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Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✹ ✼✭✶✮ ✶✻✕✷✸ dω

❋✉♥❝t✐♦♥❛❧s✱ ❢✉♥❝t♦rs ❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s

▲✐❞✐②❛ ❇❛③②❧❡✈②❝❤ ❆❧❡❦s❛♥❞r ❙❛✈❝❤❡♥❦♦ ▼②❦❤❛✐❧♦ ❩❛r✐❝❤♥②✐

❆❜str❛❝t ❲❡ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ ❝♦♥✲

t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✳ ❙✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡s✱ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s✱ ♠❛①✲♠✐♥ ♠❡❛s✉r❡s ❛♥❞ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s

❝❛♣❛❝✐t✐❡s ✇❡ ❡♥❞♦✇ t❤❡ s❡ts ♦❢ ❢✉♥❝t✐♦♥❛❧s ✇✐t❤ ✉❧tr❛♠❡tr✐❝s✳ ❲❡ ❝♦♥s✐❞❡r

s♦♠❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♦❜t❛✐♥❡❞ s♣❛❝❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s✳ ❲❡ ❛❧s♦ ❞✐s❝✉ss t❤❡

q✉❡st✐♦♥ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

❑❡②✇♦r❞s ❯❧tr❛♠❡tr✐❝ s♣❛❝❡✱ ❢✉♥❝t✐♦♥❛❧

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✵✵✮✺✹❈✸✺✱ ✺✹❊✸✺

✶ ■♥tr♦❞✉❝t✐♦♥

❘❡❝❛❧❧ t❤❛t ❛ ♠❡tr✐❝ ✭r❡s♣✳ ❛ ♣s❡✉❞♦♠❡tr✐❝✮ d ♦♥ ❛ s❡t X ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✉❧✲

tr❛♠❡tr✐❝ ✭r❡s♣✳ ❛ ♣s❡✉❞♦✉❧tr❛♠❡tr✐❝✮ ✐❢ d s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣ tr✐❛♥❣❧❡

✐♥❡q✉❛❧✐t②✿

d(x, y) ≤ max{d(x, z), d(z, y)}, x, y, z ∈ X.

❚❤❡ ❝❧❛ss ♦❢ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ✐s ✉s❡❞ ✐♥ t❤❡ ♥✉♠❜❡r t❤❡♦r②✱ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s✱

❜✐♦❧♦❣②✱ ♣❤②s✐❝s✱ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✳ ■♥ ❬✻❪✱ t❤❡ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ❛r❡

❛♣♣❧✐❡❞ t♦ t❤❡ t❤❡♦r② ♦❢ r♦♦t❡❞ R✲tr❡❡s✳

❆♥ ✉❧tr❛♠❡tr✐❝ ♦♥ t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt ♦♥ ❛♥

✉❧tr❛♠❡tr✐❝ s♣❛❝❡ ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✶✶❪✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✇❛s ❧❛t❡r ❡①t❡♥❞❡❞

♦✈❡r t❤❡ ❝❛s❡s ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s✱ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s ❝❛♣❛❝✐t✐❡s ❛♥❞

♠❛①✲♠✐♥ ♠❡❛s✉r❡s✳ ■♥ ❬✽❪✱ ❛ ❢✉③③② ❝♦✉♥t❡r♣❛rt ♦❢ ✉❧tr❛♠❡tr✐❝ ✐s ❝♦♥s✐❞❡r❡❞ ♦♥

t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt✳

❚❤❡ ♣r❡s❡♥t ♥♦t❡ ✐s ❞❡✈♦t❡❞ t♦ ❛♥♦t❤❡r ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s ❞❡✜♥❡❞ ♦♥ t❤❡

s❡ts ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✳ ❲❡ ❝♦♥s✐❞❡r s♦♠❡ r❡❧❛t✐♦♥s
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❋✉♥❝t✐♦♥❛❧s✱ ❢✉♥❝t♦rs ❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ✶✼

❜❡t✇❡❡♥ t❤❡ ♦❜t❛✐♥❡❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ❞✐s❝✉ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡✐r ❝♦♠✲

♣❧❡t❡♥❡ss✳

❋✐rst✱ ❧❡t X ❜❡ ❛ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡✳ ❆s ✉s✉❛❧✱ ❜② C(X) ✇❡ ❞❡♥♦t❡ t❤❡

❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ X✳ ❚❤❡ ♥♦r♠ ✐♥ C(X) ✇✐❧❧

❜❡ ❞❡♥♦t❡❞ ❜② ‖ · ‖✳

❇② Br(x) ✇❡ ❞❡♥♦t❡ t❤❡ ♦♣❡♥ ❜❛❧❧ ♦❢ r❛❞✐✉s r > 0 ❝❡♥t❡r❡❞ ❛t ❛ ♣♦✐♥t x ♦❢ ❛

♠❡tr✐❝ s♣❛❝❡✳

❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥❛❧ µ : C(X) → R

✕ ♣r❡s❡r✈❡s ❝♦♥st❛♥ts ✐❢ µ(cX) = c ❢♦r ❡✈❡r② c ∈ R❀

✕ ♣r❡s❡r✈❡s ♦r❞❡r ✐❢ µ(ϕ) ≤ µ(ψ) ✇❤❡♥❡✈❡r ϕ ≤ ψ❀

✕ ✇❡❛❦❧② ♣r❡s❡r✈❡s ♦r❞❡r ✐❢ µ(a) ≤ µ(ϕ) ≤ µ(b) ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ ∈ C(X) ❛♥❞

