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BaactuBocTti mnceBmorapMonidHoi dYHKIII Ha 3a-
MKHEeHii obJjacTi

I.A. FOpuyk

Awnoramia Hexait f : D — R — ncepmorapmoniuna (pyHKINsI, SKa 337aHA HA
k—3B’sa3miit opienToBaHiit 3aMmkHewil obgacti D C C, oOMmerkeHiil KOPJAHOBUMHA
KPpUBUMH Yo, Y1, ---5 Yk, 0 < k < oo. Haramaemo, 1Mo Kjac mceBIorapMOHIY-
HuX (QYHKIIH CHiBIIaIa€ 3 KIacoM HemepepBHUX (PYHKINN TAKUX, 110 Y BHYTPIIII-
HOCTI 00J1aCTi MICTUTBHCA CKIHYEHHE UHUC/I0 KPUTUIHUX TOYOK, KOXKHA 3 SIKUX €
cimmoBoro, a 3By:keHHst (DYHKINI HA i1 MEXKY Ma€ CKIHIYEHHE YHCJIO JIOKAJbHUX

€KCTPeMyMiB.

B pmamiit crarTi moBemeHO, IO 3aMUKAHHS KOYKHOI 3B’SI3HOI KOMITOHEHTH
cim’l, ska € pizHumero objacri D Ta TUX 3B’S3HUX KOMIIOHEHT JIiHIi piBHS
KPUTHYHHMX Ta HAIIBPEryIsapHUX 3HadYeHb (PYHKOIl f, gKi MiCTATH KPUTHYHI
T8 MEXKOBI KPHTHYHI TOYKH, € 3aMKHEHOI0 OOJIaCTI0O OJHOTO 3 TPhOX THIIB
(kinble, cMy:KKa 9u ceKTop). Ilepmiuii T XapaKTepu3yeThCsd TUM, IO MEXKa
obJstacTi CKIQMAETHCA 3 [ABOX 3B’SA3HUX KOMIIOHEHT, AKi HE MAalOTh CILIbHUAX
TOYOK 3 MEKOBHMM KPUBUMH 7;, i = 0, k, a Bci jiimii piBua y i1 smyTpimmocti
romeomopdui Kogam. pyruit Ta Tperiit Tunm objacreil MalOTHh OIHY 3B A3HY
KOMTIOHEHTY MeXKi, & BCi JIiHil piBHSA y IX BHYTPINTHOCTI roMmeoMopdHi Bigpizkam.
Pizaumg mixk HEME MOJArae y KiTbKOCTI YT, IO HAJMIEKATH MEKOBHM KPUBUM
Yi, i = 0,k. ¥V Bumajaxy obaacti Tuiry cmy»KKa, ii MezKa MiCTHTB JBi Jyru, 1o
Hasexkarh abo oHiil i Tiit ke MeXkOBiit KpuBiii, ab0 pizamM. AKIO X 007aCTh
THITYy CEKTOp, TO TaKa JAyra OmHA. ABTOPOM TaKOXK JIOBEJIEHO PsiJi TBEDIKEHbD,

SKi BUKOPUCTOBYIOTbHCS IIPH JIOBEJ/IEHHI OCHOBHOI TEOPEMU.

KurrouoBi cioBa 1icesiorapmoniuna QyHkiis, k—38’sa31a 0bsacTb
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1 Betyn

HoctikenHio ncesgorapMoniunux pyHKIi npucssageni poboru B.Kamnana [1],
M.Mopca [5], FO. Toxi [3], €.Ilonynsaxa [2,6] Ta in., g6 10BemeH] OCHOBHI TOIOIO-
rivHl XapaKTepUCTUKH JaHOTO KJaacy (PYHKIN HA AUCKY, IJTOMIMHI Ta ITOBEPXH.
3okpema, y monorpadii [2] H0cizKeHO BIACTUBOCTI IICeBAOrapMOHIYHUX (DYHK-
il Ha 3aMKHEHOMY JIBOBHMIDHOMY JWCKY Ta JOBEJIEHO KPUTEPiil TOMOJOTidHOL
eKkBiBasIeHTHOCTI maHoro kKiacy GyHKI#A. Y po6ori [6], aBTOpOM BHBYAIOTHCS
[ICEBAOTAPMOHITHI QPYHKII Ha IIONKHI Ta JOBEIEHO JTOCTATHIO YMOBY peaJida-
il gepeBa sK X MHOXKWUHU PiBHS.

