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Introduction. It is well known that the me-
dia in seismically active areas are significantly 
fragmented by numerous faults and cracks 
[Ben-Zion, Sammis, 2003; Billi, Storti, 2004; 
Meade, Hager, 2005; McCaffrey, 2005; Love-
less, Meade, 2011]. The medium’s structure-
ness causes a special behavior during their 
deformation, which differs significantly from 
the behavior of continuous media. The main 
characteristic feature of the structured me-
dium deformation is the irregular release of 
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In recent research, the dynamics of the medium located in the seismic region at the 
boundary of tectonic plates is considered as the behavior of a complex open system that 
is in a state of self-organized criticality. Such an approach results from the very laws of 
earthquake generation and the complex structure of these areas. The network of faults 
and cracks makes seismic zones significantly heterogeneous and fragmented. Therefore, 
discrete models are increasingly used to model the dynamics of these media. The basis 
for comparing the model and the full-scale object serves the statistical regularities of 
their dynamic deformation. Relying on this concept, in the paper it is modeled the shear 
dynamics of a granular massif composed of identical cubic granules and is compared sys-
tem’s statistical characteristics with the similar characteristics obtained for the earthquake 
generation zone. Shear deformation is carried out by means of the box consisting of two 
parts — movable and immovable ones. The movable part possesses the cover which receives 
kinetic energy from the granular massif in the process of shear deformation. For numerical 
simulations of the shear dynamics, the discrete element method is applied. The numeri-
cal calculations result in the distribution of cover’s kinetic energy jumps simulating the 
perturbations transmitted from the granular system to an external medium. It turned out 
that the distribution for these perturbations is the power dependence with an exponent that 
is inherent in earthquakes (Gutenberg-Richter law). Before and after large perturbations 
it is observed the swarms of smaller perturbations which are the analogues of foreshocks 
and aftershocks. The distributions of element’s velocity fluctuations and the correlation of 
velocity fluctuations are calculated as well. It is revealed the similarity of distributions for 
velocity fluctuations in the model massif and in the seismically active region of California, 
which includes the San Andreas fault. Moreover, the similarity of corresponding correlation 
functions is shown. They both are the functions of the stretched exponent. The obtained 
result indicates that shear processes in granular massifs and natural seismic processes in 
the San Andreas Fault are statistically similar.

Key words: granular medium, shear deformation, earthquake, seismically active area, 
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accumulated elastic energy in the form of 
earthquakes in a wide range of energies, weak 
seismic signals, and tremors of non-volcanic 
origin [Shelly et al., 2006; Beroza, Ide, 2011; 
Kanamori, Schubert, 2015; Scholz, 2019]. 
According to recent research, the process of 
granular medium deformation is similar to the 
deformation of fragmented media in seismi-
cally active zones [Meroz, Meade, 2017; 
Mykulyak, 2019; Mykulyak et al., 2019а,b]. In 
particular, the deformation of granular media 
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occurs intermittently and it is accompanied 
by the generation of acoustic perturbations. 
These stochastic perturbations obey the same 
statistical laws as earthquakes: Gutenberg-
Richter law, Omori’s law, the universal low 
for distribution of intervent times between 
avalanches [Geller et al., 2015; Lherminier et 
al., 2019; Mykulyak et al., 2019b, 2021; Kumar 
et al., 2020]. 

Meroz and Meade studied in detail the 
motion of tectonic structural elements in 
California, in the area between two tecton-
ic plates: the Pacific and the North Ameri-
can, which includes the San Andreas Fault 
[Meroz, Meade, 2017]. This area is divided 
by a network of faults into a large number 
of tectonic elements, which as a result of the 
tectonic plate movement are also involved in 
the movement. Their studies have shown that 
the behavior of this area is similar to the shear 
deformation of the granular medium. In this 
case, the distribution of velocity fluctuations 
differs from the Gaussian distribution, reveal-
ing «heavy» tails, and the correlation function 
attenuates as a stretched exponent [Meroz, 
Meade, 2017].The authors compared the ve-
locity field with the two-dimensional veloc-
ity field, which takes place in the process of 
shear deformation of the granular medium 
with spherical grains.

In this paper, we study the properties of the 
velocity field in a three-dimensional model 
granular medium formed by cubic elements. 
This problem statement is closer to the real 
shear process in the seismically active zone 
in comparison with the problem of shear of 
smooth spherical granules because in the 
kinematics of the granular medium a signifi-
cant role is played by the rotational degrees 
of freedom. Moreover, the three-dimensional 
shear process is more in line with the natural 
process.

