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In this paper, we obtain formulas that determine the type of the slowness surface in the
vicinity of a given point (regular or singular) on the vertical axis in a monoclinic medium
with a horizontal plane of symmetry. The study uses a method based on a cylindrical co-
ordinate system with the origin at a selected point. In this coordinate system, at a fixed
azimuth, the polynomial defining the equation of the slowness surface is expanded into a
Taylor series with respect to the distance from the given point. Then, vertical projections
of the slowness for different types of waves are found in the form of Taylor series with
respect to the distance from the given point. The leading terms of these series determine
the shape of the slowness surface in the vicinity of the given point. Gaussians, mean, and
principal curvatures are also presented as Taylor series. In this paper, we investigate the
leading terms of the Taylor series of Gaussians, mean, and principal curvatures, for regu-
lar, double, and triple singular points. It is shown that a double singular point is always
a point of the tangential type, i.e., at the double singular point, the slowness surface has
a horizontal tangent plane. However, at the singular point, the Gaussian curvature does
not exist, and in the vicinity of this point, it depends on the azimuth. Cases with a double
singular point, when the leading term of the Gaussian curvature is locally independent
of the azimuth, are investigated. The cases are also investigated for which in the vicinity
of the singular point or at certain azimuths, the slowness surfaces of S1 and S2 waves are
located close to each other. The presented results are demonstrated on two examples of
monoclinic media. The analysis can be used to identify the amplitude anomalies in the
modelled wavefield in anisotropic media with singularity points, as well as in ray tracing,
and solving inverse seismic problems for monoclinic media.
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Introduction. The Gaussian curvature of
the slowness surface plays an important role
in calculating the geometric spread and am-
plitudes of the recorded waves. It is also used
in ray tracing in elastic media [Gajewski, 1993;
Cerveny, 2001; Vavrycuk, 2001; Stovas, 2018;
Stovas et al., 2022b]. Gaussian curvature is
necessary for solving inverse problems of seis-
mics based on comparing the amplitudes of

recorded waves with the amplitudes obtained
by modeling. The situation is significantly
more complicated if the medium is anisotro-
pic and there are rays with singular directions.
In the vicinity of these directions, both the
amplitudes and directions of the polarization
vectors change rapidly [Alshits, Shuvaloy,
1984]. Such anomalies lead to large errors in
amplitude comparisons and breakdown the
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ray tracing [Gajewski, Psencik, 1990; Cer-
veny, 2001; Psencik, Dellinger, 2001].

The classical method for calculating the
Gaussian and mean curvatures in the vicin-
ity of a given point on the slowness surface
is reduced to calculating the phase veloci-
ties using the perturbation method of the
eigenvalues of the Christoffel matrix. Then,
the principal curvatures of the slowness sur-
face are calculated using the obtained phase
velocities [Shuvalov, Every, 1996, 1997, 2000;
Shuvalov, 1998]. Shuvalov and Every [1996]
obtained formulas for the Gaussian and prin-
cipal curvatures of the slowness surface in the
vicinity of a regular point of a monoclinic
medium, as well as the curvature in the vi-
cinity of singular points of anisotropic media
with symmetry axes of the third and fourth
orders. Stovas et al. [2021, 2022a] analyzed
the Gaussian curvature and the principal
curvatures in the vicinity of the S152 wave
singularity point in anelliptic orthorhombic
model. The slowness surface shape in sym-
metry planes near rotational axes has been
investigated for a number of symmetry classes
[Musgrave, 1957].

Stovas et al. [2025] proposed a method for
approximating the slowness surface in the
vicinity of a given point (regular or singular)
in a triclinic medium by using a cylindrical
coordinate system with the origin at a se-
lected point. In this coordinate system, at a
fixed azimuth angle, the Christoffel polyno-
mial, defining the equation of the slowness
surface, is expanded into a Taylor series with
respect to the distance from the given point.
Then, vertical projections of the slowness for
different types of waves are found in the form
of Taylor series with respect to the distance.
The leading terms of these series determine
the shape of the slowness surface in the vicin-
ity of the given point. The Gaussian, mean,
and principal curvatures, are also given in the
form of Taylor series.

