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1.  Introduction. From the multitude of 
geohazards, earthquakes belong to those 
few phenomena that remain to this day un-
foreseeable, which, ever since, pose a con-
siderable threat to people and infrastructure. 
Over centuries, efforts were undertaken to 
associate earthquakes with other phenome-
na such as, e.g., astronomical phases and the 
Earth’s tides, animal behavior, and geophysi-
cal measurable processes, with the result 
that — in contrast to other geohazards — 
earthquakes do not announce themselves. 
Even if tremors can let expect an event, pre-
cursor times are usually too short to take 
measures to prevent disasters, and magni-
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tudes are incalculable in advance. The lite
rature discusses only a very small number of 
earthquakes being — possibly — predicted. 
One of them is the Haicheng Earthquake 
that struck North-Eastern China on 4th of 
February 1975 with a moment magnitude 
(mw

1) of 7.0 [USGS, 2023], but, similar to the 
other cases, vivid discussion is to be found 
scrutinizing the true success (e.g., [Wang et 
al., 2006]).

To master the problem of unpredictabi
lity, scientists have, so far, resorted to time-
series analysis of event records and pro

1 for all variables cf. Section S1 in the supplement.
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bability theory, which nowadays is an entire 
subfield of seismology with an abundance of 
literature whose overview would go beyond 
the scope of this publication.

Typical probabilistic approaches start 
with magnitude-frequency distributions and 
derive therefrom likelihoods of occurrence 
of certain magnitudes. The most popular, 
and thoroughly legitimate, question of ana
lysis is: «How likely is it for an event of a cer-
tain magnitude to take place?» Figuratively 
the question is, thus, directed from the ab-
scissa (usually representing the magnitudes) 
to the ordinate (usually representing the re-
spective probabilities per magnitude) in a 
classic magnitude-frequency graph.

This work presents a statistical approach 
to earthquake probabilities in the opposite 
direction; instead of deducing event pro
babilities to certain magnitudes, another 
question is expressed from the ordinate to-
wards the abscissa: «Assuming an almost 
certain event probability (i.e., 95%), what 
magnitudes can be reached, and which mag-
nitudes beyond that range become, then, 
reasonably unlikely?» This question simul-
taneously sheds light on the assumption that 
the Gutenberg-Richter Law must have limits 
at certain magnitude ranges, even though 
formulated as an exponential decrease stri
ving towards but never reaching zero.

The present study consists of a compara-
tive and probabilistic analysis of the extreme 
magnitudes in 16 regions across the globe 
characterized by specific tectonic settings 
and, hence, seismicity, and by different sizes 
and numbers of earthquakes. We combine 
the Gutenberg-Richter Law [Gutenberg & 
Richter, 1944, 1956] and Rank-Ordering-Sta-
tistics — a statistical method initially pro-
posed by Zipf [1949] in social science and 
later adapted for other fields such as geosci-
ences by Sornette et al. [1996]. This metho
dological approach allows for the estimation 
of probabilities for maximal magnitudes per 
region and thereto the comparison of the 
maximal magnitudes (m) that appeared in 
reality. The method explores the maximal 
magnitudes that could occur or be exceeded 
with a probability of 95%, if the respective mr 

are equal to or greater than these 95%-pre-
dictions, and how probable it is, that also 
these m could be reproduced or exceeded.

2. Data. For this study, we retrieved more 
than one million earthquakes in 16 regions 
across the globe (Fig.  1, Table  1) from the 
Advanced National Seismic System (ANSS) 
Comprehensive Earthquake Catalog (Com-
Cat) of the USGS [2009]; hereafter, regions 
are abbreviated with the letter «R» and 
their number. As the Gutenberg-Richter 
Law should be valid in any geographic and 
tectonic environment [Gutenberg & Rich-
ter, 1944, 1956; Stein & Wysession, 2003], 
different spatial extents and locations were 
chosen deliberately for these partly overlap-
ping regions. In principle, all regions appear 
rectangular according to latitude and longi-
tude — except Antarctica (R16), whose rect-
angle is reduced to a circle as it covers the 
South Pole. Different tectonic settings are 
accounted for: strong seismic activity and 
volcanism along the «Ring of Fire» around 
the Pacific Ocean (Japan, R12; Kamchatka, 
R13; South Asia, R14; New Zealand, R15); 
convergent tectonics of different intensities 
and subductions zones (South America, R4; 
the Alps, R7; Iran, R9; Central Asia, R11); di-
vergent tectonics of different intensities (At-
lantic Ocean, R5; Africa, R10); regions domi-
nated by one or several major fault systems 
(the Western USA, R1; Central America, R3; 
Algeria, R6; Turkey, R8); and regions that are 
rarely affected by strong earthquakes (the 
Eastern USA, R2; Antarctica, R16). Also, the 
time frame covered by the individual data
sets is slightly variable. Initially, a period 
of 20 years (1990—2009) should have been 
taken into account in each region. Due to 
sparse data, e.g., in geographically small re-
gions or regions where the seismic network 
is not dense, five datasets were enlarged to 
49, 50, and 56 years (Table  1) to ensure at 
least 1000 earthquakes per region.

3. Methodology. The Gutenberg-Richter 
Law describes the exponential relationship 
between a particular magnitude m and the 
number of earthquakes N(m) per year with at 
least this magnitude [Gutenberg & Richter, 
1944, 1956] in any considered region:
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Ta b l e  1. Regions of different seismicity with their numbers of 
considered earthquakes, covered areas, and timespans of the 
datasets

Region Earth-
quakes Latitude, [◦] Longitude, [◦] Time span

1 Western USA 842,600 50 N—30 N 135 W—100 W 1990—2009

2 Eastern USA 4,745 45 N—25 N 95 W—70 W 1990—2009

3 Central America 38,647 30 N—5 N 120 W—50 W 1990—2009

4 South America 38,029 5 N—55 S 85 W—60 W 1990—2009

5 Atlantic Ocean 4,809 70 N—25 N 55 W—10 W 1960—2009

6 Algeria 1,948 38 N—33 N 2 W—9 E 1954—2009

7 Alps 9,641 49 N—45 N 4 E—19 E 1990—2009

8 Turkey 51,336 45 N—35 N 15 E—50 E 1990—2009

9 Iran 3,298 40 N—25 N 45 E—65 E 1990—2009

10 Africa 2,913 15 N—35 S 20 E—50 E 1961—2009

11 Central Asia 12,874 50 N—20 N 70 E—105 E 1990—2009

12 Japan 28,658 45 N —5 N 125 E—155 E 1990—2009

13 Kamchatka 12,586 73 N—45 N 150 E—180 E 1990—2009

14 South Asia 51,657 20 N—15 S 100 E—160 E 1990—2009

15 New Zealand 6,503 30 S—50 S 165 E—180 E 1954—2009

16 Antarctica 1,272 60 S—90 S 180 W—180 E 1960—2009

Note: Data were retrieved from the Advanced National Seismic System (ANSS) 
Comprehensive Earthquake Catalog (ComCat [USGS, 2009]).

Fig. 1. Regions of different seismicity on a Robinson Projection [NASA, 2020]. Covered areas are given in Table 1.



G. Domej

44	ISSN  0203-3100. Геофізичний журнал. 2024. Т. 46. № 6

	 ( )0log1 N m a bm= − .	 (1)

In this equation, the constant a is some-
times referred to as the seismic activity in a 
region and time frame, as it directly links to 
the number of considered earthquakes.

Likewise, the gradient — termed «b-value» 
— is characteristic for different regions and 
geotectonic settings (e.g., [Turcotte, 1997; 
Utsu, 2002a; Spada et al., 2013; Godano et al., 
2014]). It usually varies around 1.0 with a range 
of ±0.2 in seismically active regions [Clauser, 
2014]. Substantial deviations from the usual 
b-value range are reported to be caused by 
earthquake swarms (e.g., b-values up to 2.5; 
e.g., [Stein & Wysession, 2003]), related to 
specific earthquake physics and source envi-
ronments or geographic areas (e.g., b-values 
from 0.5 to 2.0; e.g., [Mogi, 1962, 1967; Mori  & 
Abercrombie, 1997; Schorlemmer et al., 2005; 
Amaro-Mellado & Tien Bui, 2020]), or linked 
to induced seismicity (e.g., b-values up to 1.9; 
e.g., [Urban et al., 2016]). Another reason 
for b-value deviations are incomplete data
sets. In this context, it is essential for various 
types of analysis to determine the magnitude 
above which a particular earthquake record 
is complete; hereafter, this magnitude will be 
called «m0» and is not to be confounded with 
the seismic moment (M0). Although termed 
«time-frame-independent», the b-value can 
become altered by earthquake records with a 
deficit of great magnitudes, e.g., if by chance 
a short time frame is chosen, during which no 
great magnitude occurred. Hence, both the 
b-value as well as m0 are essential for a cor-
rect approximation of the Gutenberg-Richter 
Law in a particular region; the two parameters 
will play a significant role in the probability 
estimation for the maximal magnitudes pre-
sented in this work.