The model for simulating the shear dy-
namics of cubes. The simulation of shear 
granular dynamics is performed by the dis-
crete element method (DEM) [Cundall, 1971]. 
The well-known advantage of this method 
consists in the ability to describe the dynam-
ics of each element of structure in detail.

The equations of motion of the structural 

elements have the following form:
2
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Here rci is the coordinate of the center of 
i-th cube and mi is its mass; Fij is the contact 
force appearing between i-th and j-th cubes; 
Kci is the kinetic moment of i-th cube with 
respect of its center; Mc(Fij) is the torque with 
respect to the center of i-th cube. N is the total 
number of elements. The summation is per-
formed for all j-th cubes contacting with i-th 
cube.

The kinetic moment is related to the body’s 
angular velocity via the tensor of moments of 
inertia. In the general case, their directions 
do not coincide. Due to the symmetry of the 
cube, its central ellipsoid of inertia degener-
ates into a sphere. Therefore, the vectors of 
the kinetic moment and angular velocity al-
ways have the same direction, i. e. Kci=Iciwci, 
where wci is the vector of angular velocity for 
the cube rotating about the center, 22 3ci iI m=
is the cube’s moment of inertia. The moment 
of contact force acting on i-th cube during 
the contact with j-th cube is ( ) c

c ij ij ij= ×M F r F , 
where c

ijr is the vector pointing from the cube 
center to the contact point of adjacent cubes.

The description of the translational mo-
tion of the cube center is a relatively simple 
task, whereas the consideration of rotational 
motion demands more effort. The use of the 
quaternion technique [Gürlebeck, Sprössig, 
1997] greatly facilitates the task. In the mo-
tionless reference frame, the kinematic equa-
tion for the rotation quaternion has the fol-
lowing form 

1 ,
2 ci

d
dt

= 

Λ
w Λ  where Λ=(λ0, λ1, 

λ2, λ3)=λ0+λ1i1+λ2i2+λ3i3=λ0+λ is the rotation 
quaternion. During calculations, we also per-
form the correction of the quaternion norm to 
1 in accordance with the modified equation

	 ( )1 1
2 ci

d q
dt

= − −

Λ
w Λ Λ .	 (2)

The parameter q belongs to the interval (0; 
1). We put q=0.5. Thus, relations (1)—(2) form 
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the closed system of equations for describing 
the interaction of pair of cubes. The transfor-
mation of the vector r to the vector r′ during 
rotation, that is described by the quaternion 
Λ, is determined by the formula ′ = Λ Λr r  . 
To solve Eqs. (1), Beeman’s algorithm is used 
[Beeman, 1976]. Equation (2) is solved by the 
Runge-Kutta 4-th order method.

The interaction between bodies is deter-
mined by a single force, which decomposes 
into a normal force F n and a tangential force 
F  f. The coordinates of the point, where the 
contact force is applied, coincide with the 
mean values of coordinates of vertices of over-
lapping region 0

j
j

m=∑x x , where m is the 

number of vertices of the overlapping region.
The direction of the normal force F n is 

defined by the contact normal. To derive the 
contact normal, we use the vertices of the 
contact line which is the broken line of in-
tersection for the surfaces of two contacting 
particles [Zhao et al., 2015]. Based on these 
vertices, we construct the fitting plane by 
means of the linear square fitting. To do this, 
the singular value decomposition method 
[Shakarji, 1998; Forsythe et al., 1977] is ap-
plied. The normal of this plane coincides with 
the contact normal and defines the direction 
for the normal force of interaction between 
particles. To determine the absolute value of 
the normal force, a model proposed by Nas-
sauer and Kuna [Nassauer, Kuna, 2013] is 
used that is suitable for finding this force for 
particles of different shapes. According to this 
model, the contact interaction force between 
bodies depends on the volume V of the inter-
section domain of interacted bodies and the 
depth of penetration d: *nF kE Vd= . Here 
the coefficient 4 3k = π , V=1/6∙d∙dmax∙dp, and 
dmax is the maximal distance between vertices 
of the overlapping domain (direction lm), dp is 
the maximal distance between vertices in the 
direction np=n f×lm. The depth of penetration 
d is defined as a distance of penetration of 
intersection domain in the direction of normal 
force and is derived by the following formula: 
d=max(n f∙pc)–min(n f∙pc), pc

 is the vertex coor-
dinates of the penetration figure.

