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Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✹ ✼✭✸✮ ✹✽✕✺✼ dω

❍②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥
R✲tr❡❡s

❖❧❤❛ ▲♦③✐♥s❦❛✱ ❆❧❡❦s❛♥❞r ❙❛✈❝❤❡♥❦♦✱ ▼②❦❤❛✐❧♦ ❩❛r✐❝❤♥②✐

❆❜str❛❝t ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ✏s❧✐❝❡❞✑ ❤②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡s ♦❢ t❤❡ r♦♦t❡❞ R✲tr❡❡s ❛r❡ ❛❧s♦ r♦♦t❡❞ R✲tr❡❡s✳

❑❡②✇♦r❞s R✲tr❡❡✱ ❤②♣❡rs♣❛❝❡✱ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✶✵✮✸✼❊✷✺✱ ✺✹❇✷✵✱ ✻✵❇✵✺

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ r❡❛❧ tr❡❡s ✭R✲tr❡❡s✮ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❚✐ts ❬✶✷❪✳ ❙✐♥❝❡ t❤❡♥✱ t❤❡② ❢♦✉♥❞

♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❑✐r❦

❬✾❪ ❡st❛❜❧✐s❤❡❞ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ R✲tr❡❡s ❛♥❞ t❤❡ ❤②♣❡r❝♦♥✈❡① ♠❡tr✐❝ s♣❛❝❡s

✐♥tr♦❞✉❝❡❞ ❜② ❆r♦♥s③❛❥♥ ❛♥❞ P❛♥✐t❝❤♣❛❦❞✐ ❬✶❪✳

❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ R✲tr❡❡s ❛r❡ ❛❧s♦ ❞❡s❝r✐❜❡❞ ✐♥ ❬✷❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s

♠❡♥t✐♦♥❡❞ t❤❛t R✲tr❡❡s ❛r✐s❡ ❛❧s♦ ✐♥ t❤❡ ❝♦❛rs❡ s❡tt✐♥❣ ♦❢ ✇♦r❞✲❤②♣❡r❜♦❧✐❝ ❣r♦✉♣s✳

❖✉ts✐❞❡ ♦❢ ♠❛t❤❡♠❛t✐❝s✱ R✲tr❡❡s ❛r❡ ✉s❡❞ ✐♥ ❜✐♦❧♦❣②✱ ♠❡❞✐❝✐♥❡ ❛♥❞ ❝♦♠♣✉t❡r

s❝✐❡♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❜✐♦❧♦❣② ❛♥❞ ♠❡❞✐❝✐♥❡ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡

♥♦t✐♦♥ ♦❢ ♣❤②❧♦❣❡♥❡t✐❝ tr❡❡ ❬✶✶❪✳

■♥ t❤❡ ♣❛♣❡r ❬✼❪✱ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡ r♦♦t❡❞ R✲tr❡❡s

❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s ❛r❡ ❡st❛❜❧✐s❤❡❞✳ ❚❤❡ r❡s✉❧ts ♦❢ ❬✼❪ ❛r❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s

♦❢ ❝❛t❡❣♦r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤✐s ♠❛❦❡s r❡❛s♦♥❛❜❧❡ st✉❞②✐♥❣ ❢✉♥❝t♦r✐❛❧ ❝♦♥str✉❝✲

t✐♦♥s ✐♥ ❛♣♣r♦♣r✐❛t❡ ❝❛t❡❣♦r✐❡s ♦❢ R✲tr❡❡s✳ ■♥ t❤❡ ♣r❡s❡♥t ♥♦t❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡

❤②♣❡rs♣❛❝❡s ❛♥❞ t❤❡ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐❧② ♠❡❛s✉r❡s ♦❢ r♦♦t❡❞ R✲tr❡❡s t❤❛t ❛r❡

❛❧s♦ r♦♦t❡❞ R✲tr❡❡s✳
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❍②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✲tr❡❡s ✹✾

❆ ❣❡♦❞❡s✐❝ s❡❣♠❡♥t ✇✐t❤ ❡♥❞♣♦✐♥t x, y ∈ X ✐s t❤❡ ✐♠❛❣❡ ♦❢ ❛♥ ✐s♦♠❡tr✐❝

❡♠❜❡❞❞✐♥❣ α : [0, d(x, y)] → X✳ ❇② [x, y] ✇❡ ❞❡♥♦t❡ ❛ ❣❡♦❞❡s✐❝ s❡❣♠❡♥t ✇✐t❤

❡♥❞♣♦✐♥ts x ❛♥❞ y✳

❉❡✜♥✐t✐♦♥ ✶ ❲❡ s❛② t❤❛t ❛ ♠❡tr✐❝ s♣❛❝❡ (X, d) ✐s ❛ ❣❡♦❞❡s✐❝ s♣❛❝❡ ✐❢ ❢♦r ❡✈❡r②

x, y ∈ X t❤❡r❡ ❡①✐sts ❛ ❣❡♦❞❡s✐❝ ❥♦✐♥✐♥❣ x ❛♥❞ y✳

❉❡✜♥✐t✐♦♥ ✷ ❆ ♠❡tr✐❝ s♣❛❝❡ (X, d) ✐s ❝❛❧❧❡❞ ❛♥ R✲tr❡❡ ✐❢

✶✳ (X, d) ✐s ❛ ❣❡♦❞❡s✐❝ s♣❛❝❡❀

✷✳ ✐❢ [x, y] ∩ [x, z] = {x}✱ t❤❡♥ [y, z] = [x, y] ∪ [x, z]❀

✸✳ ❢♦r ❡✈❡r② x, y, z ∈ X t❤❡r❡ ❡①✐sts w ∈ X s✉❝❤ t❤❛t [x, y] ∩ [x, z] = [x,w]✳

■t ✐s ❦♥♦✇♥ t❤❛t ❛ ❣❡♦❞❡s✐❝ ♠❡tr✐❝ s♣❛❝❡ X ✐s ❛♥ R✲tr❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ✐s

