the need to facilitate management by us-
ing some modern information technology [1] and a decision
support system (DSS). Despite the continuous growth of the
accompanying organizational information management [2],
a significant number of problems in management decisions
can be reduced to the classical models of game theory, for

example, to the problem of choosing the optimal pure strate-
gy in conditions of complete uncertainty. This task does not
imply a unique solution by virtue of the main limitations,
namely the total uncertainty of the external environment.
Such circumstances most clearly reveal the problem of
choosing a criterion to determine the best strategy. In the
case of multiple expert assessments (individual or group) of
the effectiveness of managerial decisions, it is important to
choose not only a particular criterion but also the tools of its
parameter setting for a particular problem to be solved. It
determines the relevance of developing mathematical mod-
els to compare alternatives that analytically include factors




and performance manifestations, inherent in the process of
decision-making.

2. Literature review and problem statement

The task of choosing an optimal pure strategy under a
complete uncertainty is described in detail in the classical
literature on game theory [3] and decision-making [4]. It
involves the use of one of several well-known criteria, namely
a function expressing preferences of an expert or a deci-
sion-maker, and defines the rules for choosing an acceptable
or optimal solution.

In the classical case, the problem can be represented as
a matrix whose rows mean appropriate solutions and whose
columns are factors that can affect the result obtained by an
expert. The intersection of the columns and rows contains
gains or efficiencies e; that correspond to the implemen-
tation of the decisions E; under appropriate conditions F;

(Table 1).

Table 1
A matrix of solutions’ efficiency |ejj|

when choosing a strategy. It is determined by the deci-
sion-maker’s subjective considerations on the basis of sta-
tistical studies of decision-making results or the personal
experience of acting in similar situations [9]. Choosing this
factor correctly can be just as difficult as selecting the right
criterion [10]. Therefore, most often, its value is chosen to
be 0.5 [11].

In risky decisions under conditions of uncertainty, the
Hurwitz criterion is used by those entities that want to iden-
tify the degree of their specific risk preferences as accurately
as possible by setting the value of the alpha coefficient [12].
However, such identification requires either a priori formal
requirements [13] or a multivariate mathematical model
[14], allowing a connection between the factors of the deci-
sion-making process and its effectiveness.

Thus, in a situation of selecting the best strategy by
the Hurwitz criterion under complete uncertainty of the
external environment, there arises the problem of a para-
metric setting of the criterion. The guidelines for select-
ing the internal criterion parameter have practical value;
ultimately, they are aimed at improving the efficiency of
decision-making.

Table 2
Fl F2 Fm . . . . . .. . o
E . . . Classical and derivative criteria for decision-making under conditions of
! L 12 im complete uncertainty in the external environment
E2 €21 €99 €2m
maximin .
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3. The purpose and objectives of the study

The aim of the study is to ensure the effectiveness of
managerial decisions by widening the spectrum of mathe-
matical models of the criteria for their selection.

The following tasks were set to achieve the research
objectives:

—to analyze classical and derivative criteria of deci-
sion-making under conditions of complete uncertainty,

— to develop a mathematical model of the Hurwitz crite-
rion based on the number of environmental conditions, and

— to test the suggested model on a methodical example.

4. Devising a mathematical model of the Hurwitz
criterion (based on the number of environmental
conditions)

The essence of the internal parameter of the Hurwitz
criterion is the ability to determine the weight of the max-
imin and maximax values of the strategy for evaluating its
effectiveness.

Since the guidelines for choosing the internal parameter
of the considered criterion as set out in the above-mentioned
sources are general in nature, let us specify the features that
are essential for the formation of a working hypothesis.

First, the extreme points of the acceptable range of the
internal parameter eliminate the analytical form (1) or
produce either a maximin criterion, also known as the Wald
test (Abraham Wald), or a maximax criterion (a criterion of
a gambler, of extreme optimism). This makes it possible to
refer supporters of extreme pessimism and optimism to the
users of relevant criteria — that is, to say that the majority of
decision-makers using the Hurwitz criterion tend to choose
the interior setting in the middle of the allowable range.

