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For the problem of formation of project teams, in parti-
cular, scientific research project groups, there was proposed 
the comprehensive method, which consists of the two-stage 
method for clustering the graph of citation of scientists» pub-
lications and the method of fuzzy inference for coordination 
of experts» opinions on the selection of potential partners 
and their inclusion in the project group.

The essence of the two-stage method for clustering pub-
lications of scientists is clustering the citation graph based 
on the proximity of abstracts of publications. The distance 
between publications is calculated based on the determined 
metrics and approaches of the n-gram analysis. The described 
method allows identifying the areas research of scientists, 
which is a necessary component of the rational choice of  
a partner for the formation of a project team and is the input 
information for experts who form this group. The next step 
is the application of the method of fuzzy inference, which is 
constructed to coordinate opinions of experts on the creation 
of project teams. This method consists of three stages. At 
the first stage, fuzzification is performed through the intro-
duction of function of scientist»s belonging to the area of 
scientific research. The second phase of fuzzy inference is the 
statement of experts» requirements to candidates for a place 
in a project group. At the final stage, defuzzification with 
the use of the method of the weight center takes place. To 
verify the fuzzy method for identification of research project 
groups, the organizations-executors for a fundamental scien-
tific research were determined.

Described methods can be used for the problem of for-
mation of scientific research groups and identification the 
similarities between the fragments of text information based 

on the n-gram analysis, which is used in the problem of iden-
tification of incomplete duplicates between fragments of text 
information.

Keywords: clustering, n-gram analysis, scientific re-
search area, citation graph, project group.
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The Faber-Schauder system of functions was introduced 
in 1910 and became the first example of a basis in the space 
of continuous on [0, 1] functions. A number of results are 
known about the properties of the Faber-Schauder sys-
tem, including estimations of errors of approximation of 
functions by polynomials and partial sums of series in the 
Faber-Schauder system.

It is known that obtaining new estimates of errors of 
approximation of an arbitrary function by some given class 
of functions is one of the important tasks in the theory 
of approximation. Therefore, investigation of the appro-
ximation properties of polynomials and partial sums in the 
Faber-Schauder system is of considerable interest for the 
modern approximation theory.

The problems of approximation of functions of bounded 
variation by partial sums of series in the Faber-Schauder sys-
tem of functions are studied. The estimate of the error of ap-
proximation of functions from classes of functions of bounded 
variation Cp (1≤p<∞) in the space metric Lp using the values 
of the modulus of continuity of fractional order ϖ2-1/p(f, t) is 
obtained. From the obtained inequality, the estimate of the 
error of approximation of continuous functions in terms of 
the second-order modulus of continuity follows.

Also, in the class of functions Cp (1<p<∞), the estimate of 
the error of approximation of functions in the space metric Lp 
using the modulus of continuity of fractional order ϖ1–1/p(f, t) 
is obtained.

For classes of functions of bounded variation KCV(2,p) 
(1≤p<∞), the estimate of the error of approximation of func-
tions in the space metric Lp by Faber-Schauder partial sums 
is obtained.

Thus, several estimates of the errors of approximation of 
functions of bounded variation by their partial sums of series 
in the Faber-Schauder system are obtained. The obtained re-
sults are new in the theory of approximation. They generalize 

in a certain way the previously known results and can be used 
for further practical applications.

Keywords: functions of bounded variation, integral met-
ric, modulus of continuity, Faber-Schauder system.
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In the process of designing structures from inhomogeneous 
materials, there is the need to build discrete models that con-
sider the peculiarities of the geometrical shape of subdomains 
from different materials. The first stage in the modeling of such 
structures is the construction of a geometric model. In order 
to describe the shapes of inhomogeneous structures, we have 
proposed a functional approach, based on the use of systems of 
implicit functions and R-functions. The first implicit function 
defines the shape of a structure. The implicit functions starting 
from a second one determine the shapes of the subdomains 
whose boundaries must be considered when building a discrete 
model. Each implicit function within the system exceeds zero 
at inner points of the respective domain or subdomain, is equal 
to zero at the border, and is less than zero at outer points. The 
result is a possibility to describe the shapes of domains and 
subdomains of arbitrary complexity.

We have constructed a method for the triangulation of struc-
tures from inhomogeneous materials, whose shape is assigned 
functionally. The devised method makes it possible to consider 
the shape of subdomains from different materials used in the 
structure. The basic idea of the method implies consistent correc-
tion of coordinates for the nodes from the primary triangulation 
of the domain. Primary triangulation can be arbitrary, but it must 
fully capture the structure. At each step, the boundary of the 
structure or a subdomain from a particular material is approached 
by the node closest to the respective boundary. Following the 
displacement of each node, the coordinates of neighboring nodes 
are computed by minimizing the functional of exponents in the 
planes of incident elements. At the same time, for the elements 
that are incident at nodes and whose coordinates were changed, 
meeting the Delaunay condition is checked; if necessary, the ope-
ration «flip» is performed to change the diagonal. Upon remov-
ing the outer nodes, one would obtain a discrete model in which 
the boundaries of the structure and subdomains from different 
materials are approximated by nodes and edges of elements.

