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Íàóêîìåòðèÿ êàê îäèí èç èíñòðóìåíòîâ
Åâðîèíòåãðàöèè Óêðàèíû

Âèêòîð Áîãäàíîâè÷ Åãîðîâ

Àííîòàöèÿ

Ââèäó íåïðåðûâíî óâåëè÷èâàþùåãîñÿ êîëè÷åñòâà ó÷¼íûõ è ñôåð èõ íà-

ó÷íûõ èçûñêàíèé âñå áîëåå àêòóàëüíîé ïðîáëåìîé ñòàíîâèòñÿ ïîèñê ñðåäñòâ

ñðàâíåíèÿ ¾óñïåøíîñòè¿ ó÷¼íûõ ìåæäó ñîáîé. Ñàì ôàêò âõîæäåíèÿ ó÷åíî-

ãî â Àíãëèéñêîå Êîðîëåâñêîå íàó÷íîå îáùåñòâî, íàïðèìåð, èëè ïîëó÷åíèå

ïðåñòèæíîé, âñåìèðíî èçâåñòíîé Íîáåëåâñêîé ïðåìèè èëè ïðåñòèæíåéøèõ

Ìåæäóíàðîäíûõ ïðåìèé (Àáåëåâñêàÿ è Ôèëäîâñêàÿ â ìàòåìàòèêå èëè ïðå-

ìèÿ Òüþðèíãà â èíôîðìàòèêå è Ïðèòöêåðîâñêàÿ â àðõèòåêòóðå) îáúåêòèâíî

êàê ìåðû óñïåøíîñòè ó÷åíîãî ñòàëè ìàëîýôôåêòèâíûìè èç-çà àáñîëþòíî-

ñòè è ÷ðåçâû÷àéíî ìàëîãî êîëè÷åñòâà òåõ, êòî óäîñòîåí ÷åñòè èõ ïîëó÷å-

íèÿ. Äëÿ òåõ, êîìó äî ïîëó÷åíèÿ òàêèõ íàãðàä è ïðåìèé åùå äàëåêî, à

àçàðòà ¾ïîìåðÿòüñÿ ñèëàìè¿ âìåñòå ñ òåì íå ìåíüøå, ñóùåñòâóþò ðàçëè÷-

íûå íàóêîìåòðè÷åñêèå ïîêàçàòåëè. Öåëü íàóêîìåòðè÷åñêèõ èññëåäîâàíèé -

äàòü îáúåêòèâíóþ êàðòèíó ðàçâèòèÿ íàó÷íîãî íàïðàâëåíèÿ, îöåíèòü åãî àê-

òóàëüíîñòü, ïîòåíöèàëüíûå âîçìîæíîñòè, çàêîíû ôîðìèðîâàíèÿ èíôîðìà-

öèîííûõ ïîòîêîâ è ðàñïðîñòðàíåíèÿ íàó÷íûõ èäåé. Ðåàëèçàöèÿ ýòîé öåëè

âêëþ÷àåò â ñåáÿ ðÿä êîíêðåòíûõ çàäà÷, ñîâîêóïíîå ðåøåíèå êîòîðûõ äîëæ-

íî äàòü îòâåò íà áîëüøèíñòâî ïîñòàâëåííûõ âîïðîñîâ. Ñåðüåçíûé âêëàä â

ñîçäàíèè ìåòîäîëîãèè è èíñòðóìåíòàðèÿ íàóêîìåòðèè âíåñ Þ. Ãàðôèëä,

êîòîðûé â 1955 ãîäó âûñêàçàë èäåþ îá èíäåêñèðîâàíèè ññûëîê íà ïðåäñòàâ-

ëåííûå â ïðèñòàòåéíîé áèáëèîãðàôèè ïóáëèêàöèè. Îñíîâîïîëàãàþùàÿ èäåÿ

íàóêîìåòðè÷åñêèõ ðåéòèíãîâ îñíîâàíà íà ïîâåðõíîñòíîì âçãëÿäå íà ïðîöåññ

ïîëó÷åíèÿ íàó÷íîãî ðåçóëüòàòà. Âñå ïîäîáíûå ïîêàçàòåëè ìîæíî óñëîâíî
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ðàçäåëèòü íà 3 òèïà: îñíîâàííûå íà êîëè÷åñòâå ïóáëèêàöèé, îñíîâàííûå íà

êîëè÷åñòâå öèòèðîâàíèé è êîìáèíèðîâàííûå ïîêàçàòåëè (îñíîâàíû íà êî-

ëè÷åñòâå öèòèðîâàíèé è êîëè÷åñòâå ïóáëèêàöèé îäíîâðåìåííî).

