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Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✹ ✼✭✹✮ ✸✹✕✸✾ dω

❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✇✐t❤ r❡✲
str✐❝t❡❞ ♠❛r❣✐♥❛❧s

❆❧❡❦s❛♥❞r ❙❛✈❝❤❡♥❦♦ ▼②❦❤❛✐❧♦ ❩❛r✐❝❤♥②✐

❆❜str❛❝t ❲❡ ❞❡r✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡s ✇✐t❤ r❡str✐❝t❡❞ ♠❛r❣✐♥❛❧s ❢r♦♠ t❤❡ ♣r♦♣❡rt② ♦❢ ❜✐❝♦♠♠✉t❛t✐✈✐t② ✐♥ t❤❡

s❡♥s❡ ♦❢ ❊✳ ❙❤❝❤❡♣✐♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❢✉♥❝t♦r✳

❑❡②✇♦r❞s ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ♣r♦❞✉❝t✱ ❜✐❝♦♠♠✉t❛t✐✈❡ ❢✉♥❝t♦r

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✶✵✮ ✹❇✸✵✱ ✺✹●✻✵

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❬✶❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛ss✐❣♥✐♥❣ t♦ ❡✈❡r② ♣r♦❜❛❜✐❧✐t② ♠❡❛✲

s✉r❡s ♦♥ t✇♦ ❝♦♦r❞✐♥❛t❡ s♣❛❝❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ t❤❡ ♣r♦❞✉❝t

✐s ❝♦♥t✐♥✉♦✉s✳ ❊❛r❧✐❡r✱ ❛ s✐♠✐❧❛r r❡s✉❧t ✇❛s ♣r♦✈❡❞ ❜② ❊✐✢❡r ❬✷❪ ❛♥❞ ❙❝❤✐❡❢ ❬✻❪✳

■♥ t❤✐s ♥♦t❡ ✇❡ ❞❡✈❡❧♦♣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ❛♣♣❧② s♦♠❡

❦♥♦✇♥ ♣r♦♣❡rt✐❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ r❡✲

s✉❧t✳ ◆♦t❡ t❤❛t ♣r♦❜❧❡♠s ♦❢ t❤✐s t②♣❡ ❛r✐s❡ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ❡❝♦♥♦♠② ✭s❡❡✱ ❡✳❣✳✱

✐♥tr♦❞✉❝t✐♦♥ ✐♥ ❬✶❪✮✳ ❈♦♥s✐❞❡r t❤❡ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥s ❛t t❤❡ t✐♠❡ ♣❡r✐♦❞ k ❛s

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µk ♦♥ ❛ s♣❛❝❡ Y ♦❢ ♣♦ss✐❜❧❡ ✐♥❝♦♠❡s✳ ❚❤❡♥ ❛♥② r❡❞✐str✐✲

❜✉t✐♦♥ ♣♦❧✐❝② ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ τ ✱ ♦♥ t❤❡ ♣r♦❞✉❝t

Y × · · · × Y s✉❝❤ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ τ ❛r❡ µi ❛♥❞ t❤✐s ❧❡❛❞s

t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ ❢♦r ♣r❡s❝r✐❜❡❞ s❡q✉❡♥❝❡ µ1, . . . , µk ❛♥❞

❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤✐s ♠❛①✐♠✉♠ ♦♥ µ1, . . . , µk✳

❆ ♣❛rt ♦❢ t❤✐s t❡①t ❝✐r❝✉❧❛t❡❞ ❛s ❛ ♣r❡♣r✐♥t ♦❢ t❤❡ s❡❝♦♥❞✲♥❛♠❡❞ ❛✉t❤♦r ✭s❡❡

❛❧s♦ t❤❡ ♣r❡♣r✐♥t ❬✸❪✮✳ ■♥ t❤✐s ♥♦t❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♥♦t ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱

♦✉r ❛✐♠ ✐s r❛t❤❡r ✉♥✈❡✐❧✐♥❣ t❤❡ ❜❛s✐❝ ✐❞❡❛✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ r❡❞✉❝✐♥❣ t❤❡ s✐t✉❛t✐♦♥
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❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✸✺

t♦ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ s♣❛❝❡s✳ ❘❡♠❛r❦ t❤❛t t❤❡ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤✐s ♥♦t❡ ❛r❡ ❜❛s❡❞

♦♥ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❝t♦rs ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡s

❛♥❞ ❙❤❝❤❡♣✐♥✬s t❤❡♦r② ♦❢ ✉♥❝♦✉♥t❛❜❧❡ ✐♥✈❡rs❡ s♣❡❝tr❛ ❬✼❪✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

❇② 1X ✇❡ ❞❡♥♦t❡ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ♦❢ X✳ ●✐✈❡♥ ❛ ♣r♦❞✉❝t
∏

i Xi✱ ✇❡ ❞❡♥♦t❡ ❜②

πi ✐ts ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ it❤ ❝♦♦r❞✐♥❛t❡✳

●✐✈❡♥ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X✱ ❞❡♥♦t❡ ❜② expX ✐ts ❤②♣❡rs♣❛❝❡✱ ✐✳❡✳✱ t❤❡ s❡t ♦❢

♥♦♥❡♠♣t② ❝♦♠♣❛❝t s✉❜s❡ts ✐♥ X ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❱✐❡t♦r✐s t♦♣♦❧♦❣②✳ ❆ ❜❛s❡ ♦❢

t❤✐s t♦♣♦❧♦❣② ❝♦♥s✐sts ♦❢ t❤❡ s❡ts ♦❢ t❤❡ ❢♦r♠

〈U1, . . . , Un〉 = {A ∈ expX | A ⊂ ∪ni=1Ui, A ∩ Ui 6= ∅ ❢♦r ❛❧❧ i},

✇❤❡r❡ U1, . . . , Un ❛r❡ ♦♣❡♥ s✉❜s❡ts ✐♥ X ❛♥❞ n ∈ N✳

●✐✈❡♥ ❛ ❝♦♠♣❛❝t✲✈❛❧✉❡❞ ♠❛♣ ✭❝♦rr❡s♣♦♥❞❡♥❝❡✮ F : X → Y ✱ ✇❡ r❡❣❛r❞ ✐t ❛s ❛

✭s✐♥❣❧❡✲✈❛❧✉❡❞✮ ♠❛♣ ❢r♦♠ X ✐♥t♦ expY ✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ F

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f ✐❢ ✇❡ ❡♥❞♦✇ expY ✇✐t❤ t❤❡ ❱✐❡t♦r✐s t♦♣♦❧♦❣②✳

❊✈❡r② ❝♦♥t✐♥✉♦✉s ♦♥t♦ ♠❛♣ f : X → Y ❞❡t❡r♠✐♥❡s t❤❡ ✐♥✈❡rs❡ ♠❛♣ f−1 : Y →

expX✱ y 7→ f−1(y)✳ ■t ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t t❤❛t f ✐s ♦♣❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f−1 ✐s

❝♦♥t✐♥✉♦✉s✳

✷✳✶ ■♥✈❡rs❡ s②st❡♠s ❛♥❞ ❜✐❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s

❆ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

X[r]f [d]gY [d]uZ[r]vT ✭✶✮

✐s ❝❛❧❧❡❞ ❜✐❝♦♠♠✉t❛t✐✈❡ ❬✺❪ ✐❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ♠❛♣

χ = (f, g) : X → Y ×T Z = {(y, z) ∈ Y × Z | u(y) = v(z)}

✐s ♦♥t♦✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ♣r♦✈❡❞ ❜② ❙❤❝❤❡♣✐♥ ❬✼❪✳

