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Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✸ ✻✭✷✮ ✸✺✕✹✵ dω

◗✉❛♥t✉♠ ●❡♦♠❡tr②✿ ❘❡❧❛t✐✈✐st✐❝ ❡♥❡r❣② ❛♣♣r♦❛❝❤
t♦ ❝♦♦♣❡r❛t✐✈❡ ❡❧❡❝tr♦♥✲♥✉❝❧❡❛rγ✲tr❛♥s✐t✐♦♥ s♣❡❝✲
tr✉♠

❖✳❨✉✳❑❤❡ts❡❧✐✉s

❆❜str❛❝t ❆♥ ❛❞✈❛♥❝❡❞ r❡❧❛t✐✈✐st✐❝ ❡♥❡r❣② ❛♣♣r♦❛❝❤ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ ❛♣♣❧✐❡❞

t♦ ❝❛❧❝✉❧❛t✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❡❧❡❝tr♦♥✲♥✉❝❧❡❛r γ✲tr❛♥s✐t✐♦♥ s♣❡❝tr❛ ♦❢ ♥✉❝❧❡✉s ✐♥

t❤❡ ❛t♦♠✳ ❚❤❡ ✐♥t❡♥s✐t✐❡s ♦❢ t❤❡ s♣❡❝tr❛❧ s❛t❡❧❧✐t❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ r❡❧❛t✐✈✐st✐❝

✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❛♣♣r♦❛❝❤ ✭❙✲♠❛tr✐① ❢♦r♠❛❧✐s♠✮✳ ❛♥❞ ❣❛✉❣❡✲✐♥✈❛r✐❛♥t

q✉❛♥t✉♠✲❡❧❡❝tr♦❞②♥❛♠✐❝❛❧ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✇✐t❤ t❤❡ ❉✐r❛❝✲❑♦❤♥✲❙❤❛♠

❞❡♥s✐t②✲❢✉♥❝t✐♦♥❛❧ ③❡r♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥✳

❑❡②✇♦r❞s ◗✉❛♥t✉♠ ❣❡♦♠❡tr② · ❙✲♠❛tr✐① ❢♦r♠❛❧✐s♠ · ❝♦♦♣❡r❛t✐✈❡ s♣❡❝tr❛ ·

◗✉❛♥t✐③❛t✐♦♥ ♦❢ q✉❛s✐✲st❛t✐♦♥❛r② st❛t❡s

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✵✵✮ ✺✺❘✵✺ · ✺✸❇✵✺

✶ ■♥tr♦❞✉❝t✐♦♥

❆ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦♥s✐st❡♥t ♠❡t❤♦❞s ♦❢ ❝❛❧❝✉❧❛t✐♥❣ ❛ s♣❡❝tr❛ ♦❢ ❡♥❡r❣② ❡✐❣❡♥

✈❛❧✉❡s✱ s❡ts ♦❢ t❤❡ ❡✐❣❡♥ ❢✉♥❝t✐♦♥s✱ ❞✐✛❡r❡♥t s♣❡❝tr❛❧ ❛♥❞ ❞②♥❛♠✐❝❛❧ ♣❛r❛♠❡t❡rs

✭❝♦❧❧✐s✐♦♥ ❝r♦ss✲s❡❝t✐♦♥✱ ❞❡❝❛② ♣r♦❜❛❜✐❧✐t✐❡s ❡t❝✮ ❢♦r r❡❧❛t✐✈✐st✐❝ ❍❛♠✐❧t♦♥✐❛♥ ♦❢

t❤❡ ❤❡❛✈② r❡❧❛t✐✈✐st✐❝ ♠❛♥②✲❜♦❞② s②st❡♠s ✇✐t❤ ❞✐r❡❝t✱ ❝♦♥s✐st❡♥t ❛❝❝♦✉♥t ♦❢ t❤❡

r❡❧❛t✐✈✐st✐❝ ❛♥❞ ♥✉❝❧❡❛r ❡✛❡❝ts ✐s st✐❧❧ ❛❝t✉❛❧ ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧❧② ✐♠♣♦rt❛♥t ♣r♦❜✲

❧❡♠ ♦❢ t❤❡ ♠♦❞❡r♥ q✉❛♥t✉♠ ❣❡♦♠❡tr② ❛♥❞ r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ t❤❡♦r② ♦❢ t❤❡

♠❛♥②✲❢❡r♠✐♦♥ s②st❡♠s ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✶❪✕❬✶✺❪✮✳

❆♥② ❛❧t❡r❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ st❛t❡ ♠✉st ❜❡ ♠❛♥✐❢❡st❡❞ ✐♥ t❤❡ q✉❛♥t✉♠

tr❛♥s✐t✐♦♥s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ❛ s♣❡❝tr✉♠ ♦❢ t❤❡ γ✲r❛❞✐❛t✐♦♥ ♦❢ ❛ ♥✉❝❧❡✉s✳ ■t ✐s

✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t❤❡ tr❛♥s❢❡r ♦❢ ♣❛rt ♦❢ ❛ ♥✉❝❧❡❛r ❡♥❡r❣② t♦ ❛t♦♠ ♦r

♠♦❧❡❝✉❧❡ ✉♥❞❡r r❛❞✐❛t✐♥❣ ✭❛❜s♦r♣t✐♦♥✮ t❤❡ γ q✉❛♥t❛ ❜② ❛ ♥✉❝❧❡✉s ❬✸❪✕❬✺❪✳ ❚❤❡ ✜rst

r❡❢❡r❡♥❝❡s t♦ t❤❡ ♥❡✉tr❛❧ r❡❝♦✐❧ ❛r❡ ❞✉❡ t♦ ▼✐❣❞❛❧ ❛♥❞ ▲❡✈✐♥❣❡r✱ ✇❤♦ ❡✈❛❧✉❛t❡❞
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❖✳❨✉✳❑❤❡ts❡❧✐✉s

❛♣♣r♦①✐♠❛t❡❧② t❤❡ ✐♦♥✐③❛t✐♦♥ ♦❢ ❛♥ ❛t♦♠ ✉♥❞❡r❣♦✐♥❣ s✉❞❞❡♥ r❡❝♦✐❧ ✐♥ ❞✉❡ t♦

♥❡✉tr♦♥ ✐♠♣❛❝t ❛♥❞ ✐♥ ❛ r❛❞✐♦❛❝t✐✈❡ ❞✐s✐♥t❡❣r❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♥❡✉tr❛❧

r❡❝♦✐❧ s✐t✉❛t✐♦♥ ❞✐✛❡rs r❛❞✐❝❛❧❧② ❢r♦♠ ♣r♦❝❡ss❡s ✐♥✈♦❧✈✐♥❣ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❢♦r

✇❤✐❝❤ t❤❡ s✉❞❞❡♥ r❡❝♦✐❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♦❢t❡♥ ✐♥✈❛❧✐❞ ❬✹❪✳ ❙✐♠♣❧❡✱ ❛s ❛ r✉❧❡✱

♥♦♥✲r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠✲♠❡❝❤❛♥✐❝❛❧ ♠♦❞❡❧s ✭❝✳❢✳ ❬✸❪✕❬✺❪✮ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞

t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡①❝✐t❛t✐♦♥ ♦r ✐♦♥✐③❛t✐♦♥ ♦❢ ❛♥ ❛t♦♠ ✐♥❞✉❝❡❞ ❛ s✉❞❞❡♥ r❡❝♦✐❧ ♦❢

✐ts ♥✉❝❧❡✉s ♦❝❝✉rr✐♥❣ ✇❤❡♥ ❛ ♥❡✉tr❛❧ ♣❛rt✐❝❧❡ ✐s ❡✐t❤❡r ❡♠✐tt❡❞ ♦r ❝❛♣t✉r❡❞✳ ❚❤❡

♠♦st ❝♦♥s✐st❡♥t ❛♣♣r♦❛❝❤ t♦ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠s ♠✉st ❜❡ ❜❛s❡❞ ♦♥ t❤❡ q✉❛♥t✉♠

❡❧❡❝tr♦❞②♥❛♠✐❝s ✭◗❊❉✮✳

❚❤❡ ♥✉❝❧❡❛r ❡♠✐ss✐♦♥ ♦r ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠ ♦❢ ❛♥ ❛t♦♠ ♣♦ss❡ss❡s ❛ s❡t ♦❢

❡❧❡❝tr♦♥ s❛t❡❧❧✐t❡s✱ ✇❤✐❝❤ ❛r❡ ❞✉❡ t♦ ❛♥ ❛❧t❡r❛t✐♦♥ ♦❢ t❤❡ st❛t❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥

s❤❡❧❧ ❬✸❪✳ ❚❤❡ ❧❛tt❡r ✐s ♣r♦✈✐❞❡❞ ❜② ❛ s❤❛❦✐♥❣ ♦❢ t❤❡ s❤❡❧❧ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✐♥✲

t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉❝❧❡✉s ❛♥❞ γ✲q✉❛♥t✉♠ ♦r ❜② ❛ ❞✐r❡❝t ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥

γ✲q✉❛♥t✉♠ ❛♥❞ ❡❧❡❝tr♦♥s✳ ❚❤✐s ♣❛♣❡r ✐s ❣♦✐♥❣ ♦♥ ♦✉r st✉❞②✐♥❣ t❤❡ ❝♦✲♦♣❡r❛t✐✈❡

❞②♥❛♠✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✭❝✳❢✳ ❬✸❪✕❬✺❪✮ ❞✉❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥ s❤❡❧❧s

❛♥❞ ♥✉❝❧❡✐ ♥✉❝❧❡♦♥s ❛♥❞ ❞❡✈♦t❡❞ t♦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛♥ ❛❞✈❛♥❝❡❞ r❡❧❛t✐✈✐st✐❝ ❡♥✲