This paper applies the above calculation
scheme to monoclinic media with a horizon-
tal plane of symmetry and a selected point
of the slowness surface on the vertical axis.
The vertical axis for such a medium is a sec-
ond-order symmetry axis. There are specific

4

features in curvature computation compared
to a triclinic medium. In this paper, the ana-
lytical formulas are derived for the leading
terms of the Taylor series of the curvatures
of the slowness surface in the vicinity of reg-
ular, double, and triple singular points. It is
shown that the slowness surface in the vicin-
ity of a double singular point has a horizontal
tangent plane, i.e., this singular point is of
the tangential type of degeneracy. However,
the Gaussian curvature does not exist at this
singular point. In the vicinity of the singular
point, it depends on the azimuth angle; at the
singular point, it tends to be discontinuous.
We find the criterion when the leading term
of the Taylor series of Gaussian curvature in
the vicinity of a singular point for S1 and S2
waves is locally azimuthally independent. We
also define the classes of monoclinic media,
which have the leading term of Taylor series
for vertical slowness projection equal for S1
and S2 waves at a certain azimuth angle and
for all azimuth angles. The equality of the
leading terms results in the closeness of the
slowness surfaces for S1 and S2 waves in the
vicinity of a singularity point.

The results can be used to solve direct and
inverse problems of seismic wave propagation
in monoclinic media.

An example of such a monoclinic medium
in geophysicsis a transversely isotropic medi-
um with several systems of vertical fractures.
Ray tracing in such a medium in the vicinity
of singular directions requires taking into ac-
count the Gaussian curvature [Cerveny, 2001;
Vavrycuk, 2001].

Theory. The monoclinic medium with a
horizontal plane of symmetry has a vertical
axis of symmetry of the second order and is
described by the stiffness matrix C:

o ¢y ¢z 0 0 ¢4
Cp Cp 3 0 0 cy
C— 3 63 c3 0 0 oy 1)
0 0 0 cyu cy5 O
0 0 0 c¢4s5 ¢c5 O
g C6 CGs 0 0 ¢

By rotating the coordinate system around
the vertical axis of symmetry, we can always
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choose an angle (azimuth) at which ¢,=0

[Fedorov, 1968]. By selecting this coordinate

system, we can exclude ¢, from our analysis.

In the following text, we use the notations,
diy =1y +Cg6, di3 =013+ Cs5,

dyy =Co3+Cag, Ay = Com = Cpy - (2)

mn
The Christoffel matrix of a monoclinic me-
dium for the slowness vector p=(p,, p,, p3)T is
given by
ay ap 43
K=l|a, ay ay|, (€))

a3 dy3 433
where

2 2 2
ay =€ Pi +Cee P2 +CssP3 +2C16P1Ps
2 2 2
Ay =CeeDi +Con Py +CaaP3 +2C26P1 D5,
2 2 2
33 =Cs5 Py +Cyq Py TC33P3,
2 2
Ay =CigPi + P2 +d1piPs,
a;3 =d\3p1py +C3PaPs
ay3 = C36P1P3 +dp3 Do D5 (4)

The Christoffel equation F(p,, p,, p;)=
=det(K-I)=0, where I is the identity 3x3 matrix,
defines the slowness surfaces for P, S1, and
S2 waves.

Since the medium has a vertical axis of
symmetry of the second order, the identity
is valid

F(P15P29P3):F(_Pp_PzaPs)- (5)

At p,=p,=0, the vertical projection p,of the
slowness vector satisfies the equation,

F(0»09P3)=
:(044!732 _1)(0551732 _1)(033[732 _1) =0. (6)

We consider three cases. In the first case,
all values (c,, cs5 c43) are different. Then,
on the vertical axis, there are three regu-
lar points _py, =1/\es;, p3g=V+Jea, and
D34 =1/4/¢s5 . In the second case, we assume
that c;3>c;5=c,,. In this case, the equation (6)
has a double root (a double S152 wave singu-
lar point on the vertical axis) at p; = 1/ Cug .
The third case occurs when cy;=c;5=c,,. In
this case, the equation (6) has a triple root (a
triple PS1S2 wave singular point on the verti-
cal axis) at ps :1/ Cyy -
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Let us consider a point of the slowness
surface on the vertical axis with coordinates
P10 P20, P3a = pg;a) = 1/ \/@  where a=4
or 5 for S1 and S2 waves and a=3 for P-wave.

Let us denote p,=p,cos@, p,=p,sinQ, g;=p,—
—p5, The Christoffel equation in variables p,,
g5 ¢ takes the form,

F(py,p2,p3)=Fy(prsq3) =
=043 + (Q20%2 +0np; ) +
"'(Q30%3 + 014307 ) + €
+(Q4o‘1§1 +0ngip; + Q04Pf)+
+(Q50Q§ +0343p; +Q14Q3Pf)+
+(05045 + i3 P} + 00t P} + Q06 Pl ) =0,

where O, =0, (o) are the forms of the de-
gree m+n of the variables sing, cos@. Since
F(0, 0, p;)=0, then O, ((9)=0. Since, -p;=(-p,)
cos@, —p,=(-p,)sin@, then from the relations (5)
and (7) it follows that the index 7 in the form
0,,.(9) is always even.

