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2. Literature review and problem statement

In the energy sector, different kinds of optimization 
problems very often have to be dealt with. A number of 
literary sources present the results of studying the con-
cepts, models and methods for the solution of optimization 
problems in the energy sector. In particular, the models of 
influence of reliability factor on optimum composition of 
a generation system are presented in papers [3, 4], and the 
models of optimization of electric power plants are analyzed 
in [5]. Simulation of joint operation of a power system and a 
group of WPS with regard to the wind conduct is explored 
in [6]. Method of aligning the fluctuations of wind power in 
a hybrid energy system is described in [7] and others. The 
possibilities of using the branch and bound method (BBM) 
for solving optimizing problems in the energy sector are 
presented in [8]. All these models, methods and tools are 
designed for the solution of problems of optimization and 
management of effective power systems and focused on the 
input parameters for such systems, rather than optimization 
of the structure of the WPS.

The methods listed in papers [9, 10] do not imply long-
term management of the composition of wind power stations 

1. Introduction

Every year, the problem of supplying energy resources 
and of environmental pollution is becoming increasingly 
acute. One of the ways of partial solution of this problem 
is the use of environmentally friendly methods and means 
of power generation [1]. These areas include wind power 
industry [2]. However, effective use of wind power requires 
solving an optimization problem, which is determined by 
special features of modern wind power stations, when each 
wind power plant has its own effectiveness; separate groups 
of wind plants must be united into a system and various 
tasks concerning optimization of parameters and processes 
of power generation must be fulfilled. Accordingly, in the 
process of operation, the problem of efficient use of wind 
power stations (WPS) arises, which lies, on one hand, in the 
generation of the assigned, in advance required capacity for a 
certain period. Meanwhile, on the other hand, it is necessary 
to use only those wind mills that have the best parameter 
of effectiveness, which will make it possible to provide the 
lowest cost per unit of electricity. From these positions, the 
task of optimizing the structure of a wind power station is a 
relevant scientific study.
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Побудовано модель оптимізації структури 
вітрової електричної станції (ВЕС), яка ґрун-
тується на сформульованій задачі цілочисель-
ного програмування. Визначено правило поділу 
множини рішень на підмножини та критерій 
обчислення оцінки верхньої границі кожної під-
множин, що дало змогу застосувати метод 
гілок та границь. В процесі розв’язання опти-
мізаційної задачі розроблено структуру про-
грамної системи, інформаційне і програмне 
забезпечення та наведено результати оптимі-
зації вітрової електричної системи
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because they are designed for a single short-term determina-
tion of the WPS composition. 

The task of optimization of the structure of wind power 
stations using the method of dynamic programming based 
on the Bellman principle and boolean programming [11] and 
genetic algorithms [12, 13] requires significant amount of 
computation. This special feature makes it difficult to solve 
the problems of large dimensionality. Accordingly, the task of 
enhancing efficiency of solving the problems of optimization 
of the structure of the WPS of great dimensionality appears.

In this paper, the authors proposed to apply the branch 
and bound method to the solution of the problem of optimi-
zation of the WPS structure, which allows us to effectively 
solve the problem of large dimensionality.

3. The aim and tasks of the study

The aim of the work is to enhance the efficiency of the 
WPS by solving the optimization problem of integer pro-
gramming (PIP) using the branch and bound method.

To achieve the set goal, the following tasks are to be 
solved:

– to build a model of the problem of integer programming 
for the optimization of the WPS structure, which will include 
efficiency of a wind power station as optimization criterion;

– to apply the BBM to the solution of the stated problem 
of integer programming (IP) that determines the definition 
of the rule of division of a set of solutions into subsets and the 
assessment criterion for each subset of solutions;

– to develop software tools for solving the problem of 
optimization of the WPS structure, information support and 
to conduct research.

4. Optimization of the structure of a wind power station

In general, a wind power station includes wind power 
plants (WPP), which usually have different structural and 
technological parameters and are connected in a single 
system. In the process of generating electricity it is not nec-
essary to involve all wind power plants, but only those that 
provide the necessary total capacity with the highest value 
of efficiency coefficients. Solution of such an optimization 
task allows us to generate electricity with the least cost for a 
long period of time.

4. 1. Construction of a model of optimization problem
Let us state the optimization problem, given that capac-

ity of the components of a system and effectiveness of each 
source are known (Table 1) [14]. In the process of solving 
the problem, it is necessary to maintain generation capacity 
of not less than the assigned magnitude (20 000 kW) while 
providing the best total value of efficiency [15] of a power 
system based on the wind power plants.

