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IaBapianTHI Mipu Ha cucTeMaXx daraTorpaHHHUKIB

I'epacin Ounekciii IBanoBu4

Amnoramnia B crarbe aBTOp paccMaTpuUBaeT MHOTOIPAHHBIE ODODIIEHHO BBHIMYK-
sbie MHOKecTBa. CBOMCTBa OOOOIIEHHO BBIMYKJIBIX MHOXKECTB HCIOJIb3YIOTCSH
[IPHU BBIYUCTIEHUN WHBAPUAHTHBIX MEP HAa COBOKYITHOCTH MHOIOIPAHHUKOB. [Ipe/-
JIaraeMblii METOJ, U TIOJIyYeHHBIE PE3YJIbTaThl BHIYUCICHUN JAIOT BO3MOXKHOCTH
HAXOIUTh WHBAPUAHTHBIE MEpHI TPHU PEIEeHUN NPIMOi W OOpaTHON 3amadun

ToMmorpadun.

KurrouoBi ciioBa luBapranTthas Mepa, MHOTOTDAHHUKY, OOOOIIEHHO BBITYKJIHIE

MHOXKECTBa, Teopema KpodTona, Mepa runeprijiocKoCTei, 3a1a4a TOMOrpacun.

VIK 519.6

1 Beryn

BinbmicTs minepasiB Mae KpucTaaidny OyI0BY y BHIJIAA] Pi3HUX OaraTorpaHHN-
kiB. Jly»ke mIiIHUM METO0M BUBUYEHHS T€OMETPUIHOI Oy/I0BU TPUPOTHUX 00’ €K-
TiB, KPUCTAJIIB OPTraHIYHUX Ta HEOPTAHIYHUX PEUYOBUH € METO], PEHTTEHOCTPYK-
TypHOrO anasidy. Bin 3acHoBaHuUii Ha TOMY, IO BCIKA PEUYOBHHA BOJIOIIE 3/1aT-
HICTIO PO3CiIOBAaTH IMaJlal0ve Ha HHOTO BUITPOMIHIOBAHHS, 30KPEMa PEHTTeHIBChb-
ke. [Ipu oMy pO3CiTHHS PEHTTEHIBCHKUX MPOMEHIB KPUCTAJAMHU 3HAXOIUTHCS
B TEBHIN BiAMOBIAHOCTI 3 po3ramyBaHHsSM aToMiB B Kpuctaygi. OcranHiii gac
po3BHUBaJIACh 00JIACTH MATEMATHKH, [0 3aiIMAETHCA PO3POOKOI0 MATEMATUIHUX
METO/IIB i aJArOPUTMIB BiAHOBJIEHHST BHYTPIIIHBOI CTPYKTYPH O0’€KTY 3a IIPOEK-
midHUME JaHUMA. 30KpeMa, PIeHHSIMHU MPSMOi 1 3BOPOTHOI 3a1a49i ToMorpadii.

ITnm mpobitemam i mpucBstaeHa gaHa poboTa.
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1.1 Awmani3 ocTanHixX AOCTIAXKEHD 1 myOaiKariii

B knacuuniit 3ama4i Broddona mpo ronky Bxke HesBHO Oy/ia MPUCYTHS i/1esT BBE-
JIeHHSI Mip B TIpocTOopi nmpsaMux Ha momuii. [1izuime "opupomamm posmomiaom"
MPAMOl g BU3HAYUINA Mipy, BITHOCHO sIKOI KOHI'DYEHTHI MiK CODOI0 reOMeTpUIHi
ol OTPUMYIOThH PiBHI Mipu.

[Torim Oys10 MOKa3aHO €AHICTH AudepenIiaIbHuX eJIEMEHTIB, SKi iHBapiaHTHI
BIZTHOCHO TpyMH BCIX TpaHCAmii i mosoporis ua mwiomuwni (Ilyankape,1912 p.) i
upocropi (IToita,1917 p.).