✵✲❤②♣❡r❜♦❧✐❝✳ ■t ✐s ❛❧s♦ ❦♥♦✇♥ t❤❛t ❛ ❣❡♦❞❡s✐❝ s♣❛❝❡ ✐s ❛♥ R✲tr❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

❢♦r ❡✈❡r② t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts x, y ♦❢ t❤✐s s♣❛❝❡ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❛r❝ ✇✐t❤

❡♥❞♣♦✐♥ts x, y✳

❉❡✜♥✐t✐♦♥ ✸ ❆ r♦♦t❡❞ R✲tr❡❡ ❝♦♥s✐sts ♦❢ ❛♥ R✲tr❡❡ (X, d) ❛♥❞ ❛ ♣♦✐♥t x0 ∈ X

❝❛❧❧❡❞ t❤❡ r♦♦t✳

❉❡✜♥✐t✐♦♥ ✹ ❆ r♦♦t❡❞ R✲tr❡❡ (X, d, x0) ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡ ✐❢ ❡✈❡r② ✐s♦✲

♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣ f : [0, t] → X✱ ✇❤❡r❡ t > 0✱ ✇✐t❤ f(0) = x0✱ ❡①t❡♥❞s t♦ ❛♥

✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣ f̄ : [0,∞) → X✳

■♥ t❤✐s ❝❛s❡ t❤❡ ♠❛♣ f̄ ✐s s❛✐❞ t♦ ❜❡ ❛ ❣❡♦❞❡s✐❝ r❛②✳

●✐✈❡♥ ❛ r♦♦t❡❞ R✲tr❡❡ (X, d, x0)✱ ✇❡ ❧❡t |x| = d(x, x0)✱ ❢♦r ❡✈❡r② x ∈ X✳ ❋♦r

❡✈❡r② t > 0✱ ❧❡t Xt = {y ∈ X | |y| = t} ❛♥❞ X≤t = ∪{Xs | s ≤ t}✳ ■❢ 0 ≤ s ≤ t✱

✇❡ ❞❡✜♥❡ ❛ ♠❛♣ πts : Xt → Xs ❜② t❤❡ ❝♦♥❞✐t✐♦♥ πts(x) = y ✐❢ {y} = [x, x0]∩Xs✳

❘❡♠❛r❦ t❤❛t πts ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳

❆❧s♦✱ ✇❡ ❞❡✜♥❡ ❛ r❡tr❛❝t✐♦♥ πt : X → X≤t ❜② t❤❡ ❝♦♥❞✐t✐♦♥ πt(x) = πst(x)✱

❢♦r ❡✈❡r② x ∈ Xs✱ ✇❤❡r❡ s ≥ t✳

❘❡❝❛❧❧ t❤❛t ❛ ♠❡tr✐❝ ̺ ♦♥ ❛ s❡t Z ✐s s❛✐❞ t♦ ❜❡ ❛♥ ✉❧tr❛♠❡tr✐❝ ✐❢ ✐t s❛t✐s✜❡s

t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✿

̺(x, y) ≤ max{̺(x, z), ̺(z, y)}, x, y, z ∈ Z.

▲❡♠♠❛ ✶ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ d ♦♥t♦ Xt ✐s ❛♥ ✉❧tr❛♠❡tr✐❝✳

Pr♦♦❢ ▲❡t x, y, z ∈ Xt✳ ❚❤❡r❡ ❡①✐st a, b ∈ X s✉❝❤ t❤❛t [x, x0] ∩ [y, x0] = [a, x0]✱

[y, x0]∩[z, x0] = [b, x0]✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② s✉♣♣♦s❡ t❤❛t [b, x0] ⊂

[a, x0]✳ ❚❤❡♥ [x, a] ∪ [a, b] ∪ [b, z] ✐s ❛ ❣❡♦❞❡s✐❝ s❡❣♠❡♥t ❝♦♥t❛✐♥✐♥❣ x ❛♥❞ z✳
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❖✳ ▲♦③✐♥s❦❛✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

❙✐♥❝❡ d(x, y) = 2d(x, a)✱ d(y, z) = 2d(y, b)✱ ❛♥❞

d(x, z) = d(x, a) + d(a, b) + d(b, z) = d(x, b) + d(b, z),

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t d(x, z) ≤ d(y, z) = max{d(x, y), d(y, z)}✳

❉❡♥♦t❡ ❜② R✲❚❘❊❊ t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ r♦♦t❡❞ R✲tr❡❡s ❛♥❞ ✇❤♦s❡

♠♦r♣❤✐s♠s ❛r❡ | · |✲♣r❡s❡r✈✐♥❣ ❝♦♥t✐♥✉♦✉s ♠❛♣s✳

✷ ❍②♣❡rs♣❛❝❡s

●✐✈❡♥ ❛ ♠❡tr✐❝ s♣❛❝❡ (X, d)✱ ❜② expX ✇❡ ❞❡♥♦t❡ t❤❡ ❤②♣❡rs♣❛❝❡ ♦❢ X✱ ✐✳❡✳ t❤❡

s❡t ♦❢ ❛❧❧ ♥♦♥❡♠♣t② ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ X✳ ❲❡ ❡♥❞♦✇ expX ✇✐t❤ t❤❡ ❍❛✉s❞♦r✛

♠❡tr✐❝ dH ✱

dH(A,B) = inf{r > 0 | A ⊂ Or(B), B ⊂ Or(A)},

✇❤❡r❡ Or(C) ❞❡♥♦t❡s t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ C ∈ expX✳ ❋♦r ❡✈❡r② n ∈ N✱ ❞❡♥♦t❡

❜② expn X t❤❡ s✉❜s♣❛❝❡

{A ∈ expX | t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ A ✐s ❛t ♠♦st n}

♦❢ expX✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ s✉♣♣♦s❡ t❤❛t (X, d, x0) ✐s ❛ r♦♦t❡❞ R✲tr❡❡✳ ▲❡t

˜expX = {A ∈ expX | A ⊂ Xt ❢♦r s♦♠❡ t > 0}.

