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The position of singular lines for orthorhombic (ORT) media with fixed diagonal
elements of the elasticity matrix ¢;, i=1...6 is studied under the condition that ¢y, ¢,),
C33>C667C44”C55. In this case, the off-diagonal coefficients of the elasticity matrix ¢y, ¢3, €3
are chosen so that some of the values of d|,=c|,tcgq di3=C13FCs5 dyz=Cy3tcyy are zero. For
orthorhombic medium, where the only one of dy,, dy3, d,3 is zero, contains only singular
points in the planes of symmetry. If two or all three dij are zero, then the ORT medium
contains singular lines and discrete singular points. We call such media pathological. A
degenerate ORT medium with positive d,,, d;3, d»; has at most two singular lines, which
are the intersection of a quadratic cone with a sphere. The pathological media may have
up to 6 singular lines on the surface of the slowness. Singular lines for pathological media
are described by more complex equations than conventional degenerate ORT models. The
article proposes to using squares x, y, z of the components of the slowness vector in the
equations. In a new coordinate system, equations defining singular lines for pathological
media become linear or quadratic. Intersecting with the plane x+y+z =1, they define the
straight lines, ellipses, or hyperbolas. If non-zero values d,,, d3, d,3 increase, the singular
lines pass through four fixed points on the plane x+y+z =1, which makes it possible to
describe the evolution of their change. Conditions are derived under which the singular
curves of pathological ORT models are limiting the singular curves for degenerate ORT
models with positive values of d,,, d;3, d,3. Formulas are derived for transforming surfaces
of slowness and singular lines of pathological media into the region of group velocities.
The results are demonstrated with examples of pathological models obtained from the
standard model of the ORT medium by changing the elasticity coefficients c,,, ¢;3, ¢33 SO
that some of the values d,,, dy3, d,5 are zero.
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Introduction. Singular points (axes, di-
rections) in an anisotropic medium are the
directions along which the phase velocities
of plane waves of different types coincide.
The relevance of studying the properties of
singular points arises from the fact that their
presence leads to a complication of seismic
wave fields: in the vicinity of singular points,
the directions of polarization vectors quick-
ly change, and the wave amplitudes become

anomalous. In this regard, there are problems
with the modeling of wave fields and inver-
sion of seismic data. Many works are devoted
to studying the properties of singular points
for media with different types of anisotropy
[Khatkevich, 1962; Fedorov, 1968; Alshits,
Lothe, 1979; Crampin, Yedlin, 1981; Alshits,
Shuvalov, 1984; Musgrave, 1985; Crampin,
1991; Holm, 1992; Darinskii, 1994; Boulanger,
Hayes 1998; Shuvalov, 1998; Norris, 2004;
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Vavrycuk, 2005; Roganov et al., 2019, 2022;
Stovas et al., 2022, 2023]. Orthorhombic (ORT)
media are of special interest for geophysics
due to the fact that they are associated with
a fractured medium and the use of S1- and
S2-waves makes it possible to determine the
direction of fractures [Zeng, MacBeth, 1993;
Roganov, Roganov, 2011].

In [Alshits et al., 1985; Shuvalov, Every,
1997] shows that there are three types of sin-
gular points: conical, wedge and tangent.
Singular points are usually located discrete-
ly, but there are cases when they are located
on singular lines. Such media will be called
degenerate. A typical case of a degenerate
medium is a transversally isotropic medium.
In [Stovas et al., 2023; Roganov et al., 2022]
studied the structure of singular curves in
degenerate ORT media with positive values
of off-diagonal elements of the Christoffel
matrix djpy=cjytege di3=c13+css dyz=cozteaq
where c¢;; are the density normalized stiffness
coefficients. It is shown that for fixed values of
the diagonal elements of the elasticity matrix
c¢;, i=1...6 degenerates belong to the family
of ORT models with one parameter. Singu-
lar curves in these models are given by the
intersection of quadratic cones with sheets
of the slowness surface. It is shown that the
phase velocities along the singular curves are
constant — they are the same at all points of
the singular line.

ORT media that have two or three values
of the dy,, dy3, dy5 equal to zero, are degen-
erate with more complicated singular curves
than in the case described above. If one of the
d|5, dy3, dy5 is equal to zero, the ORT model
contains only discrete singular points located
in the planes of symmetry [Boulanger, Hayes
1998].

In this paper, we continue the study of
singular curves for ORT media with two or
three zero values d|,, d;3, dy;. We will call
these media pathological. The change of
singular curves in pathological ORT models
with an increase of non-zero values d,,, dy3,
d,5 are studies in the article. Conditions are
derived under which the singular curves of
pathological ORT media are the limiting sin-
gular curves for degenerate ORT models with

ISSN 0203-3100. Geophysical Journal. 2023. Vol. 45. Ne 2

positive values d;,, d}3, d,3. Formulas for the
images of the slowness surfaces and singu-
lar lines of pathological media in the region
of group velocities are derived. The results
are demonstrated on examples of pathologi-
cal ORT models obtained from the standard
ORT model [Schoenberg, Helbig, 1997] by
changing the elasticity coefficients cy,, cy3,
3 50 that some of the values dy,, d,3, d,; were
equal to zero.