▲❡♠♠❛ ✶ ❙✉♣♣♦s❡ t❤❛t ✐♥ ❞✐❛❣r❛♠ ✭✶✮ t❤❡ s♣❛❝❡s X,Y, Z, T ❛r❡ ❝♦♠♣❛❝t✱ t❤❡

♠❛♣s f, g, u, v ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ g, u ❛r❡ ♦♥t♦✳ ■❢ f ✐s ❛♥ ♦♣❡♥ ♠❛♣✱ t❤❡♥ s♦ ✐s

v✳

❚❤❡ ♥❡❝❡ss❛r② ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ σ✲s♣❡❝tr❛ ✭✐♥✈❡rs❡ s②st❡♠s✮ ❝❛♥

❜❡ ❢♦✉♥❞ ✐♥ ❬✼❪✳ ❍❡r❡ ✇❡ ♦♥❧② r❡❝❛❧❧ t❤❛t ❛ ♠♦r♣❤✐s♠ (fα)α∈A ♦❢ ❛♥ ✐♥✈❡rs❡

s②st❡♠ S = {Xα, pαβ ;A} ✐♥t♦ ❛♥ ✐♥✈❡rs❡ s②st❡♠ S ′ = {X ′
α, p

′
αβ ;A} ✐s ❝❛❧❧❡❞

❜✐❝♦♠♠✉t❛t✐✈❡ ✐❢✱ ❢♦r ❡✈❡r② α ≥ β✱ t❤❡ ❞✐❛❣r❛♠

Xα[r]
fα [d]pαβ

X ′
α[d]

p′
αβXβ [r]fβX

′
β



✸✻
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❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

✐s ❜✐❝♦♠♠✉t❛t✐✈❡✳

■♥ ❬✼❪✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② ❜✐❝♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐s♠ ♦❢ σ✲s♣❡❝tr❛ ❝♦♥✲

s✐st✐♥❣ ♦❢ ♦♣❡♥ ♠❛♣s t❤❡ ❧✐♠✐t ♠❛♣ lim
←−

(fα) : lim
←−
S → lim

←−
S ′✳

✷✳✷ Pr♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ❛♥❞ ❜✐❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s

❇② P ✇❡ ❞❡♥♦t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❢✉♥❝t♦r ✐♥ t❤❡ ❝❛t❡❣♦r② Comp ♦❢ ❝♦♠✲

♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡s ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣s✳

▲❡♠♠❛ ✷ ❋♦r ❛r❜✐tr❛r② ♠❛♣s fi : Xi → X ′
i✱ i = 1, . . . , k✱ t❤❡ ❞✐❛❣r❛♠

P (
∏

Xi)[d]P (
∏

fi)[rr]
MX1,...,Xk

∏

P (Xi)[d]
∏

P (fi)P (
∏

X ′
i)[rr]MX′

1
,...,X′

k

∏

P (Xi)

✭✷✮

✐s ❜✐❝♦♠♠✉t❛t✐✈❡✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢❛❝t t❤❛t P ✐s ❛ ❜✐❝♦♠♠✉t❛t✐✈❡ ❢✉♥❝t♦r ✐♥ t❤❡

s❡♥s❡ t❤❛t ✐t ♣r❡s❡r✈❡s t❤❡ ❝❧❛ss ♦❢ ❜✐❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s ✭s❡❡ ❬✻❪✮✳

Pr♦♦❢ ●✐✈❡♥ τ ′ ∈ P (
∏

X ′
i) ❛♥❞ (µ1, . . . , µk) ∈

∏

P (X ′
i) s✉❝❤ t❤❛t

MX′
1
,...,X′

k
(τ ′) =

∏

P (fi)(µ1, . . . , µk) = (P (f1)(µ1), . . . , P (fk)(µk))

✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳

❋♦r ❡✈❡r② j ≤ k ❞❡♥♦t❡ ❜② Di t❤❡ ❞✐❛❣r❛♠

∏

i≤j

Xi ×
∏

i>j

X ′
i[d]

∏
i≤j fi×1∏

i>j X′
i

[rr]πiXj [d]
fj
∏

X ′
i[rr]πj

X ′
j ,

✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ❜✐❝♦♠♠✉t❛t✐✈❡✳

❙✐♥❝❡ P (π1)(τ
′) = P (f1)(µ1)✱ ❛♣♣❧②✐♥❣ t❤❡ ❢✉♥❝t♦r P t♦ t❤❡ ❞✐❛❣r❛♠ D1 ✇❡

✜♥❞ τ1 ∈ P (X1 ×
∏

i>1 X
′
i) s✉❝❤ t❤❛t

P (π1)(τ1) = µ1, P (f1 × 1∏
i>1

X′
i
)(τ1) = τ ′.