’Equation F (P(pr, q,)=0 for fixed ¢ defines an
algebraic curve of degree 6. The leading terms
of the series ¢,(p,,¢) satisfying the equation
F(p,» q;)=0 are defined by the values 0,,.,(¢)
located on the left-hand lower part of the con-
vex hull for points with O, (¢)#0. This convex
polygonal line is called the Newton diagram
[Walker, 1978]. Fig. 1 shows the Newton dia-
gram for a monoclinic medium with regular
(a), double (b), and triple (c) singular points.
The slope tangents of the segments of the
polygonal line determine the degrees of the
leading terms of the Puiseux series [Walker,
1978], and equations for the leading terms
are composed by using the points O, (¢)#0
located on the segments. ’

Let us consider the first case, with the
point O(0,0) being regular. One branch of
the curve (7) passes through this point and
0, (9)20 (Fig. 1, a). The Newton polygonal
line consists of one segment (9,0 9y,) with
slope tangent 2. In this case, the function
q4(p,» ®) can be represented by a Taylor series

in the variable p,2 with the leading term r,(¢)

Ags (P, 0)= o (@) 7" . (8)
k>0
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Fig. 1. Non-zero coefficients and the Newton polygonal line for a point (0,0,@10) on the slowness surface of a
monoclinic medium with a horizontal plane of symmetry: regular point (a), double singular point (b), triple sin-

gular point (c).

Ther,(¢) satisfies the equation Q, y»,+0Q, ,=0.
We substitute the value of g, from (’8) into the
polynomial (7) and group its terms by powers
of p.. Then, consistently equating the coef-
ficients of p,2 ¥ to zero, we find the values of

byY

B

= A34Ch6 — G363,

2
—C36,

=Asycp —d3;. (10)

= As4C6

b£44)

" P): 0= 2A55A 5 <0
; 3/2 '
. Qo _ Doa N Q029 Qz,oQg,z Css
2 - S 1 fa—— - ,
o Qo0 Ok O 0y0 = Acss (Ags +A4s5) + 9035045 |
, Css
_ é6) Q02014 +01:,00.4
Ty =— + - _ 0=
Qo O 0,2
55 2 55) . 55) . 2
Q.2 (2Q2,0Q0’4 +00205 0 + lez) _A45 (bl( ) cos (p+2b1(2 )sm(pcos (p+b§ )sin (P)
— 2 + = .
Q13,0 6525
_ (59 _
O — =
R (30,002 +20,0") 203,07, . n=r
o' 0% O __bl(ss) 0052(p+2b1(§5)sin(pcos(p+b§55) sin @
) - 245y '
If, p3q =1/ Cy4y , then 35V Css
(55) _ 2
O = 2834754 %0 b = Assey —di3,
. 3/2 ' 55
Cas bl(z )= Ass¢i6—C6d3,
Acyy (Agy +Asy) +9A,A 55
050 = 44 (A3 +Asy) 34054 bg ):A3SC66_C326- (11)
Cyq
Oy = If, p3q :1/ ¢33 then
; : 2A5,A
_A54 (b1(44) cos? (p+2b1(§4) sin @ cos (p+b§44) sin? (p) QI,O — 0334/2 35 0,
B 2 ' 33
c
(i:) 0,,= —4c33 (Asq +As5) +9A3,A55
n=h = ' Css ’
B b\* cos? @+ 265 sin pcos @+ b{* sin” ¢ 0 b cos? g+265Y sin g cos o+5§* sin” ¢
T ' 0,2= > ,

2A54Jeyy

€33
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(33) _
Hh=r

b1(33) cos” o+ 2171(2 ) sin pcosp+ b§33) sin® @
243455/ ¢33 ’

2 2
= A34A55055 + Asydiz + Agscie

B
33
bl(2 ) = C36 (As34di3 + Assds3)
33 2 2
B = AgyAssey +Aaycis + Assd3;

The leading terms of the Taylor series of
the Gaussian, mean, and two principal curva-
tures of the slowness surface at aregular point

PP ~0, PN = in the vertical axis are
C(X

o
calculated using the equations [Stovas et al.,

2025]:
2 2
G, =2r, 2}’2+dr22 —(ﬁj =
do de
A ()
A, '
Lt P (o +08)
2do 2A5,

2 2
Jrldzr2 <1 4 an + @ =
2de* 2\ \do do’
= ( ) (b(“)+b(°‘) \/(b(“) b(o‘)) +4b1(§‘)2j.
2A3(x