Theory. An orthorhombic medium is de-
scribed by the Christoffel matrix

ap d,mn, d;mn,
A:(aij)z d,mn, ay dymyny |, (1.1)
dmny  dyn,n, Ay3

where

Ay =C I +CogMy +Cssly | Ay =Coglty +Coplly +Cyy 1ty
Ay = Cogh + Cuylts + Cyit diy=c|ytcge dj3=Ci3T
Cij — density normalized
stiffness coefficients, ¢;— components of di-
rection vector, n} +n; +n; =1,

tess dyz=cyzteyy

Denote A iCir ¢ i#. We also assume that

'
(011,02236’33) > Coq > Cyy > C55 >0,

d,>0, d,>0, d,>0.

13 =

(1.2)

When the inequalities (1.2) are satisfied,
there are no singular points in an orthorhom-
bic medium located on the symmetry axes.

The singular point (direction) is the value
of the direction vector n=(n,,n,,n,) or slow-
nessvector p = ( D> Das Ds ) , at which the phase
velocities of S1, S2 or gP waves are equal.

Let us denote

2 2 2

Gy =C\Pi +CDy T Cssp3 — 1,
2 2 2

Gy =CesD; +CpD; +Cyup; —1,

q; zcsspl2 +c44p22 +c33p32 -1, (1.3)

If two or three values d,, d|5, d,5 are equal
to zero, then the Christoffel matrix is repre-
sented by two or three blocks, respectively.
We will use the splitting of the slowness
surface into sheets, taking into account this
block structure of the Christoffel matrix. For
example, if d|,=d|3=d»;=0, then the sheets 1,
2, 3 are determined by the equations ¢;=0,

Q2:O, CI3:0.
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Location of singular points in planes of
symmetry. The position of the singular point
in the ORT-medium in the plane of symmetry
(m, k) mk=1, 2, 3, m<k is determined by the
equality to zero of the three main 2x2 — mi-
nors of matrix A — va , where v, — phase ve-
locity, I — unit 3x3 — matrix. The remaining
three (off-diagonal) minors of this matrix in
the symmetry planes are equal zero identical-
ly. Ifd, ; >0, the resulting system of equations
for the plane of symmetry (m, k) reduces to a
single equation [Musgrave, 1981; Roganov et
al., 2022] for the variable x=mn; /n? :

x*+2R x+T, =0, (1.4)
where
R. = _dlzz + A15A24 + A65A64 T. = AISAGS
12 — r 412 — ]
2A64A24 A64A24
R13 — d123 _A16A34 _A45A65 ’ T13 — A16A65 ’(1.5)
2A45A34 A45A34
R. = _d223 + AzeAss — A45A64 T. =— A26A64
23 T 1123 T .
2A45A35 A45A35

Therefore, the position of singular points
in the plane of symmetry (m, k) at d,,;, >0 de-
termined by the roots of the quadratic equa-
tion (1.4), and the number of singular points
in each plane of symmetry in the first octant
does not exceed 2.

If d,; =0, in the plane of symmetry (m, k)
Christoffel matrix (1.1) is diagonal and direc-
tion vectors of singular points in this plane
satisfy the equation (ay;—ay;)(ay;—az3)(ay—
a33)=0. When d|,=0 there is one singular point
in the plane of symmetry 12 in the first octant:

2
Bt (1.6)
no Ay

If d|3=0, there are 3 singular points in the
plane of symmetry 13 in the first octant:

w A (m) A
n12 Ay, ’ n12 Ays ’
A
n12 Ay ’

and if d»3=0, there are 2 singular points in the
plane of symmetry 23 in the first octant:

(1.7)

1 2
]
n, Ay '\ m; A,

With different combinations of zeros and
positive numbers among d,, d,3, d,3, formulas
(1.4)—(1.8) determine all singular points in
the planes of symmetry of the ORT model.
There are no singular lines inside the planes
of symmetry. However, a singular point in a
plane of symmetry may belong to a spatial
singular line that intersects this plane of sym-
metry.

Location of singular points in-between
the planes of symmetry. We will assume that
in the singular point n,n,n3#0, i.e., this point
is in-between the planes of symmetry of the
ORT medium. Equality to zero of three off-
diagonal matrix minors A —v;I leads to the
system of equations

2 2
(a33 _Vf)dlz =ddyn;

2 2
(azz —Vy )d13 =d,dyn;,

2 2
(all —Vy )d23 =d,dn; .

(1.9)

If d|,>0, d|3>0, d»3>0, from the system of equa-
tions (1.9) it follows the vanishing of another
three (diagonal) minors of the matrix A - vﬁ-l :

2 2\ _ 4222
Ay =V, Ay —V, ) =aphn,,
2 2\ _ 422 2
Ay =V, sz =V )= a0 0y,

2 2\_ g2 22
(azz _Vf)(a33 _vf)_ dynyns .

(1.10)

Therefore, in this case, all 2x2 minors of
matrix A— va are equal to zero and the roots
of the system of equations (1.9) determine the
position of singular points or singular lines
in-between the planes of symmetry [Roganov
et al., 2019].