❡r❣② ❛♣♣r♦❛❝❤ t♦ ❝❛❧❝✉❧❛t✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❡❧❡❝tr♦♥✲♥✉❝❧❡❛r γ✲tr❛♥s✐t✐♦♥ s♣❡❝tr❛

♦❢ ♥✉❝❧❡✉s ✐♥ t❤❡ ❛t♦♠✳ ❚❤❡ ✐♥t❡♥s✐t✐❡s ♦❢ s❛t❡❧❧✐t❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ r❡❧❛t✐✈✐st✐❝

✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❛♣♣r♦❛❝❤ ✭S✲♠❛tr✐① ❢♦r♠❛❧✐s♠✮ ❬✶✻❪✳ ❉❡❝❛② ❛♥❞ ❡①❝✐t❛t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❧✐♥❦❡❞ ✇✐t❤ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❵♥✉❝❧❡✐ ♥✉❝❧❡♦♥s✲

❡❧❡❝tr♦♥ s❤❡❧❧s✲✜❡❧❞✬ s②st❡♠✳ ❋♦r r❛❞✐❛t❡ ❞❡❝❛②s ✐t ✐s ♠❛♥✐❢❡st❡❞ ❛s ❡✛❡❝t ♦❢ r❡✲

t❛r❞✐♥❣ ✐♥ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ s❡❧❢✲❛❝t✐♦♥ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤✐♥ ◗❊❉ ♣❡rt✉r❜❛t✐♦♥

t❤❡♦r② ✇✐t❤ t❤❡ ❉✐r❛❝✲❑♦❤♥✲❙❤❛♠ ③❡r♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❙✉❝❤ ❛♥ s❝❤❡♠❡ ✐s ❛

♥❡✇ ♦r✐❣✐♥❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡ ✇❤♦❧❡ ❛♣♣r♦❛❝❤✳

✷ ❆❞✈❛♥❝❡❞ ❡♥❡r❣② ❛♣♣r♦❛❝❤ t♦ ◗❊❉ t❤❡♦r② ♦❢ ❝♦✲♦♣❡r❛t✐✈❡

❡❧❡❝tr♦♥✲♥✉❝❧❡❛r ♣r♦❝❡ss❡s

❋♦❧❧♦✇✐♥❣ ❬✸❪✕❬✺❪✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ♦❢ ❛t♦♠✐❝ s②st❡♠✿ r✐❣✐❞ ♥✉✲

❝❧❡❛r ❝♦r❡ ✭❝✮✱ ❛❜♦✈❡ ❝♦r❡ ♣r♦t♦♥ ✭♣✮ ❛♥❞ ❡❧❡❝tr♦♥ ✭❡✮✳ ❚❤❡ ♠❛ss❡s ♦❢ t❤r❡❡ ♣❛r✲

t✐❝❧❡s ❛r❡ ❡q✉❛❧ ❝♦rr❡s♣♦♥❞✐♥❣❧②✿ µcM ✱ µpM ✱ µeM ✱ ✇❤❡r❡ M ✕ ♠❛ss ♦❢ ❛❧❧ ❛t♦♠❀

µc + µp + µe = 1❀ t❤❡ s♣❛❝❡ ❝♦✲♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❞❡♥♦t❡❞ ❛s rc✱ rp✱

re✳ ❚❤❡ ❝❤❛r❣❡ ♦❢ ♥✉❝❧❡❛r ❝♦r❡ ✐s z✳ ❇❡s✐❞❡s✱ t❤❡ ✈❛❧✉❡ ♦❢ z∗ ❞❡♥♦t❡s ❛♥ ❡✛❡❝t✐✈❡

❝❤❛r❣❡ ❢♦r ❈♦✉❧♦♠❜ ✜❡❧❞ ♦❢ t❤❡ ♦♣t✐❝❛❧❧② ❛❝t✐✈❡ ❡❧❡❝tr♦♥ ✐♥ ✐♦♥✳ ◆❛t✉r❛❧❧②✱ t❤❡

♠❛❥♦r✐t② ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡s ♦❢ ♥✉❝❧❡✐ ❤❛✈❡ t❤❡ ♠✉❧t✐✲♣❛rt✐❝❧❡ ❝❤❛r❛❝t❡r✳ ❆s ❡①✲

❝❧✉s✐♦♥✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ✜rst ❡①❝✐t❡❞ st❛t❡s ✇✐t❤ ♦♥❡ ♦r t✇♦ q✉❛s✐✲♥✉❝❧❡♦♥s

♦r q✉❛s✐✲✈❛❝❛♥❝✐❡s ❛❜♦✈❡ ❵❡✈❡♥✲❡✈❡♥✬ ❝♦r❡✳ ❚❤❡s❡ st❛t❡s ❛r❡ ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r

t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ❛s t❤❡ ♦♥❡✲♣❛rt✐❝❧❡ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡ ✉s❡❞✳ ■t ✐s ✈❡r② ✐♠✲
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◗✉❛♥t✉♠ ●❡♦♠❡tr②✿ ❘❡❧❛t✐✈✐st✐❝ ❡♥❡r❣② ❛♣♣r♦❛❝❤ ✸✼