Ïîêàçàòåëè, îñíîâàííûå íà êîëè÷åñòâå ïóáëèêàöèé â öåëîì ìàëîýôôåê-

òèâíû, ïðåæäå âñåãî, èç-çà î÷åâèäíîé ñóáúåêòèâíîñòè. Îöåíèâàÿ ðåçóëüòà-

òèâíîñòü ó÷¼íûõ ïî òàêèì ïîêàçàòåëÿì, ìîëîäûå ó÷¼íûå áóäóò âñåãäà â çà-

ðàíåå ïðîèãðûøíîì ïîëîæåíèè ïî ñðàâíåíèþ ñî ñâîèìè ñòàðøèìè êîëëåãà-

ìè. Ñ öåëüþ íèâåëèðîâàíèÿ âîçðàñòà ó÷åíîãî ïðåäëàãàëñÿ è îòíîñèòåëüíûé

ïîêàçàòåëü, ðàññ÷èòûâàåìûé êàê îòíîøåíèå îáùåãî êîëè÷åñòâà ïóáëèêàöèé

è íàó÷íîãî ñòàæà àâòîðà. Ïî òàêîìó ïîêàçàòåëþ àáñîëþòíûì ðåêîðäñìå-

íîì ìîæíî ñ÷èòàòü ñîâåòñêîãî õèìèêà Ñòðó÷êîâà Þ.Ò., êîòîðûé çà ïåðèîä

ñ 1981 ïî 1990 ãã. îïóáëèêîâàë 948 ñòàòåé, ò.å. â ñðåäíåì 4 äíÿ íà ñòàòüþ.

Èçâåñòåí òàêæå è àìåðèêàíñêèé ïðîôåññîð Ý. Òîïîëü, êîòîðûé â ïåðèîä ñ

1980 îïóáëèêîâàë 1702 ñòàòüè, ò.å. â ñðåäíåì 7 äíåé íà ñòàòüþ. Âî ìíîãîì

òàêîìó ïîëîæåíèþ äåë ñïîñîáñòâóþò è ¾õîëîäíûå¿ àâòîðû, ò.å. âêëþ÷åííûå

â ñîñòàâ àâòîðîâ çà ñâîé àâòîðèòåò è êîñâåííóþ ïðè÷àñòíîñòü ê íàó÷íîìó

êîëëåêòèâó. Òàê, èçâåñòíî áîëåå 80-òè ñëó÷àåâ, êîãäà îäíîâðåìåííî ñîàâòî-

ðàìè ñòàòüè ÿâëÿëîñü áîëåå 3000 ÷åëîâåê è îäíà ñòàòüÿ Èíñòèòóòà ôèçèêè

âûñîêèé ýíåðãèé èç Ïðîòâèíî, àâòîðàìè êîòîðîé çíà÷èòñÿ 3185 ÷åëîâåê [1].

Ïîêàçàòåëè, îñíîâàííûå íà êîëè÷åñòâå öèòèðîâàíèé - èíäåêñû öèòèðî-

âàíèÿ (êàê ïðàâèëî, îòðàæàþò ñóììàðíîå êîëè÷åñòâî ññûëîê â íàó÷íûõ

ïóáëèêàöèÿõ íà ðàáîòû àâòîðà). Èíäåêñ öèòèðîâàíèÿ â öåëîì îòðàæàåò

ðåàêöèþ íàó÷íîãî ñîîáùåñòâà íà ñîîòâåòñòâóþùèå ïóáëèêàöèè. Â îñíîâå

òàêèõ ïîêàçàòåëåé ëåæèò ïðåäïîëîæåíèå, ÷òî ïëîõèå ðàáîòû íå öèòèðóþò,

çà èñêëþ÷åíèåì îñîáûõ îòíîøåíèé ìåæäó àâòîðàìè. Öèòèðóåìîñòü çàâèñèò

íå òîëüêî îò óðîâíÿ íàó÷íûõ ðåçóëüòàòîâ, íî è îò äðóãèõ ôàêòîðîâ, íàïðè-

ìåð, ñâîåâðåìåííîñòè. Äëèòåëüíîå âðåìÿ î÷åíü íèçêîé áóäåò öèòèðóåìîñòü

ïóáëèêàöèé ñ íàó÷íûìè ðåçóëüòàòàìè, êîòîðûå çíà÷èòåëüíî îïåðåäèëè òå-

êóùèå ïîòðåáíîñòè èëè âîçìîæíîñòè èõ èñïîëüçîâàíèÿ [1].

