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1. Introduction

At present, there is a rapidly growing interest in the
effective solution of the problems of optimum coverage of
areas with geometric objects, a special case of which are the
problems of circular coverage. This is explained by a variety
of practical applications and extraordinary complexity of
mathematical models and methods of their solution.

These problems include the protection of forest arrays
from fires, determining the necessary quantity and arrange-
ment of the stations of cellular connection, determining
the operation range and arrangement of watering plants,
the construction of network, intended for controlling the
range of circular orbits of artificial Earth satellites. The
problems of selection of the optimum capacities of engine
plants of small thrust and theoretical problems of restoring
functions, global optimization and construction of optimum
quadratures also can be brought to the problems of optimum
coverage.

One of the basic fields of application of the problems of
coverage, sensory networks, is a relatively new field of re-
search. It is characterized by the rapid development of tech-
nologies over recent years. This direction of studies becomes
even more relevant, which is proved by the considerably
increased intensity of studies in this area [1-3].

The problem of optimum coverage of areas relates to the
class of NP— complex ones [4]. Therefore, heuristic methods
and algorithms are, as a rule, used for their solution. This
indicates the lack of adequate mathematical models and, as

a result, the loss of optimal solutions, which considerably
narrows the class of the practical problems, which can be
effectively solved.

Consequently, developing effective algorithms requires
the construction of mathematical models, which are based on
the analytical description of relations between the objects in
the problem of coverage

Thus, relevant appears the creation of technologies of
solving the optimization problems of circular coverage on
the basis of structural means of processing information,
mathematical and computer simulation and contemporary
effective methods of optimization, which will make it pos-
sible, based on the source data, to obtain the best coverage
option in accordance with the assigned criterion of quality.

2. Literature review and problem statement

Many studies are devoted to the problems of construc-
tion and analysis of circular coverage [1-3]. One of the
basic heuristic approaches to the solution of the problem
of circular coverage is the arrangement of sensors in deter-
mined units. In this case, the basic template of arrangement
is built, which includes several units, with the help of which
it is possible to form the division of a plane. If a template
is completely covered with zones of sensors, located in its
apexes, the entire area can be covered by tessellation of such
polygons. The more advanced methods of coverage, based
on the arrangement of sensors in determined units, include




the arrangement of sensors on the basis of using the Voronoi
diagrams [5] and the Delaunay [6] triangulation.

Some researchers use a template in the form of a strip. An
effective example of the application of this approach is the
method of the sectional-regular coverage of a rectangle with
the sections from the circles, placed in the lattice points,
proposed in [7].

The second of the basic heuristic approaches to the solu-
tion of the problem of circular coverage is based on random
arrangement of sensory sensors in the covered region [8].
In this case, in the course of the stochastic construction of
coverage, two sub-problems appear: to determine that the
coverage is built, and to take away the excessive sensors,
the removal of which does not lead to violation of the con-
dition of area coverage. The basic methods of solving these
sub-problems are sufficiently highlighted in [1].

One of the most effective is the coverage criterion, which
was proposed in [9], based on the analysis of belonging of
the points of circles intersection among themselves and with
the boundary of the area. If each of such points belongs to
the area of servicing of at least one of the other sensors, the
coverage has been constructed.

After the random arrangement of sensors, different heu-
ristic optimization methods are frequently used: the method
of ants’ colony [10], genetic algorithms [11], the method of
annealing imitation [12] and others.

While there is a great number of works in this field of
research, only some of them are devoted to the construction
of precise mathematical models for problems of coverage. In
paper [13], mathematical model of the problem on the basis of
the Voronoi diagram was constructed. However, the method,
proposed in [13], is applicable only to coverage of polygons
with identical circles and it requires the introduction of addi-
tional variables (apexes of the Voronoi diagrams).

On the basis of the coverage criterion, proposed in [9],
the mathematical model of the problem of coverage of an
arbitrary polygon with circles of different radii was devel-
oped in [14]. The formalization of conditions of coverage
with circles of different radii required the introduction of
additional variables, which led to a considerable increase in
the dimensionality of the problem.

Paper [15] proposed the approach to the coverage of a
square with single circles, based on the theory of temper-
ature expansions and compressions of pivotal structures.
The basic idea of the algorithm, proposed [16], lies in the
construction by the initial system of centers of coverage of
Dirichlet-Voronoi and their sequential improvement. The
results of the solution of the problem of finding the optimum
coverage with the circles of a minimum radius are represent-
ed only for a single square and the implementation of the
algorithm substantially depends on the shape of the covered
region.

Article [17] considers the continuous problem of set cov-
erage as the problem of quasi-differentiated optimization in
R" and presents the algorithm of its solution for the case R2.
As in [16], its operation area is restricted by the shape of the
covered set.