B mamiit poboTi po3rIgma0ThCa MCEeBIOTapMOHIYHI (DyHKIMI, M0 3a7aHi HA
k-3B’a3Hiit opierToBaHIN 3amMKkHeHiit obiacti D, D C C. Asropom moseneno Teo-
peMy 2 mpo CTPYKTYPY 3B’SI3HHX KOMIIOHEHT CiM’l, K& € 3aMUKAHHAM Pi3HUII
obstacti D Ta TUX 3B SI3HUX KOMIIOHEHT MHOXKHWH PiBHSA KPUTHIHUX TA HAIIIBPEry-
JISpHUX 3Ha4eHb (MYHKINI f, SKi MICTATH KPUTHYHI T MEXKOBI KPUTHYHI TOUKH.

ABTOD BUCJIOBJIIOE MOISIKY CTAPIIOMY HAyKOBOMY CIHIBPOOITHUKY Bijiay TO-
mosiorii Tncruryry maremaruku HAHY Tlonynaxy €sreny 3a KopucHi o6roBo-

pEHHsI Ta IiKaBiCTb J0 JIAHOI TEMATHKH.

2 IToepeaui BimomocTi

IToznaunmo wepes D, D C C, k-3B’a3Hy OpieHTOBaHYy 3aMKHEHY O0JaCTb, KA
0o0MeXKkeHa, KOPIAHOBUMHU KPUBUMHI g, V1, - - -, Yk, 0 < k < 00.
Hexait f : D — R — nesika ncesaorapMoHiuda ¢yHkiisa. Haragaemo ocHoBHi

O3HAYeHHsl, IO 10B’si3ani 3 JanuM kiaacom byHKiii [5,2,4].
Osnavennst 1 Qynkuyia f(x,y) eapmoniuna 6 mowyi (To,Yo), AKUO
0% f o%f
—=(xg, + —5 (2o, =0.
8x2( 0, %0) ayQ( 0, %0)

Osnauenns: 2 Qyuxuyia f(z) ncesdozapmoniuna 6 mowyi zg = (xo,Yo), AKWO
icnye oxin U(zg) ma 2omeomopdiam @ oxony U(zo) 6 cebe makudi, wo ¢(z9) = 2o

ma f(o(2)), z = (x,y), — eapmoniuna i f(p(z)) # const.

OyuKIisg f MceBIOrapMOHIYHA B 3AMKHEHBINH 00J1aCTi, SKIIO BOHA TICEBIOTap-

MOHIYHA, B KOXKHIiH 11 TOYIIi.
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Osuavenns 3 Touka zg € D € pezyaaproro mouxor [, axwo ichye eidxpumud
i oxia U C D i 2omeomopdizm o : U — D maxuii, wo p(z9) =0 i fop™1(z) =
Rez + f(z9) dan sciz z € U.

Oszunauenns 4 Touka zg € 0D € pe2yaaphoro mescosor mowkoio f, axuwo icuye
it oxia U 6 D ma 2omeomoppism h : U — Dy yb020 oxory 6 eepriitl Hanieduck
Dy manuti, wo h(z0) = 0, h(U N f~1(f(0)) = {0} x [0, 1), h(U N &D?) =

(—1,1)x{0} i pynxuia foh™t e ecmpozo moromonna na inmepeani (—1,1)x{0}.

dAruo Touka zg € D He € PeryispHOI0 TOYKOI f, TO BOHA HA3MBAETHCH
KPUMUYHOIO.

3a o3HaueHHsiM BCi Kpurudsi TOUYKM [ € CiajloBUMU, TOOTO Jjisi KOXKHOI 3
nux icaye okt U C D i romeomopdizm ¢ : U — D rakuii, mo ¢(zg) = 0
i fopl(2) = Rez" + f(z0) nna Beix z € U. Yuciao n Ha3BeMO KPATHICTIO

Ci/IJIOBOT TOYKH Z(.

Oszuauenns 5 Touxu meorci 0D, U0 He € Hi MEHCOBUMU PE2YAAPHUMU, Hi 130-
ABOBAHUMY, MOYKAMU IT AIHITU PIBHA HA3UBANOMBCA KPUMUSHUMY MEHCOBUMI,

moykamu.

Osznauenns 6 Yucao ¢ € wpumuunum snavennam f, axwo f-1(c) micmumo

NPUHATMHI 00HY KDUMUYHY MOYKY.

Osznauenns 7 Yucao c € pezyaaprum snanennam f, axwo f~1(c) ne micmumo
KPUMUYHUL TOY%OK 1 20MEOMOPPHE HE36 AZHOMY 00 °€OHAHHIO THMEPBAAis, AKi

nepemuHamMbes 3 mexcero 0D auwe 6 C60IT KIHUAL.

Osznauenns 8 Yucao ¢ € naniepe2ysaprum 3nauennam f, AKu0 80HO He € Hi

PE2YAAPHUM, HI KPUMULHUM.