Áîëüøèíñòâó èíäåêñîâ öèòèðîâàíèÿ ñâîéñòâåííû òàêèå îñîáåííîñòè:

a) èãíîðèðóþò ñàìîöèòèðîâàíèå èëè öèòèðîâàíèå ñîàâòîðàìè, ÷òî ñóùå-

ñòâåííî ñíèæàåò ðåéòèíã ¾ó÷åíîãî-çàòâîðíèêà¿ ïóáëèêàöèè êîòîðîãî èíòå-

ðåñóþò òîëüêî åãî ñàìîãî;

b) èãíîðèðóþò ïîâòîðíûå öèòèðîâàíèÿ îäíîé ðàáîòû îäíèì òåì æå ó÷¼-

íûì, ÷òî óìåíüøàåò âëèÿíèå äîãîâîðíîãî öèòèðîâàíèÿ;

c) ó÷èòûâàþò ëè÷íûé âêëàä ó÷åíîãî, ðàçäåëÿÿ êîëè÷åñòâî öèòèðîâàíèé

ìåæäó ñîàâòîðàìè;
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d) ó÷èòûâàþò ðåïóòàöèþ öèòèðóþùåãî èçäàíèÿ, âçâåøèâàÿ êîëè÷åñòâî

ññûëîê â æóðíàëå íà åãî ôàêòîð àâòîðèòåòíîñòè;

e) ó÷èòûâàþò èíòåíñèâíîñòü öèòèðîâàíèé â ðàçíûõ íàóêàõ (â áèîëîãèè

â 8 ðàç âûøå, ÷åì â ìàòåìàòèêå [2]).

Ïðè ýòîì, êðîìå ïðÿìûõ ññûëîê íà êîíêðåòíóþ ñòàòüþ â ñïèñêå ëèòåðà-

òóðû òàêæå èìååò ìåñòî ñêðûòîå è íåôîðìàëüíîå öèòèðîâàíèå � ò.å. ññûëêà

íà êîíêðåòíûé òðóä íåïîñðåäñòâåííî â òåêñòå ïóáëèêàöèè, áåç åå äàëüíåé-

øåãî óïîìèíàíèÿ â ñïèñêå ëèòåðàòóðû. Ïðèâîäÿòñÿ íàáëþäåíèÿ [3], ñîãëàñ-

íî êîòîðûì ÷åðåç 10-30 ëåò ïîñëå ïóáëèêàöèé ñòàòåé-øåäåâðîâ íà íèõ âñå

÷àùå íà÷èíàþò ññûëàòüñÿ íåôîðìàëüíî.