Therefore, effectiveness of the system of wind power 
stations is determined by the coefficients of Table 1. This 
parameter is an integral magnitude and includes the pa-
rameters relating to the cost of production of one KW of 
electricity. Thus, from the system of wind power stations, it 
is necessary to select such WS that have the best efficiency 
parameters. Accordingly, the criterion of optimality of the 
problem of integer programming will be the total efficiency 
of the WPS, which are included in the system and produce 

electricity. Based on the criterion of optimality, we will build 
the objective function (OF), which must be maximized and 
which will take the following form [16, 17]:

n
ef
i i

i=1

maxF(x)= f x ,∑    (1)

where ef
if  is the parameter of efficiency for the i-th WS; 

xi is the parameter, which takes the value of 0 or 1, in the 
first case the WS is turned off and in the second case it is 
included in the WPS, or any other integer number which 
defines the number of the included WS of this type; n is the 
total number of WS. 

For example, in the PIP problem that must be solved, we 
will assume that n=40 (although there is no constraint to the 
number of WS, and their number could reach several hun-
dred). Accordingly, taking into account parameters of the real 
example, objective function (1) may be presented in the form:

40
ef
i i

i=1

maxF(x)= f x .∑

Formalization of the PIP problem for the specified exam-
ple involves the determination of OF and the constraint. The 
constraint must take into account the requirement for the 
total generated electrical power of the system (20 000 kW), 
in particular:

n

i i
i=1

w x W,≤∑

where W is the total required capacity of the power system; 
wi is the capacity of the i-th WS. 

In this case, taking into account the requirements of the 
example, we must add the following constraint:

40

i i
i=1

w x 20000.≤∑

However, one should take into account that in order to 
consider integer parameters xi and the existing number of 
WPP of each type, it is necessary to add another n of con-
straints. Each constraint specifies the value of parameter xi 
that must be considered in the problem of integer program-
ming, which must be more than or equal to zero, but less than 
or equal to the number of WPP of this type. We will write 
these constraints in this form:

i0 x N,≤ ≤  i 1,n,=   (2)

where N is the number of WPP of the i-th type.
Constraint (2) includes the requirement for the value of the 

design parameter, which must be more than or equal to zero, 
which is determined by the condition of canonicity of linear 
programming problems. Therefore, constraints (2) are bilateral.

In the final case, the model of the problem of determining 
the optimum structure of the wind power system is stated as 
follows: find the values of design parameters xi that provide 
the maximum value of objective function:

40
ef
i i

i=1

maxF(x)= f x∑    (3)

and the following constrains hold:
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40

i i
i=1

w x =20000,∑    (4)

ix N,≤  i 1,40,=  0.ix ≥     (5)

Therefore, the stated optimization problem (3)–(5) is 
the basis of mathematical support for the software system for 
determining the optimal WPS structure.

Тable	1

Parameters	of	the	system	of	wind	power	plants

No. WS
Number  
of WS

Generated  
capacity, kW

Effectiveness 
parameter 

1 1 457 1,32

2 1 439 1,23

3 1 474 1,39

4 1 482 1,51

5 1 450 1,48

6 1 493 1,79

7 1 521 1,37

8 1 503 1,05

9 1 422 1,21

10 1 467 1,78

11 1 2455 1,62

12 1 2475 1,69

13 1 2460 1,37

14 1 2511 1,21

15 1 2386 1,05

16 1 2412 1,21

17 1 2321 1,78

18 1 2455 1,62

19 1 2475 1,69

20 1 2460 1,37

21 1 2511 1,21

22 1 2567 1,44

23 1 2491 1,81

24 1 2431 1,66

25 1 2388 1,91

26 1 2429 1,56

27 1 2248 1,39

28 1 2345 1,73

29 1 2567 1,21

30 1 2888 1,68

31 1 2931 1,35

32 1 2944 1,63

33 1 2897 1,64

34 1 3030 1,55

35 1 2980 1,56

36 1 2950 1,21

37 1 2970 1,13

38 1 2960 1,61

39 1 2980 1,33

40 1 2950 1,20

4. 2. Features of application of the branch and bound 
method for solving the problems of integer programming 

It is commonly known that the branch and bound meth-
od [18] belongs to the group of combinatorial methods of 
discrete programming and is one of the most common meth-
ods of this group. In the process of application of the BBM 
to solving practical problems, it is necessary to solve two 
subtasks, in particular:

– to determine the rule of division of a set of solutions into 
subsets; 

– to devise a computational criterion for assessment of the 
lower (upper) bound of each subset.

