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❚❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣
♠❡❝❤❛♥✐s♠

❚✳❱✳ ❖❜✐❦❤♦❞

❆❜str❛❝t ❲❡ st✉❞② ❉✲❜r❛♥❡s ♦♥ ❈❛❧❛❜✐✲❨❛✉ t❤r❡❡❢♦❧❞s✱ ✇❤✐❝❤ ❛r❡ r❡❛❧✐③❡❞

t❤r♦✉❣❤ t❤❡ ❜❧♦✇✐♥❣ ✉♣ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ ♦r❜✐❢♦❧❞✳ ❚❤✐s ❉✲❜r❛♥❡s ❛r❡ r❡♣r❡✲

s❡♥t❡❞ ❛s s❤❡❛✈❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ st❛❜❧❡ ♦r ✉♥st❛❜❧❡✱ ✇❤❛t ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡

tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡✳ ❯s✐♥❣ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ▼❝❑❛② q✉✐✈❡r

r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡ ❉✲❜r❛♥❡s ❛s q✉✐✈❡rs ❛♥❞ ♦♣❡♥ s✉♣❡rstr✐♥❣s

❜❡t✇❡❡♥ t❤❡♠ ❜② ❊①t ❣r♦✉♣s✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ❍✐❣❣s ♠✉❧t✐♣❧❡ts ❜② t❤❡ ♠♦❞✉❧✐

s♣❛❝❡ ♦❢ ❛♥ ♦♣❡♥ s✉♣❡rstr✐♥❣✱ ❝♦♥♥❡❝t✐♥❣ t✇♦ ▼❝❑❛② q✉✐✈❡rs✳ ❚❤r♦✉❣❤ t❤❡

❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s ❛♥❞ tr✐❛♥❣✉❧❛t❡❞

❝❛t❡❣♦r② ♦❢ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s ♦✈❡r t❤❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ♦❢ ▼❝❑❛② q✉✐✈❡rs

✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❉✲❜r❛♥❡s ✇✐t❤ q✉✐✈❡rs ♦r ✇✐t❤ s❤❡❛✈❡s✱ ❞❡✜♥❡❞ ♦♥ ❈❛❧❛❜✐✲❨❛✉✳

❆❢t❡r t❤❡ ❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ t❡♥✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✲t✐♠❡ ✇❡ ❝❛♥ r❡❝❡✐✈❡

♠❛tt❡r ❝♦♥t❡♥t ♦❢ t❤❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✲t✐♠❡✳ ❚❤✉s✱ ❛ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧

❜r❡❛❦✐♥❣ ♠❡❝❤❛♥✐s♠ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ●❯❚ ❍✐❣❣s ♠✉❧t✐♣❧❡ts

❛♥❞ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ❤✐❣❣s ♠❡❝❤❛♥✐s♠✳

❑❡②✇♦r❞s ❚r✐❛♥❣✉❧❛t❡❞ ❝❛t❡❣♦r②· ▼❝❑❛② q✉✐✈❡r r❡♣r❡s❡♥t❛t✐♦♥s· ❍✐❣❣s ♠✉❧t✐✲

♣❧❡ts

❯❉❈ ✺✸✾✳✶✷
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❚✳❱✳ ❖❜✐❦❤♦❞

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❉✲❜r❛♥❡s ❛s ❛❧❧♦✇❡❞ ❡♥❞♣♦✐♥ts ❢♦r ♦♣❡♥ str✐♥❣s ❬✶❪✱ ❣❡♥❡r❛❧✐③❡s

t❤❡ ♥♦t✐♦♥ ♦❢ q✉❛r❦s ♦♥ ✇❤✐❝❤ t❤❡ ◗❈❉ str✐♥❣ ❝❛♥ t❡r♠✐♥❛t❡✳ ■♥ ❝♦♥tr❛st t♦ t❤❡

q✉❛r❦s ♦❢ ◗❈❉✱ ❉✲❜r❛♥❡s ❛r❡ ✐♥tr✐♥s✐❝ ❡①❝✐t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r②✳

❉✲♣❛rt✐❝❧❡s ❝❛♥ ♣r♦❜❡ ❞✐st❛♥❝❡s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

str✐♥❣ q✉❛♥t❛✳ ❉✲❜r❛♥❡s ♣❧❛②❡❞ ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ✬s❡❝♦♥❞ str✐♥❣ r❡✈♦❧✉t✐♦♥✬❡①✱

t❤❡ ✇❛② t♦ r❡❝♦♥❝✐❧❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❊✐♥st❡✐♥ ❣r❛✈✐t②✳ ❚❤❡ ❉✲❜r❛♥❡