Bagady mpo iHBapiaHTHI MipW Ha CHCTEMAaX OMYKJIUX MHOXWH HA TLIOIIHHI
LHOCTaBUB, ajie He BUpiwuB adriilicbkuit Maremaruk Clibsecrp [11]. Ilosuicrio
3aza4a Oyia po3s‘s3ana AmGapuymsinom [1], ase st MHOXKHH, IO HE 3HAXO-
JIAThCS Ha TUIOIIMHL Y 3arajlbHOMY MOJIOXKeHHI (TOOTO *KOAHI TPU BEPIIUHU TOJI-
KU HEe HaJexkaTh 10 OmHOI mpsaMmol). Ilizuime g ymosa Oyna 3uaTa i 3pobeHo
y3arajibHenus reopemu Kpodrona na 6araropumipuuil Bunaaok [4,5].

B mporeci mocmigzKeHb, MOB I3aHAX 3 JTAHOI POOOTOI0 BHSABHUJIOCH, IO IIPH-
POIHWUM anaparoM IJjisi PillleHHs 3324 MMOB'I3aHUX 3 IHBApiaHTHUMU Mipamu, €
(n — 1)-onykui MHOXKUHH, #Ki 3anpononysas y 1987 poui 3esincekuii [8]. Bia-

cruBocti (n — 1)-0myKJInxX MHOXKWH JOCHTB JTOCIiIxkKeHi [2,3].

1.2 Merta crarti

Bumora "MHOXKEHU, 0 HE 3HAXOAATHCS Yy MPOCTOPL y 3arajibHOMY IOJIOKEH-

" mepembadae, Take po3TallyBaHHs OAraTOIPAHHUKIB B TPUBUMIPDHOMY IIPO-

Hi
CTOPi, 110 He iCHYy€ KOIHIHN npsaMmiil, B TPOCTOPI, KA nepeTnHasa O MexXi Tphox i
6inbim Gararorpanuukis. T. e. anpiopi, MeTonnka, 10 BUKOpHCcTaeThes [1] Ta [9],
He MPUIATHA [T MOJIYJIIOBAHHA Kpucramiuaux perriTok. lociainutu meromuky
obYMCIeHhb 2-Mip 3a JOMOMOrO0 y3arajibHeHHs TeopeMmu KpodToHa Ha crucremi
JBOX OAaraToOrpaHHWKIB, BUKOPUCTAB BJIACTUBOCTI 2-OMyKJnX OAraTOrpaHHUKIB i
cuenjasnbanx F-muoxkun. le nae 3mory, orpumani pe3ysbrarn y3arajibHUTH HA,
MHOXKWHY, 10 CKJIAIAEThCA C 6ararboxX KOMIIOHEHT-OAraTOrpaHHUKIB, JTOBLIBHO

PO3TalIOBaHUX.

2 Bukisag ocHOBHOro marepiaiy

BusHaueHHs OCHOBHEX NOHSATD, 110 BUKOPUCTOBYIOTHCS B POOOTI, MOJKHA 3HATH
B [2 - 5]. HaM 3HamobuThes monarts (n — 1)-onykaoi muoorcunu [8] ta onykaoi

obosaonxkuy 9]



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.42079

IaBapianTui Mipu Ha cucremax 6araTOrpaHHHUKIB 85

Osnauennst 1 Muoowcuna A C R" mae nassy (n—1)-onyxaa, axwo wepes 6ydv-

aky mouky x € R™\ A, moorcna nposecmu zinepnaowuny H, wo ne nepemunae

A.

OszuaueHHs 2 Onykaul nepemun Ycit ONYKAUT MHONCUH, UL MICMAMD 3a0a-
HYy muoocuny A C R™, nazusaroms onyx.ao1o 060401K010 mHuostcuny A i 03nava-
10Mb

A= conv(A) = ﬂ K,
KDA

de K € onykaa MHOHCUHG.

Tak caMo MOXKHA BU3HAUNTH MOHATTS (N — 1)-0myKioi 060JI0HKH.

Maemo Busnauenns F-muoxun (Face of set).

Osuavenns 3 Hexati A, MHOMCUHG, WO CKAGIGEMBLCA 3 080T HE NOPONHCHIL
onykAur xomnonenm Ay i As modi das onykaoi 06osoHKU A MHOMCUHYU MaE

micue pienicmo (dus. 6 [ 2 ])

A= conv(Ay U Ag) = U 1 To.
r1 € Al
To € A2

Jas k0oicH020 6i0pisKka xT1Ty 6usHnavumo mouku fi € Ay i fo € Ay mai-
binvuwL 6AU3bKO Po3Mawoeani 00 movwok 1 € Ay i xo € Ay 6idnoeidno. Busha-
yumo mroocunu Fy, 1 = 1,2, ax cyxynuicmo mouok, nobydosanus oit 6CIASKUT

610pi3Ki6 T1To.