Moreover, the b-value of the Gutenberg-
Richter Law entails a 10b-fold decrease of 
earthquakes per increase of entire magni-
tudes. With a b-value equal to 1.0 and an 
exemplary constant a of 6.0, we expect 100 
earthquakes with a magnitude ≥4.0, ten with 
a magnitude ≥5.0, and only one with a mag-
nitude ≥6.0. However, as statistical fluctua-
tions are calculated via the square root of the 

number of random and independent events 
(i.e., 0.5n n= ; [Hergarten, 2002]) — such as, 
e.g., earthquakes — it becomes apparent that 
earthquake distributions deliver uncertain 
statistic statements at great magnitudes. In 
the example mentioned before (i.e., with b=1 
and a=6), the fluctuation for ten earthquakes 
amounts to three, and for one earthquake, the 
fluctuation is one just as well. Unfortunately, 
though, earthquake distributions at great 
magnitudes are the most significant when 
aiming to study probabilities of rare extreme 
events, which usually have amore severe im-
pact in terms of deformation and damage than 
the more frequent smaller events.

Here, the Rank-Ordering-Statistics [Sor-
nette, 2006] remedies this discrepancy by a 
conceptual axis-interchange in order to es-
timate the magnitude fluctuation at a spe-
cific number of earthquakes, rather than the 
fluctuation of the number of earthquakes per 
magnitude.

Applied for the first time in the context 
of earthquake distributions, probabilities, 
and exceedance predictions, Sornette et al. 
[1996] described Rank-Ordering-Statistics 
as useful to detect power-law distributions 
of under sampled data and to characterize 
sparsely sampled tails of earthquake distri-
butions. Unlike cumulative earthquake statis-
tics, which are usually governed by numerous 
small events, Rank-Ordering-Statistics con-
sists of placing values xi (e.g., magnitudes) of 
a dataset with I entries (e.g., an earthquake 
dataset) in descending order and attributing 
to each value a rank i — with rank 1 hosting 
the highest of all values xi, where i is in the 
range of 1 to I. As Sornette [2006] generalizes, 
the method has a close link to a cumulative 
distribution P(x), giving the probability of ob-
taining values equal to or greater than x:

	 ( ) ( )
x

P x p x dx
∞

= ∫ ,	 (2)

where p(x) is the probability density function.
Multiplying the probability P(xi) for the ith 

value by I, and taking the integer part, pro-
vides the number of values equal to or greater 
than xi, which corresponds to the rank of xi 
as well:
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	 ( )iIP x i= .	 (3)

If the probability function is known, it is 
then possible to appoint ranks i and the re-
spective values xi.

3.1.  Implementation of the probability 
function. Generally expressed, probabilities 
rely on the «ratio of what is favorable com-
pared to what is possible». Considering that 
N(m) in the Gutenberg-Richter Law gives the 
number of earthquakes per year with at least 
this magnitude, and the fact that earthquake 
records are complete only after m0, the pro
bability of randomly picking an earthquake 
with at least one specific magnitude m out of 
the entire dataset is:

	 ( ) ( ) ( )0P m N m N m= .	 (4)

By taking the logarithm and substituting 
with the Gutenberg-Richter Law (Eq. 1), we 
obtain:

	 ( ) ( )0 0 0log log1 1P m a bm N m= − − .	 (5)

Using this general principle, but conside
ring only earthquakes with magnitudes grea
ter than m0, the probability of randomly pi
cking an earthquake with at least one specific 
magnitude (but greater than m0) is:

	 ( ) ( ) ( )0 0 0 1P m N m N m= = ,	 (6)

	 ( )0 0log 01 P m = .	 (7)

Remaining uniquely in the range where 
the earthquake records are complete, we 
again use the general principle (Eq. 5) and 
substitute with Eq. 7 before rearranging for 
the constant a:

	 ( )0 0 00 log1a bm N m= − − ,	 (8)

	 ( )0 0 0log1a bm N m= + .	 (9)

Stepping back to the general principle, we 
substitute the constant a in Eq. 5 with Eq. 9:

	 ( ) ( )0 0 0 0log log1 1P m bm N m= + −

	 ( )0 0log1bm N m− − ,	 (10)

	 ( )0 0log ( )1 P m b m m= − .	 (11)

This probability function to randomly pick 
an earthquake with at least one specific mag-

nitude m out of the entire datasethas two es-
sential advantages. First, m0 can be defined 
individually for each region, and second, the 
constant a does not appear any longer in the 
equation rendering it number- (and hence) 
time-independent — i.e., scale-invariant.

Moreover, it ensures that the gradient — 
i.e., the b-value — refers only to the range of 
magnitudes greater than m0. It is suggested 
to use a negative gradient since the equation 
describes an exponential decay:

	 ( )( ) 10 0b m mP m − −= .	 (12)

Having defined a probability function for 
picking an earthquake with at least one spe-
cific magnitude m out of the entire dataset, 
we develop thereupon another function that 
gives the probabilities to pick exactly those 
earthquakes that are ranked highest accor
ding to their magnitude. Therefore, we con-
sider the following four probabilistic expres-
sions for picking:

–  one earthquake with a magnitude ≥m: 
P(m);

–  one earthquake with a magnitude <m: 
1–P(m);

–  all earthquakes with magnitudes <m: 
(1–P(m))n;

– the earthquake with the greatest magni-
tude ≥m: 1–(1–P(m))n.

From the last expression, we can directly 
deduce a probability function to pick out of 
the entire dataset the earthquake with the 
greatest magnitude, as there is exactly one 
of this kind per dataset:

	 ( )( )1 1 1 n
stP P m= − − .	 (13)

In a general form [Sornette, 2006], this 
equation appears as follows, allowing likewise 
for the computation of the probability func-
tions for the earthquakes with magnitudes of 
the subsequent ranks r (i.e., 2nd, 3rd, 4th, and 
5th in this study):

	 ( )
1

0
( ) 1 ( ) 1 ( )

r
n kk

r
k

n
P m P m P m

k

−
−

=

 
= − − 

 
∑ ,	 (14)

where n is the number of earthquakes starting 
from m0.
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Finally, we substitute P(m) in Eq. 14 with 
Eq. 12:

	 ( )( )
1

0
( ) 1 10

r kb m m
r

k

n
P m

k

−
− −

=

 
= − × 

 
∑ 0

	 ( )( )1 10
n kb m m −− −× − 0 .	 (15)

Theoretically, any ranking range can be 
evaluated using Eq. 15. For simplicity, on the 
one hand, we evaluated only ranks 1 to 5; on 
the other hand, this choice seemed to reflect 
well the number of extreme magnitudes per 
region not following the Gutenberg-Richter 
Law (Section S6 in the supplement).

One crucial detail is that in this study, the 
total number of earthquakes throughout the 
time spans per region (Table 1) was consid-
ered, although the Gutenberg-Richter Law 
suggests a division of the number of earth-
quakes by the number of years. The motiva-
tion behind this decision is, on the one hand, 
a better representation of the relationship 
between magnitudes and their frequencies. 
On the other hand, a division by the number 
of years should — in theory — imply only 
a reduction of the constant a, which is not 
present anymore in the probability functions 
since Eq. 11 and, therefore, not relevant in this 
study. Strictly speaking, thus, the Gutenberg-
Richter Law is not represented in its original 
form, and we call its «non-divided» from a 
magnitude-frequency distribution (MFD) 
hereafter and where applicable.

3.2. Estimation of m0 and the b-value. The 
two unknown terms in the Rank-Ordering 
probability function (Eq. 15) are m0 and the b-
value. Both variables are linked to each other; 
if m0 is chosen incorrectly, it is likely to alter 
the b-value and, hence, falsify the seismic 
character of the considered region.

In the first step, earthquake data per re-
gion were grouped into magnitude intervals 
of 0.1 by rounding down all hundredths to 
their lower tenths — e.g., magnitudes from 
2.10 to 2.19 belong to the interval of 2.1. Ne
gative as well as zero magnitudes (i.e., those 
of the interval of 0.0) were deleted. The total 
numbers of earthquakes used in the analy-
ses of the individual 16 regions are given in 
Table 1.