❈♦♥s✐❞❡r ♥❛t✉r❛❧ l✱ 1 ≤ l ≤ k✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t✱ ❢♦r ❡✈❡r② j < l✱ ✇❡

❤❛✈❡ ❞❡✜♥❡❞ τi ∈ P
(

∏

i≤j Xi ×
∏

i>j X
′
i

)

s✉❝❤ t❤❛t P (πj)(τj) = µj ❛♥❞

P
(

fi × 1∏
i>j X′

i

)

(τj) = τj−1✳ ◆♦t❡ t❤❛t

P (fl)(µl) =P (πl)(τ
′) = P (πl)

(

P
(

f1 × 1∏
i>1

X′
i

))

= . . .

=P (πl)



P



f1 × 1∏
i>1

X′
i
. . . P





∏

i≤l−1

fi × 1∏
i>l−1

X′
i













=P (πl)(τl−1).
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❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✸✼

❆♣♣❧②✐♥❣ t❤❡ ❢✉♥❝t♦r P t♦ t❤❡ ❜✐❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ Dj ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t t❤❡r❡ ❡①✐sts τl ∈ P
(

∏

i≤l Xi ×
∏

i>l X
′
i

)

s✉❝❤ t❤❛t P (πl)(τl) = µl ❛♥❞

P
(

∏

i≤l fi × 1∏
i>l X

′
i

)

(τl) = τl−1✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t τ = τk ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ MX1...Xk
(τ) =

(µ1, . . . , µk) ❛♥❞ P (
∏

fi) = τ ′✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❜✐❝♦♠♠✉t❛t✐✈✐t② ♦❢ ❞✐❛❣r❛♠ ✭✷✮✳

✸ ❘❡s✉❧t

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♥♦t❡✳

▲❡t X1, . . . , Xk ❜❡ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♠♣❛❝t s♣❛❝❡s✳ ❚❤❡♥ t❤❡ ♠✉❧t✐✈❛❧✉❡❞

♠❛♣ ❛ss✐❣♥✐♥❣ t♦ ❡✈❡r② µ1, . . . , µk✱ ✇❤❡r❡ µi ∈ P (Xi)✱ i = 1, . . . , k✱ t❤❡ s❡t

M(µ1, . . . , µk) = MX1,...,Xk
(µ1, . . . , µk) = {ν ∈ P

(

∏

Xi

)

| P (πi) = µi, i = 1, . . . , k}

✐s ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢ ❖✉r ♣r♦♦❢ ❝♦♥s✐sts ♦❢ t❤r❡❡ st❡♣s✳

✶✮ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♣❛❝❡s X1, . . . , Xk ❛r❡ ✜♥✐t❡✳ ❚❤❡♥ t❤❡ ♠❛♣ MX1,...,Xk

✐s ❛♥ ❛✣♥❡ s✉r❥❡❝t✐✈❡ ♠❛♣ ♦❢ ❝♦♠♣❛❝t ❝♦♥✈❡① ♣♦❧②❤❡❞r❛✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t

❡✈❡r② s✉❝❤ ♠❛♣✱ s❛②✱ f : A → B ✐s ♦♣❡♥✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❛♥② ♣♦✐♥t a

♦❢ A ❧✐❡s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ ❛ s❡❧❡❝t✐♦♥ ♦❢ f ✳ ❉❡♥♦t❡ ❜② C t❤❡ ✉♥✐♦♥ ♦❢ s✐♠♣❧✐❝❡s

♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② ♦❢ B t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ♣♦✐♥t f(a)✳ ❋♦r ❡✈❡r②