OueBnano, mo Fy C JA; ta Fy C 0As. B [ 2,3 | nokasasi BiracTuBOCTI MHO-

ke Fy i =1,2 nas (n — 1)-omykanx MHOXKWH.

Osnauenns 4 Hexati (2, 0-ckinuenna Mipa y npocmopi naoULuM, iH6apiaHmHa

6i0MOCHO 2pYnu 6CiT Mpancaayit i nosopomie y R3. 3 [1] seicno, wo

™

2

2m
W2(K) = %/ l(po,K)sind dp dv, (1)
0
de K C R? - xomnaxmmna onyxaa mmosicuna, po(K) - mipa naowun, awi ne-
pemunaromv muoocury , (py,K) - dosorcuna opmozonasvnoi npoexyii K na

npamy, wo npoxodums wepes (0,0,0) y nanpamxy (sinbcosyp, sinfsing, cosy).
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Osnauenns 5 /laa 6aeamozpannuxa M C R3 e opmyra mipu MHOHCUHY 6CIT

NAOULUH, UL0 Nepemunatoms M.

WEOM) = = 3 (r — i)t @

T 4r
i=1

de l; dosorcuna i-20 pebpa, c; — 0602PAHHUT KYIM MINHC 2DAHAMU, AKT YMEOPITD

i-€ pebpo.

Mipy OJIOMHUH y TPEBAMIpHOMY HpOCTOpi 6yIeMo HasmBaTH 2-Mipa, abo p2.

MiHKOBCHKMM BH3HAYEHA CyMa BUIYKJINX MHOKWH A & B [9)].

Osnavenns 6 Hexati A i B — nenycmi onyxai mnosicunu y R, padiyc-eexmopu
mowox a € A 1 b € B cnissidneceni do nowamxy xoopdunam 0. Todi (3anescny

610 eubopy 0) muoorcuny
AdB={zeR"z=a+bac Abe B}
bydemo nazusamu cymoro A i B.

[ozmaunmo gepes K° MHOKUHY, CHMETPHUHY OLYKJifi MHOXKHUHI BIiJHOCHO

HEeHTpa Bard MHOXKuHU [5].

OsnavyenHnd 7 Hexati B C R" - MH0oCUHRG, AKaG CKAGIGEMDBCA 3 080T 0bMmedCe-
HUT ONYKAULT MHootcur By i By , O1 1 Oy — yenmpu sazu mia By i Bs, 6i0nosiono
i newati BY =t(By @ BY) (i = 1,2), de t — mpancaauia mmoocun (By © BY)
, MPU AKIT YEHMP MAACIHHA U020 CNIBNA0AE 3 UECHMPOM MAHCIHHA MHOHCUHU
Bs. ITosnauumo wepes BY mmooicuny conv(0U BY), a u"~1(> By, By <) wmipy

2inepniowut, wo poadiasoms muoocuny B; (1 = 1,2) [5].
Haini maemo y3aranbaenns: teopemu Kpodrona wa 6araroBumipHuii mpocrip.

Teopema 1 Hexaii B C R"™ - muootcuna, axa cxaadaemoves 3 080T obmesice-
HUT ONYKAUL MHoocun By @ By, Todi Mipa MHOMCUHYU 6CIT 2INEPNAOUWUH, U0

posdiraroms muoscunu By i By, dopienioe:
p" (> Bi, By <) = "N (BY) — " H(BY). 3)

Joxaz namamo [5].

