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1. Introduction

The task on the formation of securities portfolio be-
longs to a broad class of problems on rational allocation of
resources [1-4]. A mathematical statement of similar tasks
leads to the standard technique: to find a set of variables that
assigns the required allocation of resources, which renders
an extreme value to nonlinear criterion and satisfies linear

constraints. Problems of this type are solved by the known
methods of mathematical programming [4—6]. A specific
character of the resource allocation problems in contem-
porary setting manifests itself in taking into account the
uncertain character of initial data. Traditional approaches
to the statement and solution of such problems employ the
theoretical and probabilistic interpretation of uncertainty
in the parameters of the problem, which leads to the models




of stochastic programming [7-11]. A fundamental drawback
of these models is the insufficient accuracy under conditions
of small sample of initial data when there is no possibility to
adequately describe the densities of distribution of random
parameters in the problem. In this case, it is natural to use
the methods that realize a minimax approach taking into
account the “worst” densities of distributions of random pa-
rameters [12, 13]. This approach provides for obtaining very
careful, warranting solution, which is not always acceptable.
An alternative approach can be based on the description of
uncertain parameters of a problem in the terms of theory of
fuzzy sets [14—18]. The appropriate mathematical apparatus
for solving the optimization problems has been examined
insufficiently, which indicates that the problem explored in
present work is relevant.

2. Literature review and problem statement

A traditional theoretical and probabilistic statement of
the problem on the formation of securities portfolio is in the
following.

Assume there is a certain market of assets and R; is the
random effectiveness of the jth form of assets (random profit
from the realization of portfolio that consists entirely of the
assets of the jth form), j= (1,2,...,n), xj is the share of the jth
form of assets in the portfolio.

Then

is the random effectiveness of portfolio, and

m= iE[RJ]Xj = imjxj =MX
1 =

is its average effectiveness (or mean profit), which corre-
sponds to strategy

T

X=(x1,xz,...,x“) .

Here m, =E[Rj] is the mean value of random effec-
tiveness of investing in the jth form of assets, E[] is the
symbol of operator of the calculation of mathematical
expectation,

M=(m1,m2,...,mu).

A dispersion of effectiveness in the portfolio (risk) is cal-
culated by the following formula

In this case, if the random values of effectiveness for the
assets of different type are not correlated, then

v,=D, j=12,.,n.

Now the optimization problem of portfolio is stated as
follows: to find a set X = (X1,X2,...,Xn), which minimizes the
risk dispersion of investing the means (1) and provides for
the assigned level mg of mean profit.

A mathematical model of the problem is as follows: to
find non-negative vector X that minimizes (1) and satisfies
constraints

Y mx, =MX=m_,, 2)

=]

ixj =IX=1, I=(11,..,1), x,;20. (3)

=t

The obtained problem is the canonical problem of qua-
dratic programming. Solving it by the method of Lagrange
indeterminate multipliers yields the following result

X =vicT(cvicT) d, C:(IM), d=(1 J )

m.

Formula (4) yields the desired vector X that determines
structure of the portfolio.

For many real optimization problems, in which numer-
ical values of criterion depend on random parameters, it is
expedient to refrain from the optimization on the average
[14]. In this case, in the problem on the formation of secu-
rities portfolio, the appropriate mathematical model takes
another form. Statement of the problem: to find distribution
{x;} that satisfies (2), (3) and maximizes probability on that
the random summary profit from realization of the portfolio
will exceed certain assigned threshold — Ry. Should we, in
view of the central limit theorem in the probability theory,
consider that the summary profit is the normally distributed
random variable, then this probability will be described by

relationship:
(R-y,)’
exps— dR, 5
Xp{ 26 )

z

T
P(R=zR,)=
(R2R)= e

n n
_ 2 _ 2.2
W= mx, 6;=30x.
i=1 =1

Now the problem on the formation of structure of the
portfolio is reduced to the following: to find vector X that
maximizes (5) and satisfies (2), (3).

Let us transform (5)

P(R>R,)= [ —— exp{—(R_”1)z}dR:

%, V21 202
=y %
= J‘ 7\]5 e?du . (6)
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It is clear that the maximization (6) is equivalent to the
problem on maximization
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The obtained problem of fraction-quadratic program-
ming with linear constraints is solved using a procedure for
continuous improvement in strategy [4].

In the problems with a small sample of the initial data,
an assumption about the normality of their distribution is
excessively binding. In this case, [13, 14] propose a mini-
max technique for solving the problem under assumption
about the “worst” density of distribution of its random
parameters. In accordance with this technique, solving a
problem is realized in two stages. First, for the examined
set {x;} that satisfies (2), (3), one finds the “worst” distribu-
tion density of random magnitude of summary profit with
the known mathematical expectation and dispersion. In
this case, the probability of non-attainment of the assigned
threshold Ry must be maximal. Next, taking into account
the obtained “worst” density, one solves the problem about
the calculation of assets distribution that minimizes the
probability of not exceeding Rog. When searching for the
“worst” density distribution, mathematical expectation
u1 and dispersion py of the random variable of profit are
assumed to be known.

