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Pozensnymo 3adauy 6u3HaUeHHST HEGIOOMUX NIAACMOBUX
muckie ma Qirompauitinux rxoediuicumiec 060X 2a30HOCHUX
naacmis, wo CYMicHO OpeHYOMbCs 00HIEI C8ePOITIO6UHON0, 3a
danumu 6UMIpi6 HA CMAUIOHAPHUX PEHCUMAX MUCKY MaA cYymap-
Ho20 0ebimy na supii ceeponosunu. 3aoary 36edeno 0o po3e’sa3-
KY CKAAOHOI cucmemu mpoox HeJUHIUHUX pienanb. Cmeopeno
anzopumm ii HuUCeIbH020 PO36°A3KY Ma 1020 KOMN tomepHy pea-
Jizauito 0 00H020 3 moxcausux eapianmie. Hasedeno npu-
KJ1a0 4UCenvH020 Po36°a3Ky

Kmouosi caosa: ¢inompauisn 2asy, naocmucausicmo, 36’°s-
3amni naacmu, dedim ce6eponoGUHU i NIACMIE, MOUKU NOGOPOMY,
Memoo Hvtomona

=, u|

Paccmompena 3adaua onpedenenus Heu38eCMHbIX NAACMO-
6blx OasyeHuil U PUILMPAUUOHHBLIX KOIPPuuuenmos 08yx
2a30HOCHBIX NAACMOB, PA3PABAMBIEAEMBIX COBMECHMHO 00HOU
CKBANCUHOU, NO OAHHBIM 3AMEPO8 HA CMAUUOHAPHBIX PEHCUMAX
daenenus u cymmapnozo debuma na ycmoe ckeaxncunvt. 3aoaua
C600UMCS K PeUWeHUI0 CILONCHOU CUCMEMbl MPeX HeJIUHEUHbIX
ypasnenuil. [locmpoen anzopumm ee HucaeHH020 peuweHus u e20
KoMnvlomepHas peaiuzayus 0as 00H020 U3 603MONCHBIX 6apu-
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1. Introduction

During gas field exploitation, there are cases when a
well opens several gas-bearing formations simultaneously.
Moreover, there may occur gas cross-flows between the for-
mations, which is considered to be economically undesirable.
Given that a wellhead pressure p is the only parameter by
changing which it is possible to control the production rate,
it is important to know how production rates of exploited
formations functionally depend on such a pressure. The
pressure problem on two formations has already been consid-
ered in the author’s previous studies. By this it is necessary
to know the formation pressures and filtration coefficients.
However, this condition often doesn’t hold in practice. The
present study considers the problem of determining un-
known formation pressures and filtration coefficients of two
gas-bearing formations opened by a single well on the basis
of stationary wellhead pressure conditions and the total pro-
duction rate measurements data. The problem is reduced to
solving a complicated system of three nonlinear equations.
The research involves an algorithm and an example of a
numerical solution, with software processing of one of the
possible options.

2. Literature review and problem statement

For clarity and convenience in understanding the re-
search focus, the primary intention is to give a direct
problem statement. It will allow introducing all required
terminology. Next, there will be an overview of publications
connected with the stated problem.

In [1, 2], attention is given to a mathematical model of a
high-pressure gas flow in a gas-dynamic system consisting
of a D-diameter vertical well and two horizontal gas-satu-
rated porous formations of thicknesses h;, opened at depths
Lj, j=1.2 to the surface. The gas-bearing formations are
isolated from each other by enclosing rocks, so they affect
each other only through perforations (holes) vented in the
well along the formation thickness. It is assumed that the
gas flow in the formation is steady, isothermal, and radially
symmetrical about the well axis. It is also assumed that h;
thicknesses are sufficiently small, so h;/Lj<<1, and thus the
through-thickness pressure variation can be neglected. The
diameter D is significantly smaller than the depth Lj; there-
fore, it is reasonable to assume that the gas flow in the well
is one-dimensional at a resistance force per unit mass being
equal to Au® /2D, where u is an axial velocity and A is a re-
sistance coefficient. The latter assertionis explained in [3].

The pressure usually reaches tens and hundreds of at-
mospheres, therefore, the gas state equation is taken to be

s=z(s)pRT,

where s is a current pressure, p is a gas density, R is a gas
constant, T is an average well bore temperature, and z(s) is
a real gas factor.

Like in [1, 2], below we use representation

7z(s)=e * +PBs [4].

Here,
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where p. and T, are the critical pressure and temperature.
Gas filtration in the j-formation complies with the nonlinear
law of flow — the Darcy-Forchheimer law:

i= —((x. +va.|wv|)w. j=12.
dr i Wil P ’

The substantiation of this law is provided in [5] and
[6]. In the present article, like in [1] and [2], the nonlinear
law of flow (the Darcy-Forchheimer law) is used to account
for a homogeneous porous medium in a radially symmetric
gas flow. In [7], this law is investigated for a homogeneous
porous medium in a 3D-dimension case. The Darcy-Forch-
heimer law is applied in [8] to study heterogeneous porous
media.

Here, r is the current radius measured from the well
axis, s;=s;(r) is a pressure in the j-formation, p;=p;(r) is
a gas den51ty, wj is a filtration velocity, and o, B; are the
constants characterizing the formation flltratlon capacity
and the gas viscosity. In this notation, U=s,(D/2) and
V =s,(D/2) are wellbore pressures at the depths Ly and Ly,
X=s,(r;) and Y =s,(r,) are pressures in the upper and lower
formations, rj is a supply contour radius of the j-formation,
j=1, 2. The production rate q;j of the j-formation is the gas
volume under normal conditions produced from the forma-
tion per unit of time. The well production rate is Q =q, +q,,
under the assumptions made that q;=q;(p) and Q =Q(p).
Here, p is a wellhead pressure. The filtration coefficients of
the formations aj,bj,j =1,2 are assumed to be determined as
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where s, is an atmospheric pressure, p, is a gas density under
atmospheric pressure, T,=T /T,, T, =293 K. These values
are derived from the filtration law. For instance, let us as-
sume that j=1. The gas mass flowing along the well through

the sidewall of the cylinder of radius r>%, and a height hy

per unit of time equals —2nrh,p,(r)w,(r). Under the forma-
tion conditions, this mass has a density p,(r), a temperature
T, and it is subjected to a pressure sy(r). Under steady-state
filtration conditions, this mass does not change, though
under normal conditions it equals s,q, /RT, — according to
the Ideal Gas Law.

