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1. Introduction

A problem of efficiency of the braking process of elec-
tric drives has always been and still is a relevant direction, 
which should be explored both as a whole and in particular 
implementations [1]. Sufficiently effective kind of electric 
drives braking, especially when designed as a traction vari-
ant, is the recuperative braking [2]. These issues gain more 
importance in the analysis of electric types of transport 
vehicles with autonomous power supply because entering 
these modes makes it possible to significantly increase the 
distance [3] that can be covered per one battery charge, due 
to return to it of part of the energy, accumulated in the me-
chanical part of the drive, when slowing down. Over recent 
time, synchronous motors with permanent magnets have 
been very popular as traction engines, which is explained 
by their high power density, large performance efficiency, 
and the lack of need in the electric contact with moving 
parts of machinery [4]. The most significant shortcoming of 
this type of motors is the high price, due to low availability 
of rare earth materials. In such cases, as an alternative to 

synchronous motors with permanent magnets, it is possible 
to consider asynchronous motors (IM), which, although 
not attaining very large values of performance efficiency 
[5] because the rotor EMF is provided through an air gap, 
are much cheaper in the mass production. IM vector control 
systems are a standard of sorts when controlling IM and 
are divided into the systems with direct and indirect field 
orientation [6]. Meanwhile, there are still problems without 
solution of which the effectiveness of this type of motors is 
not satisfactory.

2. Literature review and problem statement

Research into parametric constituents and control sys-
tems of asynchronous frequency-controlled electric drives 
has been the subject of a large number of publications. In 
this case, those authors who examine the issue of construct-
ing sensorless systems, including using adaptive algorithms, 
control systems of multilevel converters and the principles 
of designing vector control systems, do not pay sufficient 
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attention to exploring the modes of recuperative braking. 
This, in turn, prevents full realization of positive effects from 
the implementation of systems proposed in the studies into 
electric drives of transport vehicles.

Article [7] examined the issue of systems with two energy 
accumulators. For the alignment of voltage magnitudes in 
the storage battery at a certain state of its charge, DC-DC 
converters are used in the direct current link that allows 
smoothing the current consumed from the battery. In paper 
[8], two storage batteries are used to power a hybrid electric 
transport vehicle when the state of charge in the main battery 
is close to the minimum permissible value. In the cited work, 
an integration of traditional hybrid electric transport vehicle 
is performed. Article [9] presented a more economically expe-
dient variant for a structure of control system. It contains a 
supercapacitor and a DC-DC converter while switching the 
windings is done using a simple sensorless algorithm with 
the scalar formation of voltage magnitude at a change in fre-
quency that makes it possible to realize a smooth transition 
from the propulsion to the generator mode. In paper [10], 
an asynchronous motor control system was designed from 
the standpoint of maximizing the power losses in the stator 
and rotor windings in the transition to braking mode. This 
solution allows eliminating the need for using additional 
circuit solutions in the semiconducting transducer structure. 
However, it should be noted that in this case the given elec-
tric-mechanical system is not capable of recovering the charge 
of storage batteries during operation under recuperative 
braking mode. Article [11] presented a modification of the 
inverter to power a three-phase alternating current machine 
that makes it possible to build it on two arms, reducing the 
number of force elements that participate in the formation of 
output voltage. A significant shortcoming of this solution is 
a high value of voltage in the direct current link, as well as 
large input current distortions. The issue of excess voltage in 
a direct current link is examined in [12]. Authors also made an 
attempt at maximizing the torque throughout the entire range 
of change in angular velocity. In this case, a change in the 
stator current projection along the longitudinal axis serves 
to control voltage in the direct current link. In [13], voltage 
stabilization in the direct current link at recuperative braking 
is achieved through the source inductance.

3. The aim and tasks of the study

The aim of present work is to examine a question about 
the formation of signal that assigns electromagnetic torque 
of IM vector control system in order to maximize the amount 
of electricity returned at recuperative braking.