The problem on finding the “worst” density distribution
is stated as follows: to find function x*(t) that maximizes the
functional

P(x(t))= [ x(t)dt ®)

and satisfies the constraints

oo

[x(tyde=1, )
Ttx(t)dt::u1, (10)
Ttr"x(t)dt:u2 =’ +o”. (11)

The obtained problem is the canonical problem of con-
tinuous linear programming. As shown in [12], the “worst”
density x*(t) is to be searched for in the form of weighted
linear combination of delta functions, that is,

x*(t):ixja(t—tj). (12)

In this case, the problem is reduced to determining
the unknown values (xj, tj), j=1,2,..,n that maximizes (8)
and satisfies constraints (9)—(11). Substituting (12) into
(8)—(11), we shall obtain the following problem of non-
linear programming: to find sets X*={x;} and T={t;} that
maximize

P(X,T):ic(tj)xj,

=

and satisfy the constraints

n

EXJ:L
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Solution of the problem is iterative and, as shown in [12],
it yields the desired function
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In this case, maximum probability that the random vari-
able fits interval [0, R¢] is equal to
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(13)

The obtained relationship at the second stage determines
an objective function of problem on the formation of portfo-
lio {x;} for the “worst” distribution density of random profit.
The problem comes down to finding a distribution, which
minimizes (13) and which satisfies portfolio constraints.

It is clear that the problem on minimization (13) is equiv-
alent to the problem of maximization

N 2
[ijmj —Ro]
LX)=-
2.0
=t

which coincides with (7).

Let us replace the maximization problem of fraction-
al-quadratic functional with the maximization problem of
linear-fractional functional. Since

n n 2
2,2

Z1(Sij< ;ijj ,

J= J=

n 2 n 2
( dejJ [Zdjxj]
then L(X)= j? = .

>
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Now, instead of maximization problem (7), we shall solve
the maximization problem of the obtained minorant. Next,
since the involution is a monotonic transform, let us proceed
from the maximization problem L(X) to the maximization
problem equivalent to it

n n

Ydx, Z(Ro _mj)"j

L -H . (14)

= n n
2.0 2.0x,
= =

—
B =

[L(x)

Obtained objective function is fractional-linear. The
corresponding problem of linear-fractional programming
is easily solved by reducing to the conventional problem of
linear programming.

A brief analysis of the known approaches to solving the
problem on the formation of securities portfolio, which we con-
ducted, allows us to draw the following conclusions. A method
for solving this problem and its realization procedure are de-
termined by the nature of uncertainty relative to the real cost
of assets, as well as by the level of confidence in adequacy of its
accepted analytical descriptions. Traditional approaches to the
solution of problem on the formation of securities portfolio em-
ploy the technologies of statistical analysis [15] and are based
on the theoretical-probabilistic tools [16, 17]. However, under
conditions of high volatility in the market situation, an analy-
sis of the existing uncertainty is forcedly limited by the small
samples of initial data, which leads to unsatisfactory accuracy
in the calculation of statistical characteristics of the model.
This circumstance renders promising the solution of problem
on taking account of the occurring real uncertainty by using,
to describe this model, the least demanding mathematical ap-
paratus — the theory of fuzzy sets [18—-22].

3. The aim and tasks of the study

The aim of present study is to develop a method for
solving the problem on the formation of securities portfolio
under conditions when initial data are fuzzily assigned. An
appropriate mathematical model adequately describes a real
uncertainty of the stated problem, which provides for ob-
taining more reliable results.

To achieve the set aim, the following tasks were formu-
lated:

—to select a membership function for describing the
fuzzy parameters of the problem;

— to select a criterion for portfolio effectiveness;

— to construct an analytical expression for the criterion
of portfolio effectiveness in the terms of fuzzy mathematics;

—to devise a method and computational technique to
solve optimization problem about the formation of portfolio
under conditions of fuzzy initial data.

4. Key results. A method for the formation of securities
portfolio under conditions of fuzzy initial data

Let us assume that under conditions of scarcity of statis-
tical data about the shares profitability, the values of their
mathematical expectations m; and dispersions o2, j=1,2,...,n,
are fuzzily assigned.

To describe fuzzy values mj and oj, j=1,2,...,n, we shall
introduce sets of the Gaussian membership functions

u(mj)=exp{—(m'i 1) }

Let us state the problem of finding set
X= (X1,X2,...,Xn),

which maximizes (14) and satisfies constraints (2), (3).

To solve the stated problem of fuzzy mathematical pro-
gramming, we shall apply one of the general methods for
solving similar problems, described in [23].

Let us write down membership functions of fuzzy num-
bers, which are in the numerator and denominator of rela-
tionship (14). Let us introduce

n n
u:z:‘djxj, v=Y0x,
[ f

Then

H(u)=expy- n

B(vV) = expd —~— 1=

Now, we shall write down a membership function of
u . .
fuzzy number z=—. In this case, we obtain
v

—\2
u
Z——
\%
oV +oiu |

2
=

w(z)=expq— 15)

Thus, the problem on forming the portfolio under con-
ditions of fuzzy initial data relative to the mathematical
expectation and dispersion of the “worst” law of distribu-
tion of random profit from the sale of shares is reduced to
the following: to find set X={x;} that maximizes (15) and
satisfies (2), (3).