Consider the ORT model for which some
values d;;, i <j are equal to zero.

Let, d|,=d|3=d,;=0. In this case, the Christ-
offel equation is given by

(v; —all)(vj. —azz)(vj. —a33)=0 . (1.11)

The equation (1.11) has a multiple root at

a point (ny, ny, ny), if at this point is true the
equality

Uppllysiyy =0,

(1.12)
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where
u,=a. —a,=An>—A,n>—A,n’
12 =4 — Ay = BN 2 453
_ _ 2 2 2
Uy =ay, —ay =2 +Agyn, —Aysng (1.13)

Uyy =0y —dy3 = A65n1 + A24n§ - A34"32 .
Therefore, when d|,=d|;=d,;=0 there are
three singular lines satisfying, respectively,
the equations u,=0, u;3=0, u,3=0. These three
singular lines coincide if the expressions u,
and u;; proportional. For this it is necessary

and sufficient that the relations
=AMy +AA, =0,
L =AAy —AisAs =0,
=00 —AGAs =0,

(1.14)

are satisfied. These relations are a conse-
quence of the equality to zero 2x2 — minors
of the matrix composed of the coefficients in
the expressions u, and u3.

When the inequalities ¢, >0, i=1,2,3 are
satisfied, three singular lines (1.13) are differ-
ent and intersect at a point with coordinates
n'in; :n32 =t :t, :t;. This is the triple singular
point at which all three sheets of the slow-
ness surface intersect. Variables f,,t,,f; are
linearly dependent, so that if two of them are
equal to zero, then the third variable is also
equal to zero.

Let among the values d,,, d3, dy3 only one
dl-j is equal to zero. Such a case in the article
[Boulanger, Hayes, 1998] is called pathologi-
cal. If a d|,=0, d|3#0, d,3#0, then from the first
equation (1.9) follows that n;=0. Likewise,
from d|5=0, d|,#0, d»3#0 and the second equa-
tion (1.9) follows that n,=0 and finally from
dy3=0, d|,#0, d|3#0 and the third equation (1.9)
follows that n;=0. So, if only one value dl-j is
equal to zero, there are no singular points and
lines in-beween the planes of symmetry.

Let us consider ORT model with two values
d;=0, and the third value d,,,>0.

Let, d|,>0, d|3=d,;=0. In this case, the
Christoffel equation is given by

Fz(a33 —v;)[(a“ —vjz,)x
x(a22 —vj)—d,gnfnj]:o.

This equation has multiple roots when

(1.15)

UpsUyy —

dinin; =0, (1.16)
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or when the discriminant D of quadratic equa-
tion (vj a, )(vf a, ) —d}n’n; =0 relatively
to v} is equal zero. If nyn, # 0 and d;,>0, then
D=(ay, —ay) +4dinn} >0 and all singular
points, located in-beween the planes of sym-
metry or in the plane of symmetry 12, are de-
termined by the roots of the equation (1.16).
Similarly, when d;,=0, d;3>0, dy;=0 or
d|,=d|3=0, dy;>0 singular points in-between
the planes of symmetry or in the correspond-
ing plane of symmetry 13, 23, are determined,
respectively, by the root of equations

UppUyy + d13n1 n3 =0,

dymin; =0.

(1.17)
(1.18)

The equation (1.16) in symmetry planes 13
and 23 is equivalent to the equation u;u,3=0.
Therefore, the singular curves given by the
equation (1.16), intersect symmetry planes 13
and 23 at points independent of the value d,.
The coordinates of these intersection points
also satisfy the equation (1.12). Similar state-
ments are also valid for the equations (1.17)
and (1.18). They define singular lines that in-
tersect the planes of symmetry 12 and 23, and,
respectively, 12 and 13, at points that do not
depend on the values d|; and d,;.

Let us define the conditions when the sin-
gular curves (1.13) are the limit of singular
curves of degenerate ORT media with d;,>0,
d3>0, d»3>0 [Roganov et al., 2022].

For the ORT medium to be degenerate and
contain a singular curve at d;,>0, d|3>0, d,3>0
itis necessary and sufficient to satisfy the fol-
lowing relations [Roganov et al., 2022]:

Uplys —

PIVAN
S = Ay + Ay + 52—
Vi —Ce
AL A
f13:A24 A65+ 245 = ' (1.19)
Vi —Css
A A
fzs_Am"'Aﬁ_ 245 - '
Vi —Cy
where
122 :f13f23, d123 :flzfzsa d223 :f12f13v(1-20)

and vy is the phase velocity on a singular
curve, which must belong to one of the inter-

vals (055, 044) or (044, C66).
From formulas (1.20), it follows that the
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limiting cases
d1>0, d370, dp3=0,
d15=0, d3>0, dp3=0,
d15=0, d 370, dp3>0
are equivalent to conditions
/1270, /13>0, f3>0,
11220, /1370, /23>0