JIinil piBHSA HAMIBPEryJsApHOTO 3HAYEHHS MICTATH JIUIIE MEYKOBI KPUTHYHI

TOYKH Ta JIOKAIbHI eKCTpeMyMu [ |sp.

3 BaactuBocTi nceBaorapMoHidHUX DYHKIH

Hexaii zg — nesika Touka 3amMKHEeHOI obj1acti D, a f — mceBmorapMoniyHa hyHKITISA,
wo 3ajana Ha Hiit. [Toznauumo yepes O(zg) Ty 3B’43Hy KOMIOHEHTY JiiHiil piBHs
DN f~1(f(20)), aKa MicTHTb TOUKY zp. 3ayBasKHMO, IO AEKOTH B TEKCTi MU
OyZeMO CIpOIILyBaTH 3aMUC 10 Bupaly 6.

Sk zg € 9D € 130IbOBAHOI0 KPUTHYIHOIO TOUKOIO flap, TO O(z) = {20}-

B ycix inmmx Bunagkax, ©(zp) € KOMIAKTHOIO JiHITHO-3B’13HOI0 MHOXKWHOIO.
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Osuavenns 9 /[yz0t0 o deaxoi 3aMKEHEHOT 2#COPIAHOBOT KPUBOT Y HAZUBAEMBCA
06pa3s nenepepenozo eidobpasicenns s(t) : [0;1] — v makud, wo s(0) # s(1) abo

s(0) = s(1).

Mexero nyru da Oyayrs Touku s(0) ta s(1). Ckaxkemo, 1o ayru « ta 3 pighi,
axmo Inta N Int3 = (.

dAxmto zp — perynspra Touka QYHKI f, TaK caMO dK i JOBiIbHA TOYKA Z,
z # zp Taka, mo z € O(zp), To O(29) romeomopdua Komy abo Bimpizky. Y
nepmomy Bunanky O(zg) N 0D = () i ckaxemo, mo O(zy) € muOKHHOWL [ Muny,
a B apyromy O(zp) NOD = {z1, 22}, A€ z1 Ta 29 — pizui Toukn JD. Ko z; Ta
Zo HAJIEXKATH ONHIH Jy3i a mesiKoi MexkoBoi KpuBoi y; C D, 10 O(2)) Ha3BEMO
MHOKHUHOIO I] muny. Y BULAIKY, KOJIU 2] Ta Zy HAJEXKATb PI3HUM JyraMm, TO
O(zp) — muoxkuna III muny. 3ayBakuMo, IO TYT MOMKJIUBO IBA BUIAJKU: JLyTU
HaJIeXKaTh OHIN 1 Tiif camiit MexkOBi#t KpuBiit abo pi3zHUM.

[Mosnaunmo vepes £(f) MHOKUHY THX 3B’sI3HMX KOMIIOHEHT JIHIN DiBHSA KpH-
TUYHUX TA HAMIBPEryJspHUX 3HAYeHb (DYHKINI f, M0 MIiCTATH KpUTHUYHI abo
mezkoBi kpurudni Touku. Posriasnemo 38’a3ui kommonenrtn D; cim’i D\ £(f).
3po3ymiso, 1o iX cKiHYeHHa KiJbKiCTh, KOXKEHA 3 SKUX € BIIKPHUTOI 0DJIACTIO.
IMo3raunmo gepe3 A ciM’io, MmO CKIATACTHC i3 D;.

Hexait D’ — 3amkmena obnacts 3 A. 3riguo nobynosun D', moBiibHA TOYKA

z € IntD’ € peryasiproio Toukoio dyHKIil f.

Teopema 1 Hexatl zg € IntD’, D' € A. Todi, daa dosiavnoi z € U(zy), 20 # 2,
muoorcunu O(z) ma O(zg) marome mol camut mun, de U(zy) — kanoniunud

O0KINA MOUKUY 2(.

JHosedenns ko z € O(zp), T0 TEOpEMA CLIPABEJIUBA.

Hexait z ¢ O(z). 3posymino, mo O(zp) N O(z) = ), 60 B upormaeKHOMY
BUNAJIKY icHye TouKa 2z € O(z9) N O(z), dKa € KPUTUIHOIO TOYKOI QyHKIil f, a
e cynepednTh nobymosi D’.