Second, the interpretation of the internal parameter as
an “expert’s attitude to risk” is not quite correct. The classic
instrument of the expected utility theory, namely the con-
struction of utility functions [15], is applicable in a situation
where the probabilities of outcomes are known, i. e. in the
problem of decision-making under risk. Actually, usefulness
by the von Neumann-Morgenstern utility theorem is an
alternative to the mathematical expectation of a gain as a
decision criterion.

Another peculiarity of using the Hurwitz criterion is the
absence of an analytical relationship between the value of
the internal parameter and the dimension of the solutions’
matrix. However, the uncertainty interpreted by the matrix
of 2x2 and 20%20 has a different degree. This fact is reflect-
ed in the generalization of the Hurwitz criterion [6].

These peculiarities of using the Hurwitz criterion in the
task of decision-making in uncertain external conditions
allow us to formulate the following working hypotheses.

H;i: The preferences of an expert in choosing an internal
parameter by the Hurwitz criterion are normally distributed
on the interval o e [O; 1].

Hy: The growth of external environment conditions
asymptotically shifts the expert’s preferences in a specific
choice in the direction of pessimism.

The result of the first hypothesis is the possibility to de-
termine the density of the probability o.. Assuming that the
interval oce[O; 1] is equal to six times the standard devia-
tion of the distribution (£30), the analytical form of the den-
sity of the probability distribution will be as follows (Fig. 1):

pa)= 3\[ ) 3)

0 02 0.4 0.6 0.8 1.0
Fig. 1. The density of distributing the probability o

According to the hypothesis Hy, let us find the form of
a transformation that asymptotically approximates the top
of the distribution (3) to the straight line a=1. The desired
transformation can be represented as a piecewise linear
function of the following form:

ko, OS(xS1

o= )

where ky and ks, are real coefficients of stretching the left
pane p (o) and compressing the right pane p(a), respec-
tively.

From the condition of the function continuity (4) at
0=0.5, it follows that

k,=2-k,. (5)

To ensure the asymptotic properties of the transforma-
tion (4), let us use the exponential dependence of the form:

k,=2-e*m k=), (6)
where the argument m>2 is the number of conditions of the
external environment in the matrix of solutions (Table 1);
u is the measure of the impact of the problem scope (ambigu-

ity or entropy) on the DM preferences.
Then the mathematical model is as follows:

Zuw = m]ax(oc' ' mjin(eij ) +(1-a)- rn]ax(eij))

oc'e[O; 1], )

o = 6)



p(o)= 3\/3 ) ©)

It defines an explicit expression for the Hurwitz criteri-
on, depending on the parameters: o is the DMP tendency to
pessimism, m is the number of conditions of the external en-
vironment (the dimension of the problem), u is the measure
of the impact of the problem scope on the decision-maker’s
preferences (determined empirically).

The graphical interpretation of the model (7)—(9) is
shown in Fig. 2—4.
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Fig. 2. The graphical interpretation of
the transformation (4) in the form of sections of
a piecewise linear function

Fig. 3. The graphical interpretation of
the transformation (4) in the space of
the parameters o and m

Thus, we have suggested a three-parameter mathemati-
cal model of the Hurwitz criterion, which, in contrast to the
classical model, makes analytical use of the number of con-
ditions of the external environment (the dimension/scope
of the problem) and considers the extent of its influence
on the decision-maker’s preferences in decision-making.
Its essence can be summarized as follows: experts, when
evaluating the attractiveness of strategies by the Hurwitz
criterion at an increase in the number of conditions of the
external environment, tend to shift their preferences to-
wards pessimism, thus increasing the share of maximin in
the final judgment.

m =2 m, m,

p(a)

1 = const

2.0 my>m,>m =2

0.5+

0 0.2 0.4 0.6 0.8 1.0

Fig. 4. The deformation density function, depending on
the scope of the problem

5. The discussion and approval of the research results

As an example, let us consider a situation where an ex-
pert, who is inclined in decision-making neither to optimism
nor to pessimism, i.e. is focused on a traditional use of the
classical Hurwitz criterion with a parameter a=0.5, is faced
with the need of a simultaneous evaluation of policies with
different quantitative sets of conditions of the external en-
vironment. This situation occurs at the stage of formalizing
the problem of decision-making with varying degrees of
detail on environmental conditions (or a different degree of
awareness about them). Information about the strategies is
presented in the form of several classical matrices of solu-
tions (Table 1) of various dimensions (Fig. 5).