VY [10] crop. 194-197 Brasanui interpanu cepeaubol kpususuu M (K) nesaxux
ONYKJIUX MHOXKHH. ICHYe HACTYIIHE CITiBBIHOIIIEHHS MiXK iHTerpajaMu CepeIHbOL
kpubm3Hn Ta 12 (K) Mipor0 MHOKWHE BCiX TIJIOMIAH, IO TIEPeTHHAIOTH MHOKHHY

K.
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Maewmo nacrynui p2(K) onykaux 6ararorpannukis K C R3.

ITpukaang 1.
a) ug Terpaenpa 3 J0BXKUHOIO pebpa a Ta paiiycom omnucanol chepu R:

V6R arccos(—3) _3a arccos(—3)

T 2

i (K) =

6) st ky6a 3 JOBKUHOKW pebpa a:

B) s nutockol ouykiiol muoxkunu K 3 nepumerpom P, siky po3riisiaeMo sk

onykiy MHOXuHY y R3, Maemo:

IIponosuris 1 Mipa MHONMCUHY 6CIT NAOUUH, UL0 NEPEMUHAIOMYD NPAMY NIPa-
Mmidy eucomoro H = Ada. A > 0, ocnosa axoi npasusvbHul MPuKymmur 3i

CMOPoHot0 a, JoPieHIOE:

3<a 3(1+3)2) (1—6A2)

1
2
P = —_—
w(P) yym 3 arccos 15122 +aarccos( 1+12/\2>>

de N = I,

a

HoBenenus 1 Iosnavwumo sucomy nipamiou H = da, X > 0, daa mempaed-

PYATET = é . Buxopucmaswu Gopmysu aHarimuuHot 2zeomempii, 3Hatidemo

8EPULUHY NPAMOT NIPAMIOU :

PO = (Oa Oa O)vpl = (Aav 07 ?)7

a aV3 a aV3
Py =(ha, — 2, 22 py = (e, 2, -0V,
2 (a’a 27 6 )7 3 (CL, 2a 6 )
Tas obuucient KYma Misc 2paHAMU 3HATO0eMO 6eKMOPU, U0 SUTO0AMbL 3

sepwuny Py :

V3

Vo= (A, 0,0),Vi = (a, 0, 5°),
a a\/g a a\/g
Vo = ()‘av 755 77)7‘/3 - ()\CL, 577 6 )7 .

Homim snatidemo 6exmop Hopmani 0o NAOUWUHU, U0 NPOTOOUND KPI3b MOUKU
Py, P, Py :

i g k , ,
nzl:[l/ngl]:)\a_g_i :_a\/§ /\a\f k

6 2
Xa 0 “‘f
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Ta sexmop HOPMGAT D0 NAOUWUHY, U0 NPOTOJUMDL KPI3s movwku Py, Py, P :

2 )\2 )\2
R LT AL

niz = [Vi x V5] =

Ob64UCAUMO KOCUHYC KYMA MINHC UUMU BEKMOPAMU 3G 00NOMOZ0N0 POPMYAU
KOCUHYCa.

Cranapruti dobymorx

a* Nt
(n21 -n13) = 2 9
Kym miotc HOpMaAAMU
(n12 - n13) (1 —6)2)
£ ,N13) = = 2= N T
(n12,n13) arccos 1] [na] arccos 0+ 12

Tenep 06uuUCAUMO KYM MidHc DOK0B0I0 2PAHHIO A 0CHOBOM, OAA Ub020 004UC-

AUMO Kocunyc Kyma mioie eexkmopamu Vo = (Aa, 0, 0) ma ngy = [Vo x V] :

Z(Vy,ng1) = arccos (1o - n21) = arccos < 1)
v Vol - 21 V1 + 12X2

.. . ) ay/3(1+3A2) ) .
Aosoicuna 6oxosoi epani dopieniwoe ——5——. B ocnoei xeadpam si cmo-

PoHOIO . 3 Popmysn dan 6a2amo2PAHHUKA MAEMO:

p(P) =
_ 3 [ayBA 43N e L) e (L
T Arw 3 (1 + 12)2) V1 + 12X2
Jns rerpaenpy Argr = ?, KyT Ma€ 3HAYCHHS arccos(—%). Jus. npukiaan 1,

a.

IIponosuris 2 Hezat B C R3- mmoorcuna, axe crxaadaemocsa 3 deox obme-
HCEHUT ONYKAUT MHOHCUH B — npasusvhul mpuxymhuur 3i cmoponor a i Ba
- mpukymmuuk nepemeopenull 3 mpukymruukae B, 3a donomoz0t0 yenmpasvHoi
cumempii ma napasesvrum 3cyeom no oci OY na eidecmany H = da. A > 0.