●✐✈❡♥ A ∈ ˜expX✱ ✇❡ ✇r✐t❡ |A| = t ✇❤❡♥❡✈❡r A ⊂ Xt✳ ❇② d̃H ✇❡ ❞❡♥♦t❡ t❤❡

r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❍❛✉s❞♦r✛ ♠❡tr✐❝ ♦♥t♦ t❤❡ s✉❜s♣❛❝❡ ˜expX✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ d̃ : ˜expX × ˜expX → R ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

d̃(A,B) = inf{|A|+ |B| − 2u | π|A|u(A) = π|B|u(B)}.

▲❡♠♠❛ ✶ ❚❤❡ ♠❡tr✐❝ ˜expX ♦♥ ˜expX ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ d̃✳

Pr♦♦❢ ▲❡t A,B ∈ ˜expX✱ |A| = t✱ |B| = s✳ ❙✉♣♣♦s❡ t❤❛t d̃(A,B) = r✱ t❤❡♥ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ u ∈ R+ s✉❝❤ t❤❛t (t− u) + (s− u) = r Ñ✕ πtu(A) = πsu(B)✳

▲❡t a ∈ A✱ t❤❡♥ t❤❡r❡ ❡①✐sts b ∈ B s✉❝❤ t❤❛t πtu(a) = πsu(b)✳ ❲❡ ❝♦♥❝❧✉❞❡

t❤❛t d(a, b) = t+ s− 2u = r✳

❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② b ∈ B t❤❡r❡ ❡①✐sts a ∈ A s✉❝❤ t❤❛t d(a, b) = r✳

❙✉♠♠✐♥❣ ✉♣✱ d̃H(A,B) ≤ r✳

❈♦♥✈❡rs❡❧②✱ ✐❢ d̃H(A,B) ≤ r✱ t❤❡♥ ❢♦r ❡✈❡r② a ∈ A t❤❡r❡ ❡①✐sts b ∈ B s✉❝❤

t❤❛t d(a, b) ≤ r✳ ▲❡t [a, b] ❜❡ ❛ ❣❡♦❞❡s✐❝ s❡❣♠❡♥t ❝♦♥♥❡❝t✐♥❣ a ❛♥❞ b✳ ▲❡t c ❜❡

❛ ♣♦✐♥t ♦❢ t❤✐s s❡❣♠❡♥t ✇✐t❤ t❤❡ ♠✐♥✐♠❛❧ ♥♦r♠✳ ❚❤❡♥ t − |c| + s − |c| ≤ r ❛♥❞

t❤❡r❡❢♦r❡ |c| ≥ u = 1
2 (t+ s− r)✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡♥ πtu(A) = πsu(B)✱ ❛♥❞ t❤❡r❡❢♦r❡ d̃(A,B) ≤ r✳
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❍②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✲tr❡❡s ✺✶

❈♦r♦❧❧❛r② ✶ ❚❤❡ s♣❛❝❡ ˜expXt ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r ❡✈❡r② t > 0✳

Pr♦♣♦s✐t✐♦♥ ✶ ❚❤❡ ♠❛♣ | · | : ˜expX → R+ ✐s ♥♦♥❡①♣❛♥❞✐♥❣✳

Pr♦♦❢ ▲❡t A,B ∈ ˜expX✱ |A| = t✱ |B| = s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts r ≤ min{t, s} s✉❝❤

t❤❛t

d̃H(A,B) = |t− r|+ |s− r| = |t− r|+ |r − s| ≥ |t− r + r − s| = |t− s|

❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳

Pr♦♣♦s✐t✐♦♥ ✷ ❋♦r ❡✈❡r② R✲tr❡❡ X t❤❡ s♣❛❝❡ ˜expX ✐s ❣❡♦❞❡s✐❝✳

Pr♦♦❢ ▲❡t A,B ∈ ˜expX✱ |A| = t✱ |B| = s✱ ❛♥❞ d̃H(A,B) = c✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

r ≤ min{t, s} s✉❝❤ t❤❛t πtr(A) = πsr(B) ❛♥❞ |t− r|+ |s− r| = c✳

❈♦♥s✐❞❡r ❛ ♠❛♣ γ : [0, c] → ˜expX ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛✿

γ(x) =

{

πt,t−x(A), ✐❢ x ∈ [0, t− r],

πs,s−c+x(B), ✐❢ x ∈ [t− r, c].

❚❤❡♥ γ(0) = πt,t(A) = A✱ γ(c) = πs,s(B) = B✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t γ ✐s ❛ ❣❡♦❞❡s✐❝ s❡❣♠❡♥t t❤❛t ❝♦♥♥❡❝ts A ❛♥❞ B✳

Pr♦♣♦s✐t✐♦♥ ✸ ▲❡t γ : [0, 1] → ˜expX ❜❡ ❛♥ ❡♠❜❡❞❞✐♥❣✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ t 7→

|γ(t)| s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s✿

✶✳ ✐t ✐s ✐♥❝r❡❛s✐♥❣❀

✷✳ ✐t ✐s ❞❡❝r❡❛s✐♥❣❀

✸✳ ✐t ✐s ❞❡❝r❡❛s✐♥❣ ♦♥ [0, t0] ❛♥❞ ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [t0, 1]✱ ❢♦r s♦♠❡ t0 ∈ [0, 1]✳

Pr♦♦❢ ■❢ ♥♦♥❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✱ t❤❡♥ t❤❡r❡ ❡①✐st t1, t2 ∈ [0, 1]✱ t1 < t2✱ ❢♦r