Ïîêàçàòåëè, îñíîâàííûå íà êîëè÷åñòâå ïóáëèêàöèé è íà êîëè÷åñòâå öè-

òèðîâàíèé îäíîâðåìåííî â îñíîâå öåëè ñâîåãî ñîçäàíèÿ ñîäåðæàò çàäà÷ó

âûÿâëåíèÿ ó÷¼íûõ, êîòîðûå ïèøóò ìíîãî è êà÷åñòâåííî. Îäíèì èç òàêèõ

ïîêàçàòåëåé ÿâëÿåòñÿ èíäåêñ Õèðøà. Èíäåêñ Õèðøà � ïîêàçàòåëü, ïðåäëî-

æåííûé â 2005 ãîäó àðãåíòèíî-àìåðèêàíñêèì ôèçèêîì Õîðõå Õèðøåì èç

Êàëèôîðíèéñêîãî óíèâåðñèòåòà â Ñàí-Äèåãî ïåðâîíà÷àëüíî äëÿ îöåíêè íà-

ó÷íîé ïðîäóêòèâíîñòè ôèçèêîâ. Èíäåêñ Õèðøà ÿâëÿåòñÿ êîëè÷åñòâåííîé

õàðàêòåðèñòèêîé ïðîäóêòèâíîñòè ó÷¼íîãî, ãðóïïû ó÷¼íûõ, íàó÷íîé îðãà-

íèçàöèè èëè ñòðàíû â öåëîì, îñíîâàííîé íà êîëè÷åñòâå ïóáëèêàöèé è êî-

ëè÷åñòâå öèòèðîâàíèé ýòèõ ïóáëèêàöèé. Èíäåêñ Õèðøà èëè h-èíäåêñ � ýòî

ìàêñèìàëüíîå öåëîå ÷èñëî h, óêàçûâàþùåå, ÷òî àâòîð îïóáëèêîâàë h ñòàòåé,

êàæäàÿ èç êîòîðûõ ïðîöèòèðîâàíà õîòÿ áû h ðàç. Ýòè h ñòàòåé ñîñòàâëÿ-

þò ÿäðî Õèðøà èëè h-ÿäðî. ×òîáû ïîïàñòü â ÿäðî Õèðøà, ñòàòüþ äîëæíû

ïðîöèòèðîâàòü õîòÿ áû h ðàç. ×òîáû ïîëó÷èòü âûñîêèé èíäåêñ Õèðøà, íàäî

ïèñàòü ìíîãî, ïðè ýòîì, íå äðîáÿ ðåçóëüòàòû ïî íåñêîëüêèì ïóáëèêàöèÿì.

Ïðîñòîòà ðàñ÷åòîâ è íå÷óâñòâèòåëüíîñòü ê òèïîâûì ïðèåìàì èñêóññòâåííî-

ãî óëó÷øåíèÿ âûøåðàññìîòðåííûõ ïîêàçàòåëåé ìãíîâåííî ñäåëàëè èíäåêñ

Õèðøà ïîïóëÿðíûì íàóêîìåòðè÷åñêèì èíäèêàòîðîì.

Íåäîñòàòêè èíäåêñà Õèðøà ñâÿçàíû ñ òåì, ÷òî â íåì íå ó÷èòûâàþòñÿ:

1) íàñêîëüêî ïðåâûøåí ïîðîã öèòèðîâàíèé â ÿäðå Õèðøà;

2) äëèíà ¾õâîñòà¿, ò.å. êîëè÷åñòâî ïóáëèêàöèé, íå âîøåäøèõ â ÿäðî è

óðîâåíü èõ öèòèðîâàíèÿ.

Äëÿ êîìïåíñàöèè ýòèõ íåäîñòàòêîâ ïðåäëîæåíû áîëåå òðèäöàòè ìîäè-

ôèêàöèé èíäåêñà Õèðøà. Äàëåå ïðèâåäåíû ëèøü íåêîòîðûå èç íèõ:

• Individual h-index (original) � ðåçóëüòàò äåëåíèÿ ñòàíäàðòíîãî h-

èíäåêñà íà ñðåäíåå ÷èñëî àâòîðîâ â ñòàòüÿõ, êîòîðûå âõîäÿò â Õèðø-ÿäðî

ïóáëèêàöèé. Ýòîò ïîêàçàòåëü ïðèçâàí óìåíüøèòü âëèÿíèå íà h-èíäåêñ ÷èñ-
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ëà ñîàâòîðîâ ïóáëèêàöèé, êîòîðîå, ïî ñòàòèñòèêå, ñóùåñòâåííî îòëè÷àåòñÿ

â ðàçëè÷íûõ îáëàñòÿõ çíàíèé;

• Individual h-index (PoP variation) � âû÷èñëåíèå h-èíäåêñà êîãäà

âìåñòî ïîëíîãî ÷èñëà öèòèðîâàíèé êàæäîé ñòàòüè èñïîëüçóåòñÿ îòíîøåíèå

÷èñëà öèòèðîâàíèé ê ÷èñëó àâòîðîâ ïóáëèêàöèè;

• g-Index � èíäåêñ, ó÷èòûâàþùèé ñòàòüè ó÷åíîãî ñ íàèáîëüøèì öèòè-

ðîâàíèåì, êîòîðûé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Íàèáîëüøåå öåëîå ÷èñëî g ïóáëèêàöèé, êîòîðûå âñå âìåñòå íàáðàëè g2 è áî-

ëåå öèòèðîâàíèé. (Èñïðàâëÿåò íåäîñòàòîê èíäåêñà Õèðøà, êîòîðûé ìîæíî

ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì: ¾åñëè ñòàòüÿ ïîïàäàåò â ÷èñëî íàè-