❝♦♥❝❡♣t ❬✷❪✱ ❬✸❪ ✐s ♣♦✇❡r❢✉❧❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ s✉♣❡rs②♠♠❡tr✐❝

❣❛✉❣❡ t❤❡♦r✐❡s ❛♥❞ ❣❡♦♠❡tr②✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ ♦✉r ❛rt✐❝❧❡ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ s❡❛r❝❤❡s ♦❢ ❛ ❤✐❣❤❡r✲

❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣ ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❉✲❜r❛♥❡s✱ ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞

♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ●r❛♥❞ ❯♥✐✜❝❛t✐♦♥ ❚❤❡♦r② ❍✐❣❣s ♠✉❧t✐♣❧❡ts

❛♥❞ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ❤✐❣❣s ♠❡❝❤❛♥✐s♠✳

✷ ❚❤❡ ❈❛t❡❣♦r② ♦❢ ❉✲❜r❛♥❡s ❛s ❉❡r✐✈❡❞ ❈❛t❡❣♦r② ♦❢ ❈♦❤❡r❡♥t

❙❤❡❛✈❡s

❉✉❡ t♦ t❤❡ ✐♠♣♦rt❛♥t ❞❡✈❡❧♦♣♠❡♥t ✐♥ str✐♥❣ t❤❡♦r② t❤r♦✉❣❤ t❤❡ ❞✐s❝♦✈❡r② ♦❢

❉✲❜r❛♥❡s ✇❡ ❝❛♥ ✉s❡ ❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠♦❞❡❧✿ t❤❡ str✐♥❣ t❤❡♦r② ❤❛s ❛ t❛r❣❡t

s♣❛❝❡ R1,3 × X ❢♦r ❝♦♠♣❛❝t s♣❛❝❡ X ❛♥❞ ❢♦❝✉s ♦♥ X✳ ▲❡t X ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧

s♣❛❝❡✳ ❖♥ s✉❝❤ s♣❛❝❡ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ E ✳ ■❢ ✇❡ ❤❛✈❡ ❡♠❜❡❞❞✐♥❣

i : S → X ❛♥❞ ❛ s❤❡❛❢ E ♦♥ S✱ t❤❛♥ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ s❤❡❛❢ i∗E ♦♥ X✱ t❤r♦✉❣❤ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✿ ❛ ♠❛♣ f : X → Y ❜❡t✇❡❡♥ t✇♦ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ❛♥❞ ❛

s❤❡❛❢ F ♦♥ X ❞❡✜♥❡ t❤❡ s❤❡❛❢ f∗F ♦♥ Y ❜② f∗F(U) = F(f−1U)✳ ❋♦r ❡♠❜❡❞❞✐♥❣

i : X → Pn t❤❡ s❤❡❛❢ i∗E ✐s ❣✐✈❡♥ ❜② i∗E(U) = E(U ∩ Pn) ❢♦r ❛❧❧ ♦♣❡♥ s✉❜s❡ts

U ⊂ Pn✳ ❚❤✐s ❡♠❜❡❞s t❤❡ s❤❡❛✈❡s ♦♥ X ✐♥t♦ t❤❡ s❤❡❛✈❡s ♦♥ Pn✳ ❙♦ ✇❡ ❤❛✈❡

❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ ♦♥ Pn✱ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❉✲❜r❛♥❡✳

❋r♦♠ ❬✹❪ ✐t ❢♦❧❧♦✇s t❤❛t ♠♦r❡ ❣❡♥❡r❛❧❧② ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❝♦♠♣❧❡① ♦❢ ❧♦❝❛❧❧②✲

❢r❡❡ s❤❡❛✈❡s✿

. . .
dn−1

−→ En dn

−→ En+1 dn+1

−→ En+2 dn+2

−→ . . . ,

✇❤❡r❡ ♠♦r♣❤✐s♠s dn : En → En+1✱ dn ∈ ❊①t0(En, En+1) = ❍♦♠(En, En+1)✱

dn+1dn = 0 ❢♦r ❛❧❧ n ❛r❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❧♦❝❛❧❧②✲❢r❡❡ s❤❡❛✈❡s En ❛♥❞ En+1✳