Taking into consideration that s, =z(s,)p,RT and com-
paring the two expressions for the mass, we shall obtain

—_ q1SaZ(S1)T* .

1
2mrhs,

By substitutiing the obtained expression in the filtration
law and integrating it with respect to r from D/2 to ry, we
shall obtain the following equation of steady filtration from
the upper formation:

2sds

biqi +a,q, = J. ;> 0.

v 2s)

Along with this, by and a; are calculated using formula
(1) at j=1.

Let us define that g is a gravity acceleration: o, =%,
j=1,2, and 6,=0,—-0,. Let Xy, Yy, Xy, Y2 be the solutions
of the following equations:

T(s)ds T7(s)ds
I
_[ z(s)ds J- z(ss)ds —5, )

These values are uniquely determined and are effectively
calculable using Newton’s method [9].

Now we are ready to make an overview of previous pub-
lications on this topic.

The stationary production rate of a well draining several
gas-bearing strata is treated in [10]. There it is assumed
that all strata pressures are neighbouring, a gas cross-flow
between the formations is absent, and a real gas factor is a
constant. These assumptions are used to obtain the approxi-
mation formula for the well production rate. The problem of
a simultaneous exploitation of two formations with identical
pressures is studied in [11] under an assumption that the
strata summary rate is a constant and the gas cross-flow is
absent. The results of [10] become specified in [12] for a case
when the difference of two squares of formation and bore
pressures is identical for all formations. In works [10—12]:

1) gas cross-flows in a running well bore are not taken
into account;

2) the real gas factor is assumed to be a constant.

The present article is based on [1, 2] in the following
respects:

1) the described limitations are overcome;

2) the turning points concept is essentially applied.

The notion of a turning point is of significant importance
for further research.

The definition. The turning point of the total well pro-
duction rate Q(p) is a value of a wellhead pressure p=P",
so that Q(P")=0. The turning point of the production rate
q;(p) of a j-formation is such a value of the well-head pressure
p=P that q;(P/)=0.

An assertlon There always exists a P*. If Y>X,, there
also existsa P;, with the inequalities X, <P <Y, <P, being
satisfied. May q2>0 be determined from the solution V, q2)
of a system of equations, with ay>0, by>0, and p>0 being
specified as follows:

 sz(s)ds T 2sds
———t——=0,,b,q} = : 3
isz N ngz(s) 03,D,q; +2a,q, i 5) 3

For a P to exist, it is necessary and sufficient that the
next inequality is satisfied in the following way:

](- sz(s)ds 5o %)

' s?+uqiz’(s)

Under (4), P/ <X,. If gy is so large that inequality (4)
does not hold, then P, does not exist, and for all p>1 there
will be qi(p)<0, i. e. even for a fairly small p there occurs a
gas cross-flow from the lower formation into the upper one.

We argue that the existence ofa P, is independent of (ay,
by). It should also be noted that, according to the engineer-
ing system of units, L; are in metres, D are in centimetres,
q is a 103m3/24-hour period, T is a Kelvin temperature.
Therefore, when the value of p is introduced into (3), (4) is
calculable using the formula:
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By virtue of [1], system (3) is uniquely solvable. The
systems of equations from which P, P;, P, are calculated by
Newton’s method are also taken into account. As shown in
[1],ifa P exists,and 1<p<P;, the production rates qi(p),
qz2(p) and Q(p) and the well bore pressures U and V are
connected with the formation pressures X and Y as well as
the filtration coefficients (a,,b,) and (a,,b,) by the system
of equations:

b +a,, = JQi‘:)S 6,0, )
b,q; +a,q, = iiz(:)s q,>0, )
q;+9,=Q. (10)

If the condition P <p<P" is satisfied or a P does not
exist, equations (6) and (8)—(10) are preserved, and (7) is
replaced by the following equation:

) $2sds
b,q; —a,q, = '[77 q,<0,U>X.

x 2(5)

The relations of type (6) for the first time are received
and investigated in [13].

By virtue of [1], system (6)—(10) is uniquely solvable,
and the description of its numerical solution algorithm is
given as follows: at known X, Y and ay, by, as, by, it is pos-
sible to find qj=qj(p), U(p), V(p) and Q=Q(p) as functions
of p. Hence, a solution of the direct problem is obtained.
It is noteworthy that there is no closed-form evaluation
of the integrals in formulae (6)—(9); thus, it is not yet the
exact solution of the system. In [2], analogous results are
obtained in the case of Y>X,. The difficulty of the formu-
lation of the direct problem is that the formation pressures
X and Y and the filtration coefficients are unknown in
practice. Hence, this raises the problem of calculating the
six parameters — X, Y and ay, by, as, by — with respect to
six-time stationary pressure measurements of p; and a cor-
responding total production rate Q;, where i=1,...,6. Thus,
an inverse problem arises.

an

3. The purpose and objectives of the study

The purpose of this study is to show that the formation
pressures X and Y and the filtration coefficients (ay, by, as,
by) may be calculated by the data of (pi, Q,)(i=12....6)from
the results of the direct problem solution.