In this case, to realize the first rule, we will use the stated 
problem of linear programming (PLP) as a possible solution. 
At the first step, it will be a task that is described by expres-
sions (3)–(5). For the following steps we will use the PLP 
that are necessary to state for the design variable, which 
will have a real value that is nonzero and different from an 
integer [18]. As a computational criterion for the bound for 
each PLP, we will use the value of objective function, which 
may be calculated with the use of dependence (3).

Then the process of solving the problem of determining 
the optimum structure for a wind power system with the use 
of the BBM may be represented using a schematic, which 
is shown in Fig. 1. The figure shows the initial PLP of the 
first step (3)–(5) that must be solved using modifications 
of the simplex-method [19]. After that, we will analyze the 
obtained values of variables xi. As a rule, at the first step it is 
practically impossible to get the integer solution (IS) of the 
problem, so using the method described in [20], we state two 
PLP (second step), which we solve again. We will continue 
the division process until we get the integer solution to the 
PLP. In the final case, we get a set of integer solutions of 
linear programming problems, from which we choose such 
solution of the PLP, where the assessment of the OF value 
has the highest value. The obtained values of design param-
eters xi determine which WPP should be currently included 
(xi≠0), and which should not (xi=0).

Fig.	1.	Schematic	of	division	into	subsets	

The peculiarity of the algorithm of the BBM applica-
tion to solving practical problems is its natural parallelism 
(Fig. 2). With these positions, considering multi-nucleus 
architectures of modern microprocessors and multi-proces-
sor systems, it is possible to significantly reduce the time of 
solving the problem of determining the optimal structure of 
the WPS, which is a relevant issue for the problems of high 
dimensionlaity.
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4. 3. Features of development of software system 
of solving design problems using the branch and bound 
methods

To solve the problem of integer programming [18, 19] 
using the branch and bound method [19], a software system 
was developed. The developed structure of the software 
system includes the following subsystems, which are imple-
mented in the form of program modules:

– subsystem of control that enables a user to actively use 
the software tool for solving the PIP; 

– subsystem of introduction and correctness control of 
input data that provides control of the input data; 

– subsystem of the file work, which provides data 
reading from a file, saving intermediate and output data in 
files, which holds for PIP of great dimensionality;

– subsystem of displaying output results, which rep-
resents the data in a convenient format for a user; 

– subsystem of aid, where the features of using and 
effective solution of the PIP using the BBM; 

– subsystem of establishing the control point, which 
allows dividing a complex integer problem into parts and 
solving it step by step by establishing control points (sav-
ing data arrays of large dimension and recover solving the 
PIP from the given stage);

– subsystem of the BBM provides solution of the PIP 
using the BBM, simplex-method and large numbers meth-
od [19].

Using the modular principle of construction of the 
software system enables you to efficiently modify and 
improve it in the future. 

In particular, the example of the menu with input data 
for a LP problem, which is being solved with the use of the 
simplex method, is shown in Fig. 3.

The developed software system is focused on working 
with large arrays of information, in particular the tasks 
of great dimensionality. At the same time, there are high 
requirements for the high-speed performance of a software 
system. After reading the input data for the LP problem by 
a software system, it is necessary to save information in the 

structure with the shortest possible time of access to them. 
After analyzing existing approaches and data storage models 
and organization templates [20], it was proposed to use the 
list data structures, in particular doubly connected lists.

Moreover, in the process of data storage, we used the 
XML format that enables us to organize effectively data 
exchange with the existing software systems.

4. 4. Features of the solution of the stated problem of 
integer programming

The developed software system was used for solving the 
problem of integer programming to determine the optimal 
structural composition of a wind power system. 

Before moving on to direct practical solution of PLP, 
described by formulas (3)–(5), you need to write it in ca-
nonical form by adding artificial variables up to forty con-
straints (5), in particular:

i 40+ix +x =N,  i=1,40.     (6)

At the next step, we will apply the simplex method to the 
solution of the problem, which includes expressions (3)–(6) 
[19]. As a result of solving the problem of linear programming, 
we see that all variables xi take integer values, which are equal 
to zero or one, except for variable xi, which accepts fractional 
value (Fig. 4), while the OF value is equal to 23.95.

Then we apply the BBM to solving the problem of integer 
programming by stating two problems of linear program-
ming (step 2, Fig. 1). Each of these problems is a modifica-
tion of xi that is described by expressions (3)–(6). 

Therefore, the first PIP of the 2nd step includes an ex-
pression for OF (3), constraints (4), (5) and additional con-
straint for variable x21, in particular 0.21x = 0. 