❋♦r ❛ ❢✉rt❤❡r ❛✐♠ ✇❡ ♠✉st ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❝❛t❡❣♦r②✳

❆ ❝❛t❡❣♦r② L ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

✶✮ ❆ ❝❧❛ss ❖❜ L ♦❢ ♦❜❥❡❝ts A,B,C, · · · ❀

✷✮ ❆ ❢❛♠✐❧② ♦❢ ❞✐s❥♦✐♥t s❡ts ♦❢ ♠♦r♣❤✐s♠s ❍♦♠(A,B) ♦♥❡ ❢♦r ❡❛❝❤

♦r❞❡r❡❞ ♣❛✐r A,B ♦❢ ♦❜❥❡❝ts❀
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❚❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣ ♠❡❝❤❛♥✐s♠ ✻✼

✸✮ ❆ ❢❛♠✐❧② ♦❢ ♠❛♣s

❍♦♠(A,B)×❍♦♠(B,C) → ❍♦♠(A,C) ,

♦♥❡ ❢♦r ❡❛❝❤ ♦r❞❡r❡❞ tr✐♣❧❡t A,B,C ♦❢ ♦❜❥❡❝ts✳

❚❤❡s❡ ❞❛t❛ ♦❜❡② t❤❡ ❛①✐♦♠s✿

❛✮ ■❢ f : A → B, g : B → C, h : C → D✱ t❤❡♥ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s

✐s ❛ss♦❝✐❛t✐✈❡✱ t❤❛t ✐s✱ h(gf) = (hg)f ;

❜✮ ❚♦ ❡❛❝❤ ♦❜❥❡❝t B t❤❡r❡ ❡①✐sts ❛ ♠♦r♣❤✐s♠ 1B : B → B s✉❝❤ t❤❛t

1Bf = f , g1B = g ❢♦r f : A → B ❛♥❞ g : B → C ✳

❚❤✉s✱ t❤❡ ❝❛t❡❣♦r② ♦❢ ❉✲❜r❛♥❡s ✐s t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ❧♦❝❛❧❧②✲❢r❡❡ s❤❡❛✈❡s✳

▲♦❝❛❧❧②✲❢r❡❡ s❤❡❛✈❡s ❛♥❞ ♠♦r♣❤✐s♠s ❞♦♥✬t ❢♦r♠ ❛♥ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r②✳ ❙♦ ✇❡ s❤♦✉❧❞

r❡♣❧❛❝❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❧♦❝❛❧❧②✲❢r❡❡ s❤❡❛✈❡s ❜② t❤❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ♦❢ ❝♦❤❡r❡♥t

s❤❡❛✈❡s✳ ❆❜❡❧✐❛♥ ❝❛t❡❣♦r② ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡s✳

❲❡ ❝❛♥ ❢♦r♠ t❤❡ ❝❛t❡❣♦r② ♦❢ ❉✲❜r❛♥❡s✱ ✇❤✐❝❤ ✐s t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ❝♦❤❡r❡♥t

s❤❡❛✈❡s D(X)✳ ❖♥ ❛ s♠♦♦t❤ s♣❛❝❡ X✱ ❛♥② ❝♦❤❡r❡♥t s❤❡❛❢ A ❤❛s ❛ ❧♦❝❛❧❧②✲❢r❡❡

r❡s♦❧✉t✐♦♥

0 → F−3 → F−2 → F−1 → F0 → A → 0 ,

✇❤❡r❡ Fk ✐s ❧♦❝❛❧❧② ❢r❡❡✳ ❚❤✐s ✐s ❛ q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ F• → A ❜❡t✇❡❡♥ ❛ ❝♦♠♣❧❡①

♦❢ ❧♦❝❛❧❧②✲❢r❡❡ s❤❡❛✈❡s ❛♥❞ ❛ ❝♦❤❡r❡♥t s❤❡❛❢✳ ❚❤✉s✱ ❛♥ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ♦❢ ❝♦❤❡r❡♥t

s❤❡❛✈❡s D(X) ♦❢ X ❝♦♥s✐sts ♦❢ ♦❜❥❡❝ts E• ✲ ❡①❛❝t ❝♦♠♣❧❡①❡s ♦❢ s❤❡❛✈❡s✿

. . .
dn=2
−→ En−1 dn=1

−→ En dn

−→ En+1 dn+1

−→ . . .