To achieve the outlined aim, the following tasks are for-
mulated and solved.

1. A three nonlinear equations system with unknowns
(&, 0,,0;) is receive on the basis of the corresponding (12)
system of equations of the direct problem.

2. We use a fundamental fact: the required (X, Y, ay, by,
as, by) may be expressed in terms of (E;, 63,65); and show the
parameters (é, 63,65) are changed in the bounded domain

while the primary unknowns (X, Y, ay, by, as, by) are a priori
unbounded.

3. The geometry of the domain of the parameters
(é, 93,95) is investigated.

4. The calculation method for solving the received
three-equations system and its software realization are de-
veloped.

5. The test calculation for checking the efficiency and
precision of the suggested method is carried out.

4. Formulation of the inverse problem

If the formation pressures and filtration coefficients
are unknown, then P/, P; and even their existence are un-
known. However, P* can be measured experimentally: it is
a stabilized shut-in wellhead pressure, so Q(P*)=0. There-
fore, the measurements of p; are conducted so that

P <P, <..<Pg<P".

As shown in [1, 2], the production rates q;(p) are mono-
tone decreasing functions of p as well as Q(p), just as U and
V are monotone increasing functions of p. Hence,

Q,>Q,>..>0Q,>0, U <U,<..<U,,
and
V, <V, <..<V,

are satisfied for Q,=Q(p,). Considering that there is no
information concerning the turning points P;, P, and the re-
lations between X, and Y, it is a cause for viewing various
options of the gauge p; position with respect to the turning
points P and P; as well if one of them does not exist. It is
easy to calculate that there are 13 such options, and each of
them requires detailed consideration. In [14], attention is
given to an option when X»<Y, P; exists, and the inequal-
ities p,<..<ps <P/ are satisfied. In [15], the considered
option is when

p,<.<p, <P <p;<p, <P
The present study deals with a more complicated case:

P, <p, <P <p;<.<ps<P’ 12)
under the same assumptions made concerning X,,Y,P; .

Let us assume x;=q,(p;), v,=9,(p;), i=1..,6 as un-
known formation production rates, whereas U; and V; are
unknown well bore pressures at p=p;. Instead of the un-
known formation pressures X and Y, let us introduce the
parameters c; and ¢, according to the formulae:

¢\ = .T 2sds ¢, = ]{» 2sds

) : 13)
1 2(s) 1 2(s)
Moreover, let us also suggest that
U, Vv
' 2sds ¢ 2sds
g = J .d, = . (14)
1 2(s) 1 2(s)

From the monotony of the production rates and from
(12), it follows that



(15)
(16)

X, >X,>0>X,>...>X,,

YV >y, > >y >0.

Now, from (6)—(14), it follows that the unknown pro-
duction rates x; and y; and the filtration coefficients of the
formations (a,,b,) and (a,,b,), as well as the parameters
¢y and c¢o, and the well bore pressures U; and V; (i=1,...,6)
(30 unknown variables in total) are connected with the
measured wellhead pressures p; and the total production
rates Q;, (i=1,...,6) by the following system of 30 equa-
tions:

U

!%:cp (i=1,.6), A7)
ble +ax,—c, =-8,%x>0, (i=12), 18)
bx’-ax +c =g, x,<0, (i=3,..6), 19)
v,

J%:oy (i=1,...6), (20)
by} +a,y, —c,=-d,, y,>0, (i=1,..,6), (21)
x,+y,=Q,, (i=1..6). (22)

Furthermore, from physical considerations as well as
from (11), (15) and (16), it follows that the following ine-
qualities are to be satisfied:

a,>0,b,>0,a,>0,b,>0, (23)
g,<¢, <&, (24)
¢, >d,. (25)

5. Reduction of the system (17)—(22)

In equations (17), at each i=1,...,6, the values of p; and
Q; are known, so U; can be uniquely determined from this
equation. There is an efficient U; calculation algorithm based
on Newton’s method. It follows that Uj is a known parame-
ter; thus g; is known, too. The remaining system (18)—(22)
contains 24 equations with the unknowns ay, by, as, bs, ¢y, ¢,
x;, yiand V; (i=1,...,6). Let us set x4, x3 and x5 as the principal
unknowns and express the rest through them using relations
(18)—(22). Let us consider the equations (18) at i=1 and (19)
at i=3,5 as the system of the three linear equations for (by, as,
¢y) pre-setting the following:

X=X, X%ze:w X%zesv g/gjzx'ij’

Then we shall obtain

b =8 [1=Ag5+(his =105 +(Ays —A5)6; ]
bx (6;-6,)(1+6;+6,-6,6;)

=85y,(6,,0,),
X

8 [Ays —1+ (A5 — 1)9§ +(hys — }‘15)9§]

a
tox (0,-6,)(1+6,+6,-6,0,)

=%\V2(63’95)’ (27)
¢, =g, [—0: -9, +}"159395(93 —6;)+ }"35(95 +65)] _
' ’ (95 _93)(1"'93 +95 _9395)

=85V4(8;,6;). (28)
On account of (12),

X, >X, >0>X,>X, >X: >X,, (29)

by virtue of the monotony of U; and V;,
g <g,d <d,(1<i<j<6), (30)

so 0<A;<1. From (23), (24) and (26)—(30), it follows that
the below-listed inequalities are to be satisfied:

W,(05,05)>0,1,(6;,05) > 0,y <W,(0,,65) <Ay, 31
as well as the inequalities
6,<0,<0. (32)

We also note that y, =L +y,+vy,. In what follows
from (18) at i=2 and from (19) at i=4,6, as well as using ex-
pressions (26)—(28) for by, a; and ¢y, we shall obtain