For the continuous problem of the optimum spherical
coverage of a compact set, paper [18] proposed and sub-
stantiated the algorithm, based on the use of theory of the
optimum division of sets and application of the Shore r-al-
gorithm for solving the obtained problem of optimization
of the non-differentiable function. The comparison of the
results of this work with the results, given in [13], showed

that the probability of finding the optimal solution of the
problem decreases with an increase in the dimensionality
of a problem.

The shortcomings of the approach, proposed in [18],
include the dependence of the results of calculations (mag-
nitude of a minimum radius of spherical coverage) on the
parameters of the algorithm: the magnitude of step of
three-dimensional grid and magnitude of step of numerical
differentiation with the calculation of the components of the
generalized gradient.

Article [19] proposes the numerical methods of con-
structing the coverage, which are based on breaking a set
into the Dirichlet areas and finding the so-called charac-
teristic points. The interactive algorithms, proposed in the
work, are based on the use of constructions of sub-differ-
ential and sub-gradient methods. The special feature of the
given modification of the method is the possibility of solving
the problem of coverage for arbitrary convex areas with cur-
vilinear boundaries.

Paper [20] contains a mathematical model of the problem
of coverage of the convex polygonal area with circles, taking
into account the errors in the initial data in the interval form
with the use of a class of interval functions; however, the
method of its solution is not proposed.

It should be noted, that in articles [13—19], the minimiza-
tion of radii of the covering sensors is considered as objective
function.

Thus, from an analysis of the scientific literature, we
should make a conclusion that the overwhelming majority of
the works, which refer to the problems of circular coverage,
are devoted to studying the heuristic methods of their solu-
tion. The analytical models, which have appeared recently,
and the methods of solving have a limited area of application
or specific shortcomings. This does not make it possible to
use them directly for solving the problems of circular cover-
age of complex regions R2, moreover, to solve the problem of
constructing the optimum wire sensory network, to which
this study is devoted.

3. The aim and tasks of the study

The purpose of present work is the construction of ad-
equate mathematical models and development of effective
algorithms of solving the problem of constructing the op-
timum wire sensory network for area R?. Such algorithms,
based on adequate mathematical models, would give the
possibility both to search for the local-optimum solutions
of the stated problem and to improve the existing solutions,
obtained by other methods. In this case, the practical value
of the adequately constructed mathematical model lies in the
fact that it is applicable for a number of practical problems.
Thus, if the problem of coverage can be presented in the form
of the problem of nonlinear programming, depending on the
criterion of quality, it is possible to increase the reliability
of network (to maximize areas of sensors overlapping), to
decrease the cost due to minimizing the quantity of sensors
or the length of wire connections, etc.

The main tasks of the study are:

— mathematical modeling of coverage restrictions by
using phi-functions free from radicals [21] and functions of
belonging of the point to the area;

— construction of a mathematical model of the joint
problem of coverage of an area by circles of identical radii



and trace routing connections in the form of the problem of
non-smooth optimization;

— development of methods of the search for approximate
and local-optimum solutions of the stated problem.

4. Mathematical model of the problem of coverage and
the method of its solution

4. 1. Construction of mathematical model

Let us assume that we have the assigned closed restricted
area QcR? with the piecewise-smooth boundary, formed
by L fragments of analytically described curves (for example,
by the segments of straight lines and circular arcs), and the
set of circles C={C;, i=1,2,...,n}. A number of fragments L may
be equal to one (and Q may be, for example, a circle). Then it
is assumed that C;=C;(u;)=C;i(x;,y;), point u; coincides with
the center C;. Vector u; is called a translation vector or a
vector of the parameters of the circle C; arrangement.

Let us construct the union

r-Ue.
i=1

The set Y is called the circular coverage of area Q,
if QcY.

Problem setting. To find coverage Y of area Q, which is
optimum in accordance with a certain criterion of the quali-
ty F(u), u=(uy, ug,...,uy).

Let us exclude from the examination the coverage, in
which there are excessive circles, that is, we assume that

QzY\C,Viel,.

The basic methods of detecting excessive circles and
some aspects of improvement of the quality of circular cover-
age are in sufficient detail highlighted in paper [1].

Without disrupting the union for simplification in
computations we will not examine the coverage, for
which at least one of the boundaries of the connectivity
components Q does not have common points with the
boundaries of circles from Y. If this situation appears, the
correspondent component of area Q is covered with a sin-
gle circle or the condition of coverage for this component
is not satisfied.

Let us form the set P of the points pi of the boundary of
area Q, in which the smoothness of its boundary is disrupted.
Let us designate capacity K of the set P.