Matrix of solutions I ~ Matrix of solutions 2

Fi F, F, F, F3 F,
E, |9 |1 E, [9 |1 |3 |5
E; [6 |3 E; |6 |3 |5 |4

Fig. 5. The initial data of the problem

When using the classical Hurwitz criterion at a=0.5,
equation (1) for the two matrices will produce the fol-
lowing:

1 1 1 1
Zigwy 25'1*’5'9:57 L 25'64‘5'3:4.5.

Now, on the basis of the suggested model (7), let us take
into account an increased dimension of the matrix when the
Hurwitz criterion is set parametrically.

Suppose an expert assumes that the dimension m=10
means a 90 percent prevalence of maximin in the criterion,
i.e. at m>10 the expert tends to play safe and reduce the
Hurwitz criterion to the Wald criterion.

Then from any part of (7), it follows that

1=-0.11n0.2~0.16.

Then for the second matrix



o = 1(2 - e_0'16(4’2)) - _(1 —%J e ) £ 0.637.

Therefore, the values of the Hurwitz criterion for the
strategies are:

Zyw; =0.637-1+0.363-9 = 3.904,
Zysw =0.637-3+0.363-6 = 4.089.

The example shows that, with an increasing dimension of
the solutions’ matrix, the best strategies by the Hurwitz cri-
terion may stop being such because the analytical form of the
criterion asymptotically approaches the maximin (Wald’s).

Thus, the suggested three-parameter mathematical mod-
el of the Hurwitz criterion, in contrast to the classical ana-
lytic model, allows taking into account the number of con-
ditions of the external environment (the dimension/scope of
the problem) and the degree of its influence on the expert’s
preferences when making decisions.

It is easy to verify that a correction of the initial hypoth-
eses Hy and Ho, for example, a change in the distribution law
of the internal parameter, leads to a corresponding paramet-
ric correction of the suggested model without any essential
change of its nature. Therefore, the advantages of the sug-
gested model include the possibility to maintain the form of
the parameters’ interrelation, regardless of the correction of
the initial hypotheses.

These features of the model suggest that the maximum
benefit from its use can occur in a multiple group or indi-
vidual expert assessment, when the calibration of subjective
preferences of an expert is particularly important.

A disadvantage is the fact that some voluntarism in
determining the internal parameters is present. However,

in one form or another, it is inherent in all of the criteria
of decision-making under conditions of complete uncer-
tainty.

Further research may be directed to the generalization of
the model, taking into account the shape of the distribution,
i. e. a “mitigation” of the hypothesis Hj.

6. Conclusions

1. The analysis of the criteria of decision-making under
conditions of complete uncertainty shows that there are
objective difficulties of parametric settings. Setting a crite-
rion on the basis of an expert’s subjective assessment of the
extent of his/her own pessimism prevents from ensuring the
reliability of managerial decisions under a multiple expert
assessment, which makes it important to develop multifactor
models of criteria.

2. We have suggested a three-parameter mathematical
model of the Hurwitz criterion, which, in contrast to the
classical model, makes analytical use of the number of con-
ditions of the external environment (the dimension/scope
of the problem) and considers the extent of its influence on
the decision-maker’s preferences in making decisions. The
developed model helps choose the adjusting parameters of a
criterion in accordance with objective quantitative measures
of uncertainty, which increases its value for real working
conditions of an expert.

3. The model’s approbation on a methodological example
illustrates certain differences between the suggested model
and the classical type. The reliability of the model is con-
firmed by its complete extreme-case transformation into the
known criteria, and its practical value is manifested in its
simple algorithmic implementation.
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3anpononosana memoouxa nodyoosu cucmemu 6azamomo-
MEHMHUX Pi6HAHL 060PIEHEB020 ONUCY BUPOOHUYOT NOMOK0BOT
Ainii. Ompumani He3amrKneni 0a1aHCo8i pisnanns. Pozeasnymo
8idomi modeJi, 8 AKUX SUKOPUCMANL PI3HI CNOCOOU 3AMUKAHHA
cucmemu pisuansv. Iloxazani oomescenns, wo 00360a10Mb
ompumamu nepexio 00 oonomomenmnoi PDE-modeni onucy
Koneeepnoi ninii i 0eyxmomenmnoi PDE-modeni 3 euxopuc-
manuam pieuanus biropzepca

