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IIpo komMmbimaTopHuii IHBaApiaHT MICEBIOrapMOHIY-
HuX (QyHKII, 3agaHnX Ha k—3B’A3HIN 3aMKHEHIii
obsacTi

I.A. FOpuyk

Amnoramiga Hexait f : D — R — ncepgorapMmoniuba (pyHKIis, sKa 3aJaHa Ha
k—3B’sa3miit opienToBaniii 3amkHeniit obsacti D C C, obmezkeriit xKop1aHOBUMEI
KPUBUMH 7o, Y1, ---, Tk, 0 < k < oo. Haramaemo, 1mo manmit xnac QyHKITi
CIIBMAIAE 13 KJIACOM HemnepepBHUX (DYHKIIH, 110 MAOTh CKIHYEHHE YHCJIO CiIjIo-
BUX KPUTHIHUX TOYOK y BHYTPIITHOCTI 001aCTi Ta CKiHYEHHE YUCIIO JIOKATHHUAX
ekcTpeMyMiB Ha Mexki.Y pobori [4], aBTOpaMu HOBHICTIO JAOCIIIZKEHO BHUIIAI0K
k = 0, a came, moOyI0BaHO TOIOJOTIYHUI iHBapiaHT MaHOTO KJacy (YyHKIIH,
JIOBEIEHO flOTO OCHOBHI BJIACTUBOCTI, KPUTEPIif X TOMOIOTITHOI €KBiBAJIEHTHOCTI
Ta KpuTepiit peamizamii cremianbHoro xacy rpadis gk iHBapianty gymkiiii. B
Jauiii crarti nobymnoBano kombinaropuuii inBapiant &(f) dyukuil f y Bumaaky
k—3B’a3001 3aMKHEHOI 00jacTi, skuii ckiagaeThes i3 rpadis Kpoupoma-Pibda
3ByzkeHHs pyHKUIT [ Ha Mexky 00acri D Ta 3B sa3HMX KOMIIOHEHT THX JIiHiil piB-
HS KPUTUIHUX Ta HAMIBPEryIsPHUX 3HAYEHDb (DYHKIIT, AKI MiCTATH KPUTHIHI a00
MexKOBl Kpuruuni TOuku. 3rizHo nobynosu, &B(f) € 3mimanum ncesaorpadom
(rpadom i3 KparHUMU pefpamMu Ta METJIIMHU) 31 CTPOIUM YACTKOBUM MOPSAIKOM
HA BEPLIMHAX, L0 IHAYKyeTbcs 3uadennsiMu Gyukuii f. ¥V rpada &(f) € asa
runy nEKIB: C-nuki (IpocTUil HUKJII, KOXKHA Mapa CyMiXKHUX BEPIIUH SKOIO €
NOPIBHSAHOIO) Ta L-1uKJI (IPOCTHil UKJI, KOKHA Mapa CyMiKHUX BEPIIUH SKOrO
€ HEMOPIBHAHOI0). ABTOPOM JIOBEIEHO TEOPEMy TpO CTPYKTYpy IHBapianry, a
TakoXK TOH akr, mo Kinbkicrs C-1uKIiB y KOMbiHATOPHOMY iHBapianTi JOpiB-
HIOE KiJIbKOCTI MEeKOBHX KPHUBHUX, SKi OOMEKYIOTh JaHy k—3B’sI3HY OPi€EHTOBAHY

3aMKHEHY 00JIaCTh.
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KurrogoBi ciioBa miceBmorapMoniuna, (DyHKINSA, KOMOiHATOpHUI iHBapiaHT, k—

3B’a3Ha 00/1aCTb

YK 515.173.2

1 Beryn

IlceBmorapmomiani (yHKIIT 3aifiMaOTh BaXKJIUBE MicIie cepea pYHKIIIH, M0 OIu-
CyIOTb TPUPOAHUYI mporecu. Hampukiaa, mOTeHIaa CHUl TsXKiHHS B 00JacTi,
SIKA HE MICTHUTh MAC, 10 TPUTATYIOTHCS; TMOTEHIaJ IIBUIKOCTEH OEe3BUXPOBOTO
PyXy piamuum; Temieparypa Tija 3a yMOB cTadimi3aril po3moiisy Teria Ta iH.