✇❤✐❝❤ |γ(t1)| = |γ(t2)| ❛♥❞ |γ(t)| ≥ |γ(t1)|✱ ❢♦r ❛❧❧ t ∈ [t1, t2]✳

▲❡t |γ(t1)| = c✳ ❚❤❡♥ t❤❡ ♠❛♣ t 7→ πcγ(t)✱ t ∈ [t1, t2]✱ ✐s ❛ ♠❛♣ ✐♥t♦ ❛ ③❡r♦✲

❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐s ❛ ❝♦♥st❛♥t ♠❛♣✳ ❚❤✉s✱ γ(t1) = γ(t2)✳ ❚❤✐s

❝♦♥tr❛❞✐❝ts t♦ t❤❡ ❢❛❝t t❤❛t γ ✐s ❛♥ ❡♠❜❡❞❞✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✹ ❚❤❡ s♣❛❝❡ ˜expX ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥ ❡♠❜❡❞❞❡❞ S1✳

Pr♦♦❢ ❖t❤❡r✇✐s❡✱ t❤❡r❡ ❡①✐st A,B ∈ ˜expX ❛♥❞ ❛ ❣❡♦❞❡s✐❝ γ : [0, dH(A,B)] s✉❝❤

t❤❛t |γ(t)| ≥ |A| = |B|✱ ❢♦r ❡✈❡r② t ∈ [0, dH(A,B)]✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥tr❛❞✐❝ts t♦

Pr♦♣♦s✐t✐♦♥ ✸✳

❈♦r♦❧❧❛r② ✷ ❚❤❡ s♣❛❝❡ ˜expX ✐s ❛♥ R✲tr❡❡✳

Pr♦♦❢ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❦♥♦✇♥ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ R✲tr❡❡s❀ s❡❡✱ ❡✳❣✳✱ ❬✶✵❪✳
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❖✳ ▲♦③✐♥s❦❛✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

Pr♦♣♦s✐t✐♦♥ ✺ ❚❤❡ s❡t ˜expX ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ✐♥ t❤❡ ❤②♣❡rs♣❛❝❡ expX✳

Pr♦♦❢ ❙✐♥❝❡ t❤❡ ♠❛♣ f : X → R+✱ f(x) = |x|✱ ✐s ❝♦♥t✐♥✉♦✉s✱ s♦ ✐s t❤❡ ♠❛♣

exp f : expX → expR+✳ ❚❤❡♥

˜expX = (exp f)−1({{t} | t ∈ R+}) = (exp f)−1 exp1(R+)

❛♥❞ t❤❡r❡❢♦r❡ ✐s ❝❧♦s❡❞✳

❈♦r♦❧❧❛r② ✸ ❋♦r ❡✈❡r② ❝♦♠♣❧❡t❡ r♦♦t❡❞ R✲tr❡❡ X✱ t❤❡ R✲tr❡❡ ˜expX ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ R✲tr❡❡ ˜expX ✐s ♥♦t ❣❡♦❞❡s✐❝❛❧❧②

❝♦♠♣❧❡t❡ ❡✈❡♥ ❢♦r ❛ ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡ R✲tr❡❡ X✳ ▲❡t X = {(x, y) ∈ R
2 | x ∈

[0, 1], y = 0} ∪ {(x, y) ∈ R
2 | x ∈ {1} ∪ {(n− 1)/n | n ∈ N}, y ∈ R+}✱ ✇❡ ❡♥❞♦✇

X ✇✐t❤ t❤❡ ❣❡♦❞❡s✐❝ ♠❡tr✐❝ ✐♥❤❡r✐t❡❞ ❢r♦♠ R
2✳

❲❡ s✉♣♣♦s❡ t❤❛t (0, 0) ✐s t❤❡ r♦♦t✳ ❚❤❡♥ X1 ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ ❛ ❝♦♥✈❡r❣❡♥t

s❡q✉❡♥❝❡✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r ❡✈❡r② r > 0✱ t❤❡ s♣❛❝❡ X1+r ✐s ❛ ❝♦✉♥t❛❜❧❡

❞✐s❝r❡t❡ s♣❛❝❡✳

❉❡✜♥❡ γ : [0, 1] → ˜expX ❜② t❤❡ ❢♦r♠✉❧❛ γ(t) = Xt✳ ❚❤❡♥ t❤✐s ❣❡♦❞❡s✐❝ s❡❣✲

♠❡♥t ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ ♦♥t♦ t❤❡ s❡t R+✳

❚❤❡ ❤②♣❡rs♣❛❝❡ ❝♦♥str✉❝t✐♦♥ ❞❡t❡r♠✐♥❡s ❛♥ ❡♥❞♦❢✉♥❝t♦r ✐♥ t❤❡ ❝❛t❡❣♦r②

R✲❚❘❊❊✳

✸ Pr♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✲tr❡❡s

▲❡t P (X) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt ♦♥ ❛ s♣❛❝❡

X✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt

❞❡t❡r♠✐♥❡s ❛ ❢✉♥❝t♦r ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❚②❝❤♦♥♦✈ s♣❛❝❡s ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣s

❬✸❪✳ ■❢ (X, d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✱ t❤❡♥ t❤❡ s❡t P (X) ❝❛♥ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡

❑❛♥t♦r♦✈✐❝❤ ♠❡tr✐❝ ❬✽❪❀ ✐❢ d ✐s ❛♥ ✉❧tr❛♠❡tr✐❝✱ t❤❡♥ t❤❡ s❡t P (X) ❝❛♥ ❜❡ ❡♥❞♦✇❡❞

✇✐t❤ ❛♥ ✉❧tr❛♠❡tr✐❝ dHV ✱

dHV (µ, ν) = inf{r > 0 | µ(Br(x)) = ν(Br(x)), ❢♦r ❡✈❡r② x ∈ X}

✭s❡❡ ❬✺✱✶✸❪❀ ❤❡r❡ Br(x) ❞❡♥♦t❡s t❤❡ r✲❜❛❧❧ ❝❡♥t❡r❡❞ ❛t x✮✳ ❙♦♠❡ ❝❛t❡❣♦r✐❝❛❧ ♣r♦♣✲

❡rt✐❡s ♦❢ t❤✐s ♠❡tr✐❝ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✻❪✳

■❢ X ✐s ❛ r♦♦t❡❞ R✲tr❡❡✱ ✇❡ ❧❡t

P̃ (X) = {µ ∈ P (X) | supp(µ) ∈ ˜expX}.