/1220, f15>0, f3=0,

respectively. A similar statement was obtained
in [Boulanger, Hayes 1998].
Consider the cases

and

d,>0,d;—>+0, d,;, >+0,
d, —>+0,d;>0, d;—>+0,

d,>+0,d,—>+0,d;>0. (1.21)
Substituting values f],=0, /30, /,3=0 in the
first, second and third formulas (1.19), we de-

rive for the corresponding limiting values of
2

ey
I

Vo= C33C66 — C44Css
TN AL
*+ Ags
") _ C2Cs5 — CyyCss
f 137 !
Ay —Ags
) _ C11€44 — Cs55C%6 1.22
Vi = (1.22)
A —A

15 64

Then, substituting each v_?- from equation
(1.22) into the other two formulas (1.19) and
using the formulas (1.20), we obtain for the
cases (1.21) positive (not tending to zero) val-
ues of dy,, dy3, dys:

g tt, d = 1t
12 [
A34A35 A24A26
tt
d, =—2—. (1.23)
A15A16

Singular line of a degenerate ORT model
at d;,>0, d;3>0, d,;>0 satisfies the equation
[Roganov et al., 2022]:

i

P z >
Vie—=Cy Vy—Cs Vp—Cg

=0. (1.24)

Substituting the values of the phase veloc-
ity v from the relations (1.22) in (1.24), we

obtain the equations of singular curves for the
cases (1.21):
S —ALA

+ALALT =0,

34113

S, = AgsA

35”1
13 = A5 Aty + Ay Ay s + Ay A ns =0, (1.25)

Sy = A A G + A A —AAns =0,

16”1 64”2

Note that if the inequalities (1.2) are sat-
isfied, the equation s;3=0 has no real roots.
Equations s,,=0, s,3=0 define the curves with
projections onto the plane 12 being ellipses.

When the relations (1.23) are satisfied, for-
mulas (1.16)—(1.18) describing the singular
lines for the cases

d1>0, d 370, dp3=0,
d1=0, d13>0, d3=0,
d15=0, d 370, dp3>0,

respectively, can be given by

2.2 2 g
—d> 12_1212:0

Ay Ass
2 2 2 51383
—Upylyy —dymny =—=>-=0, (1.26)
Ay Ay
2 2 2 $38n
Uplhyy —dyynyng = =0,
AjsAg
where
& =4 A34"1 +A, A35”22 —A34A35n32,
1 = DA + A Ay = Ay Agny, (1.27)
813 = AI5A16nI _A15A26n2 —A16A35n32 .

Therefore, every singular line consists of
two components, one of which is the limiting
singular line s;=0 with d; ;~0. On the limiting
singular lines s12 0, 51370, 553=0 (if they ex-
ist) the phase velocities are constant and de-
termined by the formulas (1.22). On singular
lines g,=0, g13=0, g,3=0, the phase velocities
may be different for different points on the
curve.

From the relations (1.20), it follows that the
degenerate case d|,=0, d;3=0, d»;=0is the limit
of case d|,—+0, d|3—+0, d);—+0 if and only if
two or all three values of f},, f|3, />3 are zero.
From (1 22), it follows that the values vi 2

“3, “3, corresponding tof =0, should be
the same. Since,
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t1A65
Ass + A64 )(A24 - A65 )

2 2
Vi = V53 —(

t,A
V2- —VZ. — 2764 ’ (1.28)
e e (A35 + A64)(A15 _A64)

Vo = t3A45
o o (A24 - Aes )(AIS - A64 )

then the limit d,,—+0, d;3—+0, d,3;—+0 exists
in two cases: when only one of the values ¢,

ty, t; equal to zero, or when #,=t,={;=0. ‘

If 1,=0 thenf},=f;;=0 and f; =——=——.In
Si2 8135 Ay Ay
this case u,; =—==—-—"—"=- and singular line
A35 A64A45

u;=0 coincides with the limiting singular line
for velocity v}, =V}, from (1.22).
Similarly, if #=0, then f,=f,3=0 and
ﬁs — t_l — Z3A34
ASS A35A65
line u,;=0 coincides with the limiting singular
line for velocity V;JZ = vj,z} .

. In this case, the singular

Finally, if #=0, then f;=/,3=0 and
t t,A
fi, =——=—-—"2-1In this case, the singular
A26 A26A65

line u;,=0 coincides with the limiting singular
line for velocity v}%,ls = v;’zz, .

If 1,=t,=13=0, then f|,=f|3=/>3=0. In this case
Vi =V}, =V;;;=V;, and all equations u;=0
define the same singular line (triple), which
is the intersection of the surfaces a; = v_/z, ,
i=1, 2, 3 This line coincides with the limiting
singular line at all dl-j—>+0.

Note that for any pathological ORT model
and a point on its singular line, there exists a
non-degenerate ORT model with a singular
point arbitrarily close to the chosen point of
the pathological medium. To find parameters
dj; for this medium enough to solve system of
equations (1.9) for dii at given singular direc-
tion (ny, ny, n3).

Equations (1.12), (1.16)—(1.18), (1.24)—
(1.26) are homogeneous with respect to the
variables ny, n,, n;. Therefore, they remain
valid when these variables are replaced by
components p;, p,, p; of slowness vector.