✈❡rt❡① c ♦❢ ❛ s✐♠♣❧❡① ✐♥ C ❧❡t g(c) ❜❡ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t ♦❢ f−1(c)✳ ❊①t❡♥❞ t❤❡

s♦✲❞❡✜♥❡❞ ♠❛♣ g ♦♥t♦ C ❛✣♥❡❧② ♦♥t♦ ❡✈❡r② s✐♠♣❧❡① ♦❢ C✳ ◆♦✇✱ ❡✈❡r② ♣♦✐♥t b ✐♥

B ❝❛♥ ❜❡ ✉♥✐q✉❡❧② r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠ tf(a) + (1− t)c✱ ✇❤❡r❡ c ∈ C✳ ❉❡✜♥❡

g(b) = ta+ (1− t)g(c)✳ ❲❡ s❡❡ t❤❛t fg = 1B ❛♥❞ a ∈ g(B)✳

✷✮ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ s♣❛❝❡s X1, . . . , Xk ❛r❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡♥✱ ❢♦r

❡❛❝❤ i✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✈❡rs❡ σ✲s②st❡♠ Si = {Xiα, piαβ ;A} ❝♦♥s✐st✐♥❣ ♦❢ ✜♥✐t❡

s♣❛❝❡s ❛♥❞ s✉r❥❡❝t✐✈❡ ♠❛♣s s✉❝❤ t❤❛t Xi = lim
←−
Si✱ i = 1, . . . , k✳

❇② ▲❡♠♠❛ ✷✱ t❤❡ ♠❛♣s (MX1α,...,Xkα
)α ❢♦r♠ ❛ ❜✐❝♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐s♠ ♦❢

t❤❡ s②st❡♠s {P (
∏

i Xiα), P (
∏

i piαβ);A} ❛♥❞ {
∏

i P (Xiα),
∏

i P (piαβ);A}✳ ❚❤❡

r❡s✉❧t ♦❢ ❙❤❝❤❡♣✐♥ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ t♦❣❡t❤❡r ✇✐t❤ ✇❛s ♣r♦✈❡❞ ✐♥ ❝❛s❡ ✶✮ s❤♦✇

t❤❛t t❤❡ ❧✐♠✐t ♠❛♣ ♦❢ t❤❡ ♠♦r♣❤✐s♠✱ ♥❛♠❡❧②✱ t❤❡ ♠❛♣ MX1,...,Xk
✐s ❝♦♥t✐♥✉♦✉s✳

✸✮ X1, . . . , Xk ❛r❡ ❛r❜✐tr❛r② ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡s✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ♠❛♣s

fi : Yi → Xi✱ ✇❤❡r❡ Yi ❛r❡ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ❈♦♥s❡✲

q✉❡♥t❧② ❛♣♣❧②✐♥❣ ▲❡♠♠❛s ✶ ❛♥❞ ✷ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳

♥❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡

♣r♦❞✉❝ts ✐♥ ❚❤❡♦r❡♠ ✸ ♥❡❡❞ ♥♦t ❜❡ ✜♥✐t❡✳ ❚❤❡ ♣r♦♦❢ r❡q✉✐r❡s tr❛♥s✜♥✐t❡ ✐♥❞✉❝t✐♦♥

✐♥st❡❛❞ ♦❢ ✜♥✐t❡ ♦♥❡✳
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❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

❙❡❝♦♥❞✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❢✉♥❝t♦r ❜② ❛♥♦t❤❡r ❢✉♥❝t♦rs

❛❝t✐♥❣ ✐♥ t❤❡ ❝❛t❡❣♦r② Comp ✭s❡❡✱ ❡✳❣✳✱ t❤❡ ♣r❡♣r✐♥t ❬✸❪✮✳ ◆❛♠❡❧②✱ ❝♦♥s✐❞❡r t❤❡

❢✉♥❝t♦r ccP ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ s♣❛❝❡ ccP (X) ✐s t❤❡ s✉❜s♣❛❝❡ ✐♥ expP (X)