He obmeskyrounm 3arambrOCTI, npumyctamo, mo f(z) > f(2o)-

JoBemeMo MeTosoM Bii cynpotuBHOrO, mo ©(zp) ta O(z) MaoTh Toil cammuit
Tun. IIpunycTumo, Mo B KaHOHITHOMY OKOJIi TOUKH 2o 3HAHIEThCA TOUKA 2 TaKa,
mo O(zg) Ta O(z) matore pisawii Tnm. Po3rusiHeMo MOXKINBL BHNAIKN:

Bunadox 1: O(zp) mae mun I, a O(z) — mun II. Hexaii z; Ta zo — TOYKH, IO
HAJeXKATh mesaKiil my3i a C ;1 {21, 22} = 00(z) . Ockinbku f|p/ € HEMEPEPBHOIO,
JI0 JIsl JOBLIBHOTO 3HAYEHHS ¢ Takoro, mo f(zg) < ¢ < f(z) icHye KoMmoHeHTa
©' raka, mo O’ NU(z) # 0 i for = c. 3riguo npumymennas @’ ¢ MHOKHHOW |
abo IT rumy.
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Axmo Bei @ ¢ mAoxkuAaMu I Tumy, TO 27 Ta 2o HAJEXKATH MEXKi IyTH a.
3Biaky, 21,20 € 0D i 21, 22 € £(f). Toui, 3HaueHHs ¢ € KPUTUIHUM YU HALIBpPE-
ryaspHuM 3HadenHaM GyHKIl f. OTpumanu cymepedHicTs.

Axmo cepen Beix © ¢ muoxkmaw 11 Tumy, TO 3HAMMETHCA MHOKIMHA O Taka,
wo 90" C da. 3Biakn BUILIMBAE ICHYBaHHsI KPUTUYHOIO YK HaliBPEryJisipHOro
sHadeHHsa ¢, ¢ < ¢, Takoro, mo for = ¢’. 3HOBY OTpHUMAa/U CyNEepedHiCTb 3
nobymosoro obmacti D',

Bunadox 2: O(zg) mae mun I, a ©(z) — mun III. ToBoauMo aHAJIOTIYHO 0
[OLEPEJHBOIO BUMAJIKY.

Bunadox 3: ©(zy) mae mun I, a ©(z) — mun III. Hexail Me;KOBUMHI TOUKAMHE
O(2) € Toukn 2 Ta 29, mo manexkaTh Ay3i v, a MexkoBuMm TouKamu O(z) €
TOYKHM 21 TA 23 TaKi, O 21 € qp Ta 23 € ag. Tomi, icuye 3uavenns ¢, f(z) < ¢ <
f(2) i komnonenTta @' Taki, mo fo = ¢ i 00’ € day. 3BigKu BUIMBAE, WO ¢ —

KPUTHYHE 9M HAIIBPEryJdpHE 3HAYEHHd, a Ie CynepeduTh no0yaosi obmacti D’.

Hacainok 1 Jasa dosiavhur mouwok 21,29 € IntD’', D' € A, mmoorcunu O(21)

ma O(z2) maroms mod camud mun.

JIema 1 Jlas dosinbrux mouwok z1,z2 € IntD’'; D' € A, maxux, wo z1 ¢ O(z2)

i 23 ¢ O(21) cnpasedruso flo(.,) 7 flo(z)-

Hosedenna dosenemo meromom sig cynporusuoro, mo floc,) # fle(z,). [pn-
IMyCTUMO, O ICHYIOTH TOYKH 21,29 € IntD’, D' € A, Taki, mo z; ¢ O(z3),
22 & O(21) 1 floz) = flo(z) Axuvu 6 we 6ymu O(22) i O(z1), KoxKHa 3 HAX
po3buBae obnactb D’ wa nBi 38’a3ui komnonentu (y sumaaky tumnis 11 Ta ITT,
KOKHA 3 KOMIIOHEHT € PO3DPi3oM 00JacTi, a /i BUIAKY, KOJIM KOMIOHEHTA, MA€
tun I, cupasengusa reopema 2Kopaauna). ITosnauemo yepes A ra B 38’5311 KOM-
norern MHOXKuHA D’ \ ©(z1). Brinno Jlemu 4 (mus. [3,c1.103]) m1s gosisgbHOL
Toukn z € A cnpasemimeo f(z) < f(z1) a6o f(z) > f(z1). He obmexkyroun 3a-
rasbHocTi, upuiycrumo, wo f(z) < f(z1). Toai, sriguo Teopemu 1.(vii) (nus. [3,
c1.106]), anst z € B cupasenmuso f(z) > f(z1). 3 immoro 6oky, B ofuiit 3 obma-
creii A abo B jiexkuth KoMIoHeHTa O(z3), TOOTO 29 € A abo 23 € B, a 3riaHo

npunyiments f(z1) = f(z2). Orpumanu cynepedHicTs.