❝♦♥st❛♥t ❢✉♥❝t✐♦♥s a, b ✇✐t❤ a ≤ ϕ ≤ b❀

✕ ♣r❡s❡r✈❡s ♠✐♥✐♠❛ ✐❢ µ(min{ϕ, g}) = min{µ(ϕ), µ(g)} ❢♦r ❛♥② ❢✉♥❝t✐♦♥s ϕ, g ∈

C(X)❀

✕ ♣r❡s❡r✈❡s ♠❛①✐♠❛ ✐❢ µ(max{ϕ, g}) = max{µ(f), µ(g)} ❢♦r ❛♥② ❢✉♥❝t✐♦♥s

ϕ, g ∈ C(X)❀

✕ ✇❡❛❦❧② ♣r❡s❡r✈❡s ♠✐♥✐♠❛ ✐❢ µ(min{ϕ, c}) = min{µ(ϕ), µ(c)} ❢♦r ❛♥② ϕ ∈

C(X) ❛♥❞ ❛♥② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ c ∈ C(X)❀

✕ ✇❡❛❦❧② ♣r❡s❡r✈❡s ♠❛①✐♠❛ ✐❢ µ(max{ϕ, c}) = max{µ(ϕ), µ(c)} ❢♦r ❛♥② ϕ ∈

C(X) ❛♥❞ ❛♥② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ c ∈ C(X)❀

✕ ✐s ❛❞❞✐t✐✈❡ ✐❢ µ(ϕ+ ψ) = µ(ϕ) + µ(ψ) ❢♦r ❛♥② ❢✉♥❝t✐♦♥s ϕ, ψ ∈ C(X)❀

✕ ✐s ✇❡❛❦❧② ❛❞❞✐t✐✈❡ ✐❢ µ(ϕ + c) = µ(ϕ) + µ(c) ❢♦r ❛♥② ϕ ∈ C(X) ❛♥❞ ❛♥②

❝♦♥st❛♥t ❢✉♥❝t✐♦♥ c ∈ C(X)❀

✕ ✐s ✇❡❛❦❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❢ µ(c · ϕ) = µ(c) · µ(ϕ) ❢♦r ❛♥② ϕ ∈ C(X) ❛♥❞ ❛♥②

❝♦♥st❛♥t ❢✉♥❝t✐♦♥ c ∈ C(X)❀

✕ ✐s k✲▲✐♣s❝❤✐t③ ❢♦r k ≥ 1 ✐❢ |µ(ϕ) − µ(ψ)| ≤ k · ‖ϕ − ψ‖ ❢♦r ❛♥② ❢✉♥❝t✐♦♥s

ϕ, ψ ∈ C(X)✳

◆♦✇ ❧❡t X ❜❡ ❛ ❚②❝❤♦♥♦✈ s♣❛❝❡✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥❛❧ µ : C(X) → R

✐s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt ✐❢ t❤❡r❡ ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t A ♦❢ X ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt②✿ µ(ϕ) = µ(ψ)✱ ❢♦r ❛♥② ϕ, ψ ∈ C(X) ✇✐t❤ ϕ|A = ψ|A✳ ■♥ ♦r❞❡r t♦ s♣❡❝✐❢②

t❤✐s A✱ ♦♥❡ ❛❧s♦ s❛②s t❤❛t µ ✐s s✉♣♣♦rt❡❞ ♦♥ A✳

❚❤❡ ❧❛tt❡r ❝❛♥ ❛❧s♦ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿ µ ✐s s✉♣♣♦rt❡❞ ♦♥ A✳

▲❡♠♠❛ ✶ ■❢ ❛ ❢✉♥❝t✐♦♥❛❧ µ : C(X) → R ✐s s✉♣♣♦rt❡❞ ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts A,B ⊂

X✱ t❤❡♥ ❛❧s♦ µ ✐s s✉♣♣♦rt❡❞ ♦♥ A ∩B✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t ϕ, ψ ∈ C(X) ❛r❡ s✉❝❤ t❤❛t ϕ|(A ∩B) = ψ|(A ∩B)✳
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❇❛③②❧❡✈②❝❤ ▲✳✱ ❙❛✈❝❤❡♥❦♦ ❆✳✱ ❩❛r✐❝❤♥②✐ ▼✳