Keywords: triangulation, discrete model, functional rep-
resentation, implicit function, triangle, heterogeneous domain.
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The rigorous formal algorithm for formulating a dual 
problem for different forms (general, basic, standard, and ca-
nonical) of a primal linear programming problem is proposed. 
First, definitions of a pair of dual problems for standard form 
of primal linear programming are given. This approach is 
based on the fact that such a pair was noted first, since it had 
substantial interpretation.

The economic interpretation of the standard problem is 
profit maximization in the production and sale of some types 
of products. Such an approach substantially indicates the  
existence of the primal problem (I) and the strictly corre-
sponding dual (conjugate) (II). The problem of cost minimi-
zation is accompanying to the primal problem.

The basic concept of the duality theory in linear program-
ming problems is the fact that a pair of problems are mutually 
conjugate — obtaining dual of dual leads to a primal problem.

The rigorous approach to obtaining an algorithm for 
formulating a dual problem is based on the statement that 
the dual problem of dual is a primal (original) problem. This 
approach is used in the paper. For different pairs of dual prob-
lems, this statement is rigorously proved.

The existing schemes of primal to dual conversion are 
substantial. Given this, the algorithm of the general approach 
to formulating pairs of conjugate problems is proposed and 
rigorously proved.

Formalization of the developed scheme makes it easy to 
get pairs of known dual problems. This allowed for the first 
time to propose and validate the algorithm for constructing 
a dual problem for an arbitrary form of the primal problem.

Keywords: linear optimization, primal problem, dual 
problem, duality, objective function, constraint system, pairs 
of conjugate problems.
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A method for solving the fractional nonlinear optimiza-
tion problem has been proposed. It is shown that numerous 
inventory management tasks, on the rational allocation of 
limited resources, on finding the optimal paths in a graph, 
on the rational organization of transportation, on control 
over dynamical systems, as well as other tasks, are reduced 
exactly to such a problem in cases when the source data of 
a problem are described in terms of a probability theory or 
fuzzy math. We have analyzed known methods for solving 
the fractional nonlinear optimization problems. The most 
efficient among them is based on the iterative procedure that 
sequentially improves the original solution to a problem. In 
this case, every step involves solving the problem of mathe-
matical programming. The method converges if the region of 
permissible solutions is compact. The obvious disadvantage 
of the method is the uncontrolled rate of convergence. The 
current paper has proposed a method to solve the problem, 
whose concept echoes the known method of fractional-linear 
optimization. The proposed technique transforms an original 
problem with a fractional-rational criterion to the typical 
problem of mathematical programming. The main advantage 
of the method, as well its difference from known ones, is the 
fact that the method is implemented using a single-step pro-
cedure for obtaining a solution. In this case, the dimensiona-
lity of a problem is not a limiting factor. The requirements to 
a mathematical model of the problem, which narrow the re-
gion of possible applications of the devised procedure, imply:

1) the components of the objective function must be se-
parable functions; 

2) the indicators for the power of all nonlinear terms of 
component functions should be the same.

Another important advantage of the method is the pos-
sibility of using it to solve the problem on unconditional and 
conditional optimization. The examples have been considered.

Keywords: fractional nonlinear function optimization, 
linear constraints, single-step procedure, exact solution.

References

1.	 Yudin, D. B. (1974). Matematicheskie metody upravleniya  
v usloviyah nepolnoy informatsii. Zadachi i metody stohasti-
cheskogo programmirovaniya. Moscow: Sovetskoe radio, 392.

63

Abstract and References. Mathematics and cybernetics – applied aspects



2.	 Bazaraa, M. S., Shetty, C. M. (1979). Nonlinear Program-
ming: Theory and Algorithms. Wiley, 312.

3.	 Larichev, O. I. (2002). Teoriya i metody prinyatiya resheniy. 
Moscow: Logos, 392.

4.	 Karmanov, V. G. (1980). Matematicheskoe programmiro-
vanie. Moscow, 256.

5.	 Himmelblau, D. (1972). Applied Nonlinear Programming. 
New York: McGraw-Hill, 498.

6.	 Zangwill, W. I. (1969). Nonlinear Programming: A Unified 
Approach. Prentice-Hall, 356.

7.	 Rekleytis, G., Reyvindran, A., Regsdel, K. (1989). Optimi-
zatsiya v tekhnike. Moscow: MIR, 349.

8.	 Zuhovitskiy, S. I., Avdeeva, L. I. (1967). Lineynoe i vypukloe 
programmirovanie. Moscow: «Nauka», 460.

9.	 Malaguti, E., Monaci, M., Paronuzzi, P., Pferschy, U. (2019). In-
teger optimization with penalized fractional values: The Knap-
sack case. European Journal of Operational Research, 273 (3),  
874–888. doi: https://doi.org/10.1016/j.ejor.2018.09.020 