♣♦rt❛♥t t♦ ✉♥❞❡r❧✐♥❡ t❤❛t ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦♥ t❤❡ ♠✉❧t✐✲♣❛rt✐❝❧❡ ❝❛s❡ ❞♦❡s ♥♦t

❧❡❛❞ t♦ q✉❛❧✐t❛t✐✈❡❧② ♥❡✇ r❡s✉❧ts ❛s t❤❡ ❞②♥❛♠✐❝❛❧ ✭r❛❞✐❛❧✮ ♣❛rts ♦❢ t❤❡ ♥✉❝❧❡❛r

♠❛tr✐① ❡❧❡♠❡♥ts ❞♦ ♥♦t ❡♥t❡r ✐♥t♦ ❡①♣r❡ss✐♦♥s ❢♦r r❡❧❛t✐✈❡ ✐♥t❡♥s✐t✐❡s ♦❢ t❤❡ ❡❧❡❝✲

tr♦♥ s❛t❡❧❧✐t❡s ❛♥❞ ❣r♦✉♥❞ ❧✐♥❡ ♦❢ t❤❡ ♥✉❝❧❡❛r tr❛♥s✐t✐♦♥✳ ◗❊❉ ✐s ♥❡❡❞❡❞ ❤❡r❡ ❛s

❢♦r ♦❜t❛✐♥✐♥❣ t❤❡ ❝♦rr❡❝t ❢♦r♠✉❧❛ ❛s ❝❛rr②✐♥❣ ♦✉t t❤❡ ♣r❡❝✐s❡ ❝❛❧❝✉❧❛t✐♦♥s✳

❲✐t❤✐♥ t❤❡ ◗❊❉ ❡♥❡r❣② ❛♣♣r♦❛❝❤ t❤❡ ♠❛✐♥ ♦✉r ♣✉r♣♦s❡ ✐s ❝❛❧❝✉❧❛t✐♥❣ t❤❡

✐♠❛❣✐♥❛r② ♣❛rt ♦❢ ❡♥❡r❣② ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡ ❢♦r ❛t♦♠✐❝ s②st❡♠✳ ❉❡t❛✐❧❡❞ ❞❡s❝r✐♣✲

t✐♦♥ ♦❢ ❛♥ ❛♣♣r♦❛❝❤ ✇❛s ❣✐✈❡♥ ❡❛r❧✐❡r ✭❝✳❢✳ ❬✺❪✕❬✶✺❪✮✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡

❦❡② ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡ q✉❛s✐✲♣♦t❡♥t✐❛❧ ♠❡t❤♦❞✱

✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛r❡ ✐♥t❡r❛❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿

V (rc, rp, rc) = v(rpc)− Ze2/rec − e2/rpe. ✭✶✮

❍❡r❡ v(rpc) ✐♠✐t❛t❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ♣r♦t♦♥ ✇✐t❤ t❤❡ ❝♦r❡ ✭♥✉❝❧❡❛r ❛♥❞

❈♦✉❧♦♠❜✮❀ ♦t❤❡r ✐♥t❡r❛❝t✐♦♥s ❛r❡ ♦❜✈✐♦✉s✳ ❚❤❡♥ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❡♥❡r❣② ♦❢

t❤❡ ❡①❝✐t❡❞ st❛t❡ ❢♦r t❤r❡❡✲q✉❛s✐✲♣❛rt✐❝❧❡ s②st❡♠ ΨI ✐♥ t❤❡ ❧♦✇❡st ◗❊❉ ♣❡rt✉r✲

❜❛t✐♦♥ t❤❡♦r② ♦r❞❡r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

■♠E = e2■♠i lim
γ→0

∫∫

d4x1d
4x2e

γ(t1+t2) (D(rc1t1 , rc2t2) ×

×〈ΨI |(jc(x1)jc(x2))|ΨI〉+D(rp1t1 , rp2t2) 〈ΨI |(jp(x1)jp(x2))|ΨI〉+ ✭✷✮

+D(re1t1 , re2t2) 〈ΨI |(je(x1)je(x2))|ΨI〉) .

❍❡r❡ D(r1t1, r2t2) ✐s t❤❡ ♣❤♦t♦♥ ♣r♦♣❛❣❛t♦r❀ jc✱ jp✱ je ❛r❡ t❤❡ ❢♦✉r✲

❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣♦♥❡♥ts ❢♦r t❤❡ ❝✉rr❡♥t ♦♣❡r❛t♦r ❢♦r ♣❛rt✐❝❧❡s✿ ❝♦r❡✱ ♣r♦t♦♥s✱

❡❧❡❝tr♦♥s❀ x = (rc, rp, re, t) ✐♥❝❧✉❞❡s t❤❡ s♣❛❝❡ ❝♦✲♦r❞✐♥❛t❡s ♦❢ t❤r❡❡ ♣❛rt✐❝❧❡s