❛♥❞ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡♠ E• → F•✿

. . .
dn=2
−→ En−1 dn=1

−→ En dn

−→ En+1 dn+1

−→ . . .

↓ ↓ ↓

. . .
dn=2
−→ Fn−1 dn=1

−→ Fn dn

−→ Fn+1 dn+1

−→ . . .

✸ ❚r✐❛♥❣✉❧❛t❡❞ ❈❛t❡❣♦r② ❛♥❞ ❈❡♥tr❛❧ ❈❤❛r❣❡

❋♦r ♣❤②s✐❝❛❧ ♣✉r♣♦s❡s ✇❡ ✇✐❧❧ ✇♦r❦ ✐♥ ❢✉t✉r❡ ✇✐t❤ ❈❛❧❛❜✐✲❨❛✉ t❤r❡❡❢♦❧❞s X✳

❆❝❝♦r❞✐♥❣ t♦ ❬✹❪✱ ✐❢ X ❛♥❞ Y ❛r❡ ♠✐rr♦r ❈❛❧❛❜✐✲❨❛✉ t❤r❡❡❢♦❧❞s t❤❡♥ t❤❡ ❞❡r✐✈❡❞

❝❛t❡❣♦r② D(X) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ tr✐❛♥❣✉❧❛t❡❞ ❝❛t❡❣♦r② ❚rF(Y )✳ ❙♦✱ ✐♥ s✉❝❤

❝❛t❡❣♦r② D(X) ♦❜❥❡❝ts ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s✿
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❚✳❱✳ ❖❜✐❦❤♦❞

C

❬✶❪ւ տ C = ❈♦♥❡(f) ✭✶✮

A
f

−→ B

❛♥❞ ♠♦r♣❤✐s♠s ♦❢ t❤✐s ❝❛t❡❣♦r② ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s ❬✹❪✳

❚❤❛♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ✐s ❛❞❞✐t✐✈❡ ❝❛t❡❣♦r②✱ ✇❤❡r❡ ❡①❛❝t s❡q✉❡♥❝❡s ❛r❡ ❡①✲

❝❤❛♥❣❡❞ ❜② ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s✳ ❆❝❝♦r❞✐♥❣ t♦ ❉♦✉❣❧❛s ❬✺❪✱ ❬✻❪ ✐♥st❡❛❞ ♦❢ ♣❤②s✲

✐❝❛❧ ❉✲❜r❛♥❡s✱ ❧✐✈✐♥❣ ✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❢♦r♠❛❧ ✜❡❧❞ t❤❡♦r②✱ ✇❡ ❝❛♥ ✇♦r❦ ✇✐t❤

t♦♣♦❧♦❣✐❝❛❧ ❉✲❜r❛♥❡s✱ ❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡♠ ✐s t❤❡ ♥♦t✐♦♥ ♦❢ Π✲

st❛❜✐❧✐t②✳ ❆ t♦♣♦❧♦❣✐❝❛❧ ❉✲❜r❛♥❡ ✐s ♣❤②s✐❝❛❧ ✐❢ ✐t ✐s Π✲st❛❜❧❡✳ ❋♦r t❤❡ ♣r❡❝✐s❡

❞❡✜♥✐t✐♦♥ ♦❢ Π✲st❛❜✐❧✐t② ✇❡ ♠✉st ❝♦♠♣✉t❡ t❤❡ ❝❡♥tr❛❧ ❝❤❛r❣❡ ♦❢ ♦❜❥❡❝ts E• ✐♥

D(X)✿

Z(E•) =

∫

X

e−(B+iJ)ch(E•)
√

td(X),

✇❤❡r❡ B + iJ ✐s t❤❡ ❝♦♠♣❧❡①✐✜❡❞ ❑ä❤❧❡r ❢♦r♠✳ ❋♦r ❛ ❣✐✈❡♥ E• ✇❡ ♠❛② ❝❤♦♦s❡ ❛

❣r❛❞✐♥❣ ξ(E•)✿

ξ(E•) =
1

π
❛r❣Z(E•) ✭♠♦❞ ✷✮.