áîëåå öèòèðóåìûõ h ñòàòåé, òî öèòèðîâàíèå ýòîé êîíêðåòíîé ñòàòüè áîëüøå

íèêàê íå ó÷èòûâàåòñÿ¿);

• a-Index � ýòî ïðîñòî ñðåäíåå ÷èñëî ññûëîê íà ñòàòüè, âõîäÿùèå â

Õèðø-ÿäðî;

•m-Index � ýòî ìåäèàíà ÷èñëà öèòèðîâàíèé h ñòàòåé, âõîäÿùèõ â Õèðø-

ÿäðî ïóáëèêàöèé àâòîðà. ßâëÿåòñÿ íåêîòîðûì âàðèàíòîì a-èíäåêñà è ïî-

ïûòêîé ó÷åñòü ðàñïðåäåëåíèå ÷èñëà öèòèðîâàíèé ñòàòåé, âõîäÿùèõ â Õèðø-

ÿäðî;

• i-Index � íàó÷íàÿ îðãàíèçàöèÿ èìååò èíäåêñ i, åñëè íå ìåíåå i ó÷¼íûõ

èç ýòîé îðãàíèçàöèè èìåþò èíäåêñ Õèðøà íå ìåíåå i (i-èíäåêñ = 20 îçíà÷àåò,

÷òî íå ìåíåå 20 ó÷¼íûõ èìåþò èíäåêñ Õèðøà 20);

Îäíàêî âñåì ðàññìîòðåííûì èíäåêñàì ñâîéñòâåííû ñóùåñòâåííûå íåäî-

ñòàòêè [3]:

a) òàê êàê, íàóêîìåòðè÷åñêèå ïîêàçàòåëè ëåãêî âû÷èñëèòü, òî âåëèê ðèñê

èõ íåàäåêâàòíîãî èñïîëüçîâàíèÿ â êà÷åñòâå åäèíñòâåííîãî êðèòåðèé îöåíêè

ìíîãîãðàííîé íàó÷íî � èññëåäîâàòåëüñêîé äåÿòåëüíîñòè ó÷åíîãî;

b) èñïîëüçîâàíèå íàóêîìåòðè÷åñêèõ ïîêàçàòåëåé â êà÷åñòâå êðèòåðèåâ

îöåíêè íàó÷íîé äåÿòåëüíîñòè ïðîâîöèðóåò ó÷¼íûõ ê ¾íàêðóòêå¿ ýòèõ ïîêà-

çàòåëåé ðàçëè÷íûìè ñïîñîáàìè.

Êðîìå òîãî, ñëåäóåò òàêæå îòìåòèòü è äðóãîé íå ìåíåå âàæíûé íåäîñòà-

òîê. Â îñíîâå ñâîåé âñå ðàññìîòðåííûå èíäåêñû öèòèðîâàíèÿ áàçèðóþòñÿ íà

ïðåäïîëîæåíèè, ÷òî àâòîð ÷åñòíî óêàçûâàåò äðóãèõ àâòîðîâ, íà ïîëîæåíèÿ

êîòîðûõ ññûëàåòñÿ â ñâîåì ñîáñòâåííîì íàó÷íîì òðóäå, â ïðîòèâíîì ñëó-

÷àå îí ðèñêóåò áûòü îáâèíåí â ïëàãèàòå è ñîãëàñíî Çàêîíó îá àâòîðñêèõ è

ñìåæíûõ ïðàâàõ áûòü ïðèòÿíóòûì ê îòâåòñòâåííîñòè. Èç âûøå ïðèâåäåí-

íîãî âûòåêàþò êàê ìèíèìóì äâå ñóùåñòâåííûõ ïðîáëåìû:
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a) Ñîãëàñíî óïîìÿíóòîìó Çàêîíó êðàéíå òðóäíî ïðèòÿíóòü êîãî-ëèáî ê

ðåàëüíîé îòâåòñòâåííîñòè çà ïëàãèàò. Ñïåöèàëèñòû îòìå÷àþò, ÷òî, íåñìîò-

ðÿ íà çíà÷èòåëüíîå óâåëè÷åíèå êîëè÷åñòâà ïðåñòóïëåíèé äàííîé êàòåãîðèè,

ýôôåêòèâíîñòü áîðüáû ñ íèìè ïðîäîëæàåò îñòàâàòüñÿ íà íåâûñîêîì óðîâíå.