The tangential forces F  
f are determined 

using a friction model taking into account 
static friction (adhesion) F s<msF n and kinetic 
friction (sliding) F k<mkF n, where ms and mk

 are 
the empirical coefficients. The transition from 
one model to another one occurs smoothly 
using the ratio proposed in [Nassauer, Kuna, 
2013]:

	 ( )
2 2

4 22
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where ( )4
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and x=v t/v s.
Here v t is the tangential velocity, v s is the 
velocity of transition from static to kinetic 
friction. The direction of friction force F  f is 
parallel to the relative tangential velocity of 
cubes at the contact point. The application 
of this algorithm results in finding all pairs 
of contacting cubes and the characteristics 
of their contact. Based on the described algo-
rithm, the code CuBluck has been developed 
[Mykulyak et al., 2019а].

In the simulations, it is fixed the following 
constants: density r=1.2·103 kg/m3; Young’s 
modulus E=3·109 N/m2; Poisson’s ratio v=0.3; 
static friction coefficients ms=0.7; kinetic 
mk=0.4; the characteristic velocity of transition 
from static to kinetic friction is v s=0.01 m/s.

Granular medium shear at a constant 
rate of deformation. Shear deformation of 
the granular massif is carried out due to the 
movement of the upper part of the box. It con-
sists of two parts, namely, the fixed lower part 
with a height of 60 mm and the movable upper 
part of height of 80 mm. In total, the massif 
contains 3000 cubes of the same size 10 mm. 
At the top it is located the cover weighing 
14 kg, which can move freely in the vertical 
direction. The bottom has the size 0.2×0.3 m. 
The box filled with randomly placed cubes is 
shown in Fig. 1. The massif used for modeling 
is obtained with compacting cubes randomly 
placed initially in the volume of 0.2×0.3×0.5 m.

The velocity of the upper box part is con-
stant Vb=1 м/с. For clarity, the locations of the 
cubes at two different moment of time are 
presented in Fig. 2. In the process of shear 
deformation, it is occurred dilatation causing 
the cover’s vertical movement. The movement 
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of the cover is intermittent in the form of a 
sequence of jumps. The dependence of the 
cover’s kinetic energy on time is shown in 
Fig. 3, a. The fragment of this dependence 
shown in Fig.  3, b indicates that this curve 
has many local maxima and minima. Energy 
jumps from adjacent minima to maxima can 
be considered as excitations that are transmit-
ted from the granular system to the environ-
ment. The total number of perturbations is 
Ne=7464. This number is sufficient to investi-
gate the statistical properties of the perturba-
tion sequence.

Fig. 4 shows the cumulative complemen-
tary distribution of radiated energy jumps DEc 
in the logarithmic coordinates. The straight 
line has a slope b=0.94±0.01.This model repro-
duces accurately the Gutenberg—Richter law 

Fig. 1. Box filled with the granular massif in the initial 
time.

Fig. 2. Deformed massif for two time moments: 7.5 ms (a) and 15.0 ms (b).

Fig. 3. Time dependence of the cover’s kinetic energy Ec (a) and its fragment in time interval 19.15<t<19.25 ms 
with marked maxima and minima (b).
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in the energy representation ( )N E Eb> ∝ ,
in which the exponent varies in the range 
0.80—1.05 [Olami et al., 1992].

Statistical analysis of the sequence of per-
turbations shows that it is possible to iden-
tify large jumps before and after which the 
swarms of smaller amplitude perturbations 
are observed. This is evidenced by the de-
pendence of the average relative number of 
disturbances before and after the main dis-
turbance shown in Fig. 5.

Fluctuations of element’s velocities in the 
shear process. Meroz and Meade [Meroz, 
Meade, 2017] studied in detail the velocity 
field observed over a period of about 10 years 
in the area between the Pacific and North 
American plates in California. They exam-
ined the area from the Pacific Plate, where 
they determined y=0, to the North American 
Plate y=565 km, which runs parallel to the San 
Andreas Fault. The axis x is directed parallel 
to the San Andreas Fault. They have calcu-
lated then the average velocity profile along 
the y axis, ( )iyv , by discretizing the y axis 
into n=65 layers, with dy=8.7 km. Velocity fluc-
tuations in each layer were also calculated as 

( )i i iyd = −v v v , where vi is the velocity in the 
i-th layer, ( )iyv is the average velocity in the 
i-th layer. It turned out that the fluctuation 
distribution calculated later is significantly 
different from the Gaussian distribution.