To achieve the set aim, the following tasks were to be 
solved:

– to obtain analytical dependences that link braking 
torque generated by motor under recuperative braking mode 
with the limitations in current and voltage magnitudes, as 
well as motor equivalent circuit parameters;

– to analyze operation of motor under recuperative 
braking mode when working with angular velocity that is 
less than the basic one, as well as with the field weakening;

– to define boundary conditions for the existence of re-
cuperative braking mode, to find an analytical dependence 
for the minimum magnitude of angular velocity, working at 
which it is possible to return energy from the motor to the 
power source.

4. Materials and methods for examining the recuperative 
braking modes of asynchronous frequency-controlled 

electric drives

4. 1. Analysis of equations of asynchronous motor 
state

Let us consider a mathematical description of asyn-
chronous motor with a short circuit rotor in the coor-
dinate system d-q, which rotates synchronously with a 
stator power voltage vector. The advantage of this choice 
of coordinate system is that under steady mode the basic 
magnitudes will acquire a character of permanent com-
ponents, which considerably simplifies analysis of the 
system compared to the similar one, in which sinusoidal 
components act:

ψ
= − + ω ψsd

sd s sd e squ R i ;
dt

			   (1)

ψ
= − − ω ψsq

sq s sq e sdu R i ;
dt

			   (2)

ψ
= − − ω − ω ψrd

r rd e rqR i (p ) ;
dt

			   (3)

ψ
= − + ω − ω ψrq

r rq e rdR i (p ) ,
dt

			   (4)

where Rs and Rr are the active supports of windings in 
the motor’s stator and rotor, usd, usq are the components 
of voltage vector, applied to the stator of motor, isd, isq are 
the components of stator current, ψsd, ψsq, ψrd, ψrq are the 
components of stator and rotor flux linkage vectors, ω is the 
angular speed of rotor rotation, ωe is the angular speed of 
machine field rotation that corresponds to the speed of rota-
tion of coordinate system d-q, p is the number of pole pairs. 

In this case, flux linkage can be calculated by the follow-
ing dependences:

ψ = +
msd s sd rdL i L i ; 				    (5)

ψ = +sq s sq m rqL i L i ; 				    (6)

ψ = +rd r rd m sdL i L i ; 				    (7)

ψ = +rq r rq m sqL i L i , 				    (8)

where Ls, Lr are the stator and rotor windings inductance, 
Lm is the mutual inductance of stator and rotor. 

In this case, torque can be calculated as follows:

= −e m sq rd sd rqM L p(i i i i ). 				    (9)

Upon combining these equations and by expressing volt-
age vector components through them, we obtain:

ψ
= + − ω − ωsd

sd s sd e s sq e m rqu R i L i L i ;
dt

	 (10)

ψ
= + + ω + ωsq

sq s sq e s sd e m rdu R i L i L i ;
dt

		  (11)

ψ
= + + ω − ω + ω − ωrd

r rd e r rq e m sq0 R i (p )L i (p )L i ;
dt

	 (12)
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ψ
= + − ω − ω − ω − ωrq

r rq e r rd e m sd0 R i (p )L i (p )L i .
dt

	 (13)

When working under steady mode, the basic magnitudes 
take the form of permanent components, which allows us to 
simplify equation of mathematical description of the system. 
We shall represent obtained dependences in the matrix form:

In order to study the border between recuperative and 
non-recuperative braking of asynchronous motor, let us con-
sider a dependence for the power consumed by asynchronous 
motor:

= ω + + + + +2 2 2 2
e sd s sq s rd r rq r clp M i R i R i R i R p , 		  (15)

where рcl are the losses in machine’s steel. 
By considering only the steady operation mode, that is, 

neglecting the existence of flux linkage derivatives in the 
axes of coordinate system that rotates synchronously with 
the machine field, we receive the following dependences for 
components of the rotor current vector:

( )
( )

( )
( )

ω − ω ω − ω
= − −

ω − ω + ω − ω +

2

e m r r e m
rd sd sq2 22 2 2 2

e r r e r r

p L L R p L
i i i ;

p L R p L R
	 (16)

( )
( )

( )
( )

ω − ω ω − ω
= −

ω − ω + ω − ω +

2

e m r e m r
rq sd sq2 22 2 2 2

e r r e r r

p L R p L L
i i i .