Location of singular lines in the region
of group velocities at d;,=d3=d,;=0. When
d|,=d|3=dy;=0, there are three singular lines

ISSN 0203-3100. Geophysical Journal. 2023. Vol. 45. Ne 2

that satisfy the equations u,,=0, u;3=0, u,3=0
(1.12). They are intersections of slowness sur-
faces satisfying the equations ¢,=0, g,=0, ;=0
respectively. The slowness surfaces are ellip-
soids, and their images in the region of group
velocities are also ellipsoids. Let us show this
by the example of a surface satisfying the
equationg,=0. Since, Vg, = 2(011171 > Ce6 P2 055]?3)
and Vgq,-p=2, then the components of
the group velocity vector for the first slow-
ness surface are found by the formula
v :(Vl’ Vs Vs ):V%/(V% ‘p):(cnpla Ce6 P25 Css D3 )
Substituting values p, =v,/c;;, P, =V,/C,
p; =V;/css in the expression ¢,=0, we obtain
the equation for the image of the first surface
in the region of group velocities

2 2 2
V, % v
_1+_2+_3:1_
€1 Ce  Css

(1.29)

Substituting these values py, p,, p5 in the
expressions u;,=0, u;3=0 for singular lines,
which are, respectively, the intersection of
slowness surfaces 1 and 2, as well as— 1 and
3, we obtain the equations for the images of
these singular lines on the surface (1.29):

2 2 2
Agvi  Ayv, Ay -0
2 2 2 Y
i Ces Css
AV ANV AW
Vi BeaVs  BssVs g (1.30)
2 2 2
c c c

11 66 55

Similarly, the images in the region of group
velocities of the second and third slowness
surfaces g, =0, ¢, =0 are given by paramet-
ricrelations p, =V, /Ce , P, =V,/Cp , Py = V3]
and p =v/cs, py=W/cy, pi=Vv;/cy;, Te-
spectively. Consequently, the images of slow-
ness surfaces 2 and 3 in the region of group
velocities satisfy, respectively, the following
equations

LA A (1.31)
C66 C22 c44
2 2 2
hopn B (1.32)

Equations of image of singular lines u;,=0,
u3=0, lying in the region of group velocities
on the surface (1.31) are given by the form:
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2 2 2
Ay _ Ay _ Aysvs -0
2 2 '
Ces Cp Cyy
AV AV ALV
6sV1 e 34Y3
—+——-—>-=0. (1.33)
Ces Cx Cus

Finally, the equations for the images of sin-
gular lines u;3=0, u,3=0, lying in the region
of group velocities on the surface (1.32) look
like:

2 2 2
Asvi  Agvy Ay -0
2 2 2 T T
Css Cas C33
A v AV ALY
6sV1 2uYs 34V _
—t+———-——">—=0. (1.34)
Css Cyq C33

Note that each singular point p=(p;, p,, p3)
from the phase region located on the line of
intersection of two slowness surfaces, there
correspond two points v=(vy, v, v;) located on
different group velocities surfaces. For these
points, the equality, p;v,tp,v,tp;v;3=1, define
a plane with direction vector p in space with
coordinates vy, v,, v5. This plane is tangent
to the images of the corresponding slowness
surfaces at the two points under consideration
v. The image in the region of group velocities
of the point of intersection of the three slow-
ness surfaces is the three points of contact of
the common tangent plane with the images
of the three slowness surfaces.

Location of singular lines in the region
of group velocities at d;,>0, d;3=d,;=0.
Among pathological ORT media with dl-j>0
let's look at one example where d;,>0,
d|3=d»;=0. For this medium, the slowness
surface is described with the equation
(q1q2 ~dp} pi)q3 =0 and consists of three
sheets. The first two of these sheets satisfy
the equation k, =¢,q, —d,p.p; =0, and the
third sheet satisfies the equation ¢;=0. Ear-
lier it was shown that the image in the region
of group velocities of the third sheet satisfies
the relation (1.32). Using parametric relations
P = 1/055 v P2 :Vz/c44 D3 :V3/C33 and equa-
tion (1.16), we obtain a relation for the image
of singular lines in the region of group veloci-
ties located on the surface (1.32)

AV AN A
[151_'_ 6472 353X

2 2
Css Cyy C33

2 2 2

Agvi Ay Ayyg

x PR S -

Css Cyy C33
2.2.2

~Sin g, (1.35)
C44Css
Image of surface k,=0 in the group ve-
locities region is determined by a high de-
gree equation and is not given in the article.
However, one can obtain simple parametric
formulas for the image of this surface using
the formula

, zaku/(pl Ohy , ) ks aknj:
op; op, op, op;

=D (Cn‘]z +Ce6q: _d122p§ )/(% + %) '

V2 =P (%6‘]2 + g, —dppy )/(ql +C[2) '

v, = ps(essty + ) /(4 +4,) . (1.36)

Similar results are valid for the cases d;;>0,
d\,=d»;=0 and d,3>0, d|,=d|3=0.

Numerical examples. In the numerical ex-
amples and in the figures, the density normal-
ized elasticity coefficients will be represented
in the dimension km?/s? and the velocities are
in the dimension km/s.