Subsequently, we assume that the curvature of the
boundary at any point of it, except points from P, is less than
the curvature of circles from the set C. The external approx-
imation by the fragments of the curves of smaller curvature
is built for the sections of the boundary when this condition
is not satisfied.

During the construction of mathematical model of the
problem of circular coverage, we used the idea of approach,
presented in [14], to the construction of analytical descrip-
tion of circular coverage of the polygonal limited area with
the help of the system of phi-functions [21] and functions of
belonging of points to areas Ry,

Let us take the phi-function ®* of circle C of radius r
with the center at point t and an arbitrary object A. Then
the function of belonging ¢** of point t to object A can be
defined as function ®*, A*=R2\int A on condition that
r=0. It should be noted that the constructed function is

not a phi-function, since the requirement of the agreement
of homotopic types of the interior and closure of one of the
objects is not satisfied.

Thus, the function of belonging of ¢** point to set A is
called the function, for which it is satisfied: ¢ <0, if teA;
0" =0, if tefrA; ¢ >0, if teintA.

For example, for circle C of radius r with the center at
point (X, y¢), the function of belonging can be represented
in the form

0 =1’ —(xc —x,)* = (yc -y, ). (1)

Let us designate Q" =R*\intQ. It directly follows from
the properties of phi-function that:

m

—if Q=(Q,, then ¢ = min ¢* and

0 =max ¢"*; 2)

i=1,..,m

m
—if @=JQ,, then ¢** =max¢"* and
i—1 1 i=1,..,m
i=
q)tﬂ* = min (btﬂf' (3)

i=1,..,m

Let us introduce, by analogy with the phi-functions, the
normalized function of belonging ¢, for which

o™ = —dist(t,A),
is satisfied, if t¢ A and
" =dist(t,A"),
if teA.
For the pseudonormalized function of belonging ¢'*, it
is correct that
0 <0, if dist(t, A)<p;
o* =0, if dist(t,A")=p;
0* >0, if dist(t,A")>p.
Here p>0 is minimally permissible distance,

dist(t,A)= Inigl dist(t,p),
pe.

dist(t,A") = mip dist(t,p)
pe.
and
dist(t,p) = /(x, = x,)" +(y, ~¥,)"-

The example of the normalized function of belonging is
function

6“: =r_\/(XC _Xl)z_(yc_yt)Qv

and the example of pseudonormalized function of belonging
is function

0 = (r=p)' = (x¢ =x)" = (Ve =y

Normalized and pseudonormalized functions of belong-
ing serve for modeling the conditions of finding point t in



area A at the distance to the boundary of the area, not less
of the assigned minimally permissible distance p.
By analogy with the phi-functions, we will also intro-

duce the function of quasi-belonging ¢’**, depending on

the vector of the additional variables qeR® and having the

7tA

property that function max¢’* is the function of belonging.

qeR®
Accordingly, the normalized function of quasi-belonging is
called function ¢’**, for which max¢’* is the normalized
qeR®
function of belonging, and pseudonormalized function of

7tA
)

quasi-belonging is called function ¢*, if m:;x(]):‘A is the
qeR®
pseudonormalized function of belonging.

The functions of quasi-belonging make it possible to
reformulate some functions of belonging without using the
operations of maximum, as well as to considerably simplify
writing down other functions of belonging. The compensa-
tion for it is the introduction of additional variables and, as a
result, an increased dimensionality of the problem.

It should be noted, that for all varieties of the construct-
ed functions, the conditions of the type (2), (3) remain valid.

We will call the circular coverage non-degenerated, if:

— the intersected circles always have a common internal
point,

C,NC,#P—intC,NintC, #J;

— none of the points of intersection of circles pairs from
the set frC,,iel  belongs to the boundary of area Q, that is

frCiﬂferﬂer:Q Vijel ,i#j;

—no three (and more) circumferences from set frC,,iel,
do intersect at one point, that is,

frC, ﬂfer NfrC, =3 Vi jkel ,i#jizkk=#j.

It should be noted that for the degenerated coverage Y, it
is always possible to construct non-degenerated coverage v,
after increasing the radius of each circle forming the cover-
age by the sufficiently low strictly positive value . Here by
equivalence we imply the fact that the mathematical model,
which describes coverage v, is also adequate for coverage
Y. In this connection we will subsequently examine only
non-degenerated coverage. A question of the search for value
¢ exceeds the scope of this research.

In article [14], the criterion of circular coverage of an
arbitrary polygon, which can be generalized in the case of
coverage of the arbitrary set Q is formulated on the basis of
ideas from study [9].