To0i Mmipa MHOHCUHY 6CIT 2INEPNAOUUH, W0 PO3dissromb misa By i By dopis-

HIWE:
p2(> P, Py <) =
= i a4 3(1 + 3>\2) arccos (1 _ 6)\2) —+ a arccos —é — 9
T drw 3 (14 12)2) V1+12)2 2
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HoBenenus 2 3 nponosuyii 1:

pA(Py) =
3 [ a\/3(1+3)\2) (1 —6)2) N 1
= — | —————arccos ———— a arccos Iy
4 3 (1 + 12)2) V1 + 122

Mmnootcuna PP npasuavnuti mpukymmur 3i cmoponoto 2a, momy
2/ pN

p(Py) = —

3 meopemu 1, maemo (> Py, Py <) dopisnoe

PP =R =

3 1+ 3)\2) arccos (1 — 6>\2) -+ a arccos ( ! > @
= — T ——— 4 aaar —_— | — —
An (1+12)2) V1+12)2 2

de A = ﬂ

BayBaxkenusa 1 Ilponosuuis 2 dae 3mo02y 00UUCAUTNY THEAPIGHMHT MIPU OAA
deoxr bazamozpannukie, F-mmooicunu [4] axux ckaadaromvbes 3 NPaBUALHUT
mpurkymnukie. IIomim, MoAHCAUBO Y3A2ANOHEHHA PESYADMAMNIE HA CYKYNHOCTL

KIHUEB020 YUCAG OA2AMOZPIHHUKILS.

IIponosuttig 3 Mnootcunu By i By - déa xeadpamu 3i cmoponoto a , w0 cmeo-

PEHI NAPASEALHUM 3CYE80M Ha éidcmany H = Aa, A > 0:

a a a
Bl {(.’L’,y,Z) z Oa 2 SYS 2@, 9 = FARS

NGRS
-

a a a a
BZ:{(xayaZ)5$:H§—§ <y< 5(1;—5 <z< 5}

T00i Mipa MHOHCUHU BCIT 2INEPNAOULUH, WO PO3IALIOMD MHOMHCUHU By i By

dopieHIOE:

p?(> By, By <) = p?*(BY) — p?(BY)

1
p?(BP) — p2(BY) = = (arccos( cav2+ A2+ 2a(m —arctg(\)) — 2a
™

12+ 4>\2

de N = I,

a
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Hosemenns 3 3zidno 3 meopemoro 1, MaeMo:
Bév = {(z,y,2):x=H;—a<y<a=-a<z<a}

BzD - nipamida 3 eepwunoto y mowui (0,0,0) i ochosoto - keadpamom , 3

cmoponow 2a. Boxosi pebpa nipamiou maromsv doexcuny :

|L|=+2a? + H?> = av2+ )\

Buxopucmaswu Gopmyasu aHarimuunoil 2eomempii, ananozivio npuxasady 1,
3natidemo sepwuny npamoi nipamiou. Ilomim 064UCAUMO 8EKMOPU HOPMAAT 0O

epanets 1 6idnosidni deozpanni xymu. Maemo:

H
- V24?2 + H? + 2a(w —arctg( )))

1
,U/Q(BzD) = ;(arccos(m

a2 + A2+ 2a(m — arctg(N)))

Buxopucmaswu gopmyay npuksady 1, eunadox 8), maemo

1
‘uQ(BQD) = ;(arccos(m

cav2 4+ A%+ 2a(m —arctg(N) — 2)

1
2 —
12 (> Kl,KQ <) = ;(arccos(m

de )\ = =

IIponosutia 4 Hexat K C R? - muoorcuna, axe ckaadeemvbea 3 deox K i Ko

KY0i8, WO CMBOPEHT NAPAAEALHUM 3CYBOM HA 6I0CTNAHD:

Q

Ki={(z,y,2): —a <z < 0;—= <y< %a;—% < z< g

[\

Ko={(@,y.2): H <a < H+ai—5 <y< ai—3 <2< ).