X, = xm,(0,,0,),(i=2,4,6), (33)
where
m,(8,,0;)=
_WE(0,0)+ (0,8 (v (0, 0) ~ Al (8,0
2v,(6,,05)
m;(8,,0;) =
%
_ Wz(esves)_[wg(esves)"' 4y, (6,,05) (A5 —,(6,,6,))]
2y,(6,,6;)
(i=4,6). (35)
Let us also establish that
Q. .
E=—t,=>1, (i=24,6),
Q, Q,
then from (22) and (33) it follows that
v, =Q,(t, —=Em;(8,,6,)), (1=2,4,6). (36)
Similarly, from (21) at i=2, 4, 6, we shall obtain
b2 _ (d4 _ds)YQ +(ds _dz))’4 +(d2 _d4 )¥s (37)
V=YD =YY~ Ys)

a,= (d6—d4)y§+(d2—d6)yi+(d4—d2)y§ (38)

Yo=Y —Ye)(Ys—¥6)

_ VoY s (Yo =¥ )ds +¥,¥s (V=¥ )d, +y, ¥ (v, —¥e)dy .(39)
V=YD =)V —Ys)



According to (14), d; is dependent on V;, which is calcu-
lated through (20) at a known Uj and is thus implicitly de-
pendent on y=py’. By virtue of the z(s) function structure,
there is no closed-form evaluation of the integral in formu-
la (20); thus, it is not to be spoken of the exact evaluation
of V;. It should be noted, though, that V; is analytically de-
pendent on the parameter y at a point y=0. So it is natural to
seek a solution V; of the equation

]‘ sz(s)ds
55

3

in the form of

1,
\% =Vi0+yVi1+§yz\/i2+..‘, (40)
thus restricting ourselves to the first three addends. Along-
side this, Vg is determined from the equation
\1‘0
_[ z(s)ds s

S

3
U,

and is calculated by Newton’s method. Vi and Vs are deter-
mined successively in terms of onefold and twofold differen-
tiations of the identity

Y sz(s)ds B
S AO)

3

with respect to the parameter vy; then let y=0. Hence, we
shall obtain

V.
V, =—3_1.3%),
it 2(V,) 3(1)
22(V,)). .. V,(1+aV, )e ™ , 2V. .
v_ — i0 I i0 i0 I _ i0 I,— ,
i2 v, ,(D+ ZS(Vio) (1) 2V, s(D
here
Vig 3
. z°(s)ds
L()= J. & (53)
U,
and
Vio 5
()= _[ ’ (Ss)ds'

U

Using (40), we assume

Y 95ds

IO

in the form of

1
di()=d,(0)+vd; +§y2di2 +o,

also keeping the first three addends. Then we shall obtain
B \j‘-“ 2sds
i0 Z(S) ’ i1

1

_2Vi\Vy
2(Vy) y

—aViy 2
dﬂﬁ(e (+oVy)V; +vioviz)
z°(Vyy) 2(Viy)

If we set

1
Yio = diO”Yil =ud, v, =§H2dm

then for d; we shall obtain the following approximation:

(41)

di=v,+ Yi1§’12 + Yi2Yi4? @i=1,...,6).

Ati=2, 4, 6, let us process the expression for y; from (36)
through (41) and then process the obtained expressions
through formulae (37)—(39). Then we shall obtain the ex-
pressions for as, by and ¢ of the form

hE) | kE 1E)
by=—2) a, === o = X5),
e ey YT e

Here, h(§), k(&) and 1(§) are the polynomials in & as to
degrees 5, 6, 7, and n() is a third-degree polynomial in &,
The coefficients of n(&) are polynomials in m;(8,,6,), j=2,
4, 6, and are not cited because of their complicatedness.

We note that 0<&<1. By virtue of the monotony of the
production rates, we shall obtain

(42)

Y2>Y5i>Ye- (43)
We also note that

ty=t;—t;, m(8,,05)=m,;(8,,6,)—m;(6,,0;).
From (36) and (43), it follows that

0<§<min(1,t% ,tZ/ ,t“/ )=E_,r.
my, Mys Myq

From (22) at i=1, 3, 5, we shall obtain

(44)

Vi =Q,(1-8),y;=Q,(t; =0,8), y5;=0Q,(t;-6,8). (45)

Let us now finally turn to the formulae (21) at i=1, 3, 5 by
processing expressions (42) and (45) through them. Then, it
is easily seen that the following relations are satisfied:

M, (&) =hE©)(1-8)"+Q,'k®)(1-8)-
—Q 1) +nENQ, Yy + 7, (1-€ ) +Q7,,(1-8)") =0, (46)

M, (&) =h(€)(t; -6,8)" + Q'k(E)(t; —0,8) - QI(E) +

+n(§)(Q;Z'Yso + 731(133 _Gzi)z + Q12'Y32(t3 _63.5:)4 )= 0, (47)
M, (&) =h(E)(t; - es&)z + ka(&)(ts -08)- Q;Zl(g) +
'H'I(g)(Q.IZYso +Y5(ts— 95§)2 + Qf'Ysz (e 95‘:)4) =0. (48)

The left-hand sides of these relations are represented by
the seven-degree polynomials in & with the coefficients that
are polynomially dependent on 03, 05 and on the algebraic
functions of mj(03, 05), j=2, 4, 6 as well as on p;, Q;, i=1,...,6.
Thus, it is shown that if the system of equations (17)—(22)
is satisfied, then the triple (&, 03, 05) satisfies the system of
three equations (46)—(48) that are polynomial in the varia-
ble €. It is to be recalled that equalities (40) and (41) provide
an approximation for V; and d;. Along with this, it turns out
that the filtration coefficients (ay, by), (as, bs) and the coef-
ficients ¢y, cg, which are connected with the formation pres-
sures X and Y by formulae (13) are expressed through the
solution (&, 03, 05) of the system (46)—(48) using formulae
(26)—(28) and (37)—(39). At known ¢; and ¢y, the forma-



tion pressures are evaluated by Newton’s method. Thus, the
solution of the inverse problem reduces to the solution of the
three equation system (46)—(48). The advantage of choosing
X{, X3, X5 as the principal unknowns lies in the fact that, as it
will be clear from the subsequent, the solution (&, 03, 05) lies
within a bounded domain while the required parameters X,
Y, ay, ..., by are a priori unbounded. Along with that, the num-
ber of the required parameters can be half. In part 6, we will
show that inequalities (23)—(25) set bounds to the domain
of variables (8,,0,)e€Q,, with the geometry of the bounded
domain Q; being dependent on the inverse problem data.