10.	 Yue, D., You, F. (2014). Reformulation-linearization Method 
for Global Optimization of Mixed Integer Linear Fractional 
Programming Problems with Application on Sustainable 
Batch Scheduling. 24th European Symposium on Computer 
Aided Process Engineering, 949–954. doi: https://doi.org/ 
10.1016/b978-0-444-63456-6.50159-9 

11.	 Borza, M., Rambely, A. S., Saraj, M. (2012). Solving Linear 
Fractional Programming Problems with Interval Coeffi-
cients in the Objective Function. A New Approach. Applied 
Mathematical Sciences, 6 (69), 3443–3452.

12.	 Khalifa, H. (2018). On Solutions of Linear Fractional Pro-
gramming Problems with Rough-interval Coefficients in 
The Objective Function. The Journal of Fuzzy Mathematics, 
26 (2), 415–422.

13.	Das, S. K., Mandal, T., Edalatpanah, S. A. (2017). A new 
approach for solving fully fuzzy linear fractional program-
ming problems using the multi-objective linear program-
ming. RAIRO – Operations Research, 51 (1), 285–297.  
doi: https://doi.org/10.1051/ro/2016022 

14.	 Deb, M. (2018). A Study of Fully Fuzzy Linear Fractional Pro-
gramming Problems by Signed Distance Ranking Technique. 
Advances in Data Mining and Database Management, 73–115. 
doi: https://doi.org/10.4018/978-1-5225-5091-4.ch004 

15.	Arya, R., Singh, P., Bhati, D. (2018). A fuzzy based branch 
and bound approach for multi-objective linear fractio-
nal (MOLF) optimization problems. Journal of Computa-
tional Science, 24, 54–64. doi: https://doi.org/10.1016/ 
j.jocs.2017.12.011 

16.	Arya, R., Singh, P. (2019). Fuzzy efficient iterative method 
for multi-objective linear fractional programming problems. 
Mathematics and Computers in Simulation, 160, 39–54.  
doi: https://doi.org/10.1016/j.matcom.2018.11.013 

17.	 Raskin, L. G. (1976). Analiz slozhnyh sistem i elementy teo-
rii upravleniya. Moscow: Sovetskoe radio, 344.

18.	Wolf, H. (1986). Solving special nonlinear fractional pro-
gramming problems via parametric linear programming. 
European Journal of Operational Research, 23 (3), 396–400. 
doi: https://doi.org/10.1016/0377-2217(86)90305-x 

19.	Saxena, P., Jain, R. (2017). Duality for a nonlinear fractio-
nal programming under fuzzy environment with parabolic 
concave membership functions. International Journal of 
ADVANCED AND APPLIED SCIENCES, 4 (1), 131–136. 
doi: https://doi.org/10.21833/ijaas.2017.01.019 

20.	Jeflea, A. (2003). A parametric study for solving nonlinear 
fractional problems. An. St. Univ. Ovidius Constanta, 11 (2),  
87–92.

21.	 Bhurjee, A. K., Panda, G. (2013). Nonlinear fractional 
programming problem with inexact parameter. Journal of 
Applied Mathematics & Informatics, 31 (5-6), 853–867.  
doi: https://doi.org/10.14317/jami.2013.853 

22.	Zadeh, L. A. (1965). Fuzzy sets. Information and Con-
trol, 8 (3), 338–353. doi: https://doi.org/10.1016/s0019-
9958(65)90241-x 

23.	Pawlak, Z. (1985). Rough sets and fuzzy sets. Fuzzy Sets 
and Systems, 17 (1), 99–102. doi: https://doi.org/10.1016/
s0165-0114(85)80029-4 

24.	Pawlak, Z. (1991). Rough Sets: Theoretical Aspects of Rea-
soning about Data. Dordrecht: Kluwer Academic Publisher, 
284. doi: https://doi.org/10.1007/978-94-011-3534-4 

25.	Raskin, L., Sira, O. (2016). Method of solving fuzzy problems 
of mathematical programming. Eastern-European Journal 
of Enterprise Technologies, 5 (4 (83)), 23–28. doi: https:// 
doi.org/10.15587/1729-4061.2016.81292 