Posragremo 3amady mpo CTPYKTypy MexKi 3aMkHeHOI obmacti D’ i3 cim’T A.
3rigro mobymnosn obmacri D', KorKHA 3B’A3Ha KOMIOHEHTA, 11 MEXKi CKIaZAeThCs
3 ABOX BHUIB Ayr: AyTH, IO € YaCTMHAMU MEXKOBHX KpuBUX y; obmacri D, ta
JYTH, MO € 9aCTUHAMH JIiHIfl PIBHA KPUTUYHUX Ta HAIBPEryIsdApHUX 3HAYEHb
dbyukmii f. [lepmri no3aaunmo depe3 a;, a apyri gepe3 F;. Ockinapku, obmacts D

€ opieHToBaHoI0, TO 1 Ha D’ icHye opieHTallisi, iKa NOPOIYKYE LUKJIIYHUIA 110Psi 0K
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IyT Ha KOXKHIH 3B’s3HIN KOMTOHEHTI Mexi obmacti D'. B manwx mosHaueHHSX
KOXKHY 3B’S3HY KOMIIOHEHTY MexKi J10BiabHOI obacTi D' MOxKHA pejICTaBUTH K
CKiHYEHHY TOC/iIOBHICTh, HA dKifl 3aJaHuil TUKIi9HUNE mopsaaok. [lokaxkemo, 1o

B TakKi#t mocaioBHOCTI ayru «; i B; 9epryoThes, TOOTO

(a1, Br, a2, ..., Br)- (1)

Ao nupunycrura, mo «;41 ( Bir1) caimye 3a «; ( i), TO iCHY€E ClIiIbHA TOYKA
Z = o1 Noy (Z = ﬂi—i—l n 51); ge z € oy iz € 8041-+1 (Z S 861 iz e 85i+1),
SIKa OJJHOYACHO HAJIEKUTH JBOM DI3HUM MEKOBUM KpHBUM (JIiHiAM DiBHSA pi3HUX
KPUTHYHUX 3HAUEHD ), 10 HE MOXKJ/IMBO, 60 MEXKOBI KpuBi yKopaaHosi (y1inii pisHs
PI3HMX KPUTMYHMX 3HAYEHb HE € 3B’s3HUMM) ab0 OxHili MexkoBi Kpusiii (oauiit
Jiinil piBHs) 1 JaHa TOYKA HE MAE HIIKOrO 3MICTOBHOIO HABAHTAYKEHHsI, 6O JIErKO
MOKHA, BBECTH HOBe No3HaueHus «; = «; U a1 (B; = B U Bit1)-

JJ1st KOKHOTO 3 TPHOX THIIB KOMIOHEHT O(z) y BHYTpIIIHIX TOUKaxX 001aCTi
D’ zanmmemo Bursim Mexki B Tepminax mocaimosrOCTI (1, 1, Qo - . ).

Hexait Bci xommonentn ©O(z) BHyTpinmmix Todok obmacti D' mators Tum 1.
Toni, Mexkero 06J1acTi € CKIHYeHHA KiJIbKICTh YaCTHH JIEAKUX 3B’ I3HINX KOMIOHEHT
ninift pisnis DN f~(ey), ..., DN f~Y(cy), ne ¢; — xpurnani un nanisperyispui
snadenns dpynkuii f upu i = 1,n. Tomy, flap: = const. Bigowmo [5,c1.55], mio s
MICEBIOTAPMOHITHIX (PYHKITIH, AKi He MAIOTH ITOJIIOCIB Ta CTaJji HA BCIX MEXKOBUX
KPUBUX, MAE MiCIle PiBHICT 2 = v — S, 76 V — KUIBKICTh MEXKOBUX KPUBUX, & S —
KUIbKICTh KPUTUIHAX TOYOK Y BHYTPITHOCTI 00/1aCTi, KO?KHA 3 AKHX [TOPAXOBAHA,
3 11 kparnicrio. Ockinbku, Bei Toukn obnacti D' perynsapni, To S = 0. 3Biakm
BUIJINBAE, IO 2 = v, a OTKe i n = 2.

Taky 3aMKHeHy 06/1acTh OymeMo HazuBaTu 00jacTio R-tuny (muny kisvue)

CkazkeMo, 10 JIyru o Ta Q41 € Cyciaimu, gkio y nociaigzosrocri (1) mixk

HUMU MICTHTbCS JIUIE OTHA JIyTA.

JIema 2 Hezati a; ma o1 — cycioni dyeu mesnci obaacmi D'. Todi ichyroms
MOYKY 21, 2o MaKi, wo 21 € da;, 2o € Oayyr 1 f(z1) = f(z) = C, de C
— xpumuune abo HaniepezysapHe 3Havenna Gynxuii f, ma mouxu z', 2", de

2 eU(z)Nay, 2" € U(za) Nayy1, axi € mescero dearoi komnonenmu © maxoi,
wo fle > C (fle <C).