V 40-60-x poKax MHWHYJIOrO CTOJITTH 3’sIBUJIACH CEPis POOIT, MPUCBIAIEHUX
BUBYEHHIO BJIACTUBOCTEH TICEBIOrapMOHIYHUX (DYHKIH HA IJIOMIKHI, aBTOpAMHU
skux 6yan M.Mopc [2], JTx.Ixenxinc [3] ra B.Karmran [1]. 3okpema, 6y10 n0-
BeEHO PiBHICTD, IO MMOB’A3Y€ 9UC/Ia KPUTHIHUX TOYOK y BHYTPIITHOCTI 001acTi
3 YUCJIOM JIOKAJIBHUX EKCTPEMYMiB HA MEXKi, & TAKOXK [IOBEJIEHO TEOPEMU IIPO
JIOKAQJIbHE TIPEICTABJIEHHS OKOJIIB KPUTUYHUX, MEXKOBUX KPUTUYHUX TOYOK Ta
JIOKAJTBHUX eKCTPEMYMiB Ha Me¥XKi Ta iHII pe3yIhTaTh.

Y monorpadii [4] nosexeno kpurepiit TOMOJOrIYHOI €KBIBAJIEHTHOCTI JAHOIO
Kmacy QyHKII Ha AMCKY B TepMiHax KOMOIHATOPHMX IHBApPiaHTIB, IO MOOYIO-
BaHi 33 QYHKINSAMHA 1 MiCTITH MOBHY iH(MOPMAIIIIO PO IX MOBEIIHKY, Ta KpUTEPil
peasqizamnii rpada gk iHBapianTa.

B naniit poboTi po3riamaoThCs MCEeBAOrapMOHIYHI (BYHKIII, M0 3a7aHi Ha
k-3B’a3miit opienToBaniit 3amkueniit odbmacti D, D C C. Koxwiit dbyskiii 3 pos-
TJIS Iy BAHOTO KJIACY CTABUTHCS V BiAMOBIAHICTH KOMOIHATOpHMIA iHBApiaHT — 3Mi-
maHuil HeeBiorpad 31 CTPOruM YaCTKOBUM IOPsiIKOM Ha BepuimHax. ABTOpOM
JIOBEJIEHO PsiJl TEOPEM, IO OMKUCYIOTh CTPYKTYPY JAHOTO iHBapiaHTy.

ABTOpP BHCJIOBIIIOE TIOMISIKY CTAPIIIOMY HAYKOBOMY CHiBPOOITHUKY BiIiay TO-
nosiorii Incruryry maremarnkn HAHY Ilomynsxy €premy 3a kopucHi 06roBo-

peHHs Ta IIKAaBICTh JO JIAHOI TEMATUKH.

2 ITonepeani BigomocTi

Iloznauumo wepes D, D C C k-3B’s3Hy Opi€HTOBaHYy 3aMKHEHY O0JACTh, SKa
00MeKeHa, JKOPJIAHOBUMHU KPUBUMU Yo, V1, - - -, Yk, 0 < k < 0o. Ilpumycrumo, 1o

i, ¢ = 1, k, mexkaTb B cepeanHi 7q.
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Hexait f : D — R — nesika nceBmorapmoniuna dyskis. Haragaemo ocHOBHI
O3HAYeHHs:, 110 OB A3aHl 3 1aHuM KjacoM yHKIiii [2,3,4,5].