To illustrate the above statements, we con-
sider ORT media, in which the diagonal ele-
ments of the elasticity matrix coincide with
the elements of the standard orthorhombic
medium [Schoenberg, Helbig, 1997]

C11:90, 022:984, 033:59375,

These elements satisfy the inequalities
(1.2). The remaining elements are given by the
equalities ¢|y=d|y~Cq6, €137d13C55, C23=da3Ca45
with different d,,>0, d,3>0, d,3>0. The Christ-
offel matrix for such a medium is determined
by the formula (1.1).

Equations (1.16)—(1.18) are biquadratic
with respect to the variables n;, n,, n;. To-
gether with the equation n+n + n32 =1,
they determine the position of the singular
lines in pathological media with one non-zero
value dij. To understand what the correspond-
ing singular lines look like, we perform the

change of variables x=n}, y=n;,z=n; . With
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new variables, the equations (1.16)—(1.18) de-
fine quadratic cones that intersect the plane
x +y+z=1 along ellipses, straight lines or
hyperbolas. The parts of these curves that are
in the region 0<x, y, z<I, determine the posi-
tion of singular curves in the first octant. If all
dl-j=0, then the sheets of the slowness surface
(1.12) in coordinates (x, y, z) are planes that
intersect along singular straight lines. Posi-
tion of singular curves in coordinates (x, y, z)
on plane x+y+z=1 we annotate as a diagram.

Fig. 1, a shows a diagram for a pathologi-
cal ORT medium with elasticity coefficients
(1.37) and parameters d,=d|3=d,;=0. Fig. 1,
b shows sheets 1, 2, 3 of the slowness surface
of this medium in the first octant, given by
the equations ¢,=0, ¢,=0, ¢;=0. Sides xz, yz,
xy of the triangle of the diagram in Fig. 1, a
correspond the planes of symmetry 13, 23, 12
in the coordinates (p;, p,, p3) of the slowness
vector in Fig. 1, b. The total number of closed
singular lines for this medium is six.

The images of the sheets of slowness sur-
face in the region of group velocities are el-
lipsoids that satisfy the formulas (1.29), (1.31),
(1.32). These ellipsoids, together with the im-
ages of singular lines, are shown in Fig. 1, c.
The image of a triple singular point M are
three points M|, M,, M5, in which the images
of the singular lines intersect. These points
are the tangent points of the common tan-
gent plane to the images of the three slow-
ness surfaces 1, 2, 3. Because, at d|,=d|3=d,;=0

Christoffel matrix diagonal, its eigenvalues
coincide with the diagonal elements, and the
eigenvectors are located along the coordinate
axes, regardless of the direction vector. The
sheets of the slowness surface in Fig. 1, b are
indicated by numbers 1, 2, 3. The lines of their
intersection, in Fig. 1, a are indicated by pairs
of this numbers. Capital letters indicate the
points of intersection of singular lines in the
coordinates (x, y, z) with the sides of the tri-
angle or their extensions. From equalities
(1.6)—(1.8) the values of the ratios of the co-
ordinates of these points follow:

Yo_ B __gora Yr B

=0.89,
XQ A24 ‘xF A26
A
e o D15 40,659,
Xr Ag
XA A34 xC A35
A
Ze D16 17,045, (1.38)
Xg 45
Zo B _goap Zn_Bu g9y
Yo Ass Vs Ay
A
Zr D3 19145,
Yp Ay

In Fig. 2 are shown sections of the slow-
ness surface by symmetry planes 12, 13, and
23 for the case d,=d|3=d,;=0. Letters A—F
denote singular points in the symmetry
planes. Fig. 2, b shows that all three sheets

Fig. 1. ORT media with d|,=d|3=d,;=0: diagram (a); three sheets of the slowness surface in the first octant (b); im-
ages in the group velocities region of slowness surfaces and singular lines (c).
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of the slowness surface intersect in the plane
of symmetry 13. Note that for an ORT media
with positive values dl-j a maximum of two such
intersections are possible, since the number
of intersections is determined by the number
of roots of the quadratic equation (1.4).

Ds P

0,8
0,6
0,4

0,2

In Fig. 3—>5 are shown diagrams and sin-
gular lines on the corresponding quadratic
surfaces ¢,=0, ¢,=0, g;=0 for pathological ORT
media with a non-zero value of one of the pa-
rameters dy,, dy3, d3.

In Fig. 3 are shown diagrams and slow-

b,

0 02 04
b c

06 08 0 02 04 06 08 P

Fig. 2. Sections of the slowness surface at d,,=d|3=d,;=0 in different planes of symmetry: p;=0 (a), p,=0 (b), p3=0 (c).