6. The numerical solution of the inverse problem

Equations (46)—(48) mean that & is the common root of
the three polynomials

Mj(ires’es)’j =123
at a point
(0,,6,)eQ,.

For approximate evaluation of (&,0,,8,), the domain Qy is
covered by the uniformly spaced node grid

(6,(k), 8;(1)),
where
1<k<N,1<I<N,

are all integer numbers. In each node (6,(k), 65(1)), the co-
efficients of the polynomials M;(€) are determined as well as

&, (k1) =E,(8,(k),0;(1)).

Such a node as (8;(k), 8;(1)) is considered to be an approx-
imate solution of the problem in which each of the Mj-poly-
nomials has at least one root &j, (j=1, 2, 3), and the distance
between these roots on the grid of the nodes is minimal.
Then

§i+8+&
3

is taken as a corresponding approximate solution. Along
with this, the satisfiability of the inequalities

b, (&', 85(k), 65(1))>0,
a, (&, 8,(k), 8,(1)) >0,
Cy (Ej, 93(k), 95(1)) > de

is rechecked in accordance with (23), (25), and (37)—(39). It
may occur that the polynomial

M; (&, 6,(k), 6,(D)

has a set Kj of roots of power that is greater than one in the
interval

(0.8, (8,(k), 851)).

Then we select one point out of the sets Ky, Ky and K3 and
find the diameter of the set obtained. As &}, &;, &;, we take
such elements of the sets Kj(j=1, 2, 3) that implement the
minimum with the diameters obtained. The roots of the
polynomials M;j are calculated using Newton’s method. The
algorithm is processed through software.

7. The description of the range of (&, 03, 05)

Here we give the description of the domain Qg at the
corner

A={(8,,6,):6,<6,<0}
in which the inequalities (31) are satisfied. The denominator

A(6,,8,) in (26)—(28) becomes zero on a hyperbola hy with
the equation

0.=h,(0.)=1+
3 0( 5) 9_1

5

and A(6,,0,)>0 at the intersection A with the domain of
points lying under the lower branch of a hyperbola hy. This
branch meets the bisector of the third quadrant at a point

A=(1-+2,1-+2),

so A(0,,0,)<0 isin a curvilinear triangle with the vertexes
at the points A,(0,-1),(0,0).
As we establish that

-2,

}"35 - 7‘15

V=

)

then v>1 and

7"35_7"15

The equality y,(6,,0,)=0 is satisfied on the line

11:93=%+1—%

that passes through the points
1
0, =1—;, 8,=0| and (8,=0,0,=1-V),

although in (26) the numerator is >0 to the left of the line T,
and it is <0 to the right of ,.

7.1. The case when v<2
Let v<2, then 1—v>—1. The line t; and the hyperbola hy
have a common point

[eg=1—\F,1—JZ} at A.
v

The inequality ,(6,,0,)>0 is satisfied in the sub-
domain of the corner A that consists of two connected
components, which are described by the inequality in
accordance with



1)—o0<0,<0¢,0,<0,<1,(0)),

80 <0, <1-+/2,0, <6, <h,(6,),
2)-1<0, <87, h,(8,)<8, <0,
8% <0, <1-+/2,7,(6,) <6, <0. (49)

Now we turn to the inequality ,(6,,6,)>0. The nu-
merator in (27) becomes zero on the branch of the hyperbola

2

65_7\/4_1’ 95<—“'V—1,
v

0, =1,(0;)=—

and it is positive at points A lying below t5. The line

0,=

Jv
lying in A is an asymptote of this branch. It is directly
checked that (89,62)e1,, so the line t; and hyperbolas hy

and 1o meet at the only point in which the numerators y; and
vy and the denominator become 0. The inequalities

W,(05,05)>0, v,(0,,0,)>0

are simultaneously satisfied in the subdomain A that con-
sists of two connected components in accordance with

1)—o0<B,<0!, 1,(0,)<0,<1,(8;),
2)0) <0, <—Jv-1, 1,(6,) <0, <1,(0,),
—Jv-1<6,<1-v,7,(6;)<86, <0.

We note that at v>1 the next inequality holds:

V2v—12v-1, (50)
S0 0 < —Jv—1.

Let us consider the inequality

V;5(05,6;) <Ay (@)

in the domain where A>0. Then it is possible to conceive of
(51) as

h1(63»95 )=

=(0,-0, ~v+1)(0, +v—1)+(V—1)(v=2)>0. (52)

The equation h,(8,,65)=0 is the equation of a hyperbola
with the asymptote 65-6,=v-1, 6,=1-v. It is directly
checked that hy has a common point (0, —«/v—1) with the
hyperbola 15 and also passes through the point (89, 8?2), so
this point is common for the curves hg, hy, 1y and to.

From what has been said, it follows that inequality (52)
is satisfied in the subdomain Q:

Q={(0,,6,):6,<6,<0, A>0,
V,(8,,05)>0, v,(6,,0;)> 0}-

Let us turn to the inequality

Ays <W,5(5,05)

in the domain where A>0. Let us establish that

tohys ¢ hyg=hy otiov

>0. (54)
>‘25 - 7V15 7L25 - }"15 v

Inequality (53) can be perceived as

F(8,,0.)=—(0,+0)02 +(082-0)0, +(0.,(6,+1)>0. (55)

From (54), it follows that 6>v—1. Our prime interest
is in the set

Q,=Qn{(0,,6;)€A,F(8,,6,)>0}.