Dyukiisa f(x,y) eapmoniuna B Toumi (Lo, Yo), AKIIO

0% f 0% f

@(3007?/0) + 87y2($07y0) =0.
Dyukuis f(z) ncesdozapmoniuna B TouLi 29 = (Z0,Yo), dKO icuye okin U(zg)
ta romeomopdizm ¢ okomy U(zg) B cebe rakuii, mo ¢(zg) = 2o 1a f(p(z)),
z = (x,y), — rapmonivyna. OyHKIis f TCeBIOrapMOHidHA B 00JIACTI, SKIIO BOHA
nceBJorapMoniuaa B koxkuiit i1 rouni. Touka zg € D € pezyaaphnoro T09K0©0 f,
Ao icaye Binkpurwmit i1 okim U C D i romeomopdizm ¢ : U — D rakunii,
mo p(z0) = 01i fop 1(2) = Rez + f(z0) mna Beix z € U. Touka 29 € 9D €
PEYAAPHON MENHCO6010 TOUIKOIO f, aKIo icuye ii oxkis U B D Ta romeoMopdizm
h : U — D, uporo okoiay B Bepxuiii nauiBuuck Dy rakuii, wo h(zg) = 0,
R(UN f~Y(f(20))) = {0} x [0,1), H(UNID?) = (—1,1) x {0} i bynkuia foh !
€ cTporo MoHOTOHHa Ha iHrepBami (—1,1) x {0}. fkmo Touka zy € D He €
PETyJISIPHOIO TOYKOIO f, TO BOHA HA3WBAETHCST KPUMUYHON. 38 O3HAYEHHSIM BCi
kpurudHi Touku f € cigmoBumu, TOOTO s KOXKHOI 3 HuX icaye okin U C D i
romeomopdizm ¢ : U — D rakuii, mo ¢(z0) = 01 fop~1(2) = Rez"+ f(z0) nna
BCiX z € U. Yucio n Ha3BeMO KPATHICTIO CiZJIOBOI TOYKHU zg. Toukm Mexi 0D,
IO He € Hi MEeXKOBUMH DPETYITPHUMH, Hi i30TbOBAHUMU TOYKAMHU X JIiHIN piBHS
HA3UBAIOTHCSA KPUMUYHUMU MEHCOBUMY TOIKAMHU.

quco ¢ € kpumuunum 3HadennaM f, axmo f~1(c) micturs npunaiivui oaHy
KPUTHIHY TOUKY. THCI0 ¢ € peayasaprum 3Hadenuam f, akmo f~1(c) ne micturn
KPUTHIHUX TOYOK i TOMEOMOp(dHE HE3B’ I3HOMY 00 € THAHHIO IHTEPBAJIIB, SKi 1Ie-
PETHUHAIOTHCA 3 Mexketo 0D jmie B CBOIX KiHIAX. YUCIO ¢ € Hanispezysaprum
3HAYEHHSM [, IKIIO BOHO HE € Hi PEryJSpHUM, Hi KpUTWIHUM. JIiHil piBHS Ha-
[MiBPEry/IspHOrO 3HAYEHHs MICTATH JIMIIE MEXOBI KPUTUYHI TOYKU Ta JIOKAJIbHI
ekcrpemymu f |op-

Haranaemo [6], wo npocmum waszom i3 BEPIIMHU U B BEPIUUHY U HA3UBA-
I0Th TOCTiOBHICTD pebep e1 = {u,u1}, ea = {ui,us}, ..., e, = {u,,v}, wo e
MiCTHTh TOBTOPIOBAJBHUX. [Ipocmutl yuk.a — TPOCTHUI MIJIAX, TOYATKOBA Ta KiH-
[I€BA, BEPIIIMHY SKOTO CITiBIAIAI0Th. Bepmman rpady Ha3UBAIOTHCS CYMIHCHUMU,
SIKIIO BOHU € KIHIEMU OJHOIO 1 TOoro xx pebpa (myru).

Yepes V(G) Gynemo mosHavaT MHOXKUHY BeprmH rpada G, a depe3 E(G)
— MHOXKHUHY ¥0ro pebep (ayr).