The curvatures at a regular point are well-
defined and do not depend on azimuth angle
¢. 1

In a particular case, when pgz) =—,
from (12) we obtain VCas

b1(44)b§44) B (bl(gm) )2
044A§4
b(44) b(44)
(13)
2A34\/C44
(@)

In the second case, the value p; = p3; is
a double root of the equation £(0,0,p,)=0. We
assume that ¢43>c5.=c,, and p§§) = 1/ Cyy . In
this case, 0, ;=0,,=0, 0, ;=44;,#0,

G():

H0:
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059 =H/cyy (3BA34+2¢y),

O —_4A34( (44)+’”2( )).

and

Oy o = 447} 44) (55) 1

b( *) sin? o+
Caszy (

2
+b1(255) cos? ¢+x;, sin @cos (p) .

Xy = dipAsy — 3 —dysdy

The quadratic form Q20q32 is the lead-
ing term of the series (polynomial) F, (P(pr, q;)
from (7). Therefore, at the singular point
pg‘;‘) =1/+/cy4 , the slowness surfaces of S1 and
S2waves have a horizontal tangent plane, and
this singular point is a point of tangential type

of degeneracy (see Fig. 5).

For a double singular point p;,; = pgz) , the
values r,(¢) are derived by the same principle
as for a single root. In this case, the Newton
polygonal line consists of one segment (0, ,,
0,,, 0, of length 2 with a slope tangent of 2
(ng. 1,’b). Therefore, the value r,(¢) is found
from the quadratic equation

Qz,o”z2 +01,1+04=0. (14)

The two roots of the equation (14) are given

by
. -0, /00 —4050Q04 _ B 4 ) +
) =
20, 2
Ll _ 92, 1
+— (™ =)+ x (15)
2 \/( ) C44A§4

2
x(bl(gm) sin® @+ b1(255) cos® o+ X, sin @cos (p) )

The parameter r,=r,(¢) from (15), taken
with the sign (-) or (+), is, respectively, the
leading term of the Taylor series (8) for S1 and
S2 waves of the slowness surface at a fixed azi-
muth ¢ at the singular point. The remaining
coefficients r,,(¢), k >1 are uniquely defined
by the recurrent equations,

3 2
__ Os0n +Oaats + Q14 + Qo6
20, 07 + 012

1
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2 2 2
Qo + (3Q3,0”2 + 2Q§,2)’”2 + Q1,4)”4
+
20,0+ O
2 2
. n (Q4,o”2 + 0500 + Q2,4)

20, 1, + Q1

I”6=—

.. (16)

The formulas (16) make sense only under
the condition 20, yr,+0, ,#0, which is equiva-
lent to the equation (14) having no multiple
roots.

If for certain ¢, the discriminant of the equa-
tion (14) is zero, then the equalities r2(44) = rz(ss)
and bl(§4) sin” @ + b1(255) cos? @+ x;, sin@cosp =0
are satisfied. In this case, the equation (15)
has a double root r2=r2(44)=r2(55), and the de-
nominators of the expressions (16) are zero,
ie., 2Q2,0r2+Q1,2:0 and Q1,22 :4Q2’0Q0,4 . The
numerators of (16) are also zero. Therefore,
r, additionally satisfies the equation

3 2
Osor5 + 0015 + 014+ 06 =0,

(17)

and r, is defined from the quadratic equation
(Q,=4A3,70),

Qz,o”42 + (3Q3,o”22 + 2Q§,22)’”2 + Q1,4)’”4 +

2 2
1 (Q4,0”2 +Q3,2r2+Q2,4)=0.

(18)

If the equation (18) has different roots, then
the high-order r/(¢), &4 are uniquely defined
by equating to zero coefficients at pf . k>8 af-
ter substitution of ¢, from (8) into the formula

(44) _ }"2(55)

(7). The system of equations 7, and

bl(;m) sin” ¢+ b1(255) cos” @+ x;,sin@cos@ =0 hasa
common root ¢ if and only if the equality (19)
is satisfied,

resultant ((b1(44) —b1(55) ) 2+ z(bl(;“) _ b1(255)) r+
+(b§44) —b§55)), B2 4+ x5 1+ B3, t) =0. (19)

For example, the equality (19) will be sat-
isfied if for any ¢ we find the elastic cons-
tants ¢, and ¢, from the system of two equa-
tions r2(44) = r2(55) and bl(;“‘) sin? (p+b1(§5)
+Xxp, sin@cos@=0.