■❢ ✇❡ ❤❛✈❡ ❛ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡ ✐♥ D(X) ♦❢ t❤❡ ❢♦r♠ ✭✶✮ ✇✐t❤ A ❛♥❞ B st❛❜❧❡✱

t❤❛♥ C ✐s st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡❝❛② r❡♣r❡s❡♥t❡❞ ❜② t❤✐s tr✐❛♥❣❧❡ ✐❢ ❛♥❞

♦♥❧② ✐❢ ξ(B) ≺ ξ(A) + 1✳ ❆❧s♦✱ ✐❢ ξ(B) = ξ(A) + 1 t❤❡♥ C ✐s ♠❛r❣✐♥❛❧❧② st❛❜❧❡

❛♥❞ ✇❡ ♠❛② st❛t❡ t❤❛t

ξ(C) = ξ(B) = ξ(A) + 1.

❲❡ ♠❛② ❣❡♥❡r❛❧✐③❡ t❤✐s t♦ t❤❡ ❝❛s❡ ♦❢ ❞❡❝❛②s ✐♥t♦ ❛♥② ♥✉♠❜❡r ♦❢ ♦❜❥❡❝ts✳ ❋♦r

❛♥② ♦❜❥❡❝t E ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s

E0 −→ E1 −→ . . . −→ En = E

❬✶❪տ ւ ❬✶❪տ ւ ❬✶❪տ ւ ✭✷✮

A1 A2 An

❚❤❡♥ E ❞❡❝❛②s ✐♥t♦ A1, A2, . . . An s♦ ❧♦♥❣ ❛s

ξ(A1) ≻ ξ(A2) ≻ . . . ξ(An).

❆s ✇❡ ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t✱ X ❛♥❞ Y ❛r❡ ♠✐rr♦r ❈❛❧❛❜✐✲❨❛✉ t❤r❡❡❢♦❧❞s✳ ❆❝❝♦r❞✐♥❣

t♦ ❬✼❪ ♠✐rr♦r ♠❛♣ ✐s ❞❡✜♥❡❞ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡① ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❛ ❈❛❧❛❜✐✲❨❛✉

♠❛♥✐❢♦❧❞ X ❛♥❞ t❤❡ ❑ä❤❧❡r ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ✐ts ♠✐rr♦r ♠❛♥✐❢♦❧❞ Y ✳ ❙♦ ✇❡ ❝❛♥

✇♦r❦ ✇✐t❤ ❑ä❤❧❡r ♠♦❞✉❧✐ s♣❛❝❡✱ t❤❛t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❝♦♠♣❧❡①✐✜❡❞ ❑ä❤❧❡r

❢♦r♠ B + iJ ✳ ❚❤❡♥ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡ T ❛s t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r
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❚❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣ ♠❡❝❤❛♥✐s♠ ✻✾

♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ B + iJ ❛♥❞ ✇❡ ❡①♣❡❝t t❤❡ s❡t ♦❢ st❛❜❧❡ ❉✲❜r❛♥❡s t♦ ❜❡

✇❡❧❧✲❞❡✜♥❡❞ ❛t ❛♥② ♣♦✐♥t ✐♥ T ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❛r❡ ❛♣♣❧✐❡❞✿

• ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ st❛❜❧❡ s❡t ♦❢ ❉✲❜r❛♥❡s ✇✐t❤ ✈❛❧✉❡ ♦❢ ❣r❛❞✐♥❣ ξ ❢♦r ❡❛❝❤ ❉✲

❜r❛♥❡✳

• ❉✉r✐♥❣ t❤❡ ♠♦✈✐♥❣ ❛❧♦♥❣ ❛ ♣❛t❤ ✐♥ ♠♦❞✉❧✐ s♣❛❝❡ t❤❡ ❣r❛❞✐♥❣s ✇✐❧❧ ❝❤❛♥❣❡

❝♦♥t✐♥✉♦✉s❧②✳

• ❚✇♦ st❛❜❧❡ ❉✲❜r❛♥❡s ♠❛② ❜✐♥❞ t♦ ❢♦r♠ ❛ ♥❡✇ st❛❜❧❡ st❛t❡✳

• ❆ st❛❜❧❡ ❉✲❜r❛♥❡ ♠❛② ❞❡❝❛② ✐♥t♦ ♦t❤❡r st❛❜❧❡ st❛t❡s✳

❙♦✱ ✇❡ ❝❛♥ ✇r✐t❡ ❈♦♥❥❡❝t✉r❡ ❢r♦♠ ❬✹❪✳

❈♦♥❥❡❝t✉r❡✳ ❆t ❡✈❡r② ♣♦✐♥t ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡ ♦❢ B+ iJ t❤❡r❡ ✐s ❛ s❡t ♦❢

st❛❜❧❡ ♦❜❥❡❝ts ✐♥ D(X) s✉❝❤ t❤❛t ❡✈❡r② ♦❜❥❡❝t E ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ✭✷✮