Pr♦♦❢ ❇② t❤❡ ❚✐❡t③❡ ❊①t❡♥s✐♦♥ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ϕ1 ∈ C(X) s✉❝❤

t❤❛t ϕ1|A = ϕ|A ❛♥❞ ϕ1|B = ψ|B✳ ❚❤❡♥ µ(ϕ) = µ(ϕ1) = µ(ψ)✳

❚❤❡ s❛♠❡ ❞❡✜♥✐t✐♦♥s ❜✉t t❤❡ ❧❛st ♦♥❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ♦✈❡r t❤❡ ❢✉♥❝t✐♦♥❛❧s

❞❡✜♥❡❞ ♦♥ C(X)✱ ❢♦r ❛♥② ❚②❝❤♦♥♦✈ s♣❛❝❡ X✳ ❚❤❡ ♦♥❧② ♠✐♥♦r ❞✐✣❝✉❧t② ❛r✐s❡s

✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ k✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥❛❧s✱ ❛s t❤❡ s♣❛❝❡ C(X) ✐s ♥♦t ♥♦r♠❡❞

❢♦r ♥♦♥❝♦♠♣❛❝t X✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ♦♥ C(X)✳

■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ♥♦ ♣r♦❜❧❡♠ ✐♥ ❞❡✜♥✐♥❣ k✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥❛❧s ❛s ♦♥❡ ❝❛♥

❝♦♥s✐❞❡r t❤❡ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ♦♥t♦ ❛ s✉✐t❛❜❧❡ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ X

❛♥❞ t♦ ✉s❡ t❤❡ s✉♣✲♥♦r♠ ♦❢ t❤❡ r❡str✐❝t✐♦♥s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥✳

✷ ❯❧tr❛♠❡tr✐③❛t✐♦♥

◆♦✇✱ ❧❡t (X, d) ❜❡ ❛♥ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡✳ ❋♦❧❧♦✇✐♥❣ ❬✹❪ ✇❡ ❞❡♥♦t❡✱ ❢♦r ❛♥② r > 0✱

❜② Fr = Fr(X) t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ♦♥ X t❤❛t ❛r❡ ❝♦♥st❛♥t ♦♥ ❛❧❧ ❜❛❧❧s ♦❢ r❛❞✐✉s

r✳ ●✐✈❡♥ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥❛❧s F (X) ♦♥ C(X)✱ ✇❡ ❧❡t✱ ❢♦r ❡✈❡r② µ, ν ∈ F (X)✱

d̂(µ, ν) = inf{r > 0 | µ(ϕ) = ν(ϕ), ❢♦r ❡✈❡r② ϕ ∈ Fr}

✭❝♦♥✈❡♥t✐♦♥✿ inf ∅ = +∞✮✳

Pr♦♣♦s✐t✐♦♥ ✶ ❙✉♣♣♦s❡ t❤❛t d̂(µ, ν) < +∞✱ ❢♦r ❡✈❡r② µ, ν ∈ F (X)✳ ❚❤❡♥ d̂ ✐s

❛ ♣s❡✉❞♦✉❧tr❛♠❡tr✐❝ ♦♥ F (X)✳

Pr♦♦❢ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ str♦♥❣ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✳ ▲❡t µ, ν, τ ∈ F (X)✳ ■❢

d̂(µ, τ) ≤ r✱ d̂(ν, τ) ≤ r✱ t❤❡♥✱ ❢♦r ❛♥② s > r ❛♥❞ ❡✈❡r② ϕ ∈ Fs✱ ✇❡ s❡❡ t❤❛t

µ(ϕ) = τ(ϕ) = ν(ϕ)✱ ✇❤❡♥❝❡ d̂(µ, ν) ≤ s✳ ❚❤❡r❡❢♦r❡✱ d̂(µ, ν) ≤ r✳

Pr♦♣♦s✐t✐♦♥ ✷ ❙✉♣♣♦s❡ t❤❛t ❡✈❡r② µ ∈ F (X) ♣r❡s❡r✈❡s ♦r❞❡r ❛♥❞ ✐s ✇❡❛❦❧②

❛❞❞✐t✐✈❡✳ ❚❤❡♥ d̂ ✐s ❛♥ ✉❧tr❛♠❡tr✐❝ ♦♥ t❤❡ s❡t F (X)✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❡ ❝♦♥tr❛r②✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❞✐st✐♥❝t µ, ν ∈ F (X) s✉❝❤ t❤❛t

d̂(µ, ν) = 0✳ ❲❡ ♠❛② s✉♣♣♦s❡ t❤❛t t❤❡ s✉♣♣♦rts ♦❢ µ, ν ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝♦♠♣❛❝t

s♣❛❝❡ Y ⊂ X✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② s✉♣♣♦s❡ t❤❛t X = Y ✳