Ñóäû ðàññìàòðèâàþò ëèøü 2 ïðîöåíòà îò îáùåãî ÷èñëà âîçáóæä¼ííûõ äåë, à

ïî÷òè 98 ïðîöåíòîâ ïðåêðàùàåòñÿ íà ñòàäèè ïðåäâàðèòåëüíîãî ðàññëåäîâà-

íèÿ [5]. Êà÷åñòâî ïðèìåíåíèÿ íîðì óãîëîâíîãî çàêîíà ïî äåëàì î íàðóøåíèè

àâòîðñêèõ è ñìåæíûõ ïðàâ ïðîäîëæàåò îñòàâàòüñÿ âåñüìà è âåñüìà íèçêèì

[6].

b) Âòîðîé âàæíîé ïðîáëåìîé îñòà¼òñÿ ñêâîçíîå öèòèðîâàíèå. ×òîáû ïðî-

ùå îïèñàòü ñóòü ïðîáëåìû � âûøå íàìåðåííî ïðèâåäåí ïðèìåð, êîòîðûé

áåç äîïîëíèòåëüíîãî àêöåíòèðîâàíèÿ âíèìàíèÿ òàê è îñòàëñÿ áû íåçàìå-

÷åííûì. Äëÿ òîãî, ÷òîáû îïèñàòü ïðîáëåìó î íèçêîé ñòàòèñòèêå ðåàëüíîé

îòâåòñòâåííîñòè çà ïëàãèàò, î êîòîðîé øëà ðå÷ü â ïðåäûäóùåì ïóíêòå, áû-

ëà èñïîëüçîâàíà ñòàòüÿ [7], àâòîðàìè êîòîðîé, â ðåçóëüòàòå ñàìîñòîÿòåëüíî

ïðîâåä¼ííîé ñòàòèñòè÷åñêîé ðàáîòû, áûëè ïðåäñòàâëåíû óäîáíûå öèôðû,

êîòîðûå è ëåãëè â ñâîþ î÷åðåäü â îïèñàíèå ïóíêòà a) âûøå. Îäíàêî óêàçàí-

íûå òàì æå èñòî÷íèêè èíôîðìàöèè [5] è [6] áûëè èñòî÷íèêàìè â ðàáîòå [7],

íî ñàìà ðàáîòà [7] îòìå÷åíà â ñïèñêå íå áûëà (èçíà÷àëüíî). Òàêèì îáðàçîì,

ÿâíîé ñòàíîâèòñÿ ïðîáëåìà, êîãäà îäíèì àâòîðîì ïðîâîäèòñÿ ãëîáàëüíàÿ

îáú¼ìíàÿ àíàëèòè÷åñêàÿ ðàáîòà, ïðèâîäÿòñÿ ñâîè èñòî÷íèêè ëèòåðàòóðû,

îäíàêî, çà÷àñòóþ, â ñïèñîê ëèòåðàòóðû äðóãèìè ïðèâîäÿòñÿ ëèøü èñòî÷-

íèêè ýòîé ðàáîòû, îñòàâëÿÿ çà ïîëåì çðåíèÿ ÷èòàòåëåé àâòîðà ïåðâè÷íîãî

àíàëèòè÷åñêîãî îáîáùàþùåãî òðóäà, âûäàâàÿ èõ ïðè ýòîì çà ðåçóëüòàò ñîá-

ñòâåííîãî èññëåäîâàíèÿ. Â ðàáîòå [1] äàæå ïðèâîäèòñÿ çàíÿòíûé ïðèìåð

îáíàðóæåíèÿ òàêèõ ôàêòîâ, êîãäà â ñïèñêàõ ëèòåðàòóðû îò ñòàòüè ê ñòà-

òüå ¾êî÷óåò¿ îäíà è òà æå èçíà÷àëüíî äîïóùåííàÿ îïå÷àòêà, ÷òî íàïðÿìóþ

ñâèäåòåëüñòâóåò î òîì, ÷òî àâòîðû íå ÷èòàëè îðèãèíàëà è ïðèâîäÿò ðàáîòó

óæå êàê èñòî÷íèê íåïîñðåäñòâåííî ñâîèõ èçûñêàíèé, ëèøü ïîòîìó, ÷òî òà

çíà÷èëàñü èñòî÷íèêîì â ðàáîòå êîòîðàÿ, ïî ñóòè âîðóåòñÿ.