If the discriminant of the equation (14) is

cos® ¢+

zero for all ¢, then the following equalities
are satisfied,

=B, =139 =0

by =65 xi =0, (20)
and it follows that
Az4Cs = di3C36, A34Ci6 = d)3C36
Asydyy = i +dy3dyy,

2 2 2 2
AsyAig =di3 — 3, Azylye =dy; — 6. (21)

In this case, r, it does not depend on the
azimuth and is given by

2
p, = <36 ~ B34
24344/ ¢4

The coefficient r, takes two values, with
one value being azimuthally independent,

(") (5*)
(044 Azy— b1(44))

3
2A54/Cuq

(22)

x (23)

X

[(af13 COS P+C34 5N @) +(d3 SIN Q56 COS (p)z]
2A§4\/C44 .

For a double singular point of a monoclinic
medium with pgz) = 1/ \/a , the leading terms
of the series of Gaussian, mean, and two prin-
cipal curvatures of the slowness surface are
computed using the formulas [Stovas et al.,

2025]:
2 2
Gy =21, | 27, + L2 —[ﬂij,

do do

1 2
2d

2 2 2.2
h2=2@+ld6j:(é2j+l an ) o
’ 2 de? do 4\ do?
In these formulas, the value r, is taken from
(15).

For a singular point, the values G, and H,,
are azimuthally dependent. This dependence
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arises because the curvatures cannot be cor-
rectly determined at the singular point. How-
ever, the values G, and H,, correctly describe
the curvatures in the vicinity of the singular
point for each ¢ at p,—0, p,#0. For a monoclinic
medium, the graph of the function p,=p,(p,,p,)
always has a horizontal tangent plane at the
singular point, since g; =7, (9) p> + o(prz) .
Differential equations (24) for constant
values of G, and H, have solutions r,(¢)=
=c,c08(2¢)+c,sin(29)+c,, where ¢, ¢, ¢; are
constant. In this case, the leading terms of
the curvatures at the singular point are found
by the formulas Hy=c;, G, = 4(c32 —cf —czz),

ki, = 2(6’3 i\/cf +022 ) The values of G, and
H,donot depend on the azimuth ¢ only if the
radical expression in (15) is a perfect square.
This condition is reduced to a system of two
equations for the stiffness coefficients of a
monoclinic medium (Appendix). One of the
solutions of this system, providing the inde-
pendence of the curvatures from the azimuth
angle, is given by the formulas,

26057 (57 -b5") a -,

€1y =Cep T

AsyXiy Asy
44) (1. (44 55
o (12 -5
34X12
2 2
" dy; — 36 _ (25)
Ay

For a monoclinic medium with the equa-
tions (25) are valid, the curvatures of S1 and
S2 waves at the singular point are not cor-
rectly defined. However, they are constant
on the azimuth intervals ¢ at p —0 and p,#0.

In the third case, p;= pgff) is a triple root
of the equation F(0,0,p;)=0. In this case,

€337 Cs5 Canr i =1New 0,6701,092=0,
Q=
.0 . 2
2|:(d13 COS P+C36 SIN Q)" +(d,5 SIN Q+¢54 COS Q) ]

Cyq

For a triple singular point p3=p§f}), the

ISSN 0203-3100. Geophysical Journal. 2025. Vol. 47. Ne 4

Newton polygonal line consists of two seg-
ments (Qy 4, 0;,) and (0, ,, O o) of length 1 and
2 with slope tangent of 2 and 1, respectively
(Fig. 1, ¢). Therefore, three branches of the
curve F, w(pr’ g,)=0 pass through the origin of
the coordinate system, and the leading terms
of the Taylor series of the function g¢,(p,, ¢)
satisfy one of the equations,

2
Q3,o’”1 JrQl,z =0,
O +0p4=0.

(26)
(27)

The coefficients r,(¢) are the roots of the
equation (26) correspond to P(—) and S2(+)
waves,

gt |22 (28)
Os0
. \/(d13 COS @ + 36 810 )’ + (3 Sin @+ ¢35 COS Q)
+ 2 .

The higher order coefficients r,(¢), &>1 are
computed by consistently equating to zero

the coefficients at p*** in F oD @)
4 2
3 Opati + ool + 040 _
3Q3,o’”12 +0,
_ Qo4 3 0, . 04,0912
20, 205, 205
2
i [3Qo,4Q3,o 2004055
sl o o
2
N 4014 2004040 +4010050+ 055 +
O 01,050
2
N 40, 7,050 +60,,040+ 05, B
2
Os50
2
B 50001 J
—=— .
0¥

If the leading term of the Taylor series sat-
isfies the equation (27), which corresponds to
S1 wave, we consistently find:

Qw4
1
Q1

VZI

r

(29)