Then, magnitude distributions were rep-
resented in a y-semi-logarithmic plot as in-
cremental and cumulative values to approxi-
mate a polynomial of the first degree with  
MATLAB’s Curve Fitting Toolbox [MATLAB, 
2019] representing the MFD (Fig. 2, a). This 
polynomial approximation in a y-semi-loga
rithmic plot equals the process of fitting a 
linear regression in non-logarithmic plots. It 
should be noted that the MFD can be approxi-
mated either to the incremental or the cumu-
lative point sets, as it can be mathematically 
shown that the resulting curves of both point 
sets differ only by a constant — provided that 
only magnitudes above m0 are considered:

	 10
1log ( )

ln(10)
N m a bm

b
 

= − +  
 

.	 (16)

In this study, MFD were approximated 
for each of the 16 regions between a visu-
ally identified m0 and the greatest magni-
tude (m10) at which at least ten earthquakes 
were recorded to prevent b-value alterations 
caused by the occurrence or lack of particu-
larly great magnitudes. Allowing for better 
regression fitting due to a higher sampling 
number, the cumulative curve assisted as a 
gradient indicator and simultaneously at the 
correct identification of m0. Only the b-value 
was retained from each approximation, as the 
constant a is not considered in the following 
probability estimation (Eq. 15).

3.3.  Estimation of the probabilities for 
maximal magnitudes. Having defined the 
two unknown terms in the Rank-Ordering 
probability function (Eq. 15) — i.e., m0 and 
the b-value — individually for each of the 16 
regions, the function is used to compute the 
probability curves for the maximal magni-
tudes (Fig. 2, b) based on the complete cu-
mulative point sets, as the Gutenberg-Richter 
Law and, hence, the MFD originally counts 
earthquakes with at least a particular magni-
tude. Plots (Fig. 2, b) explore the following 
three questions with respect to the maximal 
magnitudes, on which the interpretation of 
results is based:

(i) which are the maximal magnitudes (m) 
that could occur or be exceeded with a 
probability of 95%?
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(ii) which are the maximal magnitudes (mr) 
that appeared in reality, and are they 
equal to or greater than these 95%-pre-
dictions?

(iii) how probable is it, that also these mr 
could be reproduced or exceeded?

3.4. Magnitude types used in this study. 
One crucial aspect during data preparation 
was the magnitude type to consider. Usually, 
the Gutenberg-Richter Law is established 
for a so-called «unified magnitude» adjus
ted from body-wave, local, and surface-wave 
magnitudes [Gutenberg & Richter, 1956]. The 
ANSS ComCat [USGS, 2009] data retrieved 
for the 16 regions include, though, a variety 
of magnitude types (Section S2 in the supple-

ment) such as, amongst others, body-wave 
magnitudes (mb), duration magnitudes (md), 
local magnitudes (ml), surface-wave magni-
tudes (ms), and moment magnitudes (mw).

To answer the question, of whether all 
magnitudes should be used independently of 
their type, or if preference should be given 
for one particular magnitude type, a separate 
test with different earthquake data and a dif-
ferent geographic framework was conducted. 
Instrumental earthquake data from the In-
ternational Seismological Centre (ISC) Bul-
letin covering a time span from 1900 to 2019 
[Storchak et al., 2017, 2020; ISC, 2020] were 
first tailored to cover the Alps with a 500 km 
wide buffer zone, resulting in a set of 52,511 

Fig. 2. Example of result curves: approximation of a magnitude-frequency distribution (MFD) via linear regres-
sion fitting (a); probability estimation for the maximal magnitudes via Rank-Ordering-Statistics (b). The curves 
represent the results of South America (R4).

Ta b l e  2. Numbers of earthquakes per magnitude type and the respective b-values for the 
«Alps Test» 

Magnitude types for the «Alps Test» (ISC Bulletin) Number Set fraction b-value

All magnitude types (M) *48,099 *91.60% 0.8930
Undefined magnitude (m) 697 1.33% 1.6470

Body-wave magnitude (mb) 1,403 2.67% 1.5820
Duration magnitude (md) 5,761 10.97% 1.0340

Local magnitude (ml) 39,727 75.65% 1.9540
Surface-wave magnitude (ms) 15 0.03% too few data

Moment magnitude (mw) 228 0.43% too few data
Unknown magnitude (mukn) 268 0.51% too few data

No magnitude given for earthquakes (none) *4,412 *8.40% lack of data

Note: the set fractions refer to the entire dataset of 52,511 earthquakes (*). Data were retrieved from the ISC Bul-
letin [Storchak et al., 2017, 2020; ISC, 2020].
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earthquakes, and then grouped according to 
the prevalent magnitude types. Table 2 shows 
set fractions in numbers and percent relative 
to the entire dataset. A small fraction of 8.4% 
does not report magnitudes at all and is not 
included in the analyses; the combination of 
all «usable» magnitudes regardless of their 
type amounts to the complementary 91.6% 
of the dataset.

Via linear regression fitting, the MFD was 
approximated to all subsets filtered by mag-
nitude type — where sufficient data was avai
lable — as well as to the set of magnitude type 
M consisting of a combination of all subsets. 
The resulting b-values are shown in the last 
column of Table 2.

Because b-values generally vary closely 
around 1.0, it is apparent that the subset of 
local magnitudes (ml) results in a value that 
is by far too high (i.e., 1.9540). According to 
Schorlemmer et al. [2005], extraordinarily 
high b-values would, moreover, be charac-
teristic of divergent tectonic settings, which 
is not the case in the Alps. Only the b-value 
of the subset of duration magnitudes (md) 
and the one of the combined set (i.e., the 
one of magnitude type M) seem to have a 
trustworthy b-value (1.0340 and 0.8930, re-
spectively; Fig. 3, a, Table 2). Duration mag-
nitudes (md), though, amount to only 10.97% 
of the entire dataset and are generally rath-
er uncommon to use in statistical studies 
since they relate to the recorded time span 

and not to the amplitude of earthquakes.
As the b-value is characteristic of a par-

ticular region (e.g., [Godano et al., 2014]), 
and since filtering a dataset should — in the 
theory of the Gutenberg-Richter Law — not 
alter the seismic character of the respective 
region, it seems more appropriate to use the 
most complete dataset even though magni-
tudes are not reported in the same type. Ano
ther argument against filtering according to 
magnitude types is that — being by nature 
seldom phenomena — earthquakes with great 
magnitudes are very likely to be discarded 
(Fig. 3), which is particularly disadvantageous 
if precisely those should be the target of the 
probabilistic study; also, their representation 
in MFD is essential in proper linear regres-
sion fitting between m0 and m10, especially 
when the event numbers are small (Section 
S3 in the supplement). Moreover, the logic 
subsequent step after filtering datasets by 
magnitude types would be subset conversions 
into one type of magnitude. However, such 
conversions are usually empirical and reflect 
strong regional and/or local characteristics of 
respective areas of study. For areas as large as 
the 16 regions of this study, such magnitude 
conversions would make little sense and even 
falsify data to a great extent.

Therefore, we expect the most accurate re-
sults for approximations of the MFD to earth-
quake data by comprising various magnitude 
types by considering the entire set instead of 

Fig. 3. Approximation of a magnitude-frequency distribution (MFD) via linear regression fitting to all magnitude 
types (M (a)) and to local magnitudes (ml (b)). Filtering according to magnitude types is likely to alter the b-value 
and discard great magnitudes.
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a filtered and/or truncated version, even if this 
solution is not ideal.

We assume that magnitudes of extreme 
events, which might be reported in different 
magnitude types and — thus — appear small-
er or greater than what their respective mo-
ment magnitude (mw) could indicate, would 
not bother this approach, as regressions are 
fitted only up to m10.

Anticipating the results of the b-value es-
timation using the ANSS ComCat [USGS, 
2009] (presented in the next section), the ap-
proach of using the set of magnitude type M 
is emphasized by the fact that the estimated 
b-value for the Alps (R7; Table 3) is 0.9147. 
In comparison, the b-value estimated using 
the ISC Bulletin [Storchak et al., 2017, 2020; 
ISC, 2020] resulted in 0.8930. Both values are 
very close to each other and, hence, support 
not only the use of the entire dataset but also 
the actual b-value computation itself. Gulia & 
Wiemer [2010] report b-values ranging from 
0.75±0.02 to 0.92±0.04 for a large part of the 
Alps.