For the set

to be the non-degenerate circular coverage of set Q, it is nec-
essary and sufficient that:

1) for each point p, € P at least one circle C,,iel should
be found so that p, €intC;

2) for any point

t, efrC,NfrQiel , ke{l,2}

at least one circle

C,.jel, i#j
should be found so that t;, eint C, and, consequently, point
ty, €frC, NfrC,

should belong to Q’;
3) for any point

ty € frC, ﬂfer,i,j el,, i#j t, eintQ, ke{1,2},

thereis C_, s#i, s#j, sothat t, eintC,.

In the process of the construction of mathematical mod-
el, satisfaction of the first criterion is provided by the addi-
tion to the restriction system of the problem of inequalities
having the form @™ >0, of the second criterion — inequal-
ities of the form ¢'“ >0, of the third criterion — inequalities
of the form ¢"% >0.

In [14], criteria 2 and 3 are reformulated and additional
variables are introduced in order to avoid the solution of
quadratic equations during the calculation of the coordi-
nates of points tj, as well as to simplify writing down the
functions of belonging.

With the use of the circles of an identical radius, the co-
ordinates of the points of form t;j can be determined analyt-
ically on the basis of sufficiently trivial geometric judgments,
which makes it possible to formulate the mathematical mod-
el of the problem without attracting additional variables.

Paper [14] gives a generalized mathematical model of
the problem of coverage of a polygonal set with circles of
different radii for solving the problem of optimization of
fire-prevention monitoring of forest arrays by taking the re-
lief into account. In this case the radii and the coordinates of
the centers of circles are assigned with the help of the splines
for modeling the dependence of the radius on the relief of
the zones of sensors detection. Relying on the idea of the
mathematical model, formulated in [14], let us construct the
mathematical model of coverage n by circular zones.

Let us assume that there is the non-degenerated coverage
Y of area Q by circles of an identical radius and it is neces-
sary to optimize a certain quality criterion.

Let us construct the following index sets for coverage Y:

—set Z,, the elements of which are pairs of numbers:
numbers of points from set P and numbers of the circles,
which satisfy the conditions of point 1 of the criterion of
area coverage;

—set E,, the elements of which are the threes of num-
bers: numbers of pairs of circles and points of intersection,
which satisfy the conditions of point 2 of the criterion of area
coverage with circles;

—set &,, the elements of which are the fours of the num-
bers: numbers of the threes of circles and points of intersec-
tion, which satisfy the conditions of point 3 of the criterion
of area coverage with circles.

In this case, some excessive elements can be removed
from the index sets in the course of construction. For ex-
ample, the ones that correspond to the pairs of circles, both
points of intersection of which belong to the third circle.

Then a sufficiently general mathematical model of the
problem of coverage can be written down in the form of

min_F(u), 4)

ueWcR?

W={ueR®:o"% >0V(k,i)eZ,,



0 20,09 20V(i,jk)eE,,

@ 20,099 20V(i, j,s) € E,,

k=1,2,%>0}, 5)
where
o=2n+l,

u:(u1y u2)~~-unvt))

u=(xj, yi), i=1, 2, ..., n are the parameters of location of the
i-th sensor, "%, ¢ ¢"“* the functions of belonging
of form (1), tjjk is the point of intersection of circumferences
Ci and Cj, f(uj,uj,u) is the function, calculating coordinates

of the points of intersection of circumferences C; and C;,
CCj _ 4.2 2 2
D =4r" —(x _Xj) -(vi-yy),

@Y s the pseudonormalized phi-function, which for-
malizes conditions of positioning the pairs of circles at the
maximum permissible distance p=0, t is the vector of auxil-
iary variables of the problem of the dimensionality I, ¥(u) is
the system of auxiliary restrictions (for example, conditions
of belonging of the centers of circles to area Q).

4. 2. Study of the properties of the constructed model

Let us explore the obtained model. In the general case
problem (4), (5) is the problem of non-smooth optimization.
This is explained by the fact that the function ¢"** in gen-
eral case is minimax.

In certain cases (for example, when each of the connec-
tivity components of area Q is described by one analytical
inequality) model (4), (5) describes the classical problem of
nonlinear programming.

In other cases (for example, when all components Q
are convex polygons) model (4), (5) describes the classical
problem of nonlinear programming after replacement in
(5) of the function of belonging ¢"* with the function of
quasi-belonging ¢’ . The compensation in this case is the
increased dimensionality of the problem.

If (from the reliability considerations) the maximum
permissible distances between the neighboring sensors are
assigned, in the model (4), (5) there is an addition of the
corresponding pseudonormalized functions.

Let us note that conditions of type @ >0 provide the
existence of the points of intersection of the selected pairs of
objects in the course of solving the problems.