2
Todi Mipa MHONUCUHU BCIX 2iNePNAOUUH, UL Po3disatoms misa K1 i Ky dopis-

HI0€:
a2 + A2+ 6(m —arctg(\) —2)

HoBenennss 4 Bidmimumo, wo das mia K1 i Ko F-mmuooicunu € deéa keadpamu

3a
2 —
12 (> K17K2 <) = ?(arccos<m

B i By, 6idnosidno ( ITponosuuia 3). 3 yvozo caidye dopmyaa.

3a J010MOroK 1POIO3uLlii 4 MU MAEMO [IPOBECTU HACTYIIHI OOUUC/IEHHS.
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IIponosuria 5 Hexat K C R? - muoocuna, axa cxaadaemoca 3 8 xybie K;,
1 = 1,8, 30 cmoporoto , WO CMBOPEH] NAPANEADHUM 3CYBOM i UEHMPU AKUL,
3HAT00AMBECA Y 8ePWUHAT KYbY 3i cmoponoro a+b, 0 < b < a. Todi mipa mHo-
JHCUHY BCIT 2IMEPNAOULUH, WO TEPEMUHAIOMYd MHodcuny K i ne nepemunaromo,

mobmo poadiasroms kyou K;, i =1,8. opienrwe

p2(> Kii=1,8 <) =

~_ 6(A+a+0) 1 3
= - (arccos(1+4)\2) V2 + A2+ 6(m —arctg(N) — 2)
de A = aLer'

HoBenenus 5 Bidcmansv Mix Kybamu, wWo 3HATO0AMBCA Ha pedbpi Kyba dopis-
e b, 0 < b < a. Hockinvku b < a, ichye mpu muoorcuny Ai, As, A3 naowun,
wWo po3diasoms Kyou Ha cucmemu no womupu kyba. Ifi mHosCUHY Ma0OMb Ha-
36y amomu [9]. 3natidemo onyKay 060A0HKY, OAA KOMHCHOL CUCTIEMU 3 YOMUPHOT
xybie. Ile 360dumv dosedennsa do eunadky npuksady 2, xeadpamu By i By ma-
10Mb CMOPoOHY, w0 dopieuioe a+b, a eidcmans miorc Humu b. Y eupas meopemu 4
NnidCMasAseEMO 6i0N06I0HI 3HaueHHsA a ma X. Tlommosrcyrouy 020 HO KiAbKICTD

amomis, mobmo 3, maemo dopmyay nponosuyii 4.

3 BucuoBknu

B crari Bukopucrano y3aranbaerHs Teopemu KpodToHa HA TPUBUMIpHUI BUIIa-
0K, BukopucToByodn BIACTUBOCTI y3arajbHEHO OMyKJIUX MHOXKHWH, OOYHCIIeH]
imBapianTHi 2-mipu st TBOX 0AraTOrpaHHUKIB, F-MHOXWHYM SKUX CKJIAJIAI0Th-
cs 3 MPABUJIBHUX TPUKYTHUKIB, a00 KBaApariB. Jlesaki iHIIN BUMAIKM OMYyKJIAX
MHOXKMH, F-MHOXKHMHY SKUX MAIOTh y CKJIal K00, pparmenTu Kyl aus. [7]. do-
Ka3aHi TeopeMu i JBOX OAraTOrPAHHUKIB JO3BOJSIOTH y3arajJbHUTH PE3yilb-
TaTH Ha CyKYMHOCTI KiHIeBOro umcsia Oararorpanuukis. [IpormonoBanuit meTos
Ta OJePIKAHWI PE3yIbTaT O0UNCIEHD, TaI0Th 3MOT'Y 3HAXOIUTH iHBApiaHTHI Mipu
CYKyIIHOCTI 6araTorpaHHUKiB, M0 MOXKe OyTH BUKOPUCTAHO IPHU PillleHH] MpsaMol

i 3BOpoTHOI 3a7a4i ToMorpadii.
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Alex I. Gerasin
Invariant measures on set of polyhedrons.

In this article the author consider the polyhedral generalize convex sets.
Properties generalize convex sets are used for the calculation of invariant
measures on set of polyhedrons. Offered method and got results of calculations,
enable to find invariant measures at the decision of direct and reverse task of
tomography.

Keywords: Invariant measure, generalize convex body, polyhedral sets,
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