4. Results and discussion. Results 
of the approximation of the MFD via 
linear regression fitting between m0 
and m10 are shown in Table  3. One 
example is illustrated in Fig. 2, a for 
South America (R4); the other regions 
are shown in Fig. 7, a and 8, a, and 
Section S6 (in the supplement). The 
root-mean-square-errors (RMSE) ob-
tained for the 16 regions indicate par-
ticularly satisfying regressions with 
the greatest deviation from a perfect 
fit (i.e., RMSE=0) amounting to 0.16 
in New Zealand (R15) and to 0.11 and 
0.10 in the Atlantic Ocean (R5) and 
Central Asia (R11), respectively. Here, 
however, it should be considered, that 
polynomial curve fitting in MATLAB 
is based on the Least-Square Meth-
od reported to possibly produce bias 
[Sandri & Marzocchi, 2007].

Reasons for these slightly higher 
RMSE might be the scatter within 
greater magnitudes, which — appar-
ently — could not be obliterated by 
truncation of the datasets to m10. De-

Table 3. Linear regression parameters for the 16 re-
gions of this study 

Region
Linear regression

m0 RMSE b±Δb

1 Western USA 2.0 0.0546 0.8892±0.02

2 Eastern USA 2.4 0.0876 0.7926±0.10

3 Central America 4.4 0.0799 0.9652±0.06

4 South America 4.6 0.0754 0.9636±0.05

5 Atlantic Ocean 4.5 0.1108 1.3040±0.13

6 Algeria 4.4 0.0666 0.9691±0.32

7 Alps 2.8 0.0428 0.9147±0.04

8 Turkey 3.8 0.0809 1.0570±0.06

9 Iran 4.4 0.0849 1.2610±0.16

10 Africa 4.8 0.0693 1.3250±0.18

11 Central Asia 4.6 0.1039 1.1300±0.10

12 Japan 4.8 0.0890 1.0870±0.07

13 Kamchatka 4.8 0.0865 1.0890±0.08

14 South Asia 4.8 0.0802 1.0750±0.05

15 New Zealand 5.2 0.1611 1.1630±0.35

16 Antarctica 5.4 0.0801 1.0160±0.30

Note: m0 ― magnitudes above which earthquake records are com-
plete; RMSE ― root-mean-square-errors of the regressions; b-
values with their errors.

pending on the considered region, m0 varies 
between 2.0 and 5.4, with higher m0 reflecting 
either high general seismicity or the need for 
more complete earthquake records at lower 
magnitudes — e.g., due to high population 
densities and the aspect of hazard prevention. 
The Western USA (R1), the Eastern USA (R2), 
and the Alps (R7) show m0 of 2.9, 2.4, and 2.8, 
respectively, whereas for Antarctica (R16), m0 
fits with 5.4. New Zealand (R15) — with a m0 
of 5.2 — seems to step out of the line, being 
a seismically very active, well-surveyed, and 
locally densely populated region.

As apparent from the methodology sec-
tion, the b-value is the most critical for the 
subsequent probability estimations for the 
maximal magnitudes. It is, therefore, of par-
ticular interest how well the b-values pre-
sented in this study correspond to those of 
other authors. Here, Cheng & Sun [2018] 
provide a global reference for comparison, 
as they computed b-values for almost all 50 
Flinn-Engdahl Regions representing the ma-
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jor seismic zones of the Earth [Flinn et al., 
1974]. Via an overlay of the 16 regions of this 
study onto the map established by Cheng & 
Sun [2018], we found in most of the cases a 
very satisfying fit of b-values within the pro-
posed ranges taking into account that the 16 
regions usually cover parts of one or several 
Flinn-Engdahl Regions (Fig. 4, Section S4 in 
the supplement). Only in Iran (R9), our b-va
lue (i.e., 1.2610) is greater than the proposed 
range of 1.02 to 1.07 by Cheng & Sun [2018], 
which could be due to the fact, that the over-
lay covered predominantly the Flinn-Engdahl 
Region 29, which is much larger than our R9. 
One conjecture could be, therefore, that the 
authors had several more great magnitudes 
in their set, entailing a lower b-value range. 
In contrast, our b-values for Algeria (R6) and 
the Alps (R7) — i.e., 0.9691 and 0.9147 — are 
smaller than the proposed ranges of 1.17—
1.21 and 1.17—1.32, respectively. Again, the 
covered Flinn-Engdahl Regions 31 and 36 are 

larger than our R6 and R7, which might have 
brought more low-magnitude earthquakes 
to the sets of Cheng & Sun [2018]. Another 
factor contributing to potential imprecisions 
of b-values might be small sample sizes; ac-
cording to Kamer [2014], there is a minimum 
sample size of more than 2000 above m0 for 
the correct estimation of the b-value with a 
resolution of 0.1, which is — at least in the 
case of Algeria (R6) — not met. For Antarctica 
(R16), the corresponding main region is the 
Flinn-Engdahl Region 50, for which there is 
no data provided by Cheng & Sun [2018].

How sensitive b-values are for particular 
regions, is exemplified by Fig. 4. Given au-
thors have assessed MFD in a variety of tec-
tonic settings for subregions within the 16 
regions of this study (Fig. 1). Some of their 
b-values correspond very much to those ob-
tained by Cheng & Sun [2018] for the Flinn-
Engdahl Regions and those presented in this 
study, whereas some others divert signifi-

Fig. 4. Comparison of b-values of the 16 regions of this study with ranges for b-values given by various authors 
for different subregions within those 16 regions and with ranges resulting from overlapping those 16 regions with 
the 50 Flinn-Engdahl Regions [Flinn et al.,1974], for which Cheng & Sun [2018] computed b-values individually. 
Range decrease or increase caused by minor overlaps (i.e., when Flinn-Engdahl Regions cover only a very small 
part of the 16 regions of this study) are marked with dotted lines; «nd» stands for «no data».
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cantly. As the target regions of the given au-
thors are generally much smaller than the 50 
Flinn-Engdahl Regions and the 16 regions of 
this study — i.e., possibly creating a bias in b-
values —, we considered the better overlap of 
b-values calculated from the latter two as an 
indicator for a reasonably correct estimation 
of MFD and b-values in this study.

Also, the phenomena of b-value increase 
or decrease according to the tectonic setting 
can be traced to some extent in this study. 
Throughout literature — and on regional as 
well as on global scale — divergent tectonic 
settings are described to have the highest b-
values, convergent settings the lowest, and 
transform settings some intermediate ones 
(e.g., [Frohlich & Davis, 1993; Schorlemmer 
et al., 2005; Gulia & Wiemer, 2010]). In this 
study, the 16 regions are mainly rectangu-
lar and enclose different tectonic settings, 
which hinders a clear subdivision into diver-
gent, convergent, or transform regimes only. 
However, it is apparent that the two regions 
dominated by prominent divergence have 
by far the highest b-values — i.e., above 1.2: 
the Atlantic Ocean (R5) with its Mid-Atlantic 
Ridge, and Africa (R10) with the East Afri-
can Rift System. The associated errors (Δb; 
Table 3) could indeed decrease the two b-va
lues but do not change the general tendency 
compared to other regions. The third highest 
b-value in Iran (R9) lies still above 1.2; con-
sidering the relatively high associated error 
(Δb) and the fact that the prevalent tectonic 
setting is rather convergent than divergent, it 
might be an outlier. All other regions show b-
values below 1.2, which might result from the 
dominance of divergent or transform tectonic 
settings or a combination of them. The East-
ern USA (R2) reveal the lowest of all b-values, 
where one could have assumed the opposite 
due to an expected lack of great magnitudes 
within the continental interior. In this case, 
though, the rectangle in question also covers 
the New Madrid Seismic Zone — an intra-
plate zone of strong seismicity famous for the 
New Madrid Earthquake Series between 1811 
and 1812 with (undefined) magnitudes up to 
about 7.5 [USGS, 2021].

Tendencies of reflecting the tectonic set-

ting via b-values correspond, thus, to those 
previously published in the literature. Ho
wever, it should be noted that b-values can 
vary considerably depending on the method 
of determination, the used earthquake data, 
and the considered magnitude ranges. Citing 
these three aspects, Frohlich & Davis [1993] 
report errors (Δb) of up to 30%, entailing a b-
value range from 0.72 to 1.34, which comes 
close to the b-values obtained in this study. 