For modeling the problems of constructing the wire
sensory network of fire-prevention alarms, the following
changes are introduced in model (4), (5):

— objective function is the length of a route (the sum
of distances between centers of the sensors, assigned in a
certain order);

— conditions of belonging of sensors of an area with con-
sideration of the minimally permissible distances to the area
boundary (in the general case they are described with the
help of minimax functions), are introduced into the system
of additional constraints;

— conditions of the non-belonging of centers of sensors
to restricted areas (in the general case they are described
with the help of minimax functions) are introduced into the
system of additional constraints;

— minimally permissible distances between the centers
of sensors (they are described with the help of everywhere
smooth phi-function) are introduced into the system of ad-
ditional constraints.

Taking into account the special features of the mathe-
matical model of the coverage problem, it is proposed to use
the strategy of solving the problem, which consists of the
following steps:

Step 1. We generate the set of the starting points from
the area of permissible solutions of problems (4), (5).

Step 2. For each of the starting points we construct the
model of the form (4), (5).

Step 3. We search for the local minimum of objective
function F(u) of the problem (4), (5), starting from the
points, obtained during step 1, and using the procedure of
local optimization with the transformation of the area of
permissible solutions, described below.

Step 4. We select the best of the local solutions, obtained
during step 3 as approximation to the global solution of the

problem (4), (5).

4. 3. Construction of the starting point from the area
of permissible solutions

The construction of the starting point for the problem of
designing the wire sensory network is divided into two stag-
es — the construction of coverage and the construction of the
route (several routes), connecting the sensors.

For the construction of the starting coverage depending
on the special features of the formulation of the problem, we
applied the methods of regular coverage on the basis of grids
[7], stochastic methods with a change in the coefficient ho-
mothety (based on the ideas from [13]) and the optimization
by groups of variables, or “consecutive-single coverage”.
During the application of the last method, the result signif-
icantly depends on the used local criterion of the coverage
quality. Fairly good results are obtained, if in the calculation
of the local criterion, the connectivity of the remained area
and the quantity of circles, necessary for covering the re-
mained part of the area in the vicinity of the placed circle, is
taken into account.

It should be noted that the constructed starting point
often does not belong to the area of feasible solutions of the
problem (for example, circles have a larger radius after an in-
crease in homothety coefficient), or it is possible to improve
it, by removing some of the circles (this situation frequently
appears with the use of regular arrangement). This can be
done, after solving auxiliary problems of the form (4), (5).
Thus, for instance, for the minimization of a radius of cover-
ing circles (identical for all objects), it is possible to accept it
as an additional variable and to minimize this variable.

Consideration of technological restrictions is very im-
portant with trace routing the wire connections, since
two basic forms of wire connections are used: the annular
connection, with a large quantity of sensors and the train
connection, when several trains with the limited quantity
of sensors on each of them can radiate from one point. It is
desirable in this case to obtain the minimum length of the
wire connections.

If the first problem is a classical problem of a traveling
salesman, then the second one can be presented in the form
of the modified problem of routing (without returning to the
starting point).

For solution of these problems, we used the library of
VPRH [22], written in C++, with the open initial code,



which implements the set of heuristic methods for solving
and optimizing the existing solutions of the problem of
routing (and as a special case, the problem of a traveling
salesman). The library was thoroughly checked by many
researchers on test problems and, on the average, it returns
the solution in the limits of 3% from the optimum. The
library of VPRH is easily modified for including additional
constraints. Owing to this, the library VPRH is widely used
for the solution of practical and scientific problems. Thus, the
modification, which makes it possible to select the preferred
direction for the routes, was made in this work, which allows
an increase in the technological effectiveness of the solution.

4. 4. Local optimization at the solution of the coverage
problem

In a general case, it is proposed to solve the problem (4),
(5) in the form of the sequence of the sub-problems of non-
linear programming.

Even if model (4), (5) describes the problem of nonlinear
programming, it can appear that after the process of local
optimization, for example, some of the functions ®“C >0
at the point of local extremum may be equal to zero. This
can attest to the fact that the local extremum of the original
problem has not been reached and it is necessary to recon-
struct the index sets for a new point and to continue the
problem solving process.

But if (4), (5) describe the problem of non-differentiable
optimization, the area of solution W of the initial problem is
represented in the form the union of sub-areas

G
Uw..
g=1

and one of the sub-areas, which contains the starting point
u?, is selected, the search for local extremum on the selected
sub-area is carried out starting with the point u’. The point,
obtained as a result of solving the sub-problem, is declared
as a starting point and the process is repeated until there is
some improvement of the objective function.

The search for the local extrema is carried out with the
help of the IPOPT program [23].