●✐✈❡♥ µ ∈ P̃ (X)✱ ❧❡t |µ| = |supp(µ)|✳
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❍②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✲tr❡❡s ✺✸

❲❡ ❡♥❞♦✇ P̃ (X) ✇✐t❤ ❛ ♠❡tr✐❝ d̂✿

d̂(µ, ν) = inf{|µ|+ |ν| − 2s | s ∈ [0,min{|µ|, |ν|}], P (πs)(µ) = P (πs)(ν)}.

◆♦t❡ ✜rst t❤❛t t❤❡ ❢✉♥❝t✐♦♥ d̂ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ P (π0)(µ) = P (π0)(ν) = δx0
✱

❢♦r ❡✈❡r② µ, ν ∈ P̃ (X)✳

■❢ d̂(µ, ν) = 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (si) ✐♥ R+ s✉❝❤ t❤❛t |µ| + |ν| −

2si → 0 ❛♥❞ si ≤ min{|µ|, |ν|}✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t limi→∞ si =

|µ| = |ν|✳

❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s (πsi) ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡s t♦ π|µ|✱ ✇❡ ♦❜t❛✐♥

µ =P (π|µ|)(µ) = P ( lim
i→∞

πsi)(µ) = lim
i→∞

P (πsi)(µ)

= lim
i→∞

P (πsi)(ν) = P ( lim
i→∞

πsi)(ν) = ν.

❙②♠♠❡tr② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ d̂ ✐s ♦❜✈✐♦✉s✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✈❡r✐❢② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✳ ▲❡t µ, ν, τ ∈ P̃ (X)✱ t❤❡♥ t❤❡r❡

❡①✐st s❡q✉❡♥❝❡s

si ∈ [0,min{|µ|, |ν|}], ti ∈ [0,min{|ν|, |τ |}]

s✉❝❤ t❤❛t

P (πsi)(µ) = P (πsi)(ν), P (πti)(ν)P (πti)(τ)

❛♥❞

d̂(µ, ν) = lim
i→∞

(|µ|+ |ν| − 2si), d̂(ν, τ) = lim
i→∞

(|ν|+ |τ | − 2ti).

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t si ≤ ti✱ ❢♦r ❛❧❧ i ∈ N✳ ❚❤❡♥

P (πsi)(µ) = P (πsi)(ν) = P (πsi)(τ) ❛♥❞ ✇❡ ♦❜t❛✐♥

d̂(µ, τ) ≤ lim
i→∞

(|µ|+ |τ | − 2si) ≤ lim
i→∞

(|µ|+ |ν| − 2si + |ν|+ |τ | − 2ti)

✭s✐♥❝❡ 2|ν| − 2ti ≥ 0✮

≤ d̂(µ, ν) + d̂(ν, τ).

Pr♦♣♦s✐t✐♦♥ ✶ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ d̂ ♦♥ t❤❡ s❡t P̃ (X)t ✐s ❛♥ ✉❧tr❛♠❡t✲

r✐❝ ❢♦r ❡✈❡r② t ∈ R+✳

Pr♦♦❢ ■❢ µ, ν, τ ∈ P̃ (X)t✱ t❤❡♥ t❤❡r❡ ❡①✐st si, ti ∈ R+ s✉❝❤ t❤❛t

P (πsi)(µ) = P (πsi)(ν), P (πti)(ν)P (πti)(τ)

❛♥❞

d̂(µ, ν) = lim
i→∞

(|µ|+ |ν| − 2si), d̂(ν, τ) = lim
i→∞

(|ν|+ |τ | − 2ti).

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t si ≤ ti✱ ❢♦r ❛❧❧ i ∈ N✳ ❚❤❡♥

P (πsi)(µ) = P (πsi)(ν) = P (πsi)(τ) ❛♥❞ ✇❡ ♦❜t❛✐♥

d̂(µ, τ) ≤ max{d̂(µ, ν), d̂(ν, τ)}.
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❖✳ ▲♦③✐♥s❦❛✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

❲❡ ❝❛♥ ♣r♦✈❡ ❡✈❡♥ ♠♦r❡✱ ♥❛♠❡❧②

Pr♦♣♦s✐t✐♦♥ ✷ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ d̂ ♦♥ t❤❡ s❡t P̃ (X)t ❝♦✐♥❝✐❞❡s ✇✐t❤

t❤❡ ♠❡tr✐❝ dHV ✱ ❢♦r ❡✈❡r② t ∈ R+✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t dHV (µ, ν) < r✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② x ∈ X✱ µ(Br(x)) = ν(Br(x))✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t P (πt,t−(r/2))(µ) = P (πt,t−(r/2))(ν)✳

■♥❞❡❡❞✱

P (πt,t−(r/2))(µ) =

k
∑

i=1

µ(Br(xi))δπt,t−(r/2)(xi), ✭✶✮

✇❤❡r❡ x1, . . . , xk ∈ supp(µ) ❛r❡ s✉❝❤ t❤❛t {Br(xi) | i = 1, . . . , k} ✐s ❛ ❞✐s❥♦✐♥t

❝♦✈❡r ♦❢ supp(µ)✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ✐✳❡✳

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ x1, . . . , xk✳ ❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦

t❤❡ ♠❡❛s✉r❡ ν ♦♥❡ ❡❛s✐❧② ❝♦♥❝❧✉❞❡s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✮ ✐s ❡q✉❛❧ t♦

P (πt,t−(r/2))(ν)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✉♣♣♦s❡ t❤❛t d̂(µ, ν) < r✳ ❚❤❡♥ P (πt,t−(r/2))(µ) =

P (πt,t−(r/2))(ν) ❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② x ∈ Xt−(r/2) ❛♥❞ ❡✈❡r② ε > 0✱ ✇❡ ❤❛✈❡

P (πt,t−(r/2))(µ)(Bε(x)) = P (πt,t−(r/2))(ν)(Bε(x)).