Taking (50) into account, it can be shown that at 6, = -0,
inequality (55) is satisfied in Q if 1>06>+/2v—1, and it is
not satisfied if o< «/Z—L At 65 # 0o, we consider F(8,,0;)
as a quadratic trinomial in 03 the coefficients of which are
dependent on the parameters 85, 6, C.

Let ¢,(65) be its discriminant

0,(8,)=(82—0)" +4(0.(8, +0)(0, +1). (56)
Considering that the polynomial
¢,(85,)=06,(65+0)(6;+1)

is negative at

0, € (=0, —1)U (=0, 0)

and is positive at ce(—1,—-0), it seems reasonable to say
that @,(85)>0 at an open set G < (—e, 0) that contains the
neighbourhoods of the points

6,=-1,6,=—0, 6,=0.

So at G, the real 85 denotes the roots of the polynomial
F(8,,0,) that are determined as

65_(5_ (po(es), r2(95)295_6+\/(po(95), (57)

L T 26, +0)

and the satisfiability of inequality (55) is dependent on a
mutual arrangement of 6, and 1,(8,),1,(65) at a fixed 65.
Many different variants for the boundaries of the domain Qg
are possible here.

7.1.1. Let 1>0>+/2v -1, so the following inequalities
are satisfied

~1<—Jo <-6<1-2v =60 < —/v-1<0. (58)
At 0, e(-1,-0), it is evident that
r,(0)>0,1,(8,) <0,
so inequality (55) is satisfied if 6, <r,(0;). Fig. 1 shows
the boundaries 1(t1), 2(19) and 3(r;) of the variables
(6,,6;) and the view of a corresponding domain Qq for

this variant.
We also note that the following equalities hold:

(Vo) =r,(—Vo)=—\C, T,(-0)= lim 1,(6;)=-C.
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Fig. 1. A view of the domain Qg with boundaries 1, 2, 3 for
variant 7.1.1

Lemma 1. At 8, e GN (-0, 0), the following inequalities
are true:

r(0;)<—1, 1,(8;)>-C. (39)
Proof. Since 05+6>0, from (57) it follows that

sign(q(65)+1):sign(6§ +20,+6— /(po(es));
sign (r,(8;)+1)=-1
for those values of 8, for which 62+ 20,+0<0. If not, then
sign (r,(6,)+1) = sign (02 + 26, +5)" - 9,(8,)) =
=sign((1-0)o,(8;))=~1,
since (<1, sign(([)1(65 )) =—1. The second inequality in (59) is
proved in a similar way.
Consequence. Since (<1, from the inequalities (59), it
follows that @,(65)>0 at (-0, 0), so the inequalities (59)
hold at (-o, 0).

Lemma 2. At —6<8,< 1-+/2v, the following inequality
holds:

7,(65) <1,(6;). (60)
Proof. It is enough to show that

sign[v(c—02)+2(8, +v—1)(6, +0) —v\/W] =-1.

At the set

%, ={0, €(-0,69):v(c-02)+2(8; + v-1)(8; +0) <0},

it is evident, and at (-0,082) /%, the required equality is
equivalent to the equality

sign[(v(6—82)+2(8, +v—1)(8; +0))* —Vv’9,(8,)]=—1.
Here, the expression within the square brackets is equal to

4(8,+06)(v(c-02)(8, +v-1)+(8, +v-1)*(8,+0)—
—V2€95(95 +1)= 4(95 + G)‘Pz(es)-

However, it turns out that ¢,(8,) can be perceived as

0,(8,) = (1=V)(8, +6)(8; —1+4/2v))(8; ~1-/2),

whence inequality (60) follows.
Lemma 3. At 6 e(—\/g,ﬁg), the following inequality
holds:

Ty(05) <1,(8;). (61)

Proof. The curves 6, =1,(8,) and 6,=r,(6;) arebranch-
es of the algebraic curves

7(0,,0,)=v0; -0 +v-1=0

and
F(6,,0,)=—(6,+0)0 + (02 —0)0, +
+(0,(8, +1)=0.

We find the intersections of these curves, for which pur-
pose we calculate the resultant R(t, F, 65) of these polyno-
mials as the polynomials on 03. The direct calculation of the
corresponding determinant gives us

R(T,F,0,) = 2v(0,(0, +1)(8, +0)(~02 +v—1)+
+V02(0, +1)° + V(82 —0)* (=82 +v—1)+

+(8,+0)° (=02 +v—1)".

(62)
Considering that v{=06-v+1, it can be shown that (62)
has the form of

R(1,F,0,)=—(v—1)(87 —6)*((6, —1)" —2v). (63)

However,
1(0,,05) and F(6,,8,)

have common points if and only if R(t, F, 65)=0, i.e. only
at the points 8, =—J/o_and 6, =62 =1-+/2v, (the solutions
0, =+/c and 6,=1++/2v do not belong to A and are thus of
no interest). The corresponding values are

0, = Tz(_\/g): _\/Z’eg = 1“\/3'

From (57), it follows that r1(—\/g) >0. Since —c<8Y,
from the consequence of lemma 1 we shall obtain 1,(82)<-1.
Consequently, the branch ri(05) has no common points with
the curve 19(05). Hence

n(0) =T =1,(~o), 1,(69)=6)=1,(6)),

and these branches do not have any other common points at
(—JE,ef;). So, in order to prove inequality (61), it is enough

to show that (r,"-1,"), __ ->0. However,

v v Ao
T, ( \/E)—\Ncim-

It is easier to accomplish the calculation of rz'(—\/g)
while considering that there is an identity F(r,(65),65)=0.
By differentiating it with respect to 65 and considering that
r2(—\/g) = —\/z, we shall obtain



1,/ (—Jo)= 11:\/6 _ \/;—\/m.