5. Results of computational experiments

Example 1. Optimization of trace routing for the prob-
lem of coverage the rectangle with dimensions 400x200 with
26 circles of radius 39. The initial coverage is obtained by the
regular method, proposed in paper [7]. Improvement reached
7,08 % (Fig. 1).

and trace routing. Therefore, we compared the results of the
solution of the problem of circular coverage for complex (at
least, different from a square and a polygon) areas with the
results of one of the latest works [19], as well as with the re-
sults of the previous work of this school [24]. The start was
at the points, given in articles [19] and [24] as the solution
of the problem.

Example 2. For the problem of covering the area, limited
by the curve y*>=x’—x from paper [19], the following re-
sults were obtained:

—for 18 circles — r=0.1621, u=(uy,...,usg)=(-0.5258,
—-0.2435, —-0.7620, 0.4522, —0.7660, —0.4290, —0.9404,
-0.0209, —0.2750, 0.4364, —0.8342, —0.2391, —0.4015,
—-0.0462, -0.6984, —0.0305, —0.3022, 0.1310, —0.4951,
0.3276, —0.0930, 0.2027, —0.8658, 0.2360, —0.3308,
—-0.4487, —0.2136, —0.2531, —0.5709, —0.5384, —0.0882,
-0.0719, —0.60710, 0.1765, —0.5333, 0.5829), improvement
by 1.8 % (Fig. 2, a, b);

—for 21 circles — r=0.1467, u=(uy,...,uig)=(-0.8733;
—-0.3312; —0.1751; —0.2438; —0.4475; 0.4962; —0.6831;
-0.1288; -0.6587; 0.5467, —0.1344; 0.1760; —0.7289;
—0.5483; —0.2967; —0.4273; —0.4992; —0.5138; —0.9643,;
0.1699; —0.5870; 0.2807; —0.7513; 0.1212; —0.3784; 0.2265;
—0.8176; 0.3865; —0.2904; —0.0201; —0.9130; —0.0908;
-0.6290; —0.3372 —-0.5261; 0.0118; —0.4295; —0.2349;
—0.2244; 0.4016; —0.0281; —0.0469), improvement by 1.6 %
(Fig. 2, ¢, d).

Fig. 2. Comparison of results: a — 18 circles
from [19]; b — 18 circles, obtained in present

work; ¢ — 21 circles from [19]; d— 21 circles,
obtained in present work

Example 3. For the problems of covering
the area, limited by the curve x*+y‘=1 from
paper [19], the following results were obtained:

Fig. 1. Result of minimization of length of the route: @ — 1506.1815 at
the starting point; b — 1399.4817 after the optimization

The authors did not succeed in finding the papers with
results of solving the optimization problems of joint coverage

— for 20 circles — r=0.3052, u=(uy,...,us0)=
=(-0.8397,0.3582,0.2301, —0.8929, —0.9424,
-0.2013, 0.6705, —0.7140, 0.4200, —0.1630,
-0.2498, —0.5479, 0.3021, 0.8639, —0.3403,
-0.8896, —0.3411, 0.3520, —0.7034, 0.8137,
—0.2082, 0.8077, 0.9484, 0.2500, —0.0037,
-0.0698, 0.6412, 0.2200, —0.7227, —0.6623,



-0.5350, —0.1207, 0.8721, —0.327881, 0.6993, 0.6840,
0.1828, 0.3901, 0.2340, —0.4891), improvement by 1,57 %
(Fig. 3, a, b);

— for 24 circles and the area, limited by the curve x*+y’=1,
r=0.2725, u=(uy,...,us4)=( —0.9010, 0.0913, —0.3010, 0.4157,
0.1605, 0.5629, 0.8748, 0.5071, 0.2371, 0.9545, —0.7601,
-0.2921, -0.2520, 0.8398, —0.4590, 0.0603, —0.7932,
-0.6248, —0.0411, -0.1663, 0.1953, —0.5156, —0.6745,
0.7937, 0.4435, —0.2199, 0.6695, —0.6734, 0.4379, 0.2682,
0.8335,0.0478,-0.3173,-0.4107,-0.7643, 0.4893, —0.5017,
-0.8610, 0.622494, 0.7356, 0.8814, —0.4135, —0.0694,
-0.8103, 0.0631, 0.1150, 0.3970, —0.9700), improvement by
1.09 % (Fig. 3, ¢, d).