Fig. 3. Diagrams and singular lines on quadratic slowness surfaces for ORT media with different values of the
parameters dl-j: d\,=2, d|3=d»3=0 (a, d); d|372, d|,=d»3=0 (b, e); d3=2, d|,=d5=0 (c, f).
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ness surfaces for one non-zero dl-j with value
2. Comparing Fig. 3, a—c with Fig. 1, a, we
see how the positions of singular lines on the
diagram changes under perturbation of one
parameter dij. In this case straight line ij on the
diagram, formed by the intersection of sheets
i and j, disappears and the other two straight
lines are deformed into hyperbolas. One end
of the line jj, belonging to the plane of sym-
metry (ij), disappears, since it is controlled
by one of the equations (1.16)—(1.18). The
second end of thisline isin a plane of symme-
try different from (ij). This point is preserved
and becomes a discrete singular point. Dis-
crete singular points E, D, A in Fig. 3—5 are
marked with black circles. If value of one of
nonzero parameters d,,, d;3, d,3 change, the
position of the four points, through which the
singular curves pass, are preserved: 4, B, C,
D — for d,>0, O, P, F, B— for d|5>0 and F,
C, R, E — for d,3;>0. Points 4, B, C, D do not
belong to the side xy of the triangle, O, P, F, B

do not belong to the sidexzand F, C, R, E do
not belong to the side yz. When we pass from
coordinates (x, y, z) to the coordinates of the
slowness vector (py, p,, p3), we obtain singular
lines, shown in Fig. 3, d—f. Singular lines in
these figures are placed on the corresponding
quadratic slowness surfaces. Note that com-
plex value of the slowness vector corresponds
to the point located on the extension of the
side of the triangle. These points are needed
to study the dependence of the position of
singular curves with change of nonzero dl-j.
With an increase of non-zero parameters
dl-j hyperbolas in diagrams change positions
with the fixed points of intersection listed
above. When the value of one of the param-
eters d|,=7.202, or d|3=5.666, or d,;=5.527, and
zero values of the rest dl-j, the hyperbolas in
the diagrams are straight lines (Fig. 4, a—c).
These are the cases of pathological ORT me-
dia when their singular curves are the limit
of singular curves of degenerate ORT media

0P

Fig. 4. Diagrams and singular lines on quadratic slowness surfaces for ORT media with different values of the
parameters d;;: dy,=7.202, dy3=d)3=0 (a, d); d|3=5.666, d|,=d,3=0 (b, e); d,3=5.527, d,,=d,3=0 (c, f).
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with positive values dl-j. The equation (1.26) Vo=1.469, v3=1.252, v,3=1.418. On Fig. 4, b
describe two different singular curves de- the singular curve s{3=0 located out of tri-
fined by equations Sij=O or gl.j=0. The limiting angle.

singular curves in Fig. 4 are marked as sy,, Further increase of non-zero parameters
$13: $23- On these curves, the phase velocities  d;;leads to the deformation of straight singu-
are constant and satisfy the formulas (1.22): lar lines on the diagrams into elliptical ones,

Fig. 5. Diagrams and singular lines on quadratic slowness surfaces for ORT media with different values of the
parameters dl]' d12=8, d13=d23=0 (a, d), d13=8, d12=d23=0 (b, e), d23=8, d12=d13=0 (C, f).

Fig. 6. Slowness surfaces 1, 2, 3 for an ORT medium with d;,=8, d;3=d,3;=0 (a). Images of these slowness surfaces in
the group velocities region (b). Image in the group velocities region of the slowness surface 3 and singular lines (c).
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which pass through the four fixed points list-
ed above. In Fig. 5, a—c are shown diagrams
for nonzero dl-j=8. In this case, only sections
of the ellipses that are inside of the triangle
make sense. The maximum number of such
sections is 3, as shown in Fig. 5, a. To each
section of the ellipse in the region of slow-
ness corresponds a part of a separate singular
line, located in the first octant. In Fig. 5, a—f
also shown discrete singular points E, D, 4,
remaining from the singular lines with per-
turbation in one of zero d;;.

In Fig. 6, a are shown three slowness sur-
faces for model with d,,=8, d|3=d,;=0. The
intersection lines of surfaces 1 and 3or 2and 3
defined two singular lines. Also, in Fig. 6, a an
isolated singular point E is shown. In Fig. 6, b,
the image of slowness surfaces are shown for
the model with d,,=8, d|3=d,3;=0in the region
of group velocities. The lines of intersection
of the images of slowness surfaces in the re-
gion of group velocities do not coincide with
the images of the singular lines. Positions of
singular lines in region of group velocities
are similar to their positions in the region of
phase velocities (Fig. 5, d). They are shown
in Fig. 6, c placed on the image in region of
group velocities of the slowness surface g;=0.

Conclusions. The position of singular
lines for orthorhombic (ORT) models with
fixed diagonal elements of the elasticity ma-
trix ¢;;, i=1,...,6 is studied under the condition
that ¢y, ¢5y, €33>C66>Ca4>C55. In this case, the
off-diagonal coefficients of the matrix elastic-
ity ¢,, €13, ¢p3 are chosen so that some of the
values of djy=cjytegq d137¢131¢ss, dyz=Caztess
are equal to zero. An orthorhombic medium,
in which only one of the values d|,, d3, dy;
is zero, contains only singular points in the
planes of symmetry. If two or all three val-
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BAacCTUBOCTI CHHTYASIPHUAX TOYOK B 0OCOOAMBOMY BUIMAAKY
OPTOPOMOIYHUX CepeAOBMII]