Êðîìå ðÿäà î÷åâèäíûõ íåäîñòàòêîâ ðàçëè÷íûõ íàóêîìåòðè÷åñêèõ ïîêà-

çàòåëåé óïîìèíàþòñÿ òàêæå ìíåíèÿ, ÷òî ïîãîíÿ çà îöåíêîé öèòèðóåìîñòè

îòå÷åñòâåííûõ ðàáîò ÿâëÿåòñÿ ëèøü ñòèìóëîì äëÿ òîãî, ÷òîáû âñå ðàáî-

òû ïåðåâîäèëè íà àíãëèéñêèé ÿçûê, äëÿ óäîáñòâà çàðóáåæíûõ ó÷åíûõ è

óäîáñòâà ðàçëè÷íûõ ñïåöñëóæá. Òàêæå ïðèñóòñòâóþò ìíåíèÿ, ÷òî âñÿ ïî-

ãîíÿ çà íàóêîìåòðè÷åñêèìè ïîêàçàòåëÿìè ñðåäè ó÷¼íûõ Ìèðà êîñâåííûìè

ìåòîäàìè íàìåðåííî ïðîâîöèðóåòñÿ ïðåäñòàâèòåëÿìè îñíîâíûõ ãëîáàëüíûõ
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ñèñòåì Web of Science (WoS) êîìïàíèè Thomson Reuters (ÑØÀ) è Scopus

êîìïàíèè Elsevier (Ãîëëàíäèÿ) ò.ê. ýòî â ñâîþ î÷åðåäü ñòèìóëèðóåò îòå÷å-

ñòâåííûå æóðíàëû âñòóïàòü â ýòè ñèñòåìû, ÷òî êîíå÷íî î÷åíü íå ïðîñòî

äëÿ ïîñëåäíèõ â âèäó âûñîêèõ òðåáîâàíèé ïðåäúÿâëÿåìûõ ê æóðíàëàì �

ïðåòåíäåíòàì, íî è î÷åíü íå äåøåâî.

Â âèäó ðàññìîòðåííûõ íåäîñòàòêîâ íàóêîìåòðè÷åñêèõ ïîêàçàòåëåé àâòî-

ðû [4] ïðåäëàãàþò îòêàçàòüñÿ îò ïðàêòèêè èñïîëüçîâàíèÿ ïðè îöåíêå âêëàäà

ó÷åíîãî â íàóêó ðàçëè÷íûõ èñêóññòâåííûõ ïîêàçàòåëåé è äàæå ïðåäëàãàþò

ðÿä àëüòåðíàòèâíûõ ìåð:

1. Ñëåäóåò âíîâü ðàçäåëèòü ¾ïåðå÷åíü ÂÀÊ¿ íà ¾äîêòîðñêèé¿ (äîñòàòî÷-

íî êðàòêèé, íå áîëåå 10 ïðîöåíòîâ îò òåêóùåãî ñïèñêà) è ¾êàíäèäàòñêèé¿;

2. Ñëåäóåò âîññòàíîâèòü íà íîâîé îñíîâå èñïîëüçîâàâøååñÿ â ÑÑÑÐ ðàí-

æèðîâàíèå íàó÷íûõ èçäàòåëüñòâ íà ¾öåíòðàëüíûå¿ è ¾ðåãèîíàëüíûå¿;

3. Ïðè ïðîâåäåíèè íàó÷íûõ êîíôåðåíöèé ñëåäóåò âíåäðèòü ïðàêòèêó

ïîäâåäåíèÿ èòîãîâ ñ âûäåëåíèåì àâòîðîâ íåñêîëüêèõ ëó÷øèõ äîêëàäîâ;

4. Äîïîëíèòü ïàðó ¾Äîêòîð íàóê¿ - ¾Êàíäèäàò íàóê¿ òðåòüåé ñîñòàâëÿ-

þùåé ¾Çàñëóæåííûé äîêòîð íàóê¿;

5. È äð.

Îäíàêî î÷åâèäíûì â ïðåäëîæåííûõ ìåðàõ ÿâëÿåòñÿ òîò ôàêò, ÷òî â ïðî-

öåññå îïðåäåëåíèÿ çà àâòîðîì ïðàâà ïóáëèêàöèè â ¾öåíòðàëüíîì¿ íàó÷íîì

èçäàíèè èëè ïîëó÷åíèÿ ñòàòóñà ëó÷øåãî äîêëàäà è ïðî÷èõ, òàêæå ïðèñóò-

ñòâóåò ñóáúåêòèâíûé ôàêòîð ëè÷íîãî ìíåíèÿ (ëè÷íîãî îòíîøåíèÿ ê àâòîðó)

ìíîãîóâàæàåìûõ ÷ëåíîâ îðãàíèçàöèîííîãî êîìèòåòà êîíôåðåíöèè èëè ðå-

äàêöèîííîé êîëëåãèè æóðíàëà.