❚❤❡r❡ ❡①✐sts ϕ ∈ C(X) s✉❝❤ t❤❛t µ(ϕ) 6= ν(ϕ)✳ ❲❡ ♠❛② s✉♣♣♦s❡ t❤❛t µ(ϕ)+

c ≤ ν(ϕ)✱ ✇❤❡r❡ c > 0✳ ❇❡❝❛✉s❡ ♦❢ ❝♦♠♣❛❝t♥❡ss ♦❢ Y ✱ t❤❡r❡ ❡①✐sts r > 0 ❛♥❞

❛ ❢✉♥❝t✐♦♥ ψ ∈ Fr s✉❝❤ t❤❛t ψ ≤ ϕ ❛♥❞ ‖ψ − ϕ‖ < c/2✳ ❚❤❡♥✱ ❜② t❤❡ ✇❡❛❦

❛❞❞✐t✐✈✐t②✱

µ(ψ) ≤ µ(ϕ) ≤ µ(ψ + (c/2)) = µ(ψ) + (c/2),

ν(ψ) ≤ ν(ϕ) ≤ ν(ψ + (c/2)) = ν(ψ) + (c/2)
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❋✉♥❝t✐♦♥❛❧s✱ ❢✉♥❝t♦rs ❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ✶✾

❛♥❞✱ s✐♥❝❡ µ(ψ) = ν(ψ)✱ µ(ψ+c/2) = ν(ψ+c/2)✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t |µ(ψ)−µ(ϕ)| <

c/2 t❤❡r❡❢♦r❡ ♦❜t❛✐♥✐♥❣ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡t O(X) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♦r❞❡r✲♣r❡s❡r✈✐♥❣ ✇❡❛❦❧② ❛❞❞✐t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ❬✾❪

♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt ♦♥ C(X) ❛♥❞ ❧❡t S(C) ❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ O(X) ❝♦♥s✐st✐♥❣

♦❢ ✇❡❛❦❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ❬✶✵❪✳

Pr♦♣♦s✐t✐♦♥ ✸ ❋♦r ❛♥② ✉❧tr❛♠❡tr✐❝ s♣❛❝❡ (X, d)✱ t❤❡ s❡t S(X) ✐s ❝❧♦s❡❞ ✐♥ t❤❡

s♣❛❝❡ O(X)✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t µ ∈ O(X) \ S(X)✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ϕ ∈ C(X) ❛♥❞ c ∈ R

s✉❝❤ t❤❛t µ(cϕ) 6= cµ(ϕ)✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t ϕ ≥ 0✳

■♥❞❡❡❞✱ ❛ss✉♠✐♥❣✱ ❛s ❛❜♦✈❡✱ t❤❛t X ✐s ❝♦♠♣❛❝t✱ ♦♥❡ ❝❛♥ ✜♥❞ a ∈ R s✉❝❤ t❤❛t

ϕ+ a ≥ 0✳ ❚❤❡♥

µ(c(ϕ+ a)) = µ(cϕ) + ca 6= cµ(ϕ) + ca = c(µ(ϕ) + a) = cµ(ϕ+ a).

❋✐rst✱ s✉♣♣♦s❡ t❤❛t µ(cϕ) < cµ(ϕ)✳ ❚❤❡♥ µ(cϕ) < (c/α)µ(ϕ)✱ ❢♦r s♦♠❡ α > 1✳

❚❤❡r❡ ❡①✐sts ψ ∈ Fr✱ ❢♦r s♦♠❡ r > 0✱ s✉❝❤ t❤❛t ψ ≤ ϕ ≤ αψ✳

❚❤❡♥

µ
( c

α
(αψ)

)

µ(cψ) ≤ µ(cϕ) <
c

α
µ(ϕ) ≤

c

α
µ(αψ).

❙✐♥❝❡ αψ ∈ Fr✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ❢♦r ❡✈❡r② ν ∈ O(X) ✇✐t❤ d̂(µ, ν) < r✱

ν
( c

α
(αψ)

)

= µ
( c

α
(αψ)

)

µ(cψ) <
c

α
µ(αψ) =

c

α
ν(αψ),

❛♥❞ t❤❡r❡❢♦r❡ ν ∈ O(X) \ S(X)✳

❙✐♠✐❧❛r ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ µ(cϕ) > cµ(ϕ)✳ ❚❤✉s✱ t❤❡

s❡t O(X) \ S(X) ✐s ♦♣❡♥ ✐♥ O(X)✳

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ❢✉♥❝t♦r ♦❢ ♦r❞❡r✲♣r❡s❡r✈✐♥❣ ❢✉♥❝t✐♦♥❛❧s ✐♥ t❤❡ ❝❛t❡✲

❣♦r② Comp ♦❢ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡s ♣r❡s❡r✈❡s ✐♥t❡rs❡❝t✐♦♥s ❬✾❪✳ ❚❤✐s ❛❧❧♦✇s

✉s t♦ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ s✉♣♣♦rt supp(µ) ♦❢ ❛♥② µ ∈ O(X) ✐♥ ❛ st❛♥❞❛r❞ ✇❛②✿

supp(µ) ✐s t❤❡ ♠✐♥✐♠❛❧ ❝❧♦s❡❞ s✉❜s❡t A ✐♥ X s✉❝❤ t❤❛t µ(ϕ) = ν(ϕ) ✇❤❡♥❡✈❡r µ

❛♥❞ ν ❛❣r❡❡ ♦♥ A✳

❆s ✉s✉❛❧✱ ✇❡ ❞❡♥♦t❡ ❜② expX t❤❡ s❡t ♦❢ ♥♦♥❡♠♣t② ❝♦♠♣❛❝t s✉❜s❡ts ✐♥ ❛ t♦♣♦✲

❧♦❣✐❝❛❧ s♣❛❝❡ X✳ ■❢ (X, d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✱ ✇❡ ❡♥❞♦✇ expX ✇✐t❤ t❤❡ ❍❛✉s❞♦r✛

♠❡tr✐❝ dH ✿

dH(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)}.