7"2—
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2 3
Do, 914904 D2904 | 930904
== + 2 3 T 4
Q12 O Oia O

The leading terms in the Taylor series
for Gaussian and mean curvatures of P and
S2 wave slowness surfaces in the vicinity of
the triple PS1S2 wave singularity point can
be computed using equations (Al4) from
Stovas et al. [2025] by substituting value of
r,(¢) from equation (28) and 7,(¢), 75(¢) from
equation (29). To compute the leading terms
in the Taylor series for Gaussian and mean
curvatures of S1 wave slowness surface in the
vicinity of the triple PS152 wave singularity
point, we have to use equations (24) and sub-
stitute value of r,(¢) from (30). Expression for
0, 4 1s the quartic form in variables sing, cosg.
It results in algebraically complex equations
for leading terms of curvatures, which are not
shown in this paper.

In Fig. 1, the dots show the location of the

.(30)

non-zero coefficients Q, ~of the Christoffel
polynomial (7) in the plahe with coordinates
(m, n) for reqular (a), double (b) and triple (c)
singular points. Polygonal line shows the con-
vex hull of points with Q,  (¢)#0 (the Newton
diagrams). ’

Numerical examples. In the numerical ex-
ample and corresponding figures, the reduced
stiffness coefficients are given in km?%/s?
and the velocities are given in km/s. To illus-
trate the above statements, we consider two
anisotropic monoclinic media, M1 and M2,
with the reduced (density-normalized) stiff-
ness coefficients from Table. For model M1,
the leading term of the Gaussian curvature of
the slowness surface S1 and S2 waves at the
singular point on the vertical axis is locally
azimuthally independent, while for model
M2, itis azimuthally dependent everywhere.
The values of the elastic constants ¢}, ¢,, in
model M1 satisfy the formulas (25).

Stiffness coefficients C;i of two monoclinic anisotropy models with a double tangential (S1S2)
singularity point on the vertical axis. The remaining nine stiffness coefficients are zero

Models, ¢; ‘1 €12 €13 €16 ) €3 €26 C33 C36 Caq Css €66
M1 6.768 3.6 2.25 0.2 | 7.033 2.4 0.3 5.9375 0.4 0.2 0.2 | 2.182
M2 9 3.6 2.25 0.2 9.84 2.4 0.3 5.9375 0.4 0.2 0.2 | 2.182

¢ ¢
0 b 2n 0 b 2n
~0.6 —0.81
-0.9 1
—0.71 1.0
\ \ Y -1.11
|\ V] | \
r, 084 ~7 \\ | W] r, —1.21
| \ \ N\
\ J
0.9 I \ —1af 0\ I\
0.9 \\ | \ | / \ Foq
| \ / -5/ )\ w F ) ~
Voo V] S A W L S L W
-1.0- \ / \ | ~1.6- \ / \ §
LY L ~1.7- Wi \
\ \/ ' </ v
a b

Fig. 2. Leading Taylor series coefficient r,(¢) of the vertical component of the slowness surface S1 (dashed, red)
and S2 (solid, green) waves in the vicinity of a double singular point on the vertical axis for the monoclinic medium

for models M1 (a), M2 (b).
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Fig. 2, a, b show the azimuthal dependence
of the leading coefficient r,(¢) of the Taylor
series (8) for monoclinic media M1 and M2,
respectively. The graphs of the functions r,(¢)
for the S1 wave are shown in green with a solid
line and for the S2 wave, they are shown in
red with a dashed line. For the M1 model,
the graphs r,(¢) are locally shifted sinusoids
with argument 2¢. The sinusoids intersect at

2.4
2.3
G 2.2
2.1
2.0-
1.9-
0__ T T 21
o
a
ﬁ \
20 | |
l| ,l
15 '||| i lll‘ i
ll I\ ,\ I\
10 l\ I\ l\ I\
L/ \\’/ \\/l N N
Aavalays
0 VA Vo
o
—5-
b

Fig. 3. Leading terms of the Gaussian curvature of the
slowness surfaces S1 (dashed, red) and S2 (solid, green)
waves in the vicinity of a double singular point on the
vertical axis for a monoclinic medium for models M1
(a), M2 (b).

ISSN 0203-3100. Geophysical Journal. 2025. Vol. 47. Ne 4

azimuths for which the values r,(¢) for the S1
and S2 waves coincide. At these azimuths, the
vertical projections of the slowness surfaces
of the S1 and S2 waves differ from each other
only in the fourth-order termin p,. For the M2
model (Fig. 2, b), the graphs r,(¢) are complex
functions of ¢. In this case, the curve for the
S2 wave is above the curve for the S1 wave.
The slowness surfaces of the S1 and S2 waves
for the M2 model do not intersect.