IO.B. PoraHOB’, A. CTOBHCZ, B.IO. POF&HOB3, 2023

!Tesseral Technologies Inc., KuiB, Ykpaina
ZHOpBe?,BKI/Iﬁ VHIBEPCUTET NPUPOAHUYHNX i TEXHIUHUX HayK, TpoHxeriMm, Hoperisa
*lHcTuTyT KiGepHeTnky im. B. M. Taynkosa HAH Ykpaiuu, Kuis, Ykpaiza

BuBueHO po3TallyBaHHS CUMHTYAIPHUX AiHIN And opTopoMbiunux (OPT) cepepoBuin
i3 (piKCOBaHUMHU AlaTOHAABHUMHU eAeMeHTaMU MaTpUIli IPY’KHOCTI Cijr i=1...6 3a yMOBH,
IO €y, Cyni €337Ch67Chq™Cs5. [IPU ILOMY HEAlATOHAABHI KOeDIillieHTH MaTPHUIIi IPYKHOCTI
C19 €131 Cy3 BUOPAHO TaK, 10 ASAKI 3HAYEHHS d|,=C|yTCs d137C131C55, dyz=Cy3tCyy AOPIB-
HIOIOTh HyAIO. OpTOpPOMOIYHE CepeAOBHILe, Y SIKOIO TIABKK OAHE i3 3HAUYEHbD d,y, di3, dy3
AOPiBHIOE HYAIO, MiCTUTB AUIIEe CUHTYASIPHI TOUKM B IMAOIIMHAX CUMeTpii. SIKI0 ABa 4u BCi
TPHU 3HaUEHHS dij MOPIBHIOIOTE HYAIO, TO Ile O3HAaYae, [0 CepeAOBUIIe MiCTUTh CUHTYASIPHI
AiHIT i AMCKpPeTHI CUHTYASIPHI TOUuKHU. Taki cepepoBHIlla MU Ha3UBAEMO ITaTOAOTIUHUMM.
Bupoaxene OPT-cepepoBullie 3 O3UTUBHUMU d |y, d|3, dy3 Maec LIOHAUOIABIIE ABI CHUH-
TYASPHI AiHiI, SKi € HepeTHHOM KBaAPaTUYHOTO KOHyca 3i cdpeporo. [TaTororiuHe cepea-
OBHIIe MOJKe MaTHU AO IIeCTU CUHTYAIPHUX AiHIM Ha HOBepXHi NOBIABHOCTI. CUHTYASPHI
AiHIT AAST TATOAOTIUHUX CEPEAOBUII] OIUCYIOTh CKAAAHIIIIMMHY PiBHAHHSIMU IOPIBHAHO i3
3BUYarHuMU BUpopkeHuMu OPT-cepepoBuiiaMu. 3aIpoIIOHOBAHO BUKOPHUCTOBYBATH B
PIBHAHHSIX 3aMiCTh KOMIIOHEHTIB BeKTOpa IIOBIABHOCTI 1XHi KBaApaTH X, y, z. Y HOBil cuc-
TeMi KOOPAUHAT PiBHSIHHS, 110 3aAAI0Th CUHTYASIPHI AiHIl, CTaIOTh AIHIMHUMM 41 KBajApa-
TUYHUMMU. [ lepeTuHalounch i3 NAOIIMHOIO x+y+z =1, BOHM BU3HAYaIOTh IIPSIMi AiHIl, eAinicu
4y TinepOOAH. Y pasi 3pOCTaHHSA HEeHYALOBUX 3HAYEHb dy, d3, dy3, I AHII IPOXOAATH
yepes YOTUPHU (PiKCOBaHI TOUKH Ha TAOIIMHI x+y+z =1, 1110 AQ€ 3MOTY OTTMCATH €BOAIOIIITO
iX 3MiHM. BuBepeHO yMOBY, 3@ SIKUX CUHTYASIPHI KpuBi naToaoriuaux OPT-cepepoBuil €
TPAaHUYHUMHU CUHTYASIPHUMU KPUBUMU AAS BUpPOoAKeHuX OPT-cepepoBull 3 AOAQTHUMU
3HAUEHHSAMHU d|,, d|3, dy3. BuBepeHO POPMyAN AAST TEPeTBOPEHHS MOBEPXOHE IIOBIABHO-
CTi Ta CUHTYASIPHUX AiHIY TaTOAOTIYHUX CEePEeAOBUII y OOAACTh IPYIIOBUX IIIBUAKOCTEH.
Pe3yabpTaTi IpOAEMOHCTPOBaHI Ha MPUKAAAAX ITQTOAOTIUHUX CEPEAOBHUIN, OTPUMAHUX 3
MopeAi ctanpapTHOro OPT-cepepoBuIna 3MiHOIO KODIIIEHTIB IPYKHOCTI ¢, €3, Cp3 TAK,
00 AesIKi 3HAUeHH d|,, d|3, dy3 AOPIBHIOBAAM HYAIO.

KAro4oBi caoBa: CUHTYyASIpHA TOUKA, pa30Ba MIBUAKICTh, MaTpullsa KpicTodeasd, opTo-
poMOiuHe cepepOBHUIIIE.
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