❢♦r s♦♠❡ n ❛♥❞ ❢♦r st❛❜❧❡ ♦❜❥❡❝ts Ak✳

❊✈❡r② ♦❜❥❡❝t ✐♥D(X) ✐s st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ❢♦r ❛ ❣✐✈❡♥ ♣♦✐♥t ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r

s♣❛❝❡ ♦❢ B+iJ ✳ ❚❤✉s t❤❡ ♦♣❡♥ str✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ✐♥ ✭✶✮ ❣♦ ❢r♦♠ t❛❝❤②♦♥✐❝

t♦ ♠❛ss✐✈❡ ❛s ✇❡ ♣❛ss ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡✳

◆♦✇ ❛s ✇❡ ✇♦r❦ ✐♥ t❡♥✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✲t✐♠❡ R3+1 × C/G ❛♥❞ ❦♥♦✇✐♥❣

t❤❛t ❛❢t❡r ❜❧♦✇✐♥❣ ✉♣ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ ❛❞❞✐t✐♦♥❛❧ s✐①✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✲t✐♠❡

✲ ♦r❜✐❢♦❧❞ C/Z3 → OP2
(−3) ✇❡ ❤❛✈❡ t❤❡ s❤❡❛❢ OP2

(−3) ♦♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧

♣r♦❥❡❝t✐✈❡ s♣❛❝❡ P2✳ ❍❡r❡ ✇❡ ♠✉st ❝♦♥s✐❞❡r ❚❤❡♦r❡♠ ❢r♦♠ ❬✹❪✿

❚❤❡♦r❡♠✳ ❙✉♣♣♦s❡ X ✐s ❛ s♠♦♦t❤ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❜✐❢♦❧❞ C/G ✇✐t❤ G ❛ ✜♥✐t❡

s✉❜❣r♦✉♣ ♦❢ SU(d) ❛♥❞ d ≤ 3✳ ❚❤❡♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(X) ✐s ❡q✉✐✈❛❧❡♥t t♦

t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ G✲❡q✉✐✈❛r✐❛♥t s❤❡❛✈❡s ♦♥ C
d
✳

◆♦✇ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ s❤❡❛✈❡s ♦♥ P2 ❛♥❞ ✇❡ ❝❛♥ ✉s❡

t❤❡ st❛t❡♠❡♥t ❬✹❪✿ ❉✲❜r❛♥❡s ♦♥ t❤❡ ♦r❜✐❢♦❧❞ C/G ❛♥❞ ♦♣❡♥ str✐♥❣s ❜❡t✇❡❡♥ t❤❡♠

❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ▼❝❑❛② q✉✐✈❡r r❡♣r❡s❡♥t❛t✐♦♥s✳

■♥ ❢✉t✉r❡ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s ♦✈❡r

t❤❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ♦❢ ▼❝❑❛② q✉✐✈❡rs✳ ❖❜❥❡❝ts ♦❢ t❤✐s ❝❛t❡❣♦r② ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞

tr✐❛♥❣❧❡s ✭❋✐❣✉r❡ ✶✮

❋✐❣✳✶✳ ❈♦♥str✉❝t✐♦♥ ♦❢ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡✳
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❚✳❱✳ ❖❜✐❦❤♦❞

✭♥✉♠❜❡rs a, b, c ❛♥❞ a′, b′, c′ ❞❡♥♦t❡ ♦r❜✐❢♦❧❞ ❝❤❛r❣❡s ❝❤❛r❛❝t❡r✐③✐♥❣ ▼❝❑❛② q✉✐✈✲

❡rs✮❀ ♠♦r♣❤✐s♠s ♦❢ t❤✐s ❝❛t❡❣♦r② ❛r❡ ♠♦r♣❤✐s♠s ♦❢ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡s✳

✹ ●r❛♥❞ ❯♥✐✜❝❛t✐♦♥ ❚❤❡♦r② ❇r❡❛❦✐♥❣ ❛♥❞ ❉✐♠❡♥s✐♦♥❛❧ ❘❡❞✉❝t✐♦♥

❖✉r ❢✉rt❤❡r ✇♦r❦ ✇✐❧❧ ❜❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❡✛♦rts t♦ t❛❦❡ ♠❛♥② ❛ttr❛❝t✐✈❡