Josedenns Ockinbku o; ta a1 — cycigui myru, To icHye jyra [;, dKa € 9acTu-
HOIO 3B’SI3HOI KOMIIOHEHTH JIiHil PiBHSA A€IKOr0 KPUTHIHOIO UM HAIIBPEryIsSpHO-
ro 3uadenus C'. Iloznaunmo depes z1 = a;NG; i 20 = a1 N P;. Ockinbku, TOUKN

71 Ta zg Hanexarb B, 1o f(z1) = f(z2) = C.
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Ockinbky Ha 0D [OOBiIbHA TOYKA € PErYASPHOI0 TOYKOK ab0 JIOKAJIHHUM

eKcrpeMyMoM HenepepBHOl MYHKUIT f|gp, TO PO3IISHEMO HACTYIIHI BUIIAIKK:

Bunadox 1: z1 ma zo — peeyaapri mouku. s qOBIIBHOTO € iCHYIOTH OKOJIT
U(z1) COD i W(z2) C 0D TouoK 21 Ta 2o, BiMOBIHO, Ta pery/IsapHi TOYKN 21 €
U(z1), 23 € U(21), 23 € W(z2) i 23 € W(22) Taki, mo C < f(2}) = C; < C +¢,
C>f(z3)=02>0C—-6,C<f(zd)=C1<C+eiC > f(z2})=Cy >C —e.
Ockinbku z]’, i,j = 1,2, — perynsapni Toukn byskii f|gp, TO 3rimHO 03HAYCHHS 4
icuytors komnonentn O, Oy, O ta O Taxi, mo z1 € 001, 22 € 00, 24 € 00
i 22 € 00). 3posywmino, mo O Ta Oy (O} Ta O)) Hanmekarh PI3HAM 3B’ AZHAM
koMroneram muoxkuuu D \ 3;, ockinbku (; — po3pis obiacti D Mix Toukamu z;
Ta 72, AKI HaJeXKaTh Mexi. 3Biaku, @1 C D' (0] C D) abo O, C D' (05 C D’).
He o6mexyroum 3arambaOCTI mpunycrumo, mo @1 C D', dxmo ©) C D, 1o 3
Jlemn 1 punsusae, mo O = O4. Jlami, MO3HAIAMO TOYKH 2| Ta z4 [depe3 2’ Ta
2", Bigmosinuo, a ©1 uepes O, Ta orpumaemo flg > C. dkmo x O4F C D') To
B obsmacti D’ icHyIOTH TOUKM 3HAYeHHs (DYHKII B AKX AK MEHIT Tak i OLIbMI

uixk C, a ne cynepeunts Jlemi 4 (qus. [3,c1.103]).

Bunadox 2: z1 — peeyaapha mowka, a za — A0KkaAvHUT excnpemym. He obme-
JKYIOUH 3arajgbHOCTI, TPATTYCTUMO, IO 2o — JIOKAILHWI MakcumyM. Tomi, mis mo-
BlabHOrO £ icuyorb okosu U(z1) C 0D 1 W(ze) C 0D rouok 21 Ta 2o, BLANOBiA-
HO, Ta perynsapHi Touku 21 € U(z1), 27 € U(z21), 25 € W(22) i 25 € W (z2) Taxi,
mo C < f(21)=C1 <C+e,C> f(22)=Ca>C—¢,C> f(2d) =Cy >C—¢
iC > f(22) = Cy > C — . Toxi, icuyiors O, Oy, Of ta O raxi, mo z; € 004,
22 € 00y, 23 € 00 i 23 € 00),. 3posywmino, mo O ta O (O] Ta O)) HanexaTh
pi3HuM 3B’g3HUM KOoMIOHeTaM MHOxkuHU D \ f3;, ockinbku (; — po3pi3 obsacti
D wmix TOuKaMu 21 Ta z9, sSKi HajekaTh MexXi. 3Biaku, @1 C D' (0] C D’) abo
O, Cc D' (0, C D). dxkmo npunycrutu, mo @y C D', ro ©1 D' 1 ©,D’, 60 B
OPOTHUJIEZKHOMY BHIIAJKY OTPUMAEMO cylepednicTs 3 Jlemoro 4 (aus. [3,cr.103]).

3Bigcu BummBag, mo Oy C D', Orxe, O = O} abo Oy = 6.