Based on m0 and the b-values for each of 
the 16 regions, we estimated the probabili-
ties for maximal magnitudes via Rank-Or-
dering-Statistics following the methodology 
described above. One example is illustrated 
in Fig. 2, b for South America (R4); the other 
regions are shown in Fig. 7, b and 8, b, and 
Section S7 (in the supplement). Even though 
the plots can be used to deduce any magni-
tude-probability-relation, we focus on the 
interpretation of the three critical questions 
mentioned in Section 3.3., as we judge them 
to be particularly demonstrative and mea
ningful to interpret.

First, the question of which magnitudes 
could occur or be exceeded with a probability 
of 95% is answered by Fig. 5, a (black stars). 
The logically following question of which 
magnitudes (mr) appeared in reality is given 
in the same figure (white triangles). By simple 
subtraction of the individual magnitudes, it 
becomes easy to see if these mr are indeed 
equal to or greater than what is probable with 
95%. The third question of how probable it is, 
that also these mr could be reproduced or ex-
ceeded, is answered by Fig. 5, b: the colored 
points give the probabilities for magnitudes 
equal to or greater than mr; the uncolored 
points include a magnitude step of +0.1 to 
account for the magnitude binning in steps 
of 0.1 during data processing.

Following this series of questions, the 
method predicts in most regions that, with 
95% of probability, certain magnitudes are 
expected to occur or be exceeded; these es-
timates give a rough idea of the likely range 
of the maximal magnitudes to be expected 
in each region. In most regions, the five mr 
respect this prediction and are either equal in 
magnitude or greater by up to one magnitude. 
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A representative example is South America 
(R4); from Fig. 2, b and Fig. 5, a (black stars), 
it is apparent that, with a probability of 95%, 
the maximal magnitudes could be equal to or 
greater than 7.9, 7.7, 7.5, 7.5, and 7.4, which is 
indeed the case as the respective mr are 8.4, 
8.2, 8.0, 7.8, and 7.7 (white triangles). Accord-
ing to the magnitude difference between the 
95%-predictions and the respective mr, the 
five points indicating mr in the plots (Fig. 2, 
b) slide up and down the probability functions 
but stay in most regions somewhere within 
the center span arbitrarily set between 5% and 
95%. The smaller the magnitude difference, 
the more upwards slide the five points indi-
cating mr, and the higher is the probability 
that also the five mr could be reproduced or 
exceeded. For the example of South America 
(R4), we deduce from Fig. 2, b and Fig. 5 that it 
becomes moderately unlikely for the maximal 
magnitudes to be equal to or greater than the 
respective mr; probabilities decrease for the 
maximal magnitudes in a series of 65%, 49%, 

47%, 57%, and 56%. Including the magnitude 
step of 0.1, the «percentage-series» is even 
lower. Although most regions show a similar 
tendency — with probabilities not necessarily 
decreasing within one «percentage-series», as 
the example shows  —, some particularities 
should be mentioned separately.

Assessing the variation in the individual 
«percentage-series», it emerges that not all 
of them show a significant range of variation 
(Fig. 5, b). Some of the probabilities to repro-
duce or exceed mr lie in, above or below the 
center span from 5% and 95%, which leads to 
the assumption that those mr should become 
extraordinarily likely or unlikely to be repro-
duced or exceeded. Here we should distin-
guish three cases:

(i) outliers which appear and disappear by 
adding a magnitude step of 0.1 to mr 
(e.g., the Eastern USA (R2), Algeria (R6), 
and New Zealand (R15)), and, hence, 
seem to be negligible;

(ii) outliers that appear regardless of the 

Fig. 5. Maximal magnitudes (m) that could occur or be exceeded with a probability of 95%; maximal magnitudes 
(mr) that appeared in reality, and maximal magnitudes (mever) that occurred since registration up to February 2023 
[USGS, 2023] (a). Probabilities for maximal magnitudes (m) to be equal to or greater than those magnitudes (mr) 
that appeared in reality (colored points); probabilities for maximal magnitudes (m) to be equal to or greater than 
those magnitudes (mr) that appeared in reality including a magnitude step of +0.1 (uncolored points; b), identify-
ing the Atlantic Ocean (R5) and the Alps (R7) as «extreme» cases in terms of probabilities.
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magnitude step of 0.1, but which con-
cern only the lower ranks of the maxi-
mal magnitudes (e.g., Central Asia (R11) 
and Kamchatka (R13)), and, therefore, 
become gradually less meaningful for 
Rank-Ordering-Statistics;

(iii) outliers, which persist over almost an 
entire «percentage-series» regardless 
of the magnitude step of 0.1 (e.g., the 
Atlantic Ocean (R5) and the Alps (R7)), 
and, thus, will be discussed in more de-
tail hereafter.

Surprisingly, probabilities for reproducing 
or exceeding the five mr seem to have an op-
posite trend to the respective b-values per 
region. Fig. 6 illustrates this phenomenon by 
ordering regions according to their decrea

Fig. 6. Regions ordered according to the averages of the 
probabilities for maximal magnitudes (m) to be equal 
to or greater than those magnitudes (mr) that appeared 
in reality. The horizontal axis is scaled differently for 
the b-values and the probabilities, respectively. The 
connecting lines serve only for readability; they do not 
indicate a relation between regions.

Ta b l e  4. Maximal magnitudes (mever) that occurred since registration up to February 2023 
[USGS, 2023] 

Region mever Date Earthquake name Note

1 Western USA 9.0 27-01-1700 Cascadia —
2 Eastern USA 7.5 07-02-1812 New Madrid —
3 Central America 8.5 08-02-1843 Guadeloupe —
4 South America 9.5 22-05-1960 Valdivia —
5 Atlantic Ocean 7.9 26-05-1975 North Atlantic mever is not mr (Fig. 5, a, S5)
6 Algeria 7.3 10-10-1980 El Asnam mever is mr (Fig. 5, a)
7 Alps 6.5 06-05-1976 Friuli —
8 Turkey 7.8 06-02-2023 Turkey-Syria —
9 Iran 8.1 27-11-1945 Balochistan >1° S outside of R9 (Fig. 1)

10 Africa 7.2 20-05-1990 South Sudan mever is not mr (Fig. 5, a, S5)
11 Central Asia 8.6 15-08-1950 Assam-Tibet —
12 Japan 9.1 11-03-2011 Tohoku —
13 Kamchatka 9.0 04-11-1952 Severo-Kurilsk —
14 South Asia 9.1 26-12-2004 Sumatra 4° W outside of R14 (Fig. 1)
15 New Zealand 8.2 01-05-1917 Kermadec Islands 1° N outside of R15 (Fig. 1)
16 Antarctica 8.1 27-06-1929 South Sandwich Islands —

Note: values are moment magnitudes (mw). The El Asnam Earthquake in Algeria (R6) is the only one included in 
the respective dataset with the maximal magnitude (mr) that appeared in reality being the same as mever. The 
data discrepancy between mever and mr in the Atlantic Ocean (R5) and Africa (R10) is explained in Section S5 
(in the supplement).
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sing average percentages (Fig. 5, b) and their 
increasing b-values.

With regard to the third question present-
ed in Section 3.3. (i.e., how probable it is, that 
also these mr could be reproduced or exceed-
ed), we can also expand this question towards 
a comparison with maximal magnitudes  
(mever; Table 4) that occurred since registra-
tion up to February 2023 [USGS, 2023] and, 
hence, to earthquakes that are not included in 
any of the 16 datasets. The comparison might 
seem crucial, as time spans ranging from 20 
to 56 years (Table  1) might be too short to 
cover rare extreme events. Fig. 5 shows that in 
the majority of all 16 regions, the greatest mr 
(white triangles in (a)) should be reproduced 
or exceeded according to high probabilities 
(colored black points in (b)), what indeed 
turns out to be true by comparing the respec-
tive mever (asterisks in (a)). For Algeria (R6) 
and Antarctica (16), the greatest mr should not 
be reproduced or exceeded according to ra
ther low probabilities, and the respective mever 
and mr correspond to each other (however not 
necessarily resulting from the same event). 
We assume, from these tendencies, that the 
proposed method is, thus, applicable to the 
datasets used in this study and — at the same 
time — not contradictory to MFD covering 
longer time spans including other extreme 
events.