❘❡❝❛❧❧ ✭s❡❡✱ ❡✳❣✳✱ ❬✼❪ ❢♦r ❞❡t❛✐❧s✮ t❤❛t ❛ ❢✉♥❝t✐♦♥ c ❞❡✜♥❡❞ ♦♥ t❤❡ ❝❧♦s❡❞ s✉❜s❡ts

♦❢ X ❛♥❞ t❛❦✐♥❣ ✐ts ✈❛❧✉❡s ✐♥ [0, 1] ✐s ❝❛❧❧❡❞ ❛♥ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s ❝❛♣❛❝✐t② ♦♥

❛ s♣❛❝❡ X ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿
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❇❛③②❧❡✈②❝❤ ▲✳✱ ❙❛✈❝❤❡♥❦♦ ❆✳✱ ❩❛r✐❝❤♥②✐ ▼✳

✶✳ c(∅) = 0 ❛♥❞ c(X) = 1❀

✷✳ t❤❡r❡ ❡①✐sts A ∈ expX s✉❝❤ t❤❛t c(B) = c(B∩A)✱ ❢♦r ❡✈❡r② ❝❧♦s❡❞ s❡t B ⊂ X❀

✸✳ c(B) ≤ c(C)✱ ✇❤❡♥❡✈❡r B,C ❛r❡ ❝❧♦s❡❞ s✉❜s❡ts ✐♥ X ❛♥❞ B ⊂ C❀

✹✳ ❢♦r ❡✈❡r② a > 0 ❛♥❞ ❡✈❡r② ❝♦♠♣❛❝t s✉❜s❡t B ✐♥ X ✇✐t❤ c(B) < a t❤❡r❡ ❡①✐sts

❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ B s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ❝❧♦s❡❞ s✉❜s❡t C ✐♥ X ✇✐t❤ C ⊂ U ✱

✇❡ ❤❛✈❡ c(C) < a✳

❊✈❡r② ❝❛♣❛❝✐t② c ❞❡t❡r♠✐♥❡s t❤❡ s♦✲❝❛❧❧❡❞ ❈❤♦q✉❡t ✐♥t❡❣r❛❧ ❛s ❢♦❧❧♦✇s✿

∫

X

ϕdc =

∫

∞

0

c(ϕ ≥ t)dt+

∫

0

−∞

(c(ϕ ≥ t)− 1)dt,

✇❤❡r❡ ϕ ∈ C(X)✳

❚❤❡ ❢✉♥❝t✐♦♥❛❧ µc : ϕ 7→
∫

X
ϕdc ✐s ❦♥♦✇♥ t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

❬✼❪✿

✶✳ µc ✐s ❝♦♠♦♥♦t♦♥✐❝❛❧❧② ❛❞❞✐t✐✈❡✱ ✐✳❡✳✱ µc(ϕ + ψ) = µc(ϕ) + µc(ψ)✱ ❢♦r ❡✈❡r②

❝♦♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s ϕ, ψ ∈ C(X) ✭✐✳❡✳✱ ❢✉♥❝t✐♦♥s ϕ, ψ ∈ C(X) s✉❝❤ t❤❛t

ϕ(x)− ϕ(y))(ψ(x)− ψ(y)) ≥ 0✱ ❢♦r ❡✈❡r② x, y ∈ X✮❀

✷✳ µc ✐s ♦r❞❡r✲♣r❡s❡r✈✐♥❣✳

◆♦t❡ t❤❛t t❤❡ ❝♦♠♦♥♦t♦♥✐❝❛❧ ❛❞❞✐t✐✈✐t② ✐♠♣❧✐❡s t❤❡ ✇❡❛❦ ❛❞❞✐t✐✈✐t②✱ s✐♥❝❡

❛♥② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ✐s ❝♦♠♦♥♦t♦♥❡ ✇✐t❤ ❡✈❡r② ❛♥♦t❤❡r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ■♥

❛❞❞✐t✐♦♥✱ µc ♣r❡s❡r✈❡s ❝♦♥st❛♥ts✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t M(X) ⊂ O(X)✳

Pr♦♣♦s✐t✐♦♥ ✹ ❚❤❡ ♠❛♣ supp: O(X) → expX ✐s ♥♦t✱ ✐♥ ❣❡♥❡r❛❧✱ ♥♦♥❡①♣❛♥❞✲

✐♥❣✳

Pr♦♦❢ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛♣ supp: M(X) → expX ✐s ♥♦t✱ ✐♥