❛♥❞ t✐♠❡ ✭❡q✉❛❧ ❢♦r ❛❧❧ ♣❛rt✐❝❧❡s✮❀ γ ✐s t❤❡ ❛❞✐❛❜❛t✐❝ ♣❛r❛♠❡t❡r✳ ❋♦r t❤❡ ♣❤♦t♦♥

♣r♦♣❛❣❛t♦r t❤❡ ❡①❛❝t ❡❧❡❝tr♦❞②♥❛♠✐❝❛❧ ❡①♣r❡ss✐♦♥ ✐s ✉s❡❞✿

D(12) = −
i

8π2

1

r12

∞
∫

−∞

dωeiωt12+i|ω|r12 . ✭✸✮

■♥ ❡①♣r❡ss✐♦♥s ✭✷✮✱ ✭✸✮ t❤❡ s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ♣❤♦t♦♥ ♣♦❧❛r✲

✐③❛t✐♦♥ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❇❡❧♦✇ ✇❡ ❛r❡ ❧✐♠✐t❡❞ ❜② t❤❡ ❧♦✇❡st ♦r❞❡r ♦❢ t❤❡ ◗❊❉ ♣❡r✲

t✉r❜❛t✐♦♥ t❤❡♦r②✱ ✐✳❡✳ t❤❡ ♥❡①t ◗❊❉ ❝♦rr❡❝t✐♦♥s t♦ ■♠E ✇✐❧❧ ♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞✳

◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ✭✷✮ ❞❡s❝r✐❜❡s t❤❡ ♦♥❡✲♣❤♦t♦♥ ♣r♦❝❡ss❡s✳ ❋✉rt❤❡r ✇❡

♥❡❡❞ t❤❡ ♦♥❡✲q✉❛s✐✲♣❛rt✐❝❧❡ st❛t❡ ✇❛✈❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥s ✐♥ t❤❡ ❛t♦♠✐❝

s❤❡❧❧ ❛♥❞ ♥✉❝❧❡♦♥s ✐♥ ❛ ♥✉❝❧❡✉s✳ ❍❡r❡ ✇❡ ✜rst❧② ✉s❡ t❤❡ r❡❧❛t✐✈✐st✐❝ s♦❧✉t✐♦♥s ♦❢

t❤❡ ❉✐r❛❝✲❑♦❤♥✲❙❤❛♠ ❡q✉❛t✐♦♥ ✇❤♦s❡ r❛❞✐❛❧ ♣❛rt ✐s r❡♣r❡s❡♥t❡❞ ❜② ❬✽❪✿
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❖✳❨✉✳❑❤❡ts❡❧✐✉s

F ′ = −(œ + |œ|)F/r − α(E + 2Mα−2)G− αV G,

G′ = (œ− |œ|)G/r + α(E − V )F. ✭✹✮

❍❡r❡ α ✐s t❤❡ ✜♥❡ str✉❝t✉r❡ ❝♦♥st❛♥t❀ œ ✐s t❤❡ ❉✐r❛❝ ❛♥❣✉❧❛r q✉❛♥t✉♠ ♥✉♠✲

❜❡r❀ E ✐s t❤❡ st❛t❡ ❡♥❡r❣②✱ F ✱ G ❜❡✐♥❣ t❤❡ ❧❛r❣❡ ❛♥❞ s♠❛❧❧ r❛❞✐❛❧ ❝♦♠♣♦♥❡♥ts

❝♦rr❡s♣♦♥❞✐♥❣❧②✳ ❙✉❜st✐t✉t✐♥❣ ❛❧❧ ❡①♣r❡ss✐♦♥s ✐♥t♦ ✭✷✮✱ ♦♥❡ ♠❛② ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣

❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡ ❡♥❡r❣② ♦❢ t❤❡ t❤r❡❡✲

q✉❛s✐✲♣❛rt✐❝❧❡ s②st❡♠ ❛s ❛ s✉♠ ♦❢ t❤❡ ❝♦r❡ ♣r♦t♦♥ ❛♥❞ ❡❧❡❝tr♦♥ ❝♦♥tr✐❜✉t✐♦♥s

❬✹❪✿

■♠E = ■♠Ec + ■♠Ep + ■♠Ee,

■♠Ea = −Z2
a/4π

∑

F

∫∫

drc1drc2

∫∫

drp1
drp2

∫∫

dre1dre2Ψ
∗
I (1)Ψ

∗
F (2)Ta(1, 2)ΨF (1)ΨI(2),✭✺✮

Ta(1, 2) = (sin(wIF ra12
)/ra12

)
(

1/Mµa(∇ra1
,∇ra2

) + 1
)

.