To characterize the system’s kinemat-
ics, which is determined by velocity fluc-
tuations, Meroz and Meade also calcu-

lated the correlation function

	
( ) (0)

( )
(0) (0)
r

C r
d ⋅ d

=
d ⋅ d

v v
v v

,	 (3)

were r is a distance between two reference 
points. The authors found that the corre-
lation function is best approximated by a 
stretched exponential function

	 ( / )( ) rC r e
b− x= ,	 (4)

where values b=0.75, and x=92  km ob-
tained by the method of least squares.

In this paper we compare the above sta-
tistical characteristics of tectonic move-
ments with similar characteristics obtained 
in the simulation of 3D shear deformation of 
the granular array with cubic grains. For this 
purpose, the entire volume of the granular 
massif is divided into 20 equal horizontal lay-
ers 6 mm thick and the average velocity < vy > 
is calculated in each layer. The dependence 
of the average velocity on the z coordinate is 
shown in Fig. 6. It is seen that the elements 
at the bottom of the box are motionless, and 
near the cover move at the velocity of 1 m/s 
coinciding with the cover velocity. Between 
these areas there is a transition area where 
the average velocity varies. For this region, 
namely for 0.04 < z < 0.10, fluctuations are cal-
culated and the distribution function is con-
structed (Fig.  7, a). This distribution, as in 
[Meroz, Meade, 2017], is best approximated 
by an exponential function Φ(r)=Ae–r/z.

Fig. 4. The cumulative complementary distribution of 
energy jumps DEc 

of the cover.
Fig. 5. The average disturbances occurrence versus that 
relative to main shock occurrence times.
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In our case, the coefficients are as follows: 
A=473±12, z=0.13±0.02. We also have built 
correlation function (3), which is shown in 
Fig. 7, b. Approximation of this dependence 
by the function of the stretched exponent (4) 
using the method of least squares gives the 
following values of constants: b=0.96±0.05, 
x=0.014±0.001.

Thus, the velocity field in shear deforma-
tion of the model granular medium has similar 
properties to the velocity field in the bound-
ary region, namely, the distribution of fluctua-
tions relative to the mean velocity also has an 
exponential dependence, not Gaussian, and 
the spatially correlated fluctuation function 
is best approximated by the stretched expo-
nent higher than the transition zone in the 
San Andreas fault area.

Concluding Remarks. The simulation re-
sults confirm the complexity of the behavior 
of the granular medium formed from ribbed, 
namely cubic, grains. This complexity is simi-
lar to the complexity that is inherent in the 
natural media in seismic areas. We obtained 
that the shear deformation of the granular 
medium has an intermittent stochastic char-
acter. The vertical movement of the cover, 
which is caused by the dilatancy effect, also 
occurs intermittently. The distribution of the 
cover’s kinetic energy jumps manifests the 
power nature, similar to that for earthquakes. 
Jumps of kinetic energy can be considered as 
the energy of perturbations that radiates the 
granular array into the environment. In addi-
tion, both aftershocks and foreshocks occur 
for large energy spikes, like in natural seismic 
processes.

The distribution of velocity fluctuations is 
also constructed and the correlation of veloc-
ity fluctuations is calculated. The similarity of 
the distributions of velocity fluctuations in the 
model medium and in the seismically active 
region in California, which includes the San 
Andreas fault, is revealed. There is also a simi-
larity of correlation functions: in both cases 
they are functions of the stretched exponent.
This analogy makes it possible to investigate 
in more detail the properties of such complex 
phenomena as earthquakes.

The work is partially supported by the 
projects 0118U000043 and 0118U000044.

Fig. 6. The dependence of the average velocity < vy > 
of the elements on the coordinate z at time t=15.0 ms.

Fig. 7. Distribution of velocity fluctuations dvy and its approximation by exponential dependence (a). Spatial cor-
relation function of velocity fluctuations dvy and approximation of this dependence by the stretched exponent 
(4) (b). Both graphs refer to the time t =15.0 ms.
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Про подібність зсувного деформування  
гранульованого масиву та фрагментованого  

середовища в сейсмоактивній зоні
С. В. Микуляк, В. В. Куліч, С. І. Скуратівський, 2021