Icesdoepagom G mazuBaerbea napa (V(G), E(G)), ne V(G) — Henopoxus

MHOXKMHA, a F(G) — ciM’st HEBMOPSIIKOBAHWX T1ap He 000B’sI3KOBO PI3HUX BEPIITHH.
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3 ITo6ymoBa iHBapianTa mceBAOTapMOHIYHOT DyHKITIT

Hexaii ¢y, co, . .., ¢, — KpuTudHi 3Ha4edds f, a ai, as, .. ., (., — HAIIBPEryJIsApHi.
Hosaaanmo gepes K (c;) MHOKHMHY 3B’I3HHX KOMIIOHEHT JiHii piBas f~1(c;), mo
MicTATh KpuTHYHI TOYKHM, & L(as) — MHOXKWMHA THX 3B’SI3HUX KOMIIOHEHT JIiHIi
piena f~!(as), mo micraTb MexoBi KpuTHuHI TOUKH, j = 1,1 5 = 1,m.

CxemMma mobynoBu iHBapiaHTY:

L. Iobynyemo rpad G(f) = ULk-r(fl5,) UK (c;)UL(as), ne I'x—r(fly,) -

] S

rpad Kponpona-Piba dymkmii f
2. Y rpadi I'k_g(f|y,) 3aminumo pebpa Ha Opi€HTOBAHI AyrHW 3a HACTYIHAM

Yi*

npasuaoM. Hexait Toukam x, y, z € 7o BiIMOBIIAIOTH €IEMEHTH V1, Vs, U3
muokuHn V(L' —g(fl|,)). [lo3Haunmo wepes ey = (v, v2) Ta ex = (vg,v3)
OpieHTOBaHi AyTH, KiHIAME AKHX € BEPIIHHH v;, 1 = 1,3. Jyrm e; Ta ey
masieskarb MHOXKUHL E(I'x_g(f|y,)) Toal i mume Toxi, koau Touka x chiaye
3a Y, a Y CIIye 3a TOUKOIO 2z Ha KPUBIi#l 7y B3/IOBXK 3aJIaHOI OPi€HTAITII.

3. Beeuemo uacrkoBuil nopsanok na muoxkuni V(G(f)) BukopucroBywodu dbyHk-
miro f. Ckaxkemo, o vy > vg, 1€ v1,v2 € G(f), Toai i nume Toai, Koiu
f(x) > f(y), ne v1 (v2) — BepmmHa, wE BignoBinae Tourmi = (y), © € D
(y € D).

IMosnauumo uepe3 B( f) kombinaropHuil iHBapiaHT HCeBAOrapMOHIYHOL (hyHK-

uii f, skuit moOyIoBaHMil 338 ONMKMCAHOIO BHUIIE CXEMOIO.

4 Crpykrypa inBapianta &(f) ak rpada

Osnavenns 1 C-yukaom (L-yuxaom) ineapianmy &(f) nasusaemves npo-
cmutl yuka Y AKoMY 006IABHA NAPA CYMINCHUT GEPWUH V; MG Viy] € NOPI6-

HAADHOW (HENOPIBHANBHON).

Teopema 1 Srxwo G(f) — kombinamoprudi insapianm dearxol nceedo2apmoniv-

noi pynkuii f 1 D — R, axa 3adana wa k—36’°a3nit samrnenit obaacmi D,

'h)) €

k
mo dosiavra Komnonenwma 36 ’asnocmi X; muoorcuru &(F\(UJ I'x—r(f
=0

nce6dozpadom, KOHCHA NAPE BEPUIUH AKO20 € HETLOPIEHAHON.