p L R p L R
	 (17)

This allows us to subsequently get rid of using the given 
variables of state in the equations, because in the synthesis 
of control system they are not available for measurement. 
Then the equations of electrical equilibrium of stator circle 
will take the form:

2
e m r e

sd s sd2 2 2
e r r

2 2
m r e

s e sq2 2 2
e r r

L R (p )
u R i

(p ) L R

L L (p )
L i ;

(p ) L R

 ω ω − ω
= − + ω − ω + 

 ω − ω
+ − ω ω − ω + 

		  (18)

2
e m r e

sq s sq2 2 2
e r r

2 2
m r e

s e sd2 2 2
e r r

L R (p )
u R i

(p ) L R

L L (p )
L i .

(p ) L R

 ω ω − ω
= − + ω − ω + 

 ω − ω
+ − ω ω − ω + 

		  (19)

To assess the magnitude of stator voltage, we shall 
perform squaring and adding of the given equations. We 
receive:

Let us introduce a magnitude of motor sliding into the giv-
en expression and, following a series of transforms, we have:

The magnitude of torque can be ex-
pressed as:

( )ω
= +

ω +
2 2e m r

e m sq sd2 2 2 2
e r r

s L R
M L p i i .

s L R
	 (22)

Based on the received dependence, it may be concluded 
that the torque can change sign for negative at a change in 
sign by the magnitude of sliding frequency ωs=sωe:

( )ω
= +

ω +

2
2 2s m r

e sq sd2 2 2
s r r

p L R
M i i .

L R
			   (23)

4. 2. Optimization of the magnitude of signal that as-
signs braking torque when operating at angular velocity 
lower than the base one

When considering an issue of maximizing the torque at 
recuperative braking, it is expedient initially to analyze the 
processes in machine when working in the lower part of con-
trol range, for which it is acceptable to consider only current 
magnitude limit 

= +2 2
max sq sdi i i

at a free change in voltage magnitude within the range to 
nominal. Then the torque can be calculated as follows:

ω
=

ω +

2
2s m r

e max2 2 2
s r r

p L R
M i .

L R
				    (24)

We shall find an extremum in the given dependence to 
determine the magnitude of maximum torque:

=
ω

e

s

dM
0;

d
					     (25)

( )
− ω

=
ω ω +

2 2 2
2 2e r s r
m r max22 2 2

s s r r

dM R L
pL R i ;

d L R
			   (26)

ω = r
s

r

R
.

L
					     (27)

Then maximal magnitude of braking torque for the work 
at low angular velocity can be written down as:

=
2 2

2m r
max max2

r r

pL R
M i .

2R L
				    (28)

Therefore, when the signal that assigns 
braking torque approaches the value cal-
culated by formula (28), the amount of 
electrical energy that will be returned to 
the autonomous power source will approach 
maximum.

sds e s e msd

sqe s s e msq

rde m r e r

rqe m e r r

iR L 0 Lu
iL R L 0u

. (14)
i0 (p )L R (p )L0
i(p )L 0 (p )L R0

 −ω −ω  
    ω ω     =
 ω − ω ω − ω  
    − ω − ω − ω − ω     

2 22 2 2
2 2 2 2e m r e m e
sd sq s s e sd2 2 2 2 2 2

e r r e r r

2 22 2 2
2 2m e r e m r e

s e s sq2 2 2 2 2 2
e r r e r r

L R (p ) L (p )
u u R L i

(p ) L R (p ) L R

L (p ) L L R (p )
L R i . (20

(p ) L R (p ) L R

    ω ω − ω ω − ω
+ = − + − ω +     ω − ω + ω − ω +    

    ω − ω ω ω − ω
+ − ω + −     ω − ω + ω − ω +    

)

( )

2 2
sd sq

2 22 2 2 2 2
2 2 2e m r m e r

s s e sd sq2 2 2 2 2 2 2 2
e r r e r r

u u

sL R L s L
R L i i . (21)

s L R s L R

+ =

    ω ω
= − + − ω +     ω + ω +    
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4. 3. Optimization of the magnitude of signal that 
assigns braking torque when working at the angular ve-
locity larger than the base one