Інститут геофізики ім. С. І. Субботіна НАН України, Київ, Україна

У сучасних дослідженнях динамічну поведінку середовища, що знаходиться в 
сейсмогенеруючій зоні на межі тектонічних плит, розглядають як поведінку складної 
відкритої системи, що перебуває в стані самоорганізованої критичності. Такий під-
хід зумовлений як самими закономірностями генерації землетрусів, так і складною 
будовою цієї зони. Мережа розломів і тріщин зумовила суттєву неоднорідність і фраг-
ментованість зони. Тому для моделювання динаміки такого середовища все частіше 
застосовують дискретні моделі. Основою для порівняння моделі та натурного об’єкта 
є статистичні закономірності їх динамічного деформування. З огляду на цю концеп-
цію змодельовано зсувну динаміку гранульованого масиву, утвореного з однакових 
кубічних гранул, та порівняно динамічні статистичні характеристики цієї системи 
з аналогічними характеристиками, що отримані для зони генерування землетрусів. 
Зсувне деформування здійснено за допомогою резервуара, що складається з двох 
частин — рухомої та нерухомої. В рухомій частині також знаходиться кришка, якій 
гранульованим масивом передається кінетична енергія в процесі зсувного деформу-
вання. Для розрахунку зсувної динаміки використано метод дискретних елементів. 
У результаті числового моделювання отримано розподіл стрибків кінетичної енергії 
кришки, які імітують збурення, що передаються від гранульованої системи до зов
нішнього середовища. Отриманий розподіл цих збурень є степеневою залежніс-
тю з показником степеня, властивим для землетрусів (закон Ґутенберґа—Ріхтера). 
До та після великих збурень спостерігаються скупчення менших збурень, аналогів 
форшоків та афтершоків. Побудовано розподіли флуктуацій швидкостей елемен-
тів та обчислено кореляцію флуктуації швидкостей. Виявлено подібність розподілів 
флуктуацій швидкостей у модельному середовищі та сейсмоактивному регіоні в 
Каліфорнії, який вміщує розлом Сан Андреас. Визначено подібність кореляційних 
функцій: як у числовому розрахунку, так і в натурних експериментах вони є функ-
ціями розтягнуної експоненти. Отриманий результат засвідчує, що процес зсуву у 
гранульованому масиві та природний сейсмічний процес у зоні розлому Сан Андреас 
є статистично подібними.

Ключові слова: гранульоване середовище, зсувне деформування, сейсмічно ак-
тивна зона, метод дискретних елементів.
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О подобии сдвигового деформирования  
гранулированного массива и фрагментированной  

среды в сейсмоактивной зоне

С. В. Микуляк, В. В. Кулич, С. И. Скуратoвский, 2021

Институт геофизики им. С. И. Субботина НАН Украины, Киев, Украина

В современных исследованиях динамическое поведение среды, расположенной в 
сейсмогенерирующей зоне на границе тектонических плит, рассматривается как по-
ведение сложной открытой системы, находящейся в состоянии самоорганизованной 
критичности. Такой подход обусловлен как закономерностями генерации землетря-
сений, так и сложным строением этой зоны. Сеть разломов и трещин обуславливает 
существенную неоднородность и фрагментирование зоны. Поэтому для моделиро-
вания динамики такой среды все чаще применяют дискретные модели. Основу для 
сравнения модели и натурного объекта составляют статистические закономерности 
их динамического деформирования. С учетом этой концепции моделируется сдви-
говая динамика гранулированного массива, состоящего из одинаковых кубических 
гранул, и сравниваются динамические статистические характеристики этой системы 
с аналогичными характеристиками, полученными для зоны генерирования земле-
трясений. Сдвиговое деформирование осуществляется с помощью резервуара, со-
стоящего из двух частей — подвижной и неподвижной. В подвижной части имеется 
крышка, которой гранулированным массивом передается кинетическая энергия в 
процессе сдвигового деформирования. Для расчета сдвиговой динамики использует-
ся метод дискретных элементов. В результате численного моделирования получено 
распределение скачков кинетической энергии крышки, которые имитируют возму-
щения, передающиеся от гранулированной системы к внешней среде. Полученное 
распределение этих возмущений характеризуется степенной зависимостью с показа-
телем степени, который свойственен землетрясениям (закон Гуттенберга—Рихтера). 
До и после больших возмущений наблюдаются скопления меньших возмущений, 
аналогов форшоков и афтершоков. Построены распределения флуктуаций скоро-
стей элементов и рассчитаны корреляции флуктуаций скоростей. Выявлено сход-
ство распределений флуктуаций скоростей в модельной среде и в сейсмоактивном 
регионе в Калифорнии, который включает в себя разлом Сан Андреас. Имеет место 
сходство корреляционных функций: они как в численном расчете, так и в натурных 
экспериментах являются функциями растянутой экспоненты. Полученный результат 
свидетельствует о том, что процесс сдвига в гранулированном массиве и природный 
сейсмический процесс в зоне разлома Сан-Андреас статистически подобны.

Ключевые слова: гранулированная среда, сдвиговые деформации, сейсмически 
активная зона, метод дискретных элементов.