Vo v(1-o)
Therefore,
W) (o) -1, (—Jo)) = Mo +1-v)+v-1-o,
SO
sign(yV(o +1-v) -(Jo -(v-1)=
=sign[v(c+1-v)-(Jo —(v—-1))"]=
sign[(v—1)((o +1)’ = 2v)] =sign(/o +1-2v) =1,

since v>1, \/E>c>\/ﬁ—1.
Similar reasoning shows that the following lemma holds.
Lemma 4. At 6,<—0, there holds the following ine-
quality:

r,(6;)<1,(6;), (64)
and at —6<0, <8 there holds the following inequality:
1,(05) <1,(6;). (65)
From the cited results, it follows that in the domain A>0
inequality (31) is satisfied in the subdomain Q,, described
by the inequalities
(—J0 <8, <-0,1,(8,) <0, <1,(6;)),
(—6<0,<0%,1,(0,)<0, <1,(6)),
so the domain Q; is bounded.

We now turn to the situation in the subdomain Ay, in
which A<O0. In this case,

V,(8,,65)>0,

6,-1

0,>1+ , V,(0,,0,)>0,
if

2 —
0, <— /M, 0) <0, <—Jv-1.
v

In this case, inequality (51) has the form of
h,(6,,8,)<0,

and it can be easily seen that it is automatically satisfied in
the domain where

A<0, y,(0,,08,)>0 and y,(8,,6,)>0.

What is left to consider is inequality (53). In this situa-
tion, it has the form of

F(8,,6,)<0
and it is satisfied at
02 <0, and r,(6;)<6,.

From the estimates obtained, it follows that in the do-
main where A<0,

v,(0,,0,)>0, y,(05,0;)>0,

inequality (53) is automatically satisfied. Hence, in the case
under consideration, the inequalities (31) are satisfied in a
bounded domain Q,=Q, UQ,, where Q, is described by the
inequalities

(82 <0, <—/v—-1,1,(0,)<0,<1,(6,))
and
(—/v-1<8,<1-v,7,(85)<6,<0).

7.1.2. Let 1>\/E>\/E—1>c>\/v—1

In this case, the inequalities
—Jo<1-4/2v<-o<—/v-1<1-v

are satisfied, and the domain Q is bounded and is described
by the inequalities

(—\/E<95<92,1:2(95)<93 <1,(65)),
(0 <0, <-0,r,(8,)< 0, <1,(6,)),
(-6<0,<—/v-1,7,(0,)<0, <1,(6,)),
and
(—/v-1<8,<1-v,7,(85)<6,<0).
7.1.3. Let 1>\/E>\/E—1>\/v—1>c>v—1

Here the domain Q consists of two components:
(~Vo <8, <83, 7,(8;) <8, <1,(8;)).

The second component is described by the inequalities
(62<8; <=V =1, 1,(8;) <8, <1,(8;)),
(~VV=1<6,<-0, 1,8,)<8, <0},

and

(-o<6,<1-v, 1,(6,)<6,<0).

7.1. 4. Let 2v-1>yo>v-1>0
In this case, Qg consists of one connected component
described by the inequalities

(_\/E< 0; <—Vv-1,1,(8;) <0, <1,(8;)),
(—/v-1<8,<-0,1,(0,) <0, <0),

and

(-0<0,<1-v,7,(8,)<6, <0).

Fig. 2 shows boundaries 1(t1), 2(t2) and 3(ry) of the var-
iables (8,,0,) and a view of the domain Q for this variant.

7.1.5. Let \2v—-1>+o>0>/v—1

As in the previous case, Q consists of one component
described by the inequalities

(=0 <0, <—0,1,(8,) <0, <1,(6,)),

(—0<0;,<—/v-1,1,(0,) <0, <1,(6;)),



and

(—Vv-1<8,<1-v,7,(8,)<6,<0).
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Fig. 2. A view of the domain Qg with boundaries 1, 2, 3 for
variant 7.1.4

7.1.6.Let 1<o<2v-1, so <1
Now ¢,(0,)<0 isataset

(-1,0)U(—e,—0), and ¢,(65)>0

at (—o,—1). The reasoning as in 7. 1. 1 makes it possible to
show that the domain Q consists of two connected compo-
nents, which can be described by the inequalities in accord-
ance with

(-0 <6, <—/o,1,(8,)< 8, <T,(6,)),

(—Jo <6, <0%,1,(6.)<6, <1,(6.)),
and
(02 <0, <—v—1,1,(0,) <0, <1,(6,)),

(—Vv-1<8,<1-v,1,(8,)<6,<0).

7.1.7. Let 6>2v—1, so {>1

Now lemma 1 is not applicable, and the question con-
cerning the sign of a discriminant ¢,(0,) is solved by the
following lemma.

Lemma 5. {>1, then @,(05)>0 at (—,0).

Proof. Let us present ¢,(0,) in the following way:

0,(8,)=(0 +0)" +4L(1+0)0% — 4002 +4(0,(82 +0) =
=(02+0)” +400,(0% +0)+40°0; — 40702 + 4{(1+6)0% —
—4002 = (82 +200, +0)* —40%({* - {(1+0)+0),

so what is left is to establish

sign({® -{(1+0)+0).

Let

_o(1-(v—-1)3)
==

g

and
sign(® —={(1+0)+06)=sign((2v-1)8* +2(v-1)8 - 1).

However, & denotes the roots of the trinomial within the
brackets, namely

8, =—1 5 =,
2v—1

SO

4 <d6<9,,

and
sign((2v—1)8"+2(v-1)8-1)=—-1, QE.D.