Let us consider basic dependences that describing pro-
cesses in asynchronous motor at the angular velocity larger 
than the base one. Base angular velocity is the maximum 
speed at which it is possible to obtain the maximum mag-
nitude of torque. When analyzing motor operation in this 
range, it is also necessary to consider limitations by the 
voltage supplied to the motor’s stator and which should not 
exceed the nominal one:

= +2 2
max sq sdu u u . 				    (29)

We shall express maximum current through maximum 
voltage:

2 2
sd sq

2 2
sd sq

2 22 2 2 2 2
2e m r m e r

s s e2 2 2 2 2 2 2 2
e r r e r r

i i

u u
.

L sR L s L
R L

s L R s L R

+ =

+
=

   ω ω+ + − ω   ω + ω +   

	 (30)

Torque under this mode can be estimated as:

2
s m r

e 2 2 2
s r r

2
max

2 22 2 2 2 2
2e m r m e r

s s e2 2 2 2 2 2
s r r s r r

p L R
M

L R

u
.

L sR L s L
R L

L R L R

ω
= ×

ω +

×
   ω ω+ + − ω   ω + ω +   

	 (31)

Substituting the magnitude of torque in equation of mo-
tor electromagnetic power, we receive:

( )2 2 2 2
max s r r m s

2
r

2 2 2 2
max s r m max s r

cl2 2
r r

i R L R L
p

2R

i p R L i R R
p .

2R 2R

+ ω
= +

ωω
+ + +  		 (32)

An attribute of braking mode is the availability of different 
signs in the magnitudes of angular velocity and torque, that is:

ω <eM 0. 					     (33)

However, the recuperative braking is observed when 
condition is satisfied:

<p 0. 					     (34)

Let us find the limit of existence of recuperative braking 
mode, neglecting losses in machine’s steel рcl=0:

=p 0; 					     (35)

( )+ ω ωω
+ + =

2 2 2 2 2 2 2 2
max s r r m s max s r m max s r

2 2 2
r r r

i R L R L i p R L i R R
0;

2R 2R 2R
	(36)

( )+ ω + ω ω + =2 2 2 2 2
s r r m s r m s s rR L R L p R L R R 0. 		  (37)

Solutions for the given square equation exist under con-
dition of nonnegative character of its discriminant:

( )ω − + ≥2 2 2 4 2 2 2
r m s r r m s rp R L 4 R L R L R R 0; 		  (38)

( )+
ω ≥

2 2
s r r m s2

2 4
m

4 R L R L R
;

p L
			   (39)

( )+
ω ≥

2 2
s r r ms

2
m

2 R R L R L
.

pL
			   (40)

Thus, recuperative braking of asynchronous motor is 
impossible when this condition is not satisfied. 

In order to maximize the amount of energy that can be 
returned to the source, we found an extremum in depen-
dence that describes motor electromagnetic power:

( )+
= −

+

2 2 2 2
m max s s r r m

ref 2 2
s r r m

pL i R R L R L
M .

2R L R L
 		  (41)

As a result, we obtained the magnitude of assigning 
torque that provides for the maximum amount of recuperat-
ed electric energy.

5. Results of examining the recuperative braking modes 
of asynchronous frequency-controlled electric drives

In order to further examine obtained analytical de-
pendences, we synthesized a mathematical model of elec-
tromechanical system with frequency-controlled asyn-
chronous motor in the programming environment Matlab/ 
Simulink (made by The MathWork, USA) (Fig. 1). Using 
this model, we studied the behavior of traction asyn-
chronous motor with capacity 37 kW with 2 pole pairs 
during acceleration and subsequent braking to a full halt 
by changing parameters of the control system, which as-
signs the magnitudes of flux linkage and electromagnetic 
torque, as well as the intensity of braking. From the re-
ceived graphs (Fig. 2), through integrating, we estimated 
the amount of electric energy that can be recuperated to 
power source.