Let us assign membership level o and solve equation

u@)=a.
Hence
a)’ o’V +o’u’
Z—— | = —2‘1774\'111 o,
v v



Thus, the problem on the formation of portfolio under
conditions of fuzzy initial data is reduced to the following:
to find set X={x;} that maximizes (16) and satisfies (2), (3).
The complexity of analytical expression of objective func-
tion (16) limits the possibility of applying the methods of
optimization of first or second orders. However, the methods
of zero order (for example, a Nelder-Mead method) can be
effectively employed to obtain the solution.

A question that remains open is the rational selection of
value mg. It is clear that with an increase in mg, the risk
of portfolio grows. In connection with this, no any general
considerations can be acknowledged as convincing in the
substantiation of one or another value of my. Let us examine
possible procedure for the substantiation of rational choice
of Myt

We shall obtain the relationship, which connects disper-
sion of the portfolio with its structure. In accordance with
formula (1)

D=X"VX. (17)

Let us substitute vector X*, determined by (4), which
corresponds to the assigned value of mg, into (17). Then

D=d"(cVCT) cvivvicT(cvicT) d=
=d"(cvicT) .

Upon replacing

(cvicT) ' =a,

we shall receive
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Thus, it is demonstrated that the dispersion of opti-
mum portfolio is the quadratic function of mg.. The ob-
tained relationship makes it possible to solve the problem
on the rational formation of portfolio by the substantiated
assignment of value mg. In this case, it is clear that
different strategies on the formation of portfolio can be
realized.

Cautious strategies are matched with low values of mg,
which provide for the required gain at a relatively low risk
(small dispersion of portfolio). On the other hand, realiza-
tion of adventurous strategies, which correspond to large
average gain, is connected with a high risk, which quadrati-
cally grows with an increase in mge.

Regardless of the fact how fuzzy values mj and oj,
j=1,2,..,n are assigned, a natural approach towards the
choice of rational value mg implies the maximization of
relationship

m set

Q: msct —

= =
o \/aO + a1mscL + azmscL

In order to find optimum my., we shall differentiate the
obtained expression by mye.
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function at linear constraints and is realized by the
method of optimization of zero order.

The required effectiveness of the portfolio,
formed in this case, is achieved in the case when

dmsct
1 1 1
a,+am +aIn2 E—Hl —la, +a,m +aIn2 53.‘|'23.I1'1
0 17 set 2% set set 2 0 17 set 2% set 1 2% set
= 2
(aO + aimset + astet)
2
2 (aO + a1mset + astet ) - mset (a1 + 2a2mset) _ O
= 3 =0.
2 )2
2 (aO + almset + astet)
Hence
2 2 _ _
2a,+2am +2a,m_ —am_ —2a,m_ =2a,+am, =0.
Then
. —2a
set — .
al

Obtained relationship makes it possible to calculate a
compromise choice of the expedient value, average by the
portfolio profitability.

5. Discussion of method for the formation of securities
portfolio under conditions of uncertainty

Thus, in present work we propose a method for the for-
mation of securities portfolio for the case when mathematical
expectations and dispersions of random costs of shares are
assigned by the fuzzy numbers with the known membership
functions. The problem is stated in the terms of theory of op-
timum allocation of limited resource. A criterion for resource
allocation effectiveness is the probability that the total port-
folio profitability will exceed a permissible threshold.

The problem is solved under assumption about the
“worst” distribution density in the cost of assets. The
proposed procedure of finding the rational allocation of
resources comes down to solving a problem of mathematical
programming — the maximization of fractional-quadratic

= statistical characteristics of the cost of assets are
stable. If this is not the case, then it is necessary
to run a preliminary analysis of the dynamics
in these characteristics with the application of
the appropriate technoques for their prediction
[24-26]. Furthermore, let us note that in the real
situation of high uncertainty relative to the cost
of assets, describing their mathematical expectation and
dispersion by the means of fuzzy mathematics may prove
to be inadequate. In this case, there remains one addition-
al possibility — to employ apparatus of fuzzy mathematics
[27]. In this case, a solution to the problem can be ob-
tained by the formation of fuzzy models for the assigned
inaccurate parameters [28].

6. Conclusions

1. We conducted analysis of the known methods for
solving the problem on the formation of securities portfolio
for the basic variants of knowledgeability relative to the un-
certainty in the values of costs of the assets:

a) complete probabilistic certainty — distribution densi-
ties of the random costs of securities are known;

b) partial certainty — the moments of distributions of
random costs are known.

2. A method for the formation of portfolio is proposed for
the case when statistical characteristics in the distributions
of costs of the assets are fuzzily assigned.

3. The desired solution to the problem is obtained by
the optimization of criterion whose value is determined by a
membership function of the fuzzy probability of exceeding a
permissible threshold by the random value of the total port-
folio profitability.

4. The procedure of obtaining a solution for the forma-
tion of portfolio is realized by the optimization method of
zero order.
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