❢❡❛t✉r❡s ♦❢ t❤❡ ❜❛s✐❝ ●r❛♥❞ ❯♥✐✜❝❛t✐♦♥ ❚❤❡♦r② ❛♥❞ ✐♠♣❧❡♠❡♥t t❤✐s ✐❞❡❛s ✐♥

❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ♠✐♥✐♠❛❧ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s✉♣❡r✲

s②♠♠❡tr✐❝ ❙❯✭✺✮ ●❯❚ ✇✐t❤ st❛♥❞❛r❞ ❍✐❣❣s ❝♦♥t❡♥t✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ♥♦ ❛♣✲

♣r♦♣r✐❛t❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ●❯❚ ❍✐❣❣s ✜❡❧❞ ✐s t②♣✐❝❛❧❧② ❛✈❛✐❧❛❜❧❡ t♦ ❜r❡❛❦ t❤❡

●❯❚ ❣r♦✉♣ t♦ t❤❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧ ❣❛✉❣❡ ❣r♦✉♣✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❡♠♣❧♦② ❛

❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❋♦r t②♣❡ ■■❇ t❤❡♦r✐❡s✱ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ✈❛❝✉❛ ❛r❡ r❡❛❧✐③❡❞ ❛s ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s ♦❢ ❋✲t❤❡♦r② ♦♥ ❈❛❧❛❜✐✲❨❛✉ ❢♦✉r❢♦❧❞s✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❧❡❢t ♣❛rt ♦❢ ❋✐❣✉r❡ ✷ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ♦❢ ❤♦✇ ●❯❚

❜r❡❛❦✐♥❣ ❝♦♥str❛✐♥s t❤❡ t②♣❡ ♦❢ ●❯❚ ♠♦❞❡❧ ❬✼❪✳

❋✐❣✳✷✳ ●❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ♦❢ ❤♦✇ ●❯❚ ❜r❡❛❦✐♥❣ ❝♦♥str❛✐♥s t❤❡ t②♣❡ ♦❢ ●❯❚

♠♦❞❡❧✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❡❧❧✐♣t✐❝❛❧❧② ✜❜❡r❡❞ ❈❛❧❛❜✐✲❨❛✉ ❢♦✉r❢♦❧❞ X ✇✐t❤ t❤❡ ❜❛s❡ B ❛♥❞

❡❧❧✐♣t✐❝ ✜❜❡r ε✿

ε → X

↓

B

❚❤✐s ❈❛❧❛❜✐✲❨❛✉ ❢♦✉r❢♦❧❞ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❋✐❣✉r❡ ✸✳
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❚❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣ ♠❡❝❤❛♥✐s♠ ✼✶

❉✐♠❡♥s✐♦♥ ❙♣❛❝❡ ■♥❣r❡❞✐❡♥t
✶✵ R3+1

×B ●r❛✈✐t②
✽ R3+1

× S ●❛✉❣❡ ❚❤❡♦r②
✻ R3+1

×Σ ❈❤✐r❛❧ ▼❛tt❡r
✹ R3+1 ❈✉❜✐❝ ■♥t❡r❛❝t✐♦♥ ❚❡r♠s

❚❛❜❧❡ ✶ ❉✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥ ❛♥❞ ♠❛tt❡r ❝♦♥t❡♥t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡✲t✐♠❡✳

❋✐❣✳✸✳ ❉❡♣✐❝t✐♦♥ ♦❢ ❋✲t❤❡♦r② ❝♦♠♣❛❝t✐✜❡❞ ♦♥ ❛ ❧♦❝❛❧ ♠♦❞❡❧ ♦❢ ❛ ❈❛❧❛❜✐✲❨❛✉

❢♦✉r❢♦❧❞✳

❲❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❈❛❧❛❜✐✲❨❛✉ ❢♦✉r❢♦❧❞ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ ❡♥❤❛♥❝❡♠❡♥t ✐♥ s✐♥❣✉❧❛r✐t② t②♣❡✳ ❲❤❡♥ ❛ ❞❡❧ P❡③③♦ s✉r❢❛❝❡