Fig. 3. Comparison of results: a — 18 circles from [19];
b — 18 circles, obtained in present work; ¢ — 21 circles from
[19]; d — 21 circles, obtained in present work

Example 4. For the problems from article [24], the fol-
lowing results were obtained:

—for 15 circles and rectangular r=0.3636, u=(uy,...,us5)=
=(-0.7662, —0.7216, —0.7567, —0.1731, —0.8997, 0.4465,
-0.6510, 0.8980, —0.2890, -0.7299, -0.2727, —0.1877,
—0.3470, 0.3674, 0.0206, 0.8324, 0.2773, —0.8330, 0.2338,
-0.2592, 0.2095, 0.3407, 0.6716, 0.8440, 0.8002, —0.6963,
0.7348, —0.1439, 0.7829, 0.396368), improvement by
0,53 % (Fig. 4, a);

—for 16 circles and rectangular r=0.3482, u=(uy,...,us5)=
=(-0.7882, -0.7236, —0.7494, —0.2055, —0.7178, 0.2402,
-0.7902, 0.7221, —0.3258, —-0.7583, —-0.2554 —0.2779,
-0.2574, 0.2764 —0.2982, 0.7960, 0.2070, —0.7960, 0.2817,
—0.3344, 0.2664, 0.1547, 0.2155, 0.7399, 0.7447, —0.7634,
0.8391, —0.2178, 0.7505, 0.3339, 0.7236, 0.7885), improve-
ment by 1,1 % (Fig. 4, b);

— for 14 circlesand circler=0.3317, u=(uy,...,u14)=(0.4539,
0.6354, 0.8423, 0.2924, 0.3886, 0.0002, —0.0006, 0.9430,
—0.4546, 0.6348, —0.0002, 0.3267, 0.0002, —0.3267,
-0.8426, 0.2915, —0.3886, —0.0002, —0.8423, —0.2925,
—-0.4539, -0.6354, 0.0006, —0.9430, 0.4547, —0.6348,
0.8426, —0.2915), improvement by 0,23 % (Fig. 4, ¢).

Thus, the performed computational experiments clear-
ly demonstrated the effectiveness of the proposed ap-
proach.

Fig. 4. Comparison of results of minimization of the radius
of covering circles (shown by the bold line) with results [24];
a — for the problem of coverage with 15 circles;

b — for the problem of coverage with 16 circles;
¢ — coverage of a circle of a single radius with 14 circles

6. Discussion of the results of exploring the joint task of
coverage and trace routing

It is established that the problem of constructing the
optimum wire sensory network for complex areas can be
posed in the form of the problem of joint circular coverage
and trace routing of connections. Such problems appear, for
example, during the construction of the network of sensors
of fire-prevention alert in buildings.

Because the problems of circular coverage are difficult to
formalize, it was only recently that adequate mathematical
models for this class of problems began to appear. However,
all the examined models and methods cannot be directly
used for the solution of the examined problem (at least, with-
out essential modifications), since:

— there is no possibility of accounting additional techno-
logical restrictions for them;

— there is no possibility of covering arbitrary areas;

— rather awkward computational implementation.

In the proposed model all inequalities, which describe
the area of permissible solutions of the problem, are assigned
by sufficiently simple functions of two types. The first ones
serve for analytical description of the conditions of intersec-
tions and non-intersections of circles among themselves, the
second ones serve for analytical description of belonging of
points to sub-areas R2. In the course of solving the problem
there is no need for rather awkward computational proce-
dures like the construction of the Voronoi diagrams or the
Delaunay triangulation.

Since trace routing in the mathematical model of the
problem exists exceptionally in the form of objective func-
tion, the represented approach can be easily adapted for the
solution of other problems of circular coverage. In particular,
the problem of the minimization of radii of covering circles
for areas with the curvilinear boundary was solved.

The shortcomings of this model include poor conver-
gence in the course of optimization with the start from an
arbitrary point. However, this disadvantage is overcome by
the construction of permissible starting points with the use
of heuristic methods.

The advantages of the developed method of the search for
local-optimum solutions of the problem include the possibil-
ity of its use for an improvement in the solutions, obtained
by other researchers. In this case, the time consumption at
starting from “sufficiently good” points (close to the local
extrema of the problem) is rather low. Thus, for solving each
of the tasks, represented in chapter 5, time consumption



comprised less than 1 second for AMD Athlon(tm) 64x2 Du-
al Core Processor 5200+.

This work is advancing the studies, carried out in [14] for
the problems of covering polygonal areas with the circles of
different radii. Subsequently, the development of the repre-
sented model for the problems of constructing the optimum
wire sensory network with the existence of prohibited areas
for routing is planned.

7. Conclusions

1. New functions for modeling relationships between ge-
ometric objects in the problems of circular coverage were pro-
posed: pseudonormalized functions of belonging of points to
areas, functions of quasi-belonging of points to areas, normal-
ized functions of quasi-belonging of points to areas and pseu-
donormalized functions of quasi-belonging of points to areas.