❚❤❡♥ µ(Br+ε(x)) = ν(Br+ε(x))✱ ❢♦r ❡✈❡r② x ∈ X ❛♥❞ t❤❡r❡❢♦r❡ dHV (µ, ν) ≤ r+ε✱

❢♦r ❡✈❡r② ε > 0✳ ❚❤✉s✱ dHV (µ, ν) ≤ r✳

❉❡♥♦t❡ ❜② d̃ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ d̂ ♦♥t♦ P̃ (X)✳

❚❤❡♦r❡♠ ✶ ❚❤❡ ♠❡tr✐❝ s♣❛❝❡ (P̃ (X), d̃) ✐s ❛♥ R✲tr❡❡✳

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❛t ♦❢ ❈♦r♦❧❧❛r②

✸✳ ❲❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❡tr✐❝ dHV ✐s ❛♥ ✉❧tr❛♠❡tr✐❝✳

Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ ♠❛♣ supp: P̃ (X) → ˜expX ✐s ♥♦♥❡①♣❛♥❞✐♥❣✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t d̂(µ, ν) < r✱ ❢♦r s♦♠❡ r > 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts c ∈

[0,min{|µ|, |ν|}] s✉❝❤ t❤❛t P (πc)(µ) = P (πc(ν) ❛♥❞ |µ|+ |ν| − 2c < r✳

❚❤❡♥ |supp(µ)| = |µ|✱ |supp(ν)| = |ν| ❛♥❞ πc(supp(µ)) = πc(supp(ν))✱

✇❤❡♥❝❡

d̃H(supp(µ), supp(ν)) ≤ |supp(µ)|+ |supp(ν)| < r.

❚❤❡♦r❡♠ ✷ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡t❡ R✲tr❡❡✳ ❚❤❡♥ P̃ (X) ✐s ❛❧s♦ ❛ ❝♦♠♣❧❡t❡ R✲tr❡❡✳
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❍②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✲tr❡❡s ✺✺

Pr♦♦❢ ▲❡t (µi) ❜❡ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ P̃ (X)✳ ❙✐♥❝❡✱ ❜② ❈♦r♦❧❧❛r② ✸✱ t❤❡ s♣❛❝❡

˜expX ✐s ❝♦♠♣❧❡t❡ ❛♥❞ t❤❡ ♠❛♣ supp ✐s ♥♦♥❡①♣❛♥❞✐♥❣✱ t❤❡ ❈❛✉❝❤② s❡q✉❡♥❝❡

(supp(µi)) ✐s ❝♦♥✈❡r❣❡♥t✳

❲❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬✺✱ ❚❤❡♦r❡♠ ✸✳✺❪✳ ❉❡✜♥❡ µ ∈ P (X) ❛s

❢♦❧❧♦✇s✳ ▲❡t x ∈ A ❛♥❞ r > 0✳ ❲❡ ♣✉t µ(Br(x)) = limi→∞ µi(Br(x))✳

❙✐♥❝❡ (µi) ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t µm(Br(x)) =

µn(Br(x))✱ ❢♦r ❡✈❡r② m,n > n0✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡q✉❡♥❝❡ µi(Br(x)) ✐s

❡✈❡♥t✉❛❧❧② ❝♦♥st❛♥t ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✐s ❝♦♥✈❡r❣❡♥t✳ ❈❧❡❛r❧②✱ t❤❡ ❢✉♥❝t✐♦♥ µ✱ ✇❤✐❝❤

✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ❜❛❧❧s✱ ✉♥✐q✉❡❧② ❡①t❡♥❞s t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡❀ ✇❡ ❦❡❡♣ t❤❡

♥♦t❛t✐♦♥ µ ❢♦r t❤❡ ❧❛tt❡r✳

❇② t❤❡ ❞❡✜♥✐t✐♦♥✱ µ = limi→∞ µi✳

❙✐♠✐❧❛r❧② ❛s ❛❜♦✈❡ ♦♥❡ ❝❛♥ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ R✲tr❡❡ P̃ (X) ✐s ♥♦t ♥❡❝❡s✲

s❛r✐❧② ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❡✈❡♥ ✐❢ s♦ ✐s X✳ ❆❝t✉❛❧❧②✱ t❤❡ ❡①❛♠♣❧❡ ❛t t❤❡ ❡♥❞ ♦❢

t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇♦r❦s✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ❞❡t❡r♠✐♥❡s ❛♥ ❡♥❞♦❢✉♥❝t♦r

✐♥ t❤❡ ❝❛t❡❣♦r② R✲❚❘❊❊✳ ❚❤❡ ❝❧❛ss ♦❢ ♠❛♣s supp ❝♦♠♣r✐s❡s ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r✲

♠❛t✐♦♥ ❢r♦♠ ˜exp t♦ P̃ ✳

✹ ❖♣❡♥ ♣r♦❜❧❡♠s

■♥ ❬✼❪✱ t❤❡ ❝❛t❡❣♦r② ♦❢ ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ r♦♦t❡❞ R✲tr❡❡s ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡

❝❧❛ss❡s ♦❢ ✐s♦♠❡tr✐❡s ❛t ✐♥✜♥✐t② ✐s ✐♥tr♦❞✉❝❡❞✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✳

◗✉❡st✐♦♥ ✶ ❆r❡ t❤❡r❡ ❝♦✉♥t❡r♣❛rts ♦❢ t❤❡ ❤②♣❡rs♣❛❝❡ ❢✉♥❝t♦r ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ ❢✉♥❝t♦r ✐♥ t❤❡ ♠❡♥t✐♦♥❡❞ ❝❛t❡❣♦r②❄