Studying the results of simulation of the given electrome-
chanical system demonstrates a relation between the amount 
of electrical energy that can be returned to autonomous 
power source and the torque carried by the shaft. If the shaft 
has nominal load and the magnitude of braking torque is 
reduced to the level of 50 % of the nominal one, there is a 
reduction in the amount of returned energy by 30 %, and 
increasing the torque to 150 % of the nominal one – growth 
by 22.8 %. This is explained by the fact that, under such con-
ditions, reduction in braking torque results in the increased 
braking time, and, during this time, the energy is removed 
by load, which leads to the reduction in its volume that can 
be recuperated.

Under condition of absence of load, the maximum amount 
of electric energy returns to the source at braking torque 
that, according to the obtained dependences for this type of 
motor, is 47.08 % of the nominal value. At nominal load on 
shaft, the amount of recuperated electric energy is reduced 
by 2 % and at braking with maximum braking torque under 
condition of existing current limitation – by 13.4 %, which 
are significant losses when an electric transport vehicle 
moves in urban cycle.
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a 

b  

c 

Fig. 2. Graphs of processes in traction electromechanical 
system at start and braking: a – dependence of angular 

velocity (ω) on time; b – torque (T) on time; c – consumed 
energy (P) at start and subsequent braking with energy 
recuperation (grey color denotes the amount of electric 

energy that is returned to the source)

6. Discussion of results of examining the recuperative 
braking modes of asynchronous frequency-controlled 

electric drives

The studies we conducted on the recuperative braking 
modes demonstrate that by influencing the variables of asyn-
chronous motor state, it is possible to change energy efficiency 
of transmission process of freed mechanical energy from the 
shaft of the traction motor of electric transport vehicle to 
autonomous power source. Therefore, the search for ways to 
optimize this process is possible, and in the given paper we 
presented analytical solution for this problem, as a result of 
which we received dependences (28) and (41) that allow us to 
determine the recommended magnitude of signal that assigns 
braking torque to maximize the amount of returned energy. 

The benefit of this study is in the following: due to the fact 
that at work with angular velocities that are larger or lower 
than the base one, there are limitations, different in their na-
ture, of variables in the state of control object, these ranges of 
velocities are analyzed separately. A practical value of obtained 
results is in the possibility of using presented dependences to 
devise control algorithms for electric and hybrid transport 
vehicles.

Performed studies might also be useful when considering 
the appropriateness of using synchronous motors with perma-
nent magnets, or asynchronous motor, in specific traction elec-
tric drives, because by using the given results, in future, funda-
mental differences may be demonstrated in the realization of 
the given operation modes, which a priori can be explained by 
differences in the formation of rotor flux linkage magnitude: in 
asynchronous motors, due to the excitation of stator windings, 
and in synchronous motors – through permanent magnets.

6. Conclusions

In present work we examined energy efficient modes of 
recuperative braking for transport vehicles with traction 

 
Fig. 1. Structure of mathematical model for electromechanical system with asynchronous frequency-controlled motor
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asynchronous frequency-controlled motors. Results of the 
studies conducted:

1. By examining the equations of state of asynchronous 
motor in synchronous reference system, we obtained analyt-
ical dependences that link the magnitude of braking torque 
generated by motor at work under the mode of recuperative 
braking, with limitations in the variables of state that con-
tribute to its failure-free operation.

2. Based on the conducted analysis of motor operation 
under the mode of recuperative braking when working at 
angular velocity that is lower than the base one, as well as 
at field weakening, we determined the magnitude of brak-
ing torque, the application of which in the control system 

as an assigning signal provides for the maximum amount 
of electric energy returned to power source in the course 
of recuperative braking. Since this magnitude is lower than 
the value of nominal torque (≈47 %), then such an operation 
mode does not lead to the occurrence of currents that would 
exceed those permissible, which is also important for the 
functioning of the given systems.

3. We calculated boundary conditions for the existence 
of recuperative braking mode, which make it possible to find 
the minimum angular velocity for such a regime. 

Thus, a number of recommendations are devised that 
might be used by designers of traction electromechanical 
systems.
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