26.	Raskin, L., Sira, O. (2016). Fuzzy models of rough mathe-
matics. Eastern-European Journal of Enterprise Technolo-
gies, 6 (4 (84)), 53–60. doi: https://doi.org/10.15587/1729-
4061.2016.86739 

27.	Raskin, L., Sira, O., Ivanchykhin, Y. (2017). Models and 
methods of regression analysis under conditions of fuzzy ini-
tial data. Eastern-European Journal of Enterprise Technolo-
gies, 4 (4 (88)), 12–19. doi: https://doi.org/10.15587/1729-
4061.2017.107536 

DOI: 10.15587/1729-4061.2019.175787
CHAOS-BASED SIGNAL DETECTION WITH 
DISCRETE-TIME PROCESSING OF THE DUFFING 
ATTRACTOR (p. 44–51)

Mykola Fedula
Khmelnytskyi National University, Khmelnytskyi, Ukraine

ORCID: http://orcid.org/0000-0002-3765-2016

Tetiana Hovorushchenko
Khmelnytskyi National University, Khmelnytskyi, Ukraine

ORCID: http://orcid.org/0000-0002-7942-1857 

Andrii Nicheporuk
Khmelnytskyi National University, Khmelnytskyi, Ukraine

ORCID: http://orcid.org/0000-0002-7230-9475

Valeriy Martynyuk
Khmelnytskyi National University, Khmelnytskyi, Ukraine

ORCID: http://orcid.org/0000-0001-5758-4244 

The results of detection of periodic signals using the 
chaos theory based on discrete processing of the Duffing 
attractor in the Poincare section were considered.

A chaotic Duffing system characterized by high sensi-
tivity to periodic signals and a possibility of implementa-
tion by means of a relatively simple circuit was chosen for  
the study.

Response of the Duffing system to the periodic influence 
was analyzed. It was shown that when amplitude of perio-
dic components of the input signal grows at a frequency of 
driving oscillations, there is a shift of the phase trajectory 
along the Poincare section which is characterized by frac-
tal geometry. Types of the Duffing attractor changes that 
result from the influence of a periodic input signal were 
determined. Control regions for recording types of the 
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phase trajectory dynamics were identified in the phase plane 
formed by the output signal and its derivative. In accordance 
with the characteristics of the obtained phase trajectories, 
a truth table was constructed. It enables estimation of in-
fluence of the periodic component with a sufficiently large 
time sampling increment which is important for ensuring 
speed of the signal processing devices. Transforms were 
obtained that describe the process of detecting periodic 
signals by discrete processing of the Duffing attractor in the  
Poincare section.

Based on the formulated transforms and the truth table, 
a block diagram of a device for detecting periodic signals 
in noise was proposed. The proposed device can be used as 
an input unit to implement the Duffing system based on an 
analog electric circuit.

Values of discrete estimates of amplitude of the periodic 
component of the input signal according to the shift of the 
phase trajectory of the Duffing system with respect to the 
attractor in the Poincare section were obtained. According to 
the modeling results, the proposed circuit makes it possible 
to detect periodic signals at low values of the signal-to-noise 
ratio.

Keywords: signal detection, chaotic system, harmonic 
signal, attractor, digital signal processing.
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Traditionally, the problems of routing in communication 
networks are solved based on the scalar approach, which 
takes into consideration only one quality indicator. How-
ever, information transmission in communication networks is 
characterized by a totality of quality indicators. That is why 
to obtain the optimal solution to the problems of routing in  
a communication network, it is necessary to use the multicri-
terial approach. This determines the relevance of solving the 
problem of routing in communication networks considering 
the totality of quality indicators, which characterize the qua-
lity of information transmission. To solve this problem, this 
study used the methods of multicriterial optimization. The 
methods for discrete selection of a subset of Pareto-optimal 
variants of routing taking into consideration the totality of 
quality indicators were proposed. In this case, unconditional-
ly worse options for routing are excluded and potentially pos-
sible values of the totality of quality indicators are ensured. It 
also suggests a possibility of multipath routing organization, 
which provides uniform loading of all communication lines. 
The practical features of application of the selected methods 
of multicriterial optimization for choosing optimal routes 

in communication networks taking into consideration the 
totality of quality indicators were explored. The advantages 
and constraints of the multicriterial approach to solving the 
problem of routing in communication networks were shown.

The research results are useful for professionals who are 
engaged in planning and designing optimal communication 
networks.

Keywords: information transmission, communication 
network, designing, optimal routing, totality of quality indi-
cators, multicriterial optimization.
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