In this case, Qg consists of two components described by
the inequalities

(-0<6;< _\/Erﬂ(es)<93 <7,(6;)),
(=0 <0, <1-+/2v,1,(8,) <6, <1,(8,)),
(1=2v <0, < —v=1,1,(6,) <0, < 1,(6.)),

and
(—v-1<8,<1-v,1,(0;)<06, <0).

7. 2. The case when v>2
Then

c>1, 85>0, 02<0,
so the intersection point (83,0%) of the hyperbolas ts, hy,

and h; and the line 14 is in the fourth quadrant (6,,05), and
it is thus of no interest. Now

1-v<—v-1,

and inequality (51) is satisfied in the subdomain Ay, in which
v,(8,,065)>0 and y,(8,,6,)>0.

We then turn to inequality (53), which is now considered in
the domain where A>0 and has the form of (55).

7.2.1. Let v—1<o<o<2v—-1, <1

Inequality (31) is satisfied in the bounded domain €,
that consists of one connected component according to the
following inequalities

(—(5<95 < —\/E,r1(95)< 0,< 11(95)),
(~Vo <8, <1-v,7,(8,) <6, <7,(6;)),
(1-v<8; <—Jo,r,(8;)<0, <0),

and
(1-v<8; <—V=1,1,(8,)<0, <0).

7.2.2. Let \/E<v—1<c<2v—1
In this case, Qg is a bounded domain described by the
inequalities



(-0<8;<1-V, 1,(6;) <0, <1,(6;)),

(1-v<8, <—/o, 1,(8,)< 6, <0),
and

(—Jo <6, <—v—1, 1,(8,) <6, <0).

If \/E>\/E—1, then the domain is described by the

same inequalities.

7.2.3. Let \/E<v—1<2v—1<0

Now {>1, according to lemma 5, ¢y(85)>0 at (—es,0).

The bounded domain Qg consists of one component ac-
cording to the following inequalities:

(-0<6;<1-v,1,(85)<0,<1,(65)),

(1-v<8,<—/o, 1,(8,)<8, <0),
and

(—Jo <6, <—v—1,1,(6,) <6, <0).

7.2.4. Let v—1<\/g<2v—1<c

Here, there is also @,(8;)>0 at (—ee,0), and Q is
bounded and described by the inequalities

(~6<0, <o, 1,(6,)<0, <1,(6.)),

(—Jo <8, <1V, 1,(8,) <0, <7,(6,)),
and

(1-v<0, <—/v-1,1,(65)<0,<0).
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Fig. 3. A view of the domain Qg with boundaries 1, 2, 4 for
variant 7.2.4

Fig. 3 shows the boundaries 1(ty), 2(t3) and 4(ry) of the
variables (8,,6;) and the view of a corresponding domain Q,
for this variant.

8. An example of the numerical solution of the inverse
problem

Calculations were performed for the following values
of the geophysical parameters: gas-methane formations

where L{=1,000 m and L,=1,500 m; a wellhead temperature
Ty=291 K and a bottom temperature T3=310 K; a well diam-
eter D=21.6 cm, and a resistance coefficient A=0.023. By vir-
tue of [16], the critical pressure and the critical temperature
are taken as P.=46.95 at T,=190.55 K. In this case,

0=0.0451, $=0.00213,
0,=0.06368, 0,=0.03184, and pu=0.00060745.

The selected values of X, Y, ay, by and as, by are consistent
with the data of [17]:

X=90at, a,=0.413, b, =0.00062,
Y =100 at, a,=0.863, b,=0.001. (66)
In this case,
P/ =83.3226 at and P"=85.7644 at.
The wellhead pressures are taken as follows:
p,=73at, p,=79at, p,=83.6at,
p,=84at, p,=85at, p,=855at. (67)
By successively solving the direct problem with these
data, we shall obtain the following total well production
rate values:
Q,=2,717.88377, Q,=1,902.357766,
Q,=730.937964, Q,=578.428906,
Q,=240.671, Q,=81.983676. (68)
Let us now take the data from (67) and (68) as the prin-
cipal values in the solution of the inverse problem with the
grid step of 0.002. As a result of solving the inverse problem,
we shall obtain the following values of the unknowns X, aj,
by and Y, as, bs:
X=89.9972 at, a, =0.41218, b,=0.00061,
Y =99.95035, a,=0.77835, b,=0.00108. (69)
In the variant under consideration, v=1.168724 and o=

=1.13689, so case 1.6 occurs. As can be seen, a proper agree-
ment of the parameters (69) with the assumed (66) is obtained.

9. Conclusion

The research results are the following:

— System (17)—(22) of 30 equations with 30 unknowns
appears in a primary formulation of the inverse problem. It is
reduced to a system of three equations about &, 03, 65, which
are connected with the unknown rates qy, gs, qs of an upper
stratum.

— It happens to be essential that these equations are pol-
ynomial of the seventh degree over the first unknown &, and
their coefficients are expressed as some algebraic functions
on 03 and 0s.



— Another essential moment is the proof of an unbound-
ed domain where the parameters (&, 03, 05) are changed and
described in the domain geometry. Per contra, the desired
formation pressures and filtration coefficients (X, ay, by) and
(Y, ay, by) are a priori unbounded.

— These considerations allow applying the combination
of a discretization technique to 03 and 05, with Newton’s
method being used to solve the polynomial equation of the
seventh degree, and so the system (46)—(48).

— The algorithm of the numerical solution and its soft-
ware realization were ready-built;

— The test calculation shows the efficiency and precision
of the suggested method.

This article has described a step to constructing a full al-
gorithm for solving the problem of identifying the pressures
and filtration coefficients of two gas-bearing strata opened
by a single well on the basis of the wellhead pressure and
production rate measurements.
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