Bunadox 3: zy ma zo — aokaavHi excmpemymu. Ko zp ta zo — JIOKaJbHI
MakcuMmyMa (MiniMym#u), TO mis goBinbHOTO € icmytors okomm U(zy) C 0D i
W(z2) C 0D Ttouok z; Ta z2, BiAMOBinHO, Ta perynapui Touku zi € U(z1),
22 € U(z), 25 € W(z) i 25 € W(z) raki, mo C > f(z1) = Co > C —¢
(C<f(z})=C1<C+e),C>f(22)=Ca>C—c (C< f(z})=C, <C+oe),
C>fzd)=Co>C—-ec(C<f(zd)=Ci1<C+e)iC>f(z3)=Cy>C—c¢
(C < f(22) = Cy < C +¢). Tozi, no anaorii, icuyiors O1, Oy, O] Ta O Taxi,
wo zi € 061, 2 € 90y, z5 € O] i 25 € 904 dxmo ©; C D' O C D', ne
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1,7 = 1,2, o 3riguo Jlemu 1 ©; = @9. 3Bigku BUMIMBAE iCHYBaHHS @ TAKOI, 110
f‘@ <C (f|@ > C).
3ayBaykKuMO, 10 BUIAIO0K, KOJUA 2] — JIOKAJbHAN MIHIMyM,a Zy — JIOKAJbHUIA

MAKCUMYyM HE MOXKJMBUIA, OcKiibKu Ue cynepeunts Jlemi 4 (aus. [3,cr.103]).

Hacuigok 2 Sdrxwo a;_1, o ma iy — cycioni dyeu mesict obaacmi D', a Ci_q
ma C; — KpumuvHi wu HANIBPE2YAAPHT 3HaveHHs Pynkyii [ 6 moukar meorci
dyeu a; maxi, wo Ci—y < C; (Ci—1 > C;), mo Ci—1 < Ci_a (Ci—1 > Ci—2)
i C; > Ciy1 (C; < Ciz1), de Ci—g ma Ci_y — KPpUmusHi “u HANIGPELYAAPHI

snauenna Gynkuii f 6 moukax meonci dyeu o;—1, a C; ma Ciyq — dyeu ayq.

Hexait Bci komnoHenTn ©(z) BHyTpimHIX Todok obmacti D' mators tum II.
JloBememo, 1m0 MexKa TaKkoi 00ACTi MICTUTE IyTy JIUIIE ONHIET 3 MEXKOBUX KPU-
BUX, 10 0OMexyiors D. Ilpumyctumo, Mo Takux Iyr CKiH9eHHa KiTbKICTD (1,. . .,
ay. Posrngnemo cycimni myru o; Ta ;1. 3rigmo Jlemun 2 icuye kommonenTa O’
raka, mo 00’ € a; ta 00" € a;y1. 3Biaku Bummsae, mo O mae Tun 111, a ue
cynepeunth Hacminky 1 Teopemu 1. Ockinbku He iCHY€ >KOTHOI mMapu CyCimHix
Zyr, TO Taka myra emuna. Tomy, 0D’ = (aq, 1) 1 Taky 3amkreny obmacts D' € A
GyaemMo HazuBaru obsactio Se-ruity (muny cexmop).

Hexait Bci kommonenTn ©(z) BHyTpinmmix Tovok obmacri D’ marors Tum I11.
HoBememo, 1o Mezka Takoi 00/1acTi MiCTUTD He OLIbIne JBOX YT, MO0 HATEKATD
OnHi# a00 IBOM PI3HUM MEXKOBHM KPHUBHM.

[Ipunycrumo, mo Takux Ayr CKiHYEHHA KiIbKICTh (1,. .., (k, TA POZTJISTHEMO
TPHU JIyTH (1, Q; T ;1. LIPUIIYyCTUMO, B MEKOBHUX TOYKAX JAYTU (v; 3HAIEHHS
c;—1 Ta ¢; dyskmii f Taki, mo ¢;—1 < ¢;. 3rinao Hacmiaky 1 Jlemu 2 mist perntu

KPUTHYHUX 3HAYEHb BUKOHYIOTHCA HACTYIIHI HEPIBHOCTI: ¢;—1 < Cj_2 1 ¢; > Cjy1.

Hexait O,, s = 1, k, kommnonenru taxi, mo 00, € a;_1, 005 € a4, s = 1,k, i
Il IOBLIBHOTO 2z € O Bukonyerbes f(z) = A. 3posymino, mo A € [¢;—1;¢i—2]
i A€ [ci—1;¢]- Toni, npu goBinbHuX 3HadenHsx X rakux, mo A < X < ¢; icHye
KoMmToHeHTa O Taka, mo 00’ € a;, 00’ ¢ ;1 1 nas Beix z € O cnpaBeINBO
f(z) = X. Bposymino, mo A He AOPIBHIOE KOAHOMY 3 KPUTHYHUX 3HAYEHb HA