❝♦♥s✐st✐♥❣ ♦❢ ❝♦♥✈❡① s❡ts❀ ❢♦r ❛ ♠❛♣ f : X → Y ✱ t❤❡ ♠❛♣ ccP (f) : ccP (X) →

ccP (Y ) ❛❝ts ❜② t❤❡ ❢♦r♠✉❧❛ ccP (f)(A) = P (f)(A)✱ ❢♦r A ∈ ccP (X)✳ ❚❤❡ ♣r♦♦❢

t❤❛t ❛ ❝♦✉♥t❡r♣❛rt ♦❢ ❚❤❡♦r❡♠ ✸ ❤♦❧❞s ❛❧s♦ ❢♦r t❤❡ ❢✉♥❝t♦r ccP ❝♦♥s✐sts ✐♥

❡st❛❜❧✐s❤✐♥❣ ❛ ❝♦✉♥t❡r♣❛rt ♦❢ ▲❡♠♠❛ ✷ ❢♦r t❤❡ ❢✉♥❝t♦r ccP ❛♥❞ ✜♥✐t❡ s♣❛❝❡s

X1, . . . , Xk✳ ◆♦t❡ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ ❛ ♣r♦♦❢ ✇❤✐❝❤ ✐s s✐♠♣❧❡r t❤❛♥ t❤❛t

✐♥ ❬✸❪✳

❚❤❡ s❡❝♦♥❞✲♥❛♠❡❞ ❛✉t❤♦r ❝♦♥s✐❞❡r❡❞ t❤❡ ❢✉♥❝t♦r ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s

✭▼❛s❧♦✈ ♠❡❛s✉r❡s✮ ✐♥ t❤❡ ❝❛t❡❣♦r② Comp ✭s❡❡ ❬✽❪✮✳ ■♥ ❬✽❪✱ ✐t ✐s ♣r♦✈❡❞✱ ✐♥ ♣❛rt✐❝✲

✉❧❛r✱ t❤❛t ♦♥❡ ❝❛♥♥♦t r❡♣❧❛❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❢✉♥❝t♦r ❜② t❤❡ ✐❞❡♠♣♦t❡♥t

♠❡❛s✉r❡ ❢✉♥❝t♦r ✐♥ ❚❤❡♦r❡♠ ✸✳

❆ ❢✉♥❝t♦r ✐♥ t❤❡ ❝❛t❡❣♦r② Comp ✐s s❛✐❞ t♦ ❜❡ ♦♣❡♥✲❜✐❝♦♠♠✉t❛t✐✈❡ ✐❢ t❤✐s

❢✉♥❝t♦r ♣r❡s❡r✈❡s t❤❡ ❝❧❛ss ♦❢ ♦♣❡♥✲❜✐❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s✱ ✐✳❡✳✱ ❞✐❛❣r❛♠s ✭✶✮

❢♦r ✇❤✐❝❤ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛♣s ❛r❡ ♦♥t♦ ❛♥❞ ♦♣❡♥✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢

♦♣❡♥ ♠✉❧t✐✲❝♦♠♠✉t❛t✐✈✐t② ♦❢ ❢✉♥❝t♦rs ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡♣r✐♥t ❬✹❪✳

❘❡❢❡r❡♥❝❡s

✶✳ ❏✳ ❇❡r❣✐♥✱ ❖♥ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ❝♦rr❡s♣♦♥❞❡♥❝❡s ♦♥ s❡ts ♦❢ ♠❡❛s✉r❡s ✇✐t❤ r❡str✐❝t❡❞
♠❛r❣✐♥❛❧s✱ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✸✭✶✾✾✾✮✱ ✹✼✶✕✹✽✶✳

✷✳ ▲✳◗✳ ❊✐✢❡r✱ ❙♦♠❡ ♦♣❡♥ ♠❛♣♣✐♥❣ t❤❡♦r❡♠s ❢♦r ♠❛r❣✐♥❛❧s✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✷✶✶
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