❚❤❡ ♥♦t✐♦♥ ♦❢ ✉❧tr❛♠❡tr✐❝ ❤❛s ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ t❤❡♦r② ♦❢ ❢✉③③② ♠❡tr✐❝

s♣❛❝❡s ✭s❡❡ ❬✹❪✮✳ ❆ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t✐♦♥ (a, b) 7→ a ∗ b : [0, 1] × [0, 1] → [0, 1] ✐s

❝❛❧❧❡❞ ❛ t✲♥♦r♠✱ ✐❢ ∗ ✐s ❛ss♦❝✐❛t✐✈❡✱ ❝♦♠♠✉t❛t✐✈❡✱ ♠♦♥♦t♦♥✐❝ ❛♥❞ ✶ ✐s ✐ts ♥❡✉tr❛❧

❡❧❡♠❡♥t✳

❆ ❢✉♥❝t✐♦♥ M : X ×X × (0,∞) → [0, 1] ✐s s❛✐❞ t♦ ❜❡ ❛ ❢✉③③② ♠❡tr✐❝ ♦♥ ❛ s❡t

X✱ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ✭✐✮ M(x, y, t) > 0❀ ✭✐✐✮ M(x, y, t) = 1

✐❢ ❛♥❞ ♦♥❧② ✐❢ x = y❀ ✭✐✐✐✮ M(x, y, t) = M(y, x, t)❀ ✭✐✈✮ M(x, y, t) ∗ M(y, z, s) ≤

M(x, z, t+ s)❀ ✭✈✮ t❤❡ ❢✉♥❝t✐♦♥ M(x, y,−) : (0,∞) → [0, 1] ✐s ❝♦♥t✐♥✉♦✉s✳

❚❤❡ tr✐♣❧❡ (X,M, ∗) ✐s ❝❛❧❧❡❞ ❛ ❢✉③③② ♠❡tr✐❝ s♣❛❝❡ ✭❬✸✱ ✹❪✮✳ ■❢ ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ✐♥

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❢✉③③② ♠❡tr✐❝ M : X ×X × (0,∞) → [0, 1] ✐s r❡♣❧❛❝❡❞ ✇✐t❤ t❤❡

str♦♥❣❡r ❝♦♥❞✐t✐♦♥ ✭✐✈✬✮ M(x, y, t) ∗M(y, z, t) ≤ M(x, z, t)✱ t❤❡♥ t❤✐s ❢✉♥❝t✐♦♥ ✐s

❝❛❧❧❡❞ ❛ ❢✉③③② ✉❧tr❛♠❡tr✐❝✳



✺✻

❉❖■ ✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✸✴✷✵✶✹✳✹✵✺✼✹

❖✳ ▲♦③✐♥s❦❛✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

❆♠❡tr✐❝ s♣❛❝❡ (X, d) ✐s ❛♥ R✲tr❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❝♦♠♣❧❡t❡✱ ♣❛t❤✲❝♦♥♥❡❝t❡❞✱

❛♥❞ s❛t✐s✜❡s t❤❡ s♦✲❝❛❧❧❡❞ ❢♦✉r ♣♦✐♥t ❝♦♥❞✐t✐♦♥✱ t❤❛t ✐s✱

d(x1, x2) + d(x3, x4) ≤ max{d(x1, x3) + d(x2, x4), d(x1, x4) + d(x2, x3)}

❢♦r ❛❧❧ x1, . . . , x4 ∈ X✳

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✳

◗✉❡st✐♦♥ ✷ ■s t❤❡r❡ ❛ ❢✉③③② ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❢♦✉r ♣♦✐♥t ❝♦♥❞✐t✐♦♥❄ ♦❢ t❤❡ ♥♦t✐♦♥

♦❢ R✲tr❡❡❄

❘❡❢❡r❡♥❝❡s

✶✳ ◆✳ ❆r♦♥s③❛❥♥ ❛♥❞ P✳ P❛♥✐t❝❤♣❛❦❞✐✱ ❊①t❡♥s✐♦♥s ♦❢ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s tr❛♥s❢♦r♠❛t✐♦♥s
❛♥❞ ❤②♣❡r❝♦♥✈❡① ♠❡tr✐❝ s♣❛❝❡s✱ P❛❝✐✜❝ ❏✳ ▼❛t❤✳ ✻ ✭✶✾✺✻✮✱ ✹✵✺✕✹✸✾✳

✷✳ ▼✳ ❇❡st✈✐♥❛✱ R✲tr❡❡s ✐♥ t♦♣♦❧♦❣②✱ ❣❡♦♠❡tr②✱ ❛♥❞ ❣r♦✉♣ t❤❡♦r②✱ ❍❛♥❞❜♦♦❦ ♦❢ ❣❡♦♠❡tr✐❝
t♦♣♦❧♦❣②✱ ❆♠st❡r❞❛♠✿ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ✷✵✵✷✱ ♣♣✳ ✺✺✕✾✶✱

✸✳ ❆✳ ❈❤✳ ❈❤✐❣♦❣✐❞③❡✱ ❖♥ ❡①t❡♥s✐♦♥ ♦❢ ♥♦r♠❛❧ ❢✉♥❝t♦rs✱ ❱❡st♥✳ ▼●❯✳ ❙❡r✳ ▼❛t❡♠✳✲▼❡❦❤✳
✶✾✽✹✳ ♥♦ ✻✳ P✳ ✷✸✕✷✻✳

✹✳ ❆✳ ●❡♦r❣❡✱ P✳ ❱❡❡r❛♠❛♥✐✱ ❖♥ s♦♠❡ r❡s✉❧t ✐♥ ❢✉③③② ♠❡tr✐❝ s♣❛❝❡✱ ❋✉③③② ❙❡ts ❛♥❞ ❙②st❡♠✱
✻✹ ✭✶✾✾✹✮✱ ✸✾✺✕✸✾✾✳