Kmouoei cnosa: PDE-mooenn, kxoneeep, Kinemuune pietsi-
HA, UPOOHUMUIL npouec, DazamomMoMeHmti PieHAHNS, 08OPi6-
Hege onuc, npedmem npaui, mexHoozivHi pecypcu, ¢azosuil
npocmip, Moodesnb KOHEEEP
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IIpeonoscena memoouxa nocmpoenus Cucmemvl MHO20MO-
MEHMHBIX OANAHCOBBIX YPABHEHUT 011 08YXYPOBHEB020 ONU-
canus npouzsodcmeennoil nomounou aunuu. Ionyuennvie
He3amKHymbL Oanancoevie ypasuenus. Paccmompenwi
uzgecmmuotle Mooeau, 8 KOMOPHIX UCNOTILI0BAHBL PA3HBIE CNO-
co0bL 3amvikanus cucmemvl ypasnenuii. Iloxasanvt oepa-
HUMEeHUSI U YPABHEHUS CB53ell, N03GONAI0UUE OCYUeCcmEUMs
nepexod x oonomomenmuou PDE-moldenu onucanus womu-
eetiepnou aunuu u osyxmomenmnoi PDE-modenu nomounoi

|DOI: 10.15587,/1729-4061.2016.8 1308|

STATISTICAL
VALIDITY AND
DERIVATION

OF BALANCE
EQUATIONS FOR
THE TWO-LEVEL
MODEL OF A
PRODUCTION LINE

O. Pihnastyi
Doctor of Technical Sciences,
Associate Professor

JUHUU C UCNOJIb30BAHUEM YPABHEHUA Bmpeepca

cmeo, modesb Koneeuep
u| o

Kntoueevte cnosa: PDE-modens, nomounas aunus, Kume-
muueckoe ypasienue, npou3e00CmMEeHHbIUL NPOUECC, MHO20-
MoMenmHbLle YpasHeHUs, 08YXYPoeHeB0e onucanue, npeomem
mpyoa, mexnoaozuneckue pecypcvl, pazosoe npocmpam-

Department of Computer Monitoring

and Logistics

National Technical University

"Kharkiv Polytechnic Institute"

Bagaliya str., 21, Kharkiv, Ukraine, 61002
E-mail: pom7@bk.ru

1. Introduction

The models containing partial differential equations
(PDE models) for designing production lines have been
developed in recent decades [1-7]. PDE models provide an
opportunity to consider the impact of internal production
factors and technological constraints of a production system.
An essential advantage of this class of models is that they
allow describing the motion of objects of labor from one op-
eration to another, enable a closed form solution and do not
require significant computational resources. The emergence
of new types of models is due to trends of modern industrial
production, the main of which is the trend to a continuous
reduction of the product life cycle. This trend leads to the
fact that, on the one hand, production lines operate for a con-
siderable time in transient unsteady conditions, [3—7], on
the other hand, the time for searching for the control mode
of technological sites of the production line, therefore, is re-
duced [9]. This reduction has resulted in the need to develop
fundamentally new types of models of production lines [3],
as well as control programs and algorithms. Publications on

the use of PDE models of production lines have appeared in
2003 [3, 5]. However, the issue of justification of a method of
constructing closed equations that define the model requires
further development and now determines the relevance of
the chosen direction of research and its practical significance
for modern flow production.

2. Literature review and problem statement

The papers [1, 3-8] deal with a new class of models
of production systems with the flow production method,
widely used at present for developing effective production
management systems. The review of the publications on the
most common PDE models of production lines is made. The
factors that have given rise to a class of PDE models are
shown. The history of their development is presented. The
description of the PDE model, containing the Graves’ equa-
tion; nonlinear Lighthill-Whitham PDE model; quasi-static
PDE model using the nonlinear Karmarkar’s equation of
state; two-moment PDE model with the Burgers” equation;