❍❡r❡ ra12
= |ra1

− ra2
❀ wIF ✐s t❤❡ tr❛♥s✐t✐♦♥ ❢✉❧❧ ❡♥❡r❣②✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s

❝❤❛♥❣✐♥❣ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ✐♦♥✱ ✐✳❡✳ t❤❡ r❡❝♦✐❧ ❡♥❡r❣②❀ Ψc✱ Ψp✱ Ψe ❛r❡

t❤❡ s❡❝♦♥❞ q✉❛♥t✐③❡❞ ✜❡❧❞ ♦♣❡r❛t♦rs ♦❢ t❤❡ ❝♦r❡ ♣❛rt✐❝❧❡s✱ ♦❢ t❤❡ ♣r♦t♦♥s ❛♥❞ ♦❢

t❤❡ ❡❧❡❝tr♦♥s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s✉♠ ❛❝❝♦r❞✐♥❣ t♦ F ❣✐✈❡s t❤❡ s✉♠♠❛t✐♦♥ ♦❢ t❤❡

✜♥❛❧ st❛t❡s ♦❢ t❤❡ s②st❡♠✳

■♥ t❤❡ s❡❝♦♥❞ ♦r❞❡r ♦❢ ◗❊❉ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✱ t❤❡ ❢✉❧❧ ✇✐❞t❤ ♦❢ ❛ ❧❡✈❡❧ ✐s

❞✐✈✐❞❡❞ ✐♥t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♣❛rt✐❛❧ ❝♦♥tr✐❜✉t✐♦♥s✱ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ r❛❞✐❛t✐♦♥

❞❡❝❛② ✐♥t♦ ❝♦♥❝r❡t❡ ✜♥❛❧ st❛t❡s ♦❢ t❤❡ s②st❡♠✳ ❚❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ♣r♦♣♦r✲

t✐♦♥❛❧ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥s✳ ❚❤❡ s②st❡♠ ♦❢ r❡❞

✭❜❧✉❡✮ s❛t❡❧❧✐t❡s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛♥s✐t✐♦♥s ✇✐t❤ ❡①❝✐t❛t✐♦♥ ✭❞❡✲❡①❝✐t❛t✐♦♥✮ ♦❢

t❤❡ ❡❧❡❝tr♦♥ s❤❡❧❧✳ ❚❤❡ ✐♠♣♦rt❛♥t q✉❛♥t✐t② ✐s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ■♠Ee t♦ t❤❡

r❡❧❛t✐✈❡ ✐♥t❡♥s✐t② ♦❢ s❛t❡❧❧✐t❡ k = P (pe)/P (p) ✭❤❡r❡ P (pe) ✐s s❛t❡❧❧✐t❡ ✐♥t❡♥s✐t②❀

P (p) ✐s t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ♥✉❝❧❡❛r tr❛♥s✐t✐♦♥✮✳ ❚❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❧✐♥❡ ✐s ❧✐♥❦❡❞

✇✐t❤ ■♠E ✭✺✮ ❛s ❬✸❪✿

P = 2■♠E/h. ✭✻✮

❋✉rt❤❡r ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ s❡♣❛r❛t❡ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ♦❢ t❤❡

s②st❡♠✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s✿

R = µcrc + µprp + µere, Rp = rp − rc, Re = re − rc.



❉❖■ ✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✶✴✷✵✶✹✳✷✾✷✼✹

◗✉❛♥t✉♠ ●❡♦♠❡tr②✿ ❘❡❧❛t✐✈✐st✐❝ ❡♥❡r❣② ❛♣♣r♦❛❝❤ ✸✾

■♥ t❤❡ ③❡r♦t❤ ♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❛♣♣r♦①✐♠❛t✐♦♥ ❛ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ΨI ✱

ΨF ❢r♦♠ t❤❡ ✈❛r✐❛❜❧❡s R✱ Rp✱ Re ✐s ❢❛❝t♦r✐③❡❞✿

ΨA(R,Rp, Re) = ΨA(R)ΨAp(Rp)ΨAe(Re). ✭✼✮

❍❡r❡ ΨA ✐s ♣❧❛♥❡ ✇❛✈❡s✱ ΨAp ✐s ❢✉♥❝t✐♦♥ ♦❢ st❛t❡ ♦❢ t❤❡ ♣r♦t♦♥ ✐♥ ♣♦t❡♥t✐❛❧ V (Rp)✱

ΨAe ✐s ❈♦✉❧♦♠❜ r❡❧❛t✐✈✐st✐❝ ❢✉♥❝t✐♦♥✳

❚❤❡ ♠❛✐♥ ❡✛❡❝t ♦❢ ❝❛✉s✐♥❣ t❤❡ ❡❧❡❝tr♦♥ s❛t❡❧❧✐t❡s ❢♦r ♥✉❝❧❡❛r tr❛♥s✐t✐♦♥s ❤❛s

❦✐♥❡♠❛t✐❝s ♥❛t✉r❡✱ ✇❤✐❝❤ ✐s ✐♥ s❤✐❢t✐♥❣ ❝❡♥t❡r ♦❢ ♠❛ss ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r ❡♠✐s✲

s✐♦♥ ♦❢ γ✲q✉❛♥t❛ r❡❧❛t✐✈❡❧② ♦❢ t❤❡ ♣r♦t♦♥ ♦r ❡❧❡❝tr♦♥ ♦r❜✐t❛❧✳ ■♥ t❤❡ ❝♦♥❝r❡t❡

❝❛❧❝✉❧❛t✐♦♥ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ st❛♥❞❛r❞ ❡①♣❛♥s✐♦♥ ❢♦r ♦♣❡r❛t♦r ❚ ♦♥ t❤❡ s♣❤❡r✐❝❛❧

❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡ ♠✉❧t✐♣❧❡ ❡①♣❛♥s✐♦♥ ❢♦r t❤❡ ❞❡❝❛② ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡

❞❡t❛✐❧s ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s ❛♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥ts ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ r❡❢s✳ ✭❬✹❪✕❬✽❪✮

✸ ❘❡s✉❧ts ❛♥❞ ❝♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ ❢♦r♠✉❧❛t❡❞ ❛ ♥❡✇ ❛❞✈❛♥❝❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈✐st✐❝ ❡♥✲

❡r❣② ❛♣♣r♦❛❝❤ t♦ ❝❛❧❝✉❧❛t✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❡❧❡❝tr♦♥✲♥✉❝❧❡❛r γ✲tr❛♥s✐t✐♦♥ s♣❡❝tr❛

♦❢ ♥✉❝❧❡✉s ✐♥ t❤❡ ❛t♦♠✳ ❚❤❡ ✐♥t❡♥s✐t✐❡s ♦❢ t❤❡ s♣❡❝tr❛❧ s❛t❡❧❧✐t❡s ❛r❡ ❞❡✜♥❡❞ ✐♥

t❤❡ r❡❧❛t✐✈✐st✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❛♣♣r♦❛❝❤ ✭❙✲♠❛tr✐① ❢♦r♠❛❧✐s♠✮ ❛♥❞ ❣❛✉❣❡✲

✐♥✈❛r✐❛♥t q✉❛♥t✉♠✲❡❧❡❝tr♦❞②♥❛♠✐❝❛❧ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✇✐t❤ t❤❡ ❉✐r❛❝✲❑♦❤♥✲

❙❤❛♠ ❞❡♥s✐t②✲❢✉♥❝t✐♦♥❛❧ ③❡r♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥❛❧ ❛s♣❡❝t ✉s✐♥❣

❞❡♥s✐t②✲❢✉♥❝t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ s✐❣♥✐✜❝❛♥t❧② s✐♠♣❧✐✜❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦✲

❝❡❞✉r❡✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t✳ ❚❤❡ ❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢✳ ❆✳●❧✉s❤❦♦✈ ❢♦r

✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❝r✐t✐❝❛❧ ❝♦♠♠❡♥ts✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆✉♠❛②r✱ ❋✳✱ ❲✐♥t❡r✱❍✳✱ ❡❞s✳ ✿ P❤♦t♦♥✐❝✱ ❊❧❡❝tr♦♥✐❝ ❛♥❞ ❆t♦♠✐❝ ❈♦❧❧✐s✐♦♥s ✕ ❙✐♥❣❛♣♦r❡✱
❲♦r❧❞ ❙❝✐❡♥t✐✜❝ ✭✶✾✾✼✮✱ ✻✺✵♣✳

✷✳ ❩❛❣r❡❜❛❡✈✱ ❱✳✱ ❖❣❛♥❡ss✐❛♥✱ ❨✉✳✱ ■t❦✐s✱ ▼✳ ❛♥❞ ●r❡✐♥❡r✱ ❲✳ ✿ ❙✉♣❡r❤❡❛✈② ♥✉❝❧❡✐ ❛♥❞ q✉❛s✐✲
❛t♦♠s ♣r♦❞✉❝❡❞ ✐♥ ❝♦❧❧✐s✐♦♥s ♦❢ tr❛♥s✉r❛♥✐✉♠ ✐♦♥s ✕ P❤②s✳❘❡✈✳✱❈✼✸ ✭✷✵✵✻✮✱ P✳✵✸✶✻✵✷ ✭✶✷♣✳✮✳

✸✳ ■✈❛♥♦✈✱ ▲✳◆✳✱ ▲❡t♦❦❤♦✈✱ ❙♣❡❝tr♦♥ ♦❢ ❡❧❡❝tr♦♥✲♥✉❝❧❡❛r ❣❛♠♠❛ tr❛♥s✐t✐♦♥s ✐♥ ❛♥ ❛t♦♠✕
❏❊❚P✳✱✻✽ ✭✶✾✼✺✮✱ P✳✶✼✹✽✲✶✼✻✵✳

✹✳ ❑❤❡ts❡❧✐✉s✱ ❖✳❨✉✳✿ ◗✉❛♥t✉♠ str✉❝t✉r❡ ♦❢ ❡❧❡❝tr♦✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ✐♥ ❤❡❛✈② ✜♥✐t❡ ❋❡r♠✐ s②s✲
t❡♠s ✕ ❖❞❡ss❛✱ ❆str♦♣r✐♥t ✭✷✵✶✶✮✱ ✹✺✵♣✳