Hosedenns Hexait Y; —  ngedka  3B’d3Ha  KOMIIOHEHTA  MHOXKHHH

k

S(HNU I'k—r(f]y)). Hoxaxkemo, mo X; — mcepmorpad. dms mporo mo-
i=0

CTaTHLO IOKa3aTH, IO iCHYIOTh BHUNAJKHU, Kojuu y X; € merjai Ta KpaTHi

pebpa.
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[punycrumo, mo V(X)) = {v} — onHoeneMenTHa MHOKWHA BEPIITNH KOMTIO-
HenTu. 3a 100yJ0BOIO iHBapianTry, icHye Touka z Taka, wo z € D ra f(z) = ¢,
Je ¢ — abo kputudHe abo HamiBperynspre 3HadenHsa ¢yskiil f. ITokmagemo
O = fYe)UDi®O > z 3aypaxkumo, mo O — KOMIaKT. Posrisnemo HacTymHi

BUIIAQJIKN:

Bunadox 1: z € 0D. Toai, z € abo peryiagapHor, ab0 KPUTHYHOIO MEKOBOIO
TOYKOIO. 3ayBaxkKMMO, 10 z He MOxKe OyTH JIOKaJabHUM ekcpemyMmoM. OCKiibKi,
B 11 okosii 3Havenus GyHKIHI f y ZOBUIBHHX TOYKAX, IO BiamiuHi Bim z, abo

Olrbi, abo Menmmi Hixk ¢, To E(Y;) = (.

Bunanok perysisipHoi TOYKM TaKOXK BUKJIIOYAEMO, OCKLIHKY 3TiTHO 11 03HaYeH-
s, icuye okin U(z) B D i romeomopdism h : U(z) — D4 uporo okoiy B BepxHiit
nanismuck Dy rakwuit, mo h(z) = 01 (U N f~1(c))) = {0} x [0,1). 3 inmoro
ooky, f(h71([0,1))) = ci h=1([0,1)) C O. Ockinbku, © — KOMIaKT, TO iCHy€E
touka 2z € D. 3rigwo nobymorn imeapianty &(f), icuye Beprmma v’ € V(X;),

v # v/, aKa Bianosigae rouni z. OTpuManu CynepedHicTh 3 IPUITYIEeHHAM.

Ko XK 2z € KPUTHUYHOIO MEXKOBOI TOYKOW, ToO icuye okin U(z) B D i ro-

meomopdism h : U(z) — Dy 1poro okojy B BepxHiii HamiBauck D, Takwuii, mo
h(z) =0, (U ()N f7H(e) = U L, ne [ = (0;1), U(2) = U(2) \ {z}. Jani, nan
=1

KOKHOTO [ 3HafiIeMo TOUKY 2] # z TaKy, mo z; = OU(z) N h~=1(0;1). Koxua 3 TO-
90K z; € IntD i € perynspuoo Touko0 GYHKIII f (B IPOTHIEKHOMY BUIAAKY, MU
OTPUMAEMO CyTiepedHicTh 3 TiM daxTom, mo V(X;) = {v}). Bukopucrosyoun
O3HAYEHHSs! PEryJIsSsPHOI TOYKH, JJIs KOXKHOI TOYKH 2, MOXKHA LHOOy/ayBaTu CKiH-
denHy nocaioBHicTs Towok {2}, raky, mo f(Z)) = cnpul=T,m,i=1,s.
K110 T — HETApHEe YUCI0, TO i3 KOMIAKTHOCTI © CJIiIyE, 110 3aBXK a1 3HANIETHCS
HOMeED [; Takmil, nio éili =2 # 2z, ne 2 € D. A e cynepeduTsb HPUILYHIEHIO [IPO
onHOeneMeHTHICTD MHOKUHE V (X}), oCcKigbKE 3a mobymoBorO iHBapiaHTy TOUIi
Z' 6yne Binmosimarm nesika BepmmHa v'. OTxke, m — napae umcio. Tomy, s

l

KOJKHOTO iHjleKcy | TOuKH 3HafiIyThesa TOIKM Z, = z. A Tie o3Haqae, mo icaye R

(R = %) uucno nerenb u,(t) rakux, mo u,(0) = u.(1) = z i f(u,(t)) = c upn

tel0;1],r=1R. Bi,lIMiTI/IMO TaKOXK, 110 KOXKHOMY 7 BiJIIIOBi/Ia€ JIBi 1TOCJTiI0B-
nocri {t};0, Ta {t }