2. The use of the developed means of mathematical mod-
eling together with phi-functions and pseudonormalized
phi-functions made it possible to formalize the description
of the restriction of the problem of covering complex areas

with identical circles. As a result, it appeared possible to
present the problem of constructing the optimum wire sen-
sory network for complex areas in the form of the problem of
non-smooth optimization. The lengths of wire connections
are used as objective function.

3.1In the course of the conducted study, the strategy
of the solution and the algorithm of searching for local-
optimum solutions for the stated coverage problem were
developed. They make it possible to reduce the solution of
the appearing problem of non-smooth optimization to the
solution of the sequence of sub-problems on the areas of per-
missible solutions, described by the systems of inequalities
with smooth functions. The search for the local extremum
begins from the permissible starting points. The construc-
tion of starting points is performed within two stages. At the
first stage, the heuristic methods of the coverage generation
are used, at the second stage we used trace routing of wire
connections. The heuristic methods of constructing circular
coverage of the areas of complex shape, based on the use of
the transformation of coefficients of homothety of circles and
on the application of a method of optimization by the groups
of variables.
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u] =,

Hoxaszano, wo esedenuii 6idomuil PopmanrvHuiL ONUC HEMOUHUX
MHOICUN MOJIce OYymu iHmepnpemosanuil y mepminax HewimkKux MHo-
srcuni. Ile 00360151€ 015 p0o36’azanns 6azamvox 3aday Hemounoi mame-
Mamuku 6UKOpucmamu po36uHeHUll anapam Hewimkoi Mmamemamuxu.
Hageodeno npuxnad pose’sazannsa 3adauwi Jiniinozo npozpamyeanns,
napamempu sKoi 6usnaueni Hemouno. /[ onucy Hemounux napa-
Mmempie 3ada4i euxopucmani gyuxuii (L-R)-muny. /[na pose’sazanns
3adaui 66edeno cxaadenuii kpumepii. uceavie snavenns Kpumepiio
8paxo6ye Mipy ONIULKOCMI OMPUMYBAI020 pe3yavmamy 00 Mo0Alb-
HO020 piuweHHs | piBeHb KoMnakxmuocmi Qynxyii npunaneicHocmi 3na-
YeHHA UiAb0601 PYHKUIT

Knouoei cnosa: nemouna mamemamura, newimii mooeni nemou-
HUX wuces, piuleHHs 3a0a1 HeMouHOi Mamemamuxu, Hemoune Jiiniiine
npozpamyeanus

=, u |

Iloxazano, umo 6eedénnoe uzsecmmoe QopmanvHoe onucanue
HeMOUHbIX MHOICECmE Mojcem Ovblmb UHMEPNPeMmupo8ano 6 mep-
MUHAX HEUEMKUX MHOMCECMmE. IMO no3eoasem 0N peuwleHuss MHO-
2UX 3a0au HEMOUHOU MAMEMAMUKU UCNOIB308AMb PA3GUMBLI aANna-
pam neuémroi mamemamuru. Ilpueedén npumep pewenus zadauu
JUHEUHO020 NPOPAMMUPOBAHUS, NAPAMEMPLL KOMOPOU onpedesetvt
Hemouno. /[ onucanus HemouHvIX napamempos 3a0avu UCnoab30-
eanvt pynxyuu (L-R)-muna. IIpu pewmenuu 3adauu 66e0én cocmaenoil
xkpumepuii. Qucaennoe snavenue xpumepus yuumoiéaem mepy 6aU30-
CMu noaY1aemoz0 pe3yabmama K MoOAIbHOMY PEUleHUt0 U YpoeeHs
KOMNaxmuocmu QyHKUuu npuHadiedcHoCmu noayuaemozo 3HaieHus
uenesoll pynxyuu

Knrouesvte cnoea: nemounas mamemamuxa, Hewémrue mooeau
HemOouHbIX uUces, peuweHue 3a0a4u HemouHOl MamemMamuxu, HemouHoe

Junelinoe npopammuposanue
| o
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1. Introduction

The practical problems of analyzing and synthesizing
complex systems are solved under conditions of uncertain-
ty. The degree of uncertainty is determined by the level of
knowledge on the state and behavior of a system under study
and the environment in which the system operates. It is es-
sential to take this uncertainty into account while solving
problems of assessing and predicting the states of systems in

engineering [1, 2], military affairs [3, 4], medicine [5], econ-
omy [6, 7], as well as problems of structural and parametric
optimization [8—10].

Over the past few decades, the emergence and rapid de-
velopment of the fuzzy set theory [11-21] have significantly
expanded the range of tasks for which it has become possible
to use a strict formal mathematical apparatus. The presence
of a rod element in this theory means a fuzzy value mem-
bership function as a natural analogue of the distribution