❣❡♥❡r❛❧✱ ♥♦♥❡①♣❛♥❞✐♥❣ ✭s❡❡ ❬✹❪✮✳

Pr♦♣♦s✐t✐♦♥ ✺ ❚❤❡ s❡t M(X) ✐s ❝❧♦s❡❞ ✐♥ t❤❡ s♣❛❝❡ O(X)✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t µ ∈ O(X) \M(X)✳ ❚❤❡♥ µ ✐s ♥♦t ❝♦♠♦♥♦t♦♥✐❝❛❧❧② ❛❞❞✐t✐✈❡✱

✐✳❡✳✱ t❤❡r❡ ❡①✐st ❝♦♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s ϕ, ψ ∈ C(X) s✉❝❤ t❤❛t µ(ϕ+ψ) 6= µ(ϕ)+

µ(ψ)✳

❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❢✉♥❝t✐♦♥❛❧s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✇❡ ♠❛② ❛ss✉♠❡✱

✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t t❤❡ s♣❛❝❡ X ✐s ❝♦♠♣❛❝t✳ ❆❧s♦✱ ✇❡ ❛ss✉♠❡ t❤❛t

µ(ϕ)+µ(ψ)−µ(ϕ+ψ) = ε > 0✳ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ r❡✈❡rs❡ ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ tr❡❛t❡❞

s✐♠✐❧❛r❧②✳

❚❤❡r❡ ❡①✐sts r > 0 ❛♥❞ ❛ ✜♥✐t❡ s❡t {x1, . . . , xn} ⊂ X s✉❝❤ t❤❛t {Br(xi) | i =

1, . . . , n} ✐s ❛ ❞✐s❥♦✐♥t ❝♦✈❡r ♦❢ X ❛♥❞ t❤❡ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ϕ ❛♥❞ ψ ♦♥ ❡✈❡r② s❡t

B(xi) ✐s ❧❡ss t❤❡♥ ε/5✳
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❋✉♥❝t✐♦♥❛❧s✱ ❢✉♥❝t♦rs ❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ✷✶

❉❡✜♥❡ ❢✉♥❝t✐♦♥s ϕ′, ψ′ : X → R ❛s ❢♦❧❧♦✇s✿ ϕ′(x) = ϕ(xi)✱ ψ
′(x) = ψ(xi)✱

✇❤❡♥❡✈❡r x ∈ B(xi)✳ ❋✐rst r❡♠❛r❦ t❤❛t ϕ′ ❛♥❞ ψ′ ❛r❡ ❝♦♠♦♥♦t♦♥❡✳ ■♥❞❡❡❞✱ ❣✐✈❡♥

x, y ∈ X✱ ✜♥❞ i, j s✉❝❤ t❤❛t x ∈ Br(xi)✱ y ∈ Br(xj)❀ t❤❡♥

(ϕ′(x)− ϕ′(y))(ψ′(x)− ψ′(y)) = (ϕ(xi)− ϕ′(xj))(ψ(xi)− ψ(xj)) ≥ 0.

❲❡ ❤❛✈❡ ϕ′ ≥ ϕ− (ε/5)✱ ψ′ ≥ ψ − (ε/5)✱ ϕ′ + ψ′ ≥ ϕ+ ψ − (2ε/5)✳ ❚❤❡♥

µ(ϕ′)+µ(ψ′)−µ(ϕ′+ψ′) ≥ µ(ϕ)+µ(ψ)−(2ε/5)−µ(ϕ′+ψ′)−(2ε/5) = ε−(4ε/5) > 0

❛♥❞ t❤❡r❡❢♦r❡ µ(ϕ′) + µ(ψ′) 6= µ(ϕ′ + ψ′)✳

◆♦t❡ t❤❛t ϕ′, ψ′, ϕ′+ψ′ ∈ Fr ❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ν ∈ O(X) ✇✐t❤ d̂(µ, ν) <

r✱ ✇❡ ❤❛✈❡ ν ∈ O(X) \M(X)✳

❆♣♣❧②✐♥❣ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❬✹❪ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ s♣❛❝❡ O(X)

✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♠♣❧❡t❡ ❡✈❡♥ ❢♦r ❝♦♠♣❧❡t❡ X✳

❉❡♥♦t❡ ❜② UMetr t❤❡ ❝❛t❡❣♦r② ♦❢ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ♥♦♥❡①♣❛♥❞✐♥❣