. np —s
1110 ur(tg) =z’ i ur(tg) = Zz’, ne r = 1, R. PO3rsiHeMO KOMIIOHEHTH MHOXKHHH

215 e b 1y € {1, m}, snauens napamerpa ¢ € (0; 1) Takux,
D\ u,(t) ra mosnauumo ix depe3 D ta Do. Ockinbku f|p, ta f|p, € ncesmo-
rapMOHi9HIMH i TakuMH, WO f|, (=oD, = flu,()=0D, = ¢, TO aK B IndD;, Tak
i 8 IndDy icuyiorh MexkoBi Kpusi v; € dD. 3rigno nobynosu insapianra &(f),
KoxKHiM et u,(t), r = 1, R, Bianosinae pebpo e, = {v,v} € E(X;).
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Bunadox 2: z € IndD. Toni, z € KpUTHIHOIO TOYKOIO. [3 O3HAYEHHSA KPUTHIHOT
TOYKU Ta BUKOPUCTOBYIOUM MIPDKYBaHHS, II0 AHAJIOUIYHI JI0 BUIIAJKY MEXKOBOI
KPUTUYHOITOYKH, BUILUIUBAE, iCHYE n, n > 1, nerenab u,(t) Takux, mo u,.(0) =
ur(1) = 21 f(ur(t)) = cupu ¢t € [0;1]. A me o3mazae, mo B X; pebpa e, =
{v,v} € E(X;) € netnamu, ne r =1,n

Hacrynnuit kpok gosesennst: npuiycrumo, mwo V(X)) = {vq, v2}. 3a nobyno-
BOIO IHBapiaHTy, ICHYIOTh TOYKH 21 1 z3 TakKi, 10 21,22 € D 1a f(z1) = f(22) = ¢,
ze ¢ — abo kpuTuuHe abo HamiBperyaspue 3HaderHsd Gyskmii f. [To3magnmo yepes
O Ty 3B’I3HY KOMTOHeHTY Jinii pisus f~!(c), mo micturs nani Touxu. Posris-

HEMO BUIIAJIKH:

Bunadox 1: zy € 0D. Toxi, no anajorii 3 TaKuM K€ BUIIAIKOM JJis IIPH-
MyIIEHHS PO OJHOEJIEMEHTY MHOXKHHY BEPINWH, TOYKA 2z HE € JIOKAJHHUM €KC-
tpemymoMm. Hexait z € peryaspuoro. Tomi, i3 71 o3HaueHHs Ta KOMIAKTHOCTI @
BUILIMBAE, IO iCHYe TOUKA 2’ = 29 € JD, AKa € TaKOXK PEryisapHOn (BHIAIO0K
KPUTUYHOI MEXKOBOI TOYKU BUKJIFOYAEMO, OCKIJIbKH OTPHUMAEMO CYHEPEUHICTH 3
IPHUIYIEHHSM PO JBoeTeMeHTHICTs MHOKKHA V (X)), Otxke, © — MicTHTD 10~
IIe PeryJisipHi TOUKH, MO cynepednTth nobymosi &(f). Orxke, 21 € KPUTHIHOIO
MeK0BOI0 TOuKOM0. [To anasorii 3 TakuM 2Ke BUIIAIKOM [1Jisl TIOHEPETHBOIO PH-
MYIEHHs, TOOYLYEMO 7 TIOCTIiIOBHOCTEH TOYOK {2;}, me i = 1,n i a1 KOXKHOTO
TAKOTO IHJEKCy 4 iCHy€ 3HAYeHHS s; Take, mo j = 1,s;, Taky, mo f (2;) =c

Tomi, MOXKJINBO IBA BUTIAIKN: a0 2; = z1, abo 2; = Zz. Y TIepIIOMY BUTIA/I-
KY, OTPUMA€EMO CKiHYEHHE 4ucJio nereib U, (t) takux, mo u,.(0) = u.(1) = 21,
fur(t)) = ¢, ne t € [0;1], a B gpyromy, CKiHYe€HHe YHCIO UUIAXIB u..(t) Ta-
kux, mo u,(0) = 21, u,(1) = 2, f(u.(t)) = ¢, ne t € [0;1]. IIpunycrumo,

o icuye asa mutaxu u,. (t) Ta u;,(t) Taki, mO CHOIYYAIOTh TOYKM 2] Ta Zo.