4.1.  Lack of great magnitudes? The first 
region, where probabilities for maximal mag-

nitudes differ significantly from the before-
described tendencies, is the one of the Alps 
(R7). From Fig. 5, a, it is evident that, here, 
solely the first ranked mr is greater than the 
magnitude that could be reproduced or ex-
ceeded with a probability of 95%, whereas all 
other mr ranked 2nd to 5th are even smaller than 
the respective 95%-predictions. Hence, the 
five points indicating mr slide upwards along 
the probability functions closely towards and 
above the center span from 5% to 95% (Fig. 7, 
b). This leads to the conclusion that these mr 
should become extremely likely to be repro-
duced or exceeded. Indeed, Fig. 5, b shows 
probabilities of up to 100%, and — compared 
to all other regions — the Alps (R7) are the 
only region where these strikingly high proba-
bilities for great magnitudes also persist when 
including a magnitude step of +0.1. Therefore, 
it seems that — statistically — there is a lack 
of great magnitudes since the method confi-
dently predicts them, but they do not appear 
as numerously as in other regions.

On the one hand, one could argue that a 
period of 20 years is relatively short and that 
great magnitudes might not have occurred 
within this period. However, when comparing 
different time spans, it is evident that earth-
quakes with great magnitudes in the Alps 
and their surroundings are indeed sporadic 
events. The SHARE European Earthquake 
Catalog [Grünthal & Wahlström, 2012; Grün-
thal et al., 2013; Stucchi et al., 2013; SHARE, 

Fig. 7. Result curves of the Alps (R7): approximation of a magnitude-frequency distribution (MFD) via linear regres-
sion fitting (a); probability estimation for the maximal magnitudes via Rank-Ordering-Statistics (b) letting assume 
a lack of great magnitudes. The five colored points mark the maximal magnitudes (mr) that appeared in reality.
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2020] covers the time span from 1000 to 2006, 
and — after having applied the same 500 km 
wide buffer zone as for the earthquake data 
from the ISC Bulletin (Table 2) — the remain-
ing 6,127 moment magnitudes (mw; 98.55% 
of the considered set) list 60 moment mag-
nitudes (mw) ≥6.0 partly in the Alps (R7), and 
only two ≥7.0 outside: the Avezzano Earth-
quake (mw=7.0) on 13th of January 1915 and 
the Central Italy Earthquake (mw=7.2) on 5th 
of December 1456 northeast of Naples. In the 
here presented earthquake data of the ANSS 
ComCat [USGS, 2009] for the rectangular 
area of the Alps (R7) and the timespan from 
1990 to 2009, we find only one single earth-
quake with a moment magnitude (mw) ≥6.0 
(Fig. 7, a). The timespan from 2010 to 2020 
[EMSC, 2020] would have almost missed out 
on magnitude records ≥6.0, if not the Petrin-
ja Earthquake (mw=6.4) had struck Northern 
Croatia (still within the rectangular area of the 
Alps; R7) on 29th of December 2020. Extrapo-
lating these datasets to common grounds, all 
three of them roughly even out to one to two 
magnitude(s) ≥6.0 and no magnitude ≥7.0 
within a period of 20 years.

4.2.  Surplus of great magnitudes? The 
second region, where probabilities for maxi-
mal magnitudes differ significantly from the 
before-described tendencies, is the Atlantic 
Ocean (R5). From Fig.  5, a, we see that all 
mr are greater by up to one magnitude than 

the magnitude that could be reproduced or 
exceeded with a probability of 95%. There-
fore, the five points indicating mr slide along 
the probability functions closely towards 
and below the center span from 5% to 95% 
(Fig. 8, b), implying that these mr should be-
come extremely unlikely to be reproduced 
or exceeded. Probabilities reach down to 0%, 
and — including a magnitude step of +0.1 — 
these distinct low probabilities persist for all 
maximal magnitudes (Fig. 5, b). From a statis-
tical point of view, there seems to be a surplus 
of great magnitudes since the method almost 
certainly rules out the possibility of any fur-
ther great magnitudes based on their already 
existing high number.

Likewise, comparisons between different 
catalogs draw a picture of many great mag-
nitudes in the rectangular area of the Atlantic 
Ocean (R5). In the here presented earthquake 
data of the ANSS ComCat [USGS, 2009] for 
the time span from 1960 to 2009, we find two 
earthquakes with magnitudes ≥7.0 (i.e., one 
ms, one mukn; Fig. 8, a) and 24 ≥6.0 (i.e., one 
me, four mb, seven ms, 12 mw). The time span 
from 2010 to 2020 [EMSC, 2020] lists one 
earthquake with moment magnitudes (mw) 
≥7.0 and two ≥6.0. Extrapolating these data-
sets again to common grounds, both of them 
roughly even out to four to ten magnitudes 
≥6.0 and one to two magnitude(s) ≥7.0 within 
a period of 20 years.

Fig. 8. Result curves of the Atlantic Ocean (R5): approximation of a magnitude-frequency distribution (MFD) via 
linear regression fitting (a); probability estimation for the maximal magnitudes via Rank-Ordering-Statistics (b) 
letting assume a surplus of great magnitudes. The five colored points mark the maximal magnitudes (mr) that 
appeared in reality.
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4.3. Validity of the magnitude-frequency 
distribution. One question that arises from 
the «percentage-series» for the maximal mag-
nitudes is whether they bring us closer to the 
answer of whether the MFD has limited va-
lidity in different regions around the globe. 
Before attempting to answer this question, it 
is necessary to recall several widely discussed 
aspects that have partly proven true already.

Generally, the MFD must have a limit of 
validation for the simple reason that faults 
— and, hence, the released energy during 
earthquakes as well as the resulting magni-
tudes — cannot become unlimitedly great 
(e.g., [Kagan & Knopoff, 1984]). Although 
describing a power-law decay never reach-
ing zero, the MFD is supposed to kink at some 
great magnitude. Various authors commonly 
assume region-specific kinks, and some also 
propose other distribution types that might 
suit earthquake data more appropriately. 
Sornette et al. [1996], e.g., fitted distribution 
types to the Harvard Catalog [Dziewonski et 
al., 1996] and the Southern California Earth-
quake Catalog [Hutton & Jones, 1993] to find 
a two-branched power-law distribution for 
the first but not the second catalog, and that 
also gamma-distributions would fit well [Ka-
gan, 1994]. Schwartz & Coppersmith [1984], 
Wesnousky [1994], Wesnousky et al. [1984], 
and Wu et al. [1995] favor the «characteristic 
earthquake model», in which some — i.e., the 
«characteristic» — earthquakes occur more 
frequently than expected from linear distribu-
tions. Also, other bilinear (e.g., [Shah et al., 
1975]) and quadratic (e.g., [Merz & Cornell, 
1973]) expressions were proposed.

Moreover, kinks in magnitude distribu-
tions can be related to the phenomenon of 
magnitude saturation (e.g., [Shearer, 2009]). 
Magnitudes derived from amplitudes in seis-
mograms (e.g., mb, mc, md, me, ml, and ms) do not 
relate directly to the physics of earthquakes 
and have the uncomfortable disadvantage of 
saturating at greater magnitudes, meaning 
that their magnitude does not increase any 
more although the seismic moment (M0) still 
does. Drawing, hence, distributions for fre-
quently reported body-wave magnitudes (mb) 
[Gutenberg, 1945; Nuttli, 1973], local magni-

tudes (ml) [Richter, 1935; Nuttli, 1983], or an 
assembly of these, might entail a kink with mb 
and ml starting to saturate first at magnitudes 
about 6.0 followed by ms at greater magni-
tudes around 7.5—8.0 [Stein & Wysession, 
2003; Shearer, 2009]. In contrast, moment 
magnitudes (mw) [Kanamori, 1977; Hanks 
& Kanamori, 1979] do not saturate as they 
are directly computed from the seismic mo-
ment (M0) and, thus, do not cause kinks. In 
the earthquake datasets used in this work, we 
separately analyzed the magnitude types of 
those earthquakes having magnitudes greater 
than m10 (Fig. 2, a) in each of the 16 regions. 
It turned out that for the remaining 20 to 50 
earthquakes reported in 14 regions, mw was 
the most or the second most frequent mag-
nitude type (Section S8 in the supplement), 
but not covering exclusively the greatest re-
corded magnitudes (Section S9 in the supple-
ment). Also, mb, ms, and me appeared to be the 
most frequent magnitude types in some re-
gions. Therefore, it is not possible to limit the 
validity of the MFD in the 16 regions based 
on argumentations regarding (non-)satura-
tion with these datasets. Besides, magnitudes 
greater than m10 were not considered in any 
of the 16 regions during the linear regression 
fitting to the respective datasets.