The second PIP of the 2nd step also includes expression 
for OF (3), constraints (4), (5) and additional constraint for 
the same variable in the form of inequality 21x 1.≥

In the process of solving problems of linear programming 
of the second step, it is necessary to consider expression (6). 
The obtained results of solving the first and the second PIP 
of the 2nd step are shown in Fig. 5. From the obtained results 
we can see that for the first PIP of the 2nd step we have fully 
integer solution with the OF value of 21.55. In this case, the 
variables are equal to zero except for the following x3–x7, 
x10, x12, x17–x19, x23, x25, x28, which are equal to one. This 

Start

Displaying results

Entering input data

Choice of criterion of 
division into subsets

Solving current PIP

Assessment of 
upper (lower) 

bound of OF of 
every subset (PLP)

All 
solutions are 

integer

Yes No

End

Number of 
iterations is larger that 

the assigned

Yes

No

Accepting the 
following PLP as 

current

Displaying 
correspondent

message  

Fig.	2.	Block-diagram	of	the	algorithm	for	applying		
the	branch	and	bound	method

 

Fig.	3.	Example	of	a	menu	with	the	input	data	for	the	LP	
problem,	which	is	solved	using	the	simplex	method
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integer solution is obtained for the case when x21=0. For the 
case when 1,21x ≥ we do not have any fully integer solution 
(second PIP of the 2nd step). The OF value in this case is 
equal to 21.08, whereas the variable x33=0,06. Therefore, 
calculations must be continued by constructing new PIP of 
the 3rd step based on the second PIP of the 2nd step and the 
further solution.

Fig.	4.	Results	of	solving	the	problem	(3)–(6):		
values	of	required	variables

Similarly, we build two problems of the third step from 
the second PIP of the 2nd step. The first PIP of the 3rd step 
will include expressions for the second PIP of the 2nd step 
plus additional constraints of the following type 0.33x ≥0.

The second PIP of the 3rd step will include expressions for 
the second PIP of the 2nd step and additional constraint 0.33x ≤0.

The obtained results of solving problems of the 3rd step is 
shown in Fig. 5. From the obtained results we can see that 
we have received fully integer solutions for the problems. For 
the first one, the OF value is 15.66. In this case, the variables 
are equal to zero except for the following: x6, x12, x17, x18, x19, 
x33, x23, x25, x28. For the second PIP, the OF value is 20.98. In 
this case, variables are equal to zero except for the following: 
x3–x7, x10, x12, x18, x19, x21, x23, x25, x28, which are equal to unity.

Therefore, comparing the obtained results of solutions to 
PLP, we see that the first PLP of the 2nd step has the highest 
value of objective function with the OF value of 21.55 and sin-
gle values of the following variables x3–x7, x10, x12, x17–x19, x23, 
x25, x28. Therefore, it is necessary to include wind power stations 
with numbers: 3, 4, 5, 6, 7, 10, 12, 17, 18, 19, 23, 25 and 28 into 
the structure of the power generating system. This will provide 
the highest value of efficiency of the system, which result into 
the smallest value of 1 kW of electricity.

Fig.	5.	Tree	of	solving	the	PIP	problem	using		
the	branch	and	bound	method

Thus, the BBM, applied to determining the optimal 
composition of the WES, makes it possible to solve prob-
lems of this type efficiently. The corresponding decision has 
the advantage and significant potential for solving similar 
problems of great dimensionality and minimizes the time 
of searching for the optimal solution using the technologies 
of parallel data processing. The disadvantages of such a 
solution may include complications of maintenance of soft-
ware-hardware system that increases its costs. 

The obtained results and the software system may be 
used in power generation systems of alternative power sector. 

Further development of the developed software system is 
associated with the use of technologies of parallel data pro-
cessing such as CUDA in the process of solving the problem 
of determining the optimal WPS structure.

5. Conclusions

1. The model for determining the optimal structure 
of a wind power system, based on the stated problem of 
integer programming, was developed. The constructed 
problem of integer programming uses the objective func-
tion that is the total of efficiencies of WPP, included into 
the WPS, and constraints that take into account the de-
mand of the total generated electrical power of a system 
and conditions of integer solution of the problem. The 
peculiarity of the developed model is that the branch and 
bound method was used to solve the problem of integer 
programming in such statement.

2. The branch and bound method was applied to solve 
the problem of determining the optimal structure of a wind 
power station, which allows us to use parallel technologies in 
the process of finding the optimal solution.

3. We designed and implemented the software system for 
solving problems of integer programming using the BBM, 
based on the module principle and providing quick modifi-
cation and improvement of the software. The information 
support of the software system, based on the use of the list 
data structures, was developed, which enables us to process 
large data arrays efficiently. The results of application of 
the developed software system, using the branch and bound 
method to determine the optimal structure for wind power 
system, were presented.
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