S ✐♥t❡rs❡❝t S
′

♦♥ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ Σ✱ t❤❡ s✐♥❣✉❧❛r✐t② t②♣❡ ❡♥❤❛♥❝❡s ❢✉rt❤❡r✳ ■♥

t❤✐s ❝❛s❡✱ ❛❞❞✐t✐♦♥❛❧ s✐①✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r♠✉❧t✐♣❧❡ts ❧♦❝❛❧✐③❡ ❛❧♦♥❣Σ✳ ■♥ t❡r♠s ♦❢

❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s✉♣❡r✜❡❧❞s✱ t❤❡ ♠❛tt❡r ❝♦♥t❡♥t✱ ❧♦❝❛❧✐③❡❞ ♦♥ ❛ ❝✉r✈❡ Σ✱ ❝♦♥s✐sts

♦❢ ❝❤✐r❛❧ s✉♣❡r✜❡❧❞s✳ ❙❝❤❡♠❛t✐❝❛❧❧② t❤✐s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡

❚❛❜❧❡ ✶✳

❆s ✇❡ ❝❛♥ s❡❡✱ ✇❡ ❤❛✈❡ t✇♦ ♣♦✐♥ts ♦❢ ✈✐❡✇✱ ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❈❛❧❛❜✐✲❨❛✉ ❢♦✉r✲

❢♦❧❞s✳ ❖♥❡ ✐s t❤❛t ❈❛❧❛❜✐✲❨❛✉ ✐s t❤❡ s❤❡❛❢ ♦♥ P2 ❛♥❞ ❛s t❤❡ ♦❜❥❡❝t ✐♥ D(X) ✐s

st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡ ♦❢ B+ iJ ✳ ❚❤❡ ♦t❤❡r ✐s t❤❛t ✐t ✐s t❤❡

✜❜❡r❡❞ ❜✉♥❞❧❡✱ t❤❛t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ✇✐t❤ t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ♠❛tt❡r ❝♦♥t❡♥t✳ ❆❢t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❡❛❦✐♥❣

♠❡❝❤❛♥✐s♠ t♦ ♦❜t❛✐♥ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✱ ✇❡ ❝❛♥ r❡❝❡✐✈❡ t❤❡ ♠✐♥✐♠❛❧ ❢♦✉r✲

❞✐♠❡♥s✐♦♥❛❧ s✉♣❡rs②♠♠❡tr✐❝ SU(5) ●r❛♥❞ ❯♥✐✜❝❛t✐♦♥ ❚❤❡♦r② ✇✐t❤ st❛♥❞❛r❞

❍✐❣❣s ❝♦♥t❡♥t✳

❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❛♥ ♦♣❡♥ s✉♣❡rstr✐♥❣ ❬✽❪ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② ❊①ti(Q,Q
′

)

❣r♦✉♣s ❛♥❞ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐❛❣r❛♠ ❬✹❪ ✐♥ ❋✐❣✉r❡ ✹
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❚✳❱✳ ❖❜✐❦❤♦❞

❋✐❣✳✹✳ ❖♣❡♥ s✉♣❡rstr✐♥❣ t❤❛t ✐s ❞❡s❝r✐❜❡❞ ❜② ❊①ti(Q,Q
′

) ❣r♦✉♣✳

❤❛s t❤❡ ❢♦r♠

❊①t0(Q,Q
′

) = C
aa

′

+bb
′

+cc
′

,

❊①t1(Q,Q
′

) =C
3ab

′

+3bc
′

+3ca
′

.

(3)

❙✉❜st✐t✉t✐♥❣ ✐♥ ✭✸✮ ♦r❜✐❢♦❧❞ ❝❤❛r❣❡s

a = b = c = a′ = b′ = c′ = 4

❛♥❞ ✉s✐♥❣ t❤❡ ▲❛♥❣❧❛♥❞s ❤②♣♦t❤❡s✐s ❬✾❪✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ✭✸✮ ✐♥ t❡r♠s

♦❢ SU(5) ♠✉❧t✐♣❧❡ts

3× (24 + 5H + 5H + 5M + 5M + 10M + 10M ) ,

✇❤❡r❡ 5H ❛♥❞ 5H ❛r❡ ❍✐❣❣s ♠✉❧t✐♣❧❡ts✱ 5
(i)
M ❛♥❞ 10

(j)
M ❛r❡ ♠✉❧t✐♣❧❡ts ♦❢ q✉❛r❦ ❛♥❞

❧❡♣t♦♥ s✉♣❡r♣❛rt♥❡rs✳

❆s t❤❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ st❛❜✐❧✐t② ♦❢ t❤❡
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