✺✳ ❏✳ ■✳ ❞❡♥ ❍❛rt♦❣ ❛♥❞ ❊✳ P✳ ❞❡ ❱✐♥❦✱ ❇✉✐❧❞✐♥❣ ♠❡tr✐❝ str✉❝t✉r❡s ✇✐t❤ t❤❡ ▼❡❛s ❢✉♥❝t♦r✱
❉✉❦❡ ▼❛t❤✳ ❏✳ ✸✹ ✭✶✾✻✼✮✱ ✷✺✺✕✷✼✶❀ ❡rr❛t❛ ✽✶✸✕✽✶✹✳

✻✳ ❖✳❇✳ ❍✉❜❛❧✱ ▼✳▼✳ ❩❛r✐❝❤♥②✐✱ Pr♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♠♦♥❛❞ ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ✉❧tr❛♠❡tr✐❝
s♣❛❝❡s✳ ❆♣♣❧✳ ●❡♥✳ ❚♦♣♦❧✳ ✾✭✷✵✵✽✮✱ ◆♦✳ ✷✱ ✷✷✾✕✷✸✼✳

✼✳ ❇✳ ❍✉❣❤❡s✳ ❚r❡❡s ❛♥❞ ✉❧tr❛♠❡tr✐❝ s♣❛❝❡s✿ ❛ ❝❛t❡❣♦r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳ ❆❞✈✳ ▼❛t❤✳ ✶✽✾ ✭✷✵✵✹✮
♥♦ ✶✱ ✷✻✺✕✷✽✷✳

✽✳ ▲✳ ❱✳ ❑❛♥t♦r♦✈✐❝❤✱ ❖♥ t❤❡ tr❛♥s❧♦❝❛t✐♦♥ ♦❢ ♠❛ss❡s✱ ❉♦❦❧✳ ❆❦❛❞✳ ◆❛✉❦ ❙❙❙❘✱ ❱✳ ✸✼✭✶✾✹✷✮✱
◆♦s✳ ✼✲✽✱ ✷✷✼✕✷✷✾✳

✾✳ ❲✳ ❆✳ ❑✐r❦✱ ❍②♣❡r❝♦♥✈❡①✐t② ♦❢ ❘✲tr❡❡s✱ ❋✉♥❞✳ ▼❛t❤✳ ✶✺✻ ✭✶✮✭✶✾✾✽✮✱ ✻✼✕✼✷✳
✶✵✳ ❆✳ ▼❛rt✐♥✐✱ ■♥tr♦❞✉❝t✐♦♥ t♦ R✲tr❡❡s✱ Pr❡♣r✐♥t✱ ✷✵✵✾ ✭❤tt♣✿✴✴✇✇✇✳♠❛t❤✳✉♥✐✲

❜✐❡❧❡❢❡❧❞✳❞❡✴ ♠✢✉❝❤✴❞♦❝s✴r✲tr❡❡s✳♣❞❢✮
✶✶✳ ❈✳ ❙❡♠♣❧❡ ❛♥❞ ▼✳ ❙t❡❡❧✱ P❤②❧♦❣❡♥❡t✐❝s✱ ❖①❢♦r❞ ▲❡❝t✉r❡ ❙❡r✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts

❆♣♣❧✐❝❛t✐♦♥s✱ ✷✹✱ ✷✵✵✸✳
✶✷✳ ❏✳ ❚✐ts✱ ❆ ❚❤❡♦r❡♠ ♦❢ ▲✐❡✲❑♦❧❝❤✐♥ ❢♦r tr❡❡s✱ ✐♥✿ ❈♦♥tr✐❜✉t✐♦♥s t♦ ❆❧❣❡❜r❛✿ ❛ ❈♦❧❧❡❝t✐♦♥ ♦❢

P❛♣❡rs ❉❡❞✐❝❛t❡❞ t♦ ❊❧❧✐s ❑♦❧❝❤✐♥✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✼✱ ✸✼✼✕✸✽✽✳
✶✸✳ ❊✳ P✳ ❞❡ ❱✐♥❦ ❛♥❞ ❏✳ ❏✳ ▼✳ ▼✳ ❘✉tt❡♥✱ ❇✐s✐♠✉❧❛t✐♦♥ ❢♦r ♣r♦❜❛❜✐❧✐st✐❝ tr❛♥s✐t✐♦♥ s②st❡♠s✿ ❛

❝♦❛❧❣❡❜r❛✐❝ ❛♣♣r♦❛❝❤✱ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✷✷✶✱ ♥♦✳ ✶✴✷ ✭✶✾✾✾✮✱ ✷✼✶✕✷✾✸✳

❖❧❤❛ ▲♦③✐♥s❦❛✱

❉❡♣❛rt♠❡♥t ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s✱ ▲✈✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❯♥✐✈❡r✲

s②t❡ts❦❛ ❙tr✳ ✶✱ ✼✾✵✵✵ ▲✈✐✈✱ ❯❦r❛✐♥❡

❊✲♠❛✐❧✿ ♦❧❥❛✳❧✈✐✈✶✸✸❅❣♠❛✐❧✳❝♦♠

❆❧❡❦s❛♥❞r ❙❛✈❝❤❡♥❦♦✱

❑❤❡rs♦♥ ❙t❛t❡ ❆❣r❛r✐❛♥ ❯♥✐✈❡rs✐t②✱ ✷✸ ❘♦③② ▲✐✉❦s❡♠❜✉r❣ ❙tr✳✱ ✼✸✵✵✻ ❑❤❡rs♦♥✱

❯❦r❛✐♥❡
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❍②♣❡rs♣❛❝❡s ❛♥❞ s♣❛❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✲tr❡❡s ✺✼

❊✲♠❛✐❧✿ s❛✈❝❤❡♥❦♦✶✾✻✵❅r❛♠❜❧❡r✳r✉

▼②❦❤❛✐❧♦ ❩❛r✐❝❤♥②✐

❉❡♣❛rt♠❡♥t ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s✱ ▲✈✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❯♥✐✈❡r✲

s②t❡ts❦❛ ❙tr✳ ✶✱ ✼✾✵✵✵ ▲✈✐✈✱ ❯❦r❛✐♥❡
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