Nonetheless, one could attempt to — at 
least — partially answer the question of the 
validity of MFD, drawing on the results of 
the probability estimations for the maximal 
magnitudes in each region. Indirectly, one of 
the two «extreme» cases — i.e., the Alps (R7) 
— could let assume a limitation of validity. 
Here, the probability estimations show that it 
should become extraordinarily likely for the 
five mr (i.e., 6.0, 5.5, 5.3, 5.3, and 5.3; Fig. 5) to 
be reproduced or exceeded, but records do 
not show such great magnitudes. Magnitudes 
seem not becoming greater than about 6.0—
6.5; so one could argue that the MFD might 
be limited in the Alps to roughly that range 
of maximal magnitudes. In regions where 
probability estimations draw either moder-
ately likely or extremely unlikely scenarios 
of reproducing or exceeding the five mr — 
such as in the «opposite extreme» case of the 
Atlantic Ocean (R5) — we cannot presume a 
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limited validity of the MFD. Here, the five mr 
are equal to or greater than the magnitude 
that could be reproduced or exceeded with 
a probability of 95%; thus, in those regions, 
great magnitudes exist — even though with 
different likelihoods of occurrence — and 
there are no grounds of assumption that the 
MFD could be invalid.

5.  Conclusion and perspectives. In this 
work, we present a probabilistic analysis of 
extreme magnitudes in 16 regions across the 
globe (Fig. 1) characterized by specific tec-
tonic settings and — hence — seismicity, and 
by different sizes and numbers of earthquakes 
(Table 1). Earthquake data was retrieved from 
the ANSS ComCat [USGS, 2009] for periods 
of 20 to 56 years; numbers of earthquakes per 
region range from around 1,000 to 800,000.

The methodological approach combines 
the Gutenberg-Richter Law [Gutenberg & 
Richter, 1944, 1956] and Rank-Ordering-Sta- 
tistics [Zipf, 1949; Sornette et al., 1996; Sornet
te, 2006]. First, an MFD based on the Guten
berg-Richter Law is approximated via linear 
regression to each of the 16 datasets between 
m0 and m10 (Fig. 2, a, 7, a, 8, a, Section S6 in the 
supplement). For each region, we retrieved the 
gradient of the regression — i.e., the b-value 
of the MFD — as well as m0, as both variables 
are used in an adapted probability expression 
(Eq. 15) based on the cumulative earthquake 
distribution (P(x) in Eq. 2). With this adapted 
probability expression, it is possible to esti-
mate probabilities for maximal magnitudes 
and compare — thereto — the maximal mag-
nitudes (mr) that appeared in reality.

Besides the general information content, 
from which probabilities ranging from 0% to 
100% can be deduced, we approached the se-
ries of probability curves (see Fig. 2, b, 7, b, 8, 
b, Section S7 in the supplement) questioning: 
(i) which are the maximal magnitudes that 
could occur or be exceeded with a probability 
of 95%, (ii) if the respective five mr are equal 
to or greater than these 95%-predictions, and 
(iii) how probable it is, that also these five mr 
could be reproduced or exceeded.

From these considerations, we find that in 
most regions, the five mr indeed correspond or 
exceed those magnitudes that are expected 

from the 95%-predictions (Fig. 5, a). More-
over, we conclude from the respective «per-
centage-series» that it becomes moderately 
unlikely that also the five mr could be repro-
duced or exceeded (Fig.  5, b). This fits the 
assumption that with increasing magnitudes, 
the probabilities of occurrence decrease.

Interestingly, two «extreme» cases break 
the ranks of this overall behavior.

On the one hand, the «percentage-series» 
of the Alps (R7; Fig. 7, b) reveal five mr that lie 
close or even above the center span from 5% 
to 95%. Therefore, these mr should become 
extremely likely to be reproduced or exceed-
ed, but — although the method confidentially 
predicts greater magnitudes — they do not 
appear as numerously as in other regions. 
Thus, we statistically assume a lack of great 
magnitudes in the Alps (R7).

On the other hand, the «percentage-series» 
of the Atlantic Ocean (R5; Fig. 8, b) reveal five 
mr that lie close or even below the center span 
from 5% to 95%. It seems, therefore, extreme-
ly unlikely for these five mr to be reproduced 
or exceeded. Statistically, we interpret this as 
a surplus of great magnitudes, as the method 
almost certainly rules out any greater magni-
tudes in the Atlantic Ocean (R5).

Here, a perspective for subsequent work 
might be a detailed geodynamic study of the 
individual regions with particular focus on 
their associated tectonic settings in relation 
to the obtained tendencies of lack and surplus 
of great magnitudes; from Fig. 6, it appears 
that the Alps (R7) and the Atlantic Ocean (R5) 
are the «extreme» cases in terms of probabili-
ties, but other regions might have comparable 
tendencies — e.g., Central Asia (R11) and 
Kamchatka (R13), both of which are likewise 
characterized by convergent tectonics.

Another aspect for future work could be 
the harmonization of magnitudes per earth-
quake dataset in each of the regions, which 
might modify the magnitude distributions 
and, thus, slightly alter the b-value — the 
most sensitive parameter within the entire 
methodological approach. Relationships bet
ween magnitude scales are, however, far from 
being trivial, and relations for transforming 
one magnitude type into another are usually 
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empiric and only valid for specific regions 
(e.g., [Utsu, 2002b; Das et al., 2018; Gasperi-
ni et al., 2015]) although some authors (e.g., 
[Lolli et al., 2014]) have proposed globally 
applicable laws.
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Ймовірності магнітуд екстремальних землетрусів по 
всьому світу за допомогою рангового впорядкування

Г. Домей1,2, 2024
1Університет імені Адама Міцкевича, географічно-геологічний факультет,

Інститут геоекології та геоінформації, кафедра геоморфології, Познань, Польща
2Геологічна служба Словенії, відділ регіональної геології, Любляна, Словенія

З давніх часів імовірність землетрусів хвилює людство, і оцінювання потенцій-
них магнітуд має вирішальне значення для багатьох аспектів безпеки. У статті на-
ведено ймовірнісний аналіз екстремальних магнітуд у 16 регіонах земної кулі, що 
характеризуються різною сейсмічністю, щоб перевернути традиційне запитан-
ня — «яка ймовірність пов’язана з певними величинами». Ми об’єднуємо закон 
ГутенбергаРіхтера та рангову статистику в методологічному підході, щоб оціни-
ти, які діапазони величин можна майже напевно (тобто з 95%) очікувати, а які вели-
чини стають малоймовірними за межами цих діапазонів.

Цей підхід дає можливість оцінити ймовірності максимальних величин для ре-
гіону та порівняти з ними максимальні величини (mr), які виявилися в реальності. 
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Supplement

S1. List of variables 

Note that there are three lowercase «m». The first is used as such in this study. The italic 
one is a variable in the Gutenberg-Richter Law. The last refers to the undefined magnitude 
within the «Alps Test» (Section 3.4.) and appears as such only in the context.

M — maximal magnitudes that could occur or be exceeded with 95%;
mr — maximal magnitudes that appeared in reality (in study time spans);
mever — maximal magnitudes that ever occurred (up to February 2023);

m — a distinct value of magnitude in the Gutenberg-Richter Law;
N(m) — number of earthquakes per year with at least this magnitude (m);
a — constant referring to the seismic activity in a region;
b — (negative) gradient of regression in semi-logarithmic plot;
Δb — associated error of the gradient b;
m0 — magnitude above which a particular earthquake record is complete;
m10 — greatest magnitude at which at least ten earthquakes were recorded;
P(x) — cumulative probability distribution;
p(x) — probability density function;

M — all magnitudes (i.e., combined set) (Table 2);
m — undefined magnitude (Table 2);
mb — body-wave magnitude (Table 2);
md — duration magnitude (Table 2);
ml — local magnitude (Table 2);
ms — surface-wave magnitude (Table 2);
mw — moment magnitude (Table 2);
mukn — unknown magnitude (Table 2);
mc — coda magnitude (Fig. S1);
me — energy magnitude (Fig. S1);
mh — magnitude derived by hand (Fig. S1);
mx — velocity/amplitude/mixed magnitude (Fig. S1);

M0 — seismic moment (i.e., not a magnitude);
R1—R16 — identifier for the 16 regions of this study;
N, S, W, E — north, south, west, east.

Метод досліджує максимальні величини, які можуть виникнути або бути переви-
щені з ймовірністю 95%, якщо відповідні mr дорівнюють або більше цих 95%-них 
прогнозів,  і наскільки ймовірно, що ці mr можуть бути відтворені або перевищені. 
З цих статистичних міркувань ми припускаємо відсутність великих величин в Аль-
пах і надлишок по той бік Атлантичного океану.