Posrnanemo komnonenrn muoxunu D\ (u). (t) U, (t)) Ta nosmaunmo ix de-
pe3 Dy ta Ds. Ockineku f|p, Ta f|p, € mCEBIOrapMOHIYHUMHA i TaKMMHU, IO
flu, wuur, =00, = fluy, (you, t=op, = ¢, 10 ax y IndDy, max iy IndDy ic-
HYIOTH MeKOoBi Kpusi v; € 0D, a 3rigno nobyuosu inBapianra &(f) icuye icuye
aBa pebpa e; = {vi,v2} Ta ex = {v1,v2}, sAKi Hasmexars MuOkuHI E(X;) 1 €
KpaTHUMU pebpamu.

Bunadox 2: z; € IndD. Toxi, z; € kpurraHOIO TOUK00. ITo amasorii 3 Kpu-
THYHOIO MEXKOBOIO TOYKOIO BUITAJIKY 1, BAKOPUCTOBYIOUM O3HAYEHHS KPUTUIHOL
TOYKHU, MOYKHA MMOKA3aTH, IO iCHYIOTh 8K IEeTJi B 21, TaK 1 HLJIAXH, IO CIOJyYa-

OTDh 21 TQ Zo.

Hosenemo, 1mo I0BiabHA Hapa BepumH MHOKUHA V(X)) € HemOpiBHATILHOI.

Hexait v' Ta v" — nesxi eprmmun Y. Ockinekn X — 38’s3umii ncesmorpad,
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TO icHye mpwHaiMHI ofuH TUIAX 3 pebep e; = {v' = vg,v1}, ea = {v1,v2}, ...,
en = {Un_1,v, = 0"}, mo cnomyvae v’ ta v”. 3rigno mOGynOBY iHBapianTa (),
KOxKHOMY 3 pebep e¢;, i = 0,n, Bignosimae mnsax u;(t) rakuii, mo u;(0) = z;,
u;(1) = 241 1 f(wi(t)) = c mpu t € [0;1], me Touxkm z; € D BigmoBimaOTH
BepmHaM v; € V(X)) 3pigkn sunimBsae, mo v’ = vy = ... = v, = v”. OTKe,

v’ Ta v" € HenOpiBHAIbLHI.

Hacuinok 1 &(f) — smiwanuii ncesdozpad 3i cmpozum 4acmro6um nopadxom

Ha 6EPUUHAT.

Hacaigok 2 fxwo 6 X icnye abo nemas abo kpamni pebpa, mo 6 &(f) icnye

L-yuxa.

Teopema 2 Hezati &(f) — insapianm dearoi ncesdozapmoniunoi gynwuii f, sa-
danot na k-36’°a3niti samrnenit obaacmi D. Todi, xiavricms tozo C-yukaie pie-

na wucay k + 1.

Josedenns Hexait +; — »KopJaHoBi Kpusi, 1mo o0MexyoTs D Tak, mo v, i =
1,k, nexarb Beepemuni yp. 3posymino, mo I'x_g(fls,), i = 0,k € C-rukiom.
TMosnaunmo wepe3 IV miarpad imeapianty &(f), orpuMaHwii momaBaHHSAM 0
I'k r(f

sKaTh K MHOouHaM K (c;) Ta L(as), ne ¢; — KpUTHIHI, & as — HaOiBperymsapHi

v:); @ = 0,k, BepmmH, fKi BIAIOBLIAIOTH TOUKAM, IO OTHOYACHO HAJIE-

sHaueHHs [, Tak i yg. [lokaxkemo, mo I — C-1ukJI.