✺✳ ●❧✉s❤❦♦✈✱ ❆✳ ✿ ❘❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ t❤❡♦r②✳ ◗✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ♦❢ ❛t♦♠✐❝ s②st❡♠s ✕
❖❞❡ss❛✱ ❆str♦♣r✐♥t ✭✷✵✵✽✮✱ ✼✵✵♣✳

✻✳ ■✈❛♥♦✈✱ ▲✳ ❛♥❞ ●❧✉s❤❦♦✈✱ ❆✳ ✿ ❆♥ ❛❞✈❛♥❝❡❞ ❡♥❡r❣② ❛♣♣r♦❛❝❤ t♦ ❡❧❡❝tr♦♥✲♣♦s✐tr♦♥ ♣❛✐r ♣r♦✲
❞✉❝t✐♦♥ ✐♥ ❤❡❛✈② ✐♦♥s ❝♦❧❧✐s✐♦♥s ✕ Pr❡♣r✐♥t ■❙❆◆ ✭▼♦s❝♦✇✲❚r♦✐ts❦✮✳✱ ❆❙✲✺ ✭✶✾✾✶✮✱ ✶✷♣✳

✼✳ ●❧✉s❤❦♦✈✱ ❆✳ ✿ ❊♥❡r❣② ❆♣♣r♦❛❝❤ t♦ r❡s♦♥❛♥❝❡ st❛t❡s ♦❢ ❝♦♠♣♦✉♥❞ s✉♣❡r✲❤❡❛✈② ♥✉❝❧❡✉s ❛♥❞
❊PPP ✐♥ ❤❡❛✈② ♥✉❝❧❡✉s ❝♦❧❧✐s✐♦♥s ✕ ▲♦✇ ❊♥❡r❣② ❆♥t✐♣r♦t♦♥ P❤②s✳✱ ❆■P ❙❡r✐❡✳✱ ✼✾✻ ✭✷✵✵✺✮✱
P✳✷✵✻✲✷✶✵✳
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❖✳❨✉✳❑❤❡ts❡❧✐✉s

✽✳ ●❧✉s❤❦♦✈✱ ❆✳❱✳✱ ❑❤❡ts❡❧✐✉s✱ ❨✉✳✱ ▼❆❧✐♥♦✈s❦❛②❛✱ ❙✳❱✳✿ ◆❡✇ ❧❛s❡r✲❡❧❡❝tr♦♥ ♥✉❝❧❡❛r ❡✛❡❝ts ✐♥
t❤❡ ♥✉❝❧❡❛r tr❛♥s✐t✐♦♥ s♣❡❝tr❛ ✐♥ ❛t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✉❧❛r s②st❡♠s ✕ ❋r♦♥t✐❡rs ✐♥ ◗✉❛♥t✉♠
❙②st❡♠s ✐♥ ❈❤❡♠✐str② ❛♥❞ P❤②s✐❝s✳ ❙❡r✳✿ Pr♦❣r❡ss ✐♥ ❚❤❡♦r✳ P❤②s✳ ❛♥❞ ❈❤❡♠✳ ✭❙♣r✐♥❣❡r✮✳✱
✶✽ ✭✷✵✵✽✮ P✳✺✷✸✲✺✹✵✳

✾✳ ●❧✉s❤❦♦✈✱ ❆✳✱ ■✈❛♥♦✈✱ ▲✳ ❛♥❞ ■✈❛♥♦✈❛✱ ❊✿ ❘❛❞✐❛t✐♦♥ ❞❡❝❛② ♦❢ ❛t♦♠✐❝ st❛t❡s✿ ●❡♥❡r❛❧✐③❡❞
❡♥❡r❣② ❛♣♣r♦❛❝❤ ✕ ❆✉t♦✐♦♥✐③❛t✐♦♥ ♣❤❡♥♦♠❡♥❛ ✐♥ ❛t♦♠s ✕ ▼♦s❝♦✇✱ ▼♦s❝♦✇ ❙t❛t❡ ❯♥✐✈✳
✭✶✾✽✻✮✱ P✳✺✽✲✶✻✵✳

✶✵✳ ●❧✉s❤❦♦✈✱ ❆✳ ❛♥❞ ■✈❛♥♦✈✱ ▲✳✿ ❘❛❞✐❛t✐♦♥ ❞❡❝❛② ♦❢ ❛t♦♠✐❝ st❛t❡s✿ ❆t♦♠✐❝ r❡s✐❞✉❡ ❛♥❞ ❣❛✉❣❡
♥♦♥✲✐♥✈❛r✐❛♥t ❝♦♥tr✐❜✉t✐♦♥s ✕ P❤②s✳ ▲❡tt✳❆✳✱ ✶✼✵ ✭✶✾✾✷✮✱ P✳✸✸✲✸✼✳

✶✶✳ ●❧✉s❤❦♦✈✱ ❆✳ ❛♥❞ ■✈❛♥♦✈✱ ▲✳ ✿ ❉❈ ❙tr♦♥❣✲❋✐❡❧❞ ❙t❛r❦✲❊✛❡❝t✿ ◆❡✇ ❝♦♥s✐st❡♥t q✉❛♥t✉♠✲
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