Ключові слова: закон ГутенбергаРіхтера, рангова статистика, амплітудно-
частотний розподіл, імовірність величини, b-значення, геостатистика.
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By close inspection and plain statistical consideration of numbers in Table 2, it becomes 
apparent that different magnitude types in one dataset will never allow for ideal analysis.

The most striking oddity is that the b-value of the combined set (M; i.e., 0.8930) is smaller 
than the average b-value of the subsets of undefined magnitudes (m; i.e., 1.6470), body-wave 
magnitudes (mb; i.e., 1.5820), duration magnitudes (md; i.e., 1.0340), and local magnitudes (ml; 
i.e., 1.9540). At first glance, one could expect that the b-value of the combined set (M) should 
lie somewhere in between those other four b-values and that it also would be similar to the 
b-value of the local magnitudes (ml), as their event numbers amount to 48,099 and 39,727, 
respectively.

This supposed artifact is explained by separate magnitude-frequency distribution (MFD) 
consideration per magnitude type:

– The 39,727 local magnitudes (ml) can comfortably hide in the MFD of the combined set 
(M), report magnitudes only up to 4—5, and, hence, result in a high b-value by causing 
the regression to «plummet» before magnitude 5.5 (Fig. 3).

– The 5,761 duration magnitudes (md) and the 697 undefined magnitudes (m) report mag-
nitudes up to 4—5 and 3—4, respectively; event numbers are, however, considerably 
small, and therefore, those two magnitude types also hide in the MFD of the combined 
set (M) by solely increasing the summed counts.

– The 1,403 body-wave magnitudes (mb) brought a few magnitudes between 5—6, but still 
not enough to affect the b-value of the MFD of the combined set (M).

– However, the 15 surface-wave magnitudes (ms) and particularly the 228 moment magni-
tudes (mw; Fig. S2) introduced the majority of magnitudes between 5—7. As their event 
numbers are too small to (properly) fit regressions separately per magnitude type, no 
b-values could be estimated nor listed in Table 2. Nonetheless, the events exist in the 

Fig. S1. Magnitude type fractions per region in percent (a—d). The connecting lines serve only for readability; 
they do not indicate a relation between magnitude types.

S2. Magnitude type fractions per region 

S3. Discussion on b-values of the «Alps Test»
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MFD of the combined set (M) and explain the low b-value of 0.8930.
– The three unknown magnitudes (mukn) do not play a significant role and hide like the 

duration magnitudes (md) and the undefined magnitudes (m) in the combined set (M) 
between magnitudes 4—5.

Fig. S2. Magnitude-frequency distribution 
(MFD) of events reported in moment mag-
nitudes (mw) in the «Alps Test» (Table 2). 
The automatically fitted regression (+) be-
tween m0 and m10 with a b-value of 0.1609 
(+) is not representative.

S4. Overlap between the 16 regions of this study and the Flinn-Engdahl Regions

Ta b l e  S1. Ranges for b-values resulting from overlapping the 16 regions of this study with 
the 50 Flinn-Engdahl Regions [Flinn et al., 1974], for which Cheng & Sun [2018] computed 
b-values individually

Region
Flinn-Engdahl Regions

Main overlap Minor overlap Resulting b-value ranges

1 Western USA 2, 3, 34 4*, 39 — 0.25—1.07 1.32*

2 Eastern USA 34 — — 0.25—0.94 —

3 Central America 4, 5, 6, 7, 32, 34, 44 8, 35nd — 0.25—1.74 —

4 South America 8, 9, 43 6, 7, 10, 32, 35nd, 39, 44 — 0.95—1.74 —

5 Atlantic Ocean 32, 40, 42 31, 34*, 36, 37 0.25* 1.21—1.51 —

6 Algeria 31 — — 1.17—1.21 —

7 Alps 31, 36 — — 1.17—1.32 —

8 Turkey 29, 30, 31 — — 1.02—1.21 —

9 Iran 29 30* 1.02—1.07 1.16*

10 Africa 33, 37 29*disc 1.02*disc 1.17—1.74 —

11 Central Asia 25, 26, 27, 28, 47, 48 41 0.25—1.51

12 Japan 17, 18, 19, 20, 22, 39, 41 21 — 0.25—1.51 —

13 Kamchatka 1, 19, 42 41* 0.25* 1.02—1.32 —

14 South Asia 15, 16, 17, 18, 22, 23, 24, 
25, 38, 39, 46 20, 33*disc — 0.25—1.51 1.70*disc

15 New Zealand 11, 12, 38 — — 0.95—1.21 —

16 Antarctica 10, 33, 39, 43, 45, 50nd 11, 32 — nd—1.74 —

Note: Range decrease or increase caused by minor overlaps (i.e., when Flinn-Engdahl Regions cover only a very 
small part of the 16 regions of this study; dotted lines in Fig. 4) are marked with asterisks (*) together with the 
responsible Flinn-Engdahl Region, and two of them are discarded due to an almost unnoticeable overlap and 
marked with «disc»; «nd» stands for «no data» in Flinn-Engdahl Regions 35 and 50.
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S5. Discrepancy: Why mever is not mr in the Atlantic Ocean (R5) and Africa (R10)?

When comparing Fig. 5, a and Table 4, it is apparent that for the Atlantic Ocean (R5) and 
Africa (R10), the maximal magnitudes (mever) that occurred since registration up to February 
2023 are not the same as the maximal magnitudes (mr) that appeared in reality in the respec-
tive periods of 1960—2009 and 1961—2009 (Table 1).

One might assume, that the reason is simply explained by the fact that earthquakes with 
greater magnitudes have occurred before or after the target time spans (Table 1). This is true 
for most of the listed mever, but for the Atlantic Ocean (R5) and Africa (R10), a different data 
discrepancy arose from improvements with time within the Advanced National Seismic System 
(ANSS) Comprehensive Earthquake Catalog (ComCat) of the USGS (Table S2).

Ta b l e  S2. Data discrepancy between the maximal magnitudes (mever) that occurred since 
registration up to February 2023 and the maximal magnitudes (mr) that appeared in reality 
(Fig. 5, a, Table 4)

Region Replacement Magnitude Date ANSS ComCat Location

Atlantic Ocean (R5) 
1960—2009

initial entry: 
entry corrected to:

ms=8.0
mw=6.2 28-02-1969 retrieved in 2009 

retrieved in 2023
36.181°N, 
10.540°W

replaced by: mw=7.9 26-05-1975 retrieved in 2023 35.997°N, 
17.649°W

Africa (R10)
1961—2009

initial entry: mw=7.0 22-02-2006 retrieved in 2009 21.324°S, 
33.583°E

replaced by: mw=7.2 20-05-1990 retrieved in 2023 05.121°N, 
32.145°E

In the Atlantic Ocean (R5), the earthquake with a surface-wave magnitude (ms) of 8.0 was 
found to be down-corrected in 2023; it was replaced by another earthquake with a moment 
magnitude (mw) of 7.9. In Africa, the earthquake with a moment magnitude (mw) of 7.0 existed 
as such in 2023; however, it is still replaced by another earthquake with a moment magnitude 
(mw) of 7.2, which was not listed as such in 2009 (and probably up-corrected).

Replacements of earthquakes only concern Fig. 5, a and Table 4, and not the statistical 
analysis of this study, which relies on the datasets per region (1—16) as downloaded from the 
ANSS ComCat in 2009.
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S6. Magnitude-frequency distributions for R1—R4, R6, and R8—R16

Fig.  S3. Approximation of a 
magnitude-frequency distribu-
tion (MFD) via linear regres-
sion fitting for R1—R4, R6, and 
R8—R16. Layout, labeling, and 
colors correspond to those of 
the Atlantic Ocean (R5; Fig. 7, 
a) and the Alps (R7; Fig. 8, a).
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S7. Probability estimations for R1—R4, R6, and R8—R16

Fig.  S4. Probability estimation 
for the maximal magnitudes via 
Rank-Ordering-Statistics for 
R1—4, R6, and R8—16. Layout, 
labeling, and colors correspond 
to those of the Atlantic Ocean 
(R5; Fig. 7, b) and the Alps (R7; 
Fig. 8, b).
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S8. Type fractions of the 50 greatest magnitudes in the 16 regions of this study

Fig. S5. Type fractions of the 50 greatest magnitudes in percent (mu=mukn).
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Fig. S6. The 50 greatest magnitudes per magnitude type (mu=mukn). Points are overlapping due to earthquakes 
with the same magnitudes.

S9. The 50 greatest magnitudes per magnitude type in this study