♠❛♣s✳ ▲❡t f : X → Y ❜❡ ❛ ♠♦r♣❤✐s♠ ✐♥ UMetr✳ ❉❡✜♥❡ ❛ ♠❛♣ O(f) : O(X) →

O(Y ) ❛s ❢♦❧❧♦✇s✿ O(f)(µ)(ϕ) = µ(ϕf)✱ ❢♦r ❡✈❡r② µ ∈ O(X) ❛♥❞ ϕ ∈ C(Y )✳

Pr♦♣♦s✐t✐♦♥ ✻ ❚❤❡ ♠❛♣ O(f) ✐s ♥♦♥❡①♣❛♥❞✐♥❣✳

Pr♦♦❢ ❲❡ ❞❡♥♦t❡ ❜② d ❛♥❞ ̺ t❤❡ ✉❧tr❛♠❡tr✐❝s ♦♥ X ❛♥❞ Y r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡

t❤❛t✱ ❣✐✈❡♥ r > 0✱ ✇❡ ❤❛✈❡ ϕf ∈ Fr(X)✱ ❢♦r ❡✈❡r② ϕ ∈ Fr(Y )✳ ❚❤❡♥✱ ❢♦r ❛♥②

µ, ν ∈ O(X) ✇✐t❤ d̂(µ, ν) < r ❛♥❞ ❛♥② ϕ ∈ Fr(Y ) ✇❡ ♦❜t❛✐♥

O(f)(µ)(ϕ) = µ(ϕf) = ν(ϕf) = O(f)(ν),

❛♥❞ t❤❡r❡❢♦r❡ ˆ̺(O(f)(µ), O(f)(ν)) < r✳

❲❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥ ❛ ❢✉♥❝t♦r ✐♥ t❤❡ ❝❛t❡❣♦r② UMetr❀ ✇❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥

O ❢♦r t❤✐s ❢✉♥❝t♦r✳ ❖♥❡ ❝❛♥ ❞❡✜♥❡ s✐♠✐❧❛r❧② ❛ s✉❜❢✉♥❝t♦r S ♦❢ O✳

❉❡♥♦t❡ ❜② Oω(X) t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥❛❧s ♦❢ ✜♥✐t❡ s✉♣♣♦rt ✐♥ O(X)✳

Pr♦♣♦s✐t✐♦♥ ✼ ❚❤❡ s❡t Oω(X) ✐s ❞❡♥s❡ ✐♥ O(X)✳

Pr♦♦❢ ▲❡t µ ∈ O(X) ❛♥❞ r > 0✳ ❙✐♥❝❡ t❤❡ s❡t supp(µ) ✐s ❝♦♠♣❛❝t✱ ♦♥❡ ♠❛②

❛ss✉♠❡ t❤❛t X = supp(µ)✳ ❚❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s❡t Y ✐♥ X s✉❝❤ t❤❛t t❤❡ ❢❛♠✐❧②

{Br(y) | y ∈ Y } ✐s ❛ ❞✐s❥♦✐♥t ❝♦✈❡r ♦❢ X✳ ❉❡♥♦t❡ ❜② f : X → Y t❤❡ r❡tr❛❝t✐♦♥

t❤❛t s❡♥❞s ❡✈❡r② ❜❛❧❧ t♦ ✐ts ❝❡♥t❡r✳ ▲❡t ν = O(f)(µ)✳ ❚❤❡♥ ν ∈ Oω(X) ❛♥❞ ✐t ✐s

❝❧❡❛r t❤❛t d̂(µ, ν) ≤ r✳

❖♥❡ ❝❛♥ ♣r♦✈❡ ❛ s✐♠✐❧❛r st❛t❡♠❡♥t ❢♦r t❤❡ s❡t S(X) ❛s ✇❡❧❧ ❛s ❢♦r ❛♥♦t❤❡r

s❡ts ♦❢ ❢✉♥❝t✐♦♥❛❧s✳
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❇❛③②❧❡✈②❝❤ ▲✳✱ ❙❛✈❝❤❡♥❦♦ ❆✳✱ ❩❛r✐❝❤♥②✐ ▼✳

✸ ❘❡♠❛r❦s ❛♥❞ ♦♣❡♥ ♣r♦❜❧❡♠s

■♥✈❡st✐❣❛t❡ t❤❡ ♣s❡✉❞♦✉❧tr❛♠❡tr✐❝s ♦♥ t❤❡ s❡ts ♦❢ ❢✉♥❝t✐♦♥❛❧s ❞❡✜♥❡❞ ❛t t❤❡ ❜❡✲

❣✐♥♥✐♥❣ ♦❢ t❤✐s ♥♦t❡✳

■♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥s S ❛♥❞ O ✐♥ t❤❡ r❡❛❧♠ ♦❢ ❢✉③③② ✉❧tr❛♠❡tr✐❝

s♣❛❝❡s✳

■t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣s❡✉❞♦✉❧tr❛♠❡tr✐❝ ♦♥ t❤❡ s❡ts ♦❢

❢✉♥❝t✐♦♥❛❧s✿

d̃(µ, ν) = max{d̂(µ, ν), dH(supp(µ), supp(ν))}.

❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❢✉♥❝t♦r O ❛♥❞ s♦♠❡ ♦❢ t❤❡✐r s✉❜❢✉♥❝t♦rs ✭❡✳❣✳✱

M ❛♥❞ S✮ t❤❡ ♦❜t❛✐♥❡❞ ♠❡tr✐③❛t✐♦♥ ♣r❡s❡r✈❡s ❝♦♠♣❧❡t❡♥❡ss✳

❲❡ ❞✐❞ ♥♦t ❝♦♥s✐❞❡r ❤❡r❡ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t♦rs ❣❡♥❡r❛t❡❞ ❜②

❢✉♥❝t✐♦♥❛❧s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢✉♥❝t♦rs S ❛♥❞ O✳ ❚❤❡ ♣r❡✈✐♦✉s ♣✉❜❧✐❝❛t✐♦♥s s❤♦✇

t❤❛t t❤❡s❡ ♣r♦♣❡rt✐❡s ❝❛♥ s✉❜st❛♥t✐❛❧❧② ❞✐✛❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉♥❧✐❦❡❧② t♦ t❤❡ ❝❛s❡ ♦❢

❢✉♥❝t♦rs ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✱ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s ❛♥❞ ♠❛①✲♠✐♥ ♠❡❛s✉r❡s✱

t❤❡ ❝❛♣❛❝✐t② ❢✉♥❝t♦r ❞♦❡s ♥♦t ❣❡♥❡r❛t❡ ❛ ♠♦♥❛❞ ✐♥ t❤❡ ❝❛t❡❣♦r② UMetr✳

❘❡❢❡r❡♥❝❡s

✶✳ ▲✳ ❇❛③②❧❡✈②❝❤✱ ❉✳ ❘❡♣♦✈✞s✱ ▼✳ ❩❛r✐❝❤♥②✐✱ ❙♣❛❝❡s ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s ♦❢ ❝♦♠♣❛❝t ♠❡tr✐❝

s♣❛❝❡s✳ ✲ ❚♦♣♦❧✳ ❆♣♣❧✳✱ ✶✺✼ ✭✷✵✶✵✮✱ P✳ ✶✸✻✕✶✹✹✳
✷✳ ❚✳ ❇❛♥❛❦❤✱ ❚✳ ❘❛❞✉❧✱ F ✲❉✉❣✉♥❞❥✐ s♣❛❝❡s✱ F ✲▼✐❧✉t✐♥ s♣❛❝❡s ❛♥❞ ❛❜s♦❧✉t❡ F ✲✈❛❧✉❡❞ r❡tr❛❝ts✳

✲ ❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✹✵✶✳✷✸✶✾✈✶
✸✳ ▼✳ ❈❡♥❝❡❧❥✱ ❉✳ ❘❡♣♦✈✞s✱ ▼✳ ❩❛r✐❝❤♥②✐✱ ▼❛①✲♠✐♥ ♠❡❛s✉r❡s ♦♥ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✳ ✲ ❚♦♣♦❧♦❣②

❆♣♣❧✳ ✶✻✵ ✭✷✵✶✸✮✱ ♥♦✳ ✺✱ ✻✼✸✕✻✽✶✳
✹✳ ❖✳ ❍✉❜❛❧✱ ❈❛♣❛❝✐t② ❢✉♥❝t♦r ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✳ ✲ ▼❛t✳ ❙t✉❞✳ ✸✷✭✷✵✵✾✮✱

✶✸✷✕✶✸✾✳
✺✳ ❖✳ ❍✉❜❛❧✱ ▼✳ ❩❛r✐❝❤♥②✐✱ ■❞❡♠♣♦t❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✳ ✲ ❏✳ ▼❛t❤✳

❆♥❛❧✳ ❆♣♣❧✳ ✸✹✸✭✷✵✵✽✮✱ ✶✵✺✷✕✶✵✻✵✳
✻✳ ❇✳ ❍✉❣❤❡s✱ ❚r❡❡s ❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✿ ❛ ❝❛t❡❣♦r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳ ✲ ❆❞✈❛♥❝❡s ✐♥ ▼❛t❤✳

✶✽✾✱ ■ss✉❡ ✶✱ ✶✹✽✕✶✾✶✳
✼✳ ▲✐♥ ❩❤♦✉✱ ■♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ❝♦♠♦♥♦t♦♥✐❝❛❧❧② ❛❞❞✐t✐✈❡ ❢✉♥❝t✐♦♥❛❧s✳ ✲

❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✺✵ ✭✶✾✾✽✮✱ ✶✽✶✶✕✶✽✷✷✳
✽✳ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐✱ ❋✉③③② ✉❧tr❛♠❡tr✐❝s ♦♥ t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ✲ ❚♦♣♦❧✲

♦❣②✱ ❱♦❧✉♠❡ ✹✽✱ ■ss✉❡ ✷✲✹✱ ❏✉♥❡ ✷✵✵✾✱ P❛❣❡s ✶✸✵✕✶✸✻✳
✾✳ ❚✳ ❘❛❞✉❧✱ ❖♥ t❤❡ ❢✉♥❝t♦r ♦❢ ♦r❞❡r✲♣r❡s❡r✈✐♥❣ ❢✉♥❝t✐♦♥❛❧s✳ ✲ ❈♦♠♠❡♥t✳ ▼❛t❤✳ ❯♥✐✈✳ ❈❛r♦❧✐✲

♥❛❡✱ ✸✾ ✭✶✾✾✽✮✱ ✻✵✾✕✻✶✺✳
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