Fig. 3, a, b show the azimuthal dependence
of the leading term Gy(¢) of the Gaussian
curvature of the slowness surface for mono-
clinic media M1 and M2. The graphs of the
functions G,(¢) for the S1 wave are shown in
green and with a solid line, and those for the
S2 wave are shown in red and with a dashed
line. The leading terms of the Gaussian cur-
vature are constant for the M1 model within
the azimuths at which the values r,(¢) for the
S1 and S2 waves coincide (Fig. 3, a). In this
case, the function r,(¢) is given by a single
linear trigonometric function of 2¢.The lead-
ing terms of the Gaussian curvature for the
M2 model (Fig. 3, b) depend on the azimuth
everywhere and are completely separated
from each other: in the vicinity of the singu-
lar point, the Gaussian curvature for the S1
wave is greater than the Gaussian curvature
for the S2 wave.

Fig. 4, a, b show horizontal sections of the
slowness surfaces of S1 waves (internal, red)
and S2 waves (external, green) in the vicinity
of a singular point for monoclinic media M1
and M2, respectively. The sections are con-
structed taking into account only the leading
term of the series (8). Fig. 4, a shows how the
curves of S1 and S2 waves intersect for M1.
However, if all terms of the series (8) are taken
into account, the curves of S1 and S2 waves
will be slightly spaced, and the angle of their
intersection will be smoothed. For M2, the
curves of S1 and S2 waves are spaced every-
where.

Fig. 5, a, b show the slowness surfaces
S1 (internal, red) and S2 (external, green) of
waves in the vicinity of a singular point on
the vertical axis for monoclinic media M1 and
M2, respectively. The slowness surfaces of S1
and S2 waves for both models have a common

11
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Fig. 4. Horizontal slice of the slowness surfaces S1 (dashed, red) and S2 (solid, green) waves in the vicinity of a

double singular point, constructed using the leading term of the Taylor series of function g3 (p,,¢)=r, (¢) pf +o( pf )

for a monoclinic medium for models M1 (a), M2 (b).

—0.08 —0.04 0 04 ggg 0.0
P, Dy

4 0-0.0470.08

= -0.08
0.04 ¢.08 0.04 0=0.04

D, by
b

Fig. 5. Slowness surfaces of S1 (internal, red) and S2 (external, green) waves in the vicinity of a double singular
point on the vertical axis for a monoclinic medium for models M1 (a), M2 (b). The slowness surfaces have a com-

mon horizontal tangent plane at the singular point.

horizontal tangent plane at the singular point,
which is a tangential-type point.
Conclusions. We define the leading terms
of Gaussian, mean, and principal curvatures
of the slowness surfaces in the vicinity of reg-
ular and singularity points (double and triple)
on the vertical axis for monoclinic media with
a horizontal plane of symmetry. To compute
these terms in curvatures, we use the Christof-

12

fel polynomial series and the cylindrical coor-
dinate system associated with the singularity
point. In the case of the double singularity
point, we always get the tangential class of
degeneracy. However, the Gaussian curvature
does not exist at the singularity point, and in
the vicinity of this point, it depends on the
azimuth. The cases of monoclinic media are
investigated for which the leading term of the

ISSN 0203-3100. I'eogpizuunuti xypuaa. 2025. T. 47. Ne 4
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Gaussian curvature is locally independent of
the azimuth. The cases are also investigated
for which, in the vicinity of the singularity
point or at certain azimuths, the slowness
surfaces of S1 and S2 waves are close to each
other. The results are demonstrated on two
examples of monoclinic media. They can be
used to identify the amplitude anomalies in
the modelled wave field in monoclinic media
with singularity points.
Appendlx Equahtya4x +a,x y+a2x2y +a1xy +
+agy ' =(b,x*+b xy+by”)* is valid if and only if
aj\a, =as\Jay , a, =B 42 apay ,
4a,
a4

JZ_N—

This statement is proved by substituting x,
y=1,0,-1 into the equality. 5
Inourcase, (b2x2 +bhxy + boyz)

by =ag, by =ay, b= (31)

:ﬁ2+f22.
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OOuncaeHHs KpuBu3HU 'ayca noBepxHi NOBiABHOCTI
ANASI MOHOKAIHHUX CepeAOBUIL]

IO.B. POFaHOBI, A. CTOB&CZ, B.IO. POI‘HHOBs, 2025

Tesseral Technologies Inc., KuiB, Ykpaina
2HOpBe3BKI/If/i YHIBEPCUTET NPUPOAHUX | TeXHIYHUX HAyK, TpouxeuM, Hopseria
3IHCTI/ITyT KibepHeTuku iMmeHi B.M. l'nymkosa HAH Ykpairu, Kuis, Ykpaina