Hexait v/ Ta v” nosinbna napa cymixknux sepiiunu B I7. Jlani Bepiuuxu

" € 9D. Tlpugyomy, Touni 2z’ Bimnosi-

BiAmoBimaioTs Toukam z' Ta 2", me 2,7
ae BepmmmHa v, a Touni 2z’ — v”. Ilpunyctumo, mo v’ = v”. Ile o3nauae, 10
fEL p b ) )

f %‘(UI) = f

Hy€ JIOKaJIbHUH ekcTpemyM 2, z € (2'52") C ;. Ocxinbku IV D I'k_g(f

~; (V). Ockimbru f|,, 3am0BOMBHSIE yMOBaM Teopemn Posurs, 1o ic-

’Yz‘): TO

icHye BepIimHa U, 10 BiAnoOBigae rouni z, ta pebpa (v,v') i (v”,70), axi Bianosi-

natoTh f|rr Ta flp;.. A ne cynepeunts ToMy, mo BeprmHn v’ Ta v” CyMixKHi.

dArmo npunycru, mo Kigbkicts C-mukiis 6inbima k + 1, To icaye C-muk,
npoobpasu Beix BepuiuH (To9ok obsacti D) skoro jexars y IntD. 3riguo noby-
JIOBHW iHBApiaHTY, TaKi BEPIIWHU € HEMOPIBHAIBHI, IO CYTIEPEYNTh BU3HAUECHHIO

C-1ukry.

5 BucuoBknu

B naniit poGori mobyoBano kombinaropuuii inBapiant &(f) meaxoi ncesmorap-

MOHIYHOI (yHKIIT f, M0 3a7aHa HA k-3B’3Hill OpieHTOBaHIl 3aMKHEHiiT obacTi
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D, sikuit € 3mimanum miceBaorpadom 3i CTPOruM YaCTKOBUM TMTOPSIIKOM HA, BEP-
[IAHAX, 1 MA€ MEBHI CTPYKTYPHI 0COOJIUBOCTI, IO IHAYKYIOTHCS BIACTHBOCTSIMU

TICEeBIOTapMOHIIHOL HKHiI. 30KpeMa, JOBEICHO, IO KOXKHA 13 3B’ A3HUX KOMIIO-
1 YHKIL Al 1 , I

k
uent muokuan &(f)\(U I'k-r(fly.)), 2e I'x—r(f|s,) — rpad Kponpoma-Piba
i=0

dbyskuii fl,,, € ncepmorpadomM, KOKHA Napa BEPIINH SIKOTO € HEIOPiBHIHOIO.
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Iryna Iurchuk

On combinatorial invariant of pseudo-harmonic functions defined

on k—connected closed domain

Let f : D — R be a pseudo-harmonic function defined on k—connected
oriented closed domain D C C whose boundary consists of closed Jordan curves
Y0y Y1y -+ Yk, 0 < k < co. We remind that this class of functions coincides
with continuous functions which have finitely many number of critical points at
interior and on boundary of domain.

In [4] authors researched a case of k = 0: for such functions a topological
invariant is constructed, its main properties, the criterion of their topological
equivalence and conditions of realization of some type of graphs as given invariant
are proved.

In this paper, for case £ > 0 the combinatorial invariant &(f) of pseudo-
harmonic function f is constructed that consists of the Reeb graphs of restriction
of f on boundary of D and connected components such critical and semiregular
levels which contain critical and boundary critical points. According to a
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construction of &(f), it’s a mixed pseudograph (graph with multiple edges and
loops) with strict partial order on vertices which induced by values of f. There
are two types of cycles in &(f). In particular, C-cycle (a simple cycle whose any
pair of adjacent vertices are comparable) and L-cycle (a simple cycle whose any
pair of adjacent vertices are noncomparable). Theorem of an invariant structure
and a fact that a quantity of C-cycles of combinatorial invariant is same as a
number of boundary curves of k-connected closed oriented domain are proved.

Keywords. Pseudo-harmonic function, combinatorial invariant, k—connected

domain