kinngx ayr. OTxke A < ¢;_o. Po3rnsinemo 3uadenns B = 2} Ockism-

A+4min{c;,c;—

2
ku, A < B < ¢;_o, TO 3HalIETHCA KOMIIOHEeTa © Taka, IO JJisd TOYKH 2 € @
cipaBeneo f(z) = B, 00 € a;—q1 Ta 00 € «p, ne | # i. 3 inmoro GoKy,
ockimbku A < B < ¢; icaye komnorenta ©” rtaka, mo 00" € «;, 00" ¢ oy,
ne m # i — 1,1 mua Beix z € @' cupasemuo f(z) = B. 3Biacu BUILIMBAE,
mo B obmacti D’ icHye mBi pi3Hi KOMIIOHEHTH, 3HAYEHHS (DYHKINI B TOUKAX AKUX

CIiBIIAoOTh, a 1ne cynepednicrs Hacainky 2 Teopemu 1.
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3i ckazanoro Bume ciaigye, mo 9D’ = (B1,aq, B2, as). Taky 3amkueny o6-
nacte D' € A Gynemo masmBaTu obmactio St-tumy (muny cmysicka).

Mu nokazaJjm CrpaBeJIuBiCTh HACTYIIHOI TEOPEMU.

Teopema 2 Sdxwo D' € A, mo D’ e obaacmio abo Se-, abo St-, abo R-muny.

4 BucuoBku

B mamiit poboTi JOCTiIKEHO BJIACTUBOCTI ICeBIOTapMOHiUHOI MyHKIHI f, 110 3a-
nana Ha k-3B’s3Hiit opienToBaHil 3aMKHeHiit obmacti D. JloBemeHo, Mo 3aMUKaH-
HsI KOXKHOI 3B’s13H0I KoMIoHeHTH 13 cim’T D \ £(f), ne £(f) — MHOXKUHA THX 3B’513-
HUX KOMIIOHEHT JIiHIfl piBHS KPUTUYHUX Ta HAIBPEry/IsApPHUX 3Ha4eHb (PYHKIHL f,
10 MIiCTATH KPUTHIHI a00 MEXKOBi KPUTHYIHI TOUKH, € 0071aCTI0 D0 THITY CEIMEHT,
abo Tumy cMmyKKa, abo Tuiy Kijibie. Ileprmuit Tun XapakTepu3yeThCd TUM, IO
MeKa 00JIACTI CKJIATAETHCS 3 JBOX 3B’SI3HUX KOMIIOHEHT, SIKi HEMAIOTh CIIJIBHUX
TOYOK 3 MEKOBHMH KPUBHUMH i, ¢ = 0, k, a Bci minmii piBea y Ii BHyTpimmocti
romeomopdui Komam. pyruit Ta Tpetiit Tumm obiacTei MAOTh OAHY 3B’SA3HY
KOMTIIOHEHTY MeXKi, a BCi JiiHil piBHS y IX BHYTpinmHOCTI romeoMopdHi Bigpizkam.
Pizaunms mik HEME moJsitae y KiIBKOCTI JIyT, IO HAJIEKATH MEKOBUM KPUBUM
Yi, i = 0,k. ¥V Bunajaxy obaacti Tuiry cmy»kKa, ii MezKa MiCTHTB JBi 1yru, 1o
HajiexkaTh abo ofHiil 1 Tiit ke MeXkOBiit KpuBiii, abo pizamM. AKimo ) 001aCTh

THITY CEeKTOpP, TO TaKa JIyra OJHA.
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Iryna Iurchuk
Properties of a pseudo-harmonic function on closed domain

Let f : D — R be a pseudo-harmonic function defined on k—connected
oriented closed domain D C C whose boundary consists of closed Jordan curves
Y05 V15 - -+ Yy 0 < k < 0o. We remind that this class of functions coincides with
continuous functions which have a finitely many critical points at the interior of
D each of them is saddle point and finitely many local extrema on its boundary.

In this work, it is proved that closure of any component of family which is a
diference between D and such connected components of level curves of critical
or semiregular values of f which contain critical and boundary critical points is
a closed domain having one of three types (a ring, a strip or a sector). For the
first, its boundary consists of two connected components that have no common
points with 0D and level curve at any inner point is homeomorphic to circle. As
well as the second and third, their boundaries have one connected component
and their level curves at any inner point are homeomorphic to a closed segment.
There is diference between a number of arcs of boundary curves. If a domain is a
strip, then its boundary contains two arcs that belong either one or two different
boundary curves ;. If a domain is a sector, then its boundary contains one arc
of some boundary curves. By author some statements used for main theorem
proof are proved.

Keywords. Pseudo-harmonic function, k—connected domain.