OTpumaHo OPMYAH, 1110 BU3HAYAIOTh TUII IOBEPXHi ITIOBIABHOCTI B OKOAI 3aAaHOI TOY-
KU (PeryAsipHOI UM CUHTYASIPHOI) Ha BEPTUKAAbHIN OCi B MOHOKAIHHOMY CepeAOBUIII 3
TOPU30HTAABHOIO IIAOIIIMHOIO CUMETPIl. Y AOCAIAJKEHHI BUKOPUCTAHO METOA, 3aCHOBAHUU
Ha BUKOPUCTAHHI HMAIHAPUYHOI CHCTEMU KOOPAWHAT 3 II0YaTKOM KOOPAWHAT y BUOPa-
HiM TOYIl. Y Wi CUCTEMI KOOPAMHAT IIpU (DIKCOBAHOMY a3MMYTI IIOAIHOM, 1[0 BU3HAYAE
PiBHSTHHS IIOBEPXHI IIOBIABHOCTI, PO3KAAAQETHCA B PsA Telaopa 3a BIACTAHHIO Bia AQHOI
TOYKHU. [1OTIM 3HAXOAATHCS BEPTUKAABHI ITPOEKIIIT IOBIABHOCTI AASI PI3HUX THUIIIB XBUAD
Yy BUTASIAL psAIB Teliaopa 3a BiACTAHHIO Bip AQHOI TOUKU. [TO4aTKOBI UA€HU [UX PSAAIB BU-
3HAQUYAIOTh (DOPMY IOBEPXHI ITIOBIABHOCTI B OKOAL AaHOI Touku. KpuBusnu 'ayca, cepepHsA
Ta FTOAOBHAQ, TAKOXK IIPEACTaBA€HI psipaMu Teriaopa. Y [ill CTaTTi AOCAIAKEHO II0YaTKOBI
unreHU paAiB Teliaopa KpuBU3H 'ayca, cepepHBOI Ta TOAOBHOL, AT PETYASIPHUX, ITOABIM-
HUX i TOTPIAHUX 0COOAMBUX TOUOK. [ToKa3aHo, 1110 MOABifiHa 0COOAMBA TOYKA 3aBKAM €
TOUYKOIO AOTHUUYHOTO THUITY, TOOTO B ITOABiMHIN OCOOAMBIM TOUIIi TOBEPXHS MOBIABHOCTI Mae
TOPHU30HTAABHY AOTUUHY IIAOIIMHY. OAHAK B OCOOAMBIM Toulli KpuBU3HU [ayca He icHYE,
a B OKOAI IIi€l TOYKM BOHA 3aAE€KUTH BiA asuMyTa. AOCAIAJKEHO BUIIAAKU 3 IIOABIMHOO
0COOAUBOIO TOYKOIO, KOAU ITOYATKOBUM YAEH KPUBU3HU ['ayca AOKAABHO He 3aAe’KUTh
Bip @3MMyTa, @ TAKOJK BUIIAAKH, KOAM B OKOAI OCOOAMBOI TOUKYM @00 Ha IIEBHUX a3UMyTax
TTOBEPXHi MOBIABHOCTI S1 i S2 XBUABL po3TalnioBaHi OAM3BKO OAHA A0 OAHOI. [IpeacTaBAeHi
pe3yAbTaTH IPOAEMOHCTPOBAHO Ha ABOX IIPUKAAAAX MOHOKAIHHUX CepeAOBHIL,. AHAAI3,
BUKOHAHUM y IIiM cTaTTi, MO>Ke OyTH BUKOPUCTAHUMN AAS ipeHTUDIKAIT aHOMaAIN aM-
HNAITYAM, BUKAUKAHUX MOAEAIOBAHHSIM XBUABOBOTO IIOAS B @HI30TPOIIHOMY CE€PEAOBMIITI
3 OCOOAMBUMHU TOUKAMH, @ TAKOJK IIPU TPaCyBaHHI IPOMEHIB i PO3B'sI3aHHI 3BOPOTHUX
CEeNCMIYHUX 33Aa4 AN MOHOKAIHHUX CEPEAOBHIIL,.

KAr040Bi cAOBa: MOHOKAIHHE CepepOBHUIlle, KpUBU3HA ['ayca, 0cOOAMBA TOUKA, TIOBEPX-
HS IIOBIABHOCTI, (pa30Ba IIBUAKICTB, MaTpullst Kpicroddens.
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