Âûâîäû: Íåñìîòðÿ íà ðàññìîòðåííûå íåäîñòàòêè ðàçëè÷íûõ íàóêîìåò-

ðè÷åñêèõ ïîêàçàòåëåé è ãåíåðèðóåìóþ ñïîðíîñòü èõ íåîáõîäèìîñòè, à òàêæå

ó÷èòûâàÿ âîçìîæíîñòè ¾íàìåðåííîãî íàêðó÷èâàíèÿ¿ ýòèõ ïîêàçàòåëåé, î÷å-

âèäíûì ÿâëÿåòñÿ âñå æå èõ íåîáõîäèìîñòü êàê ðàç â ïåðâóþ î÷åðåäü èç-çà

èõ ñòðåìëåíèÿ ê îáúåêòèâíîñòè. Åñëè ðàáîòà êà÷åñòâåííàÿ, êòî áû íå áûë

åå àâòîð, à åå ðåçóëüòàòû ïðåäñòàâëÿþò öåííîñòü äëÿ ïðîäâèæåíèÿ ðàç-

ðàáîòîê äðóãèõ ó÷åíûõ, ïðåäïîëàãàÿ êîíå÷íî ÷åñòíîñòü ïîñëåäíèõ, áóäóò

èìåòü ìåñòî ññûëêè íà óêàçàííóþ ðàáîòó, à ñòàëî áûòü, óâåëè÷åíèå öèòè-

ðóåìîñòè ïåðâîíà÷àëüíîãî àâòîðà. Áåçóñëîâíî, ðàññìîòðåííûå íåäîñòàòêè

íàóêîìåòðè÷åñêèõ ïîêàçàòåëåé ñóùåñòâåííû è ìàêñèìóì âíèìàíèÿ äîëæ-

íî áûòü óäåëåíî íåïîñðåäñòâåííî íèâåëèðîâàíèþ èõ êàê òàêîâûõ. Â êîíöå

êîíöîâ, âàæíûì ÿâëÿåòñÿ íå êîëè÷åñòâî ïóáëèêàöèé è äàæå íå íàäóìàííàÿ

ðåñïåêòàáåëüíîñòü èçäàíèé, â êîòîðûõ îíè ïóáëèêóþòñÿ, à òî, ÷òî èìåííî



Íàóêîìåòðèÿ êàê îäèí èç èíñòðóìåíòîâ Åâðîèíòåãðàöèè Óêðàèíû 13

çàëîæåíî â ïóáëèêàöèè, è îò òîãî íà ñêîëüêî îíî èìååò öåííîñòü äëÿ ðàç-

âèòèÿ íàóêè, ÷òî è áóäåò â ñâîþ î÷åðåäü îòðàæåíî â êîëè÷åñòâå ññûëîê è

öèòèðîâàíèé íà òðóä. Íå áóäåì çàáûâàòü, ÷òî êîãäà â 1905 ãîäó Àëüáåð-

òó Ýéíøòåéíó ïðèñâîèëè äîêòîðñêóþ ñòåïåíü, åãî äèññåðòàöèÿ îêàçàëàñü

àáñîëþòíûì ðåêîðäîì êðàòêîñòè ñðåäè ó÷¼íûõ âñåõ âðåìåí, êîãäà-ëèáî çà-

ùèùàâøèõ äèññåðòàöèè: íåñêîëüêî ñòðàíèö ðóêîïèñíîãî òåêñòà, â îñíîâíîì

ôîðìóëû, èç êîòîðûõ âàæíåéøàÿ îáåññìåðòèëà åãî èìÿ: "ýíåðãèÿ ðàâíÿåò-

ñÿ ìàññå, ïîìíîæåííîé íà êâàäðàò ñêîðîñòè ñâåòà". Ýòî ôóíäàìåíò íîâîé

íàóêè.
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Geometrical shape of the detonation front and
instability of the detonation in a round tubek

Viktor Volkov

Abstract Stability problem is solved analytically for the plane detonation

wave propagating in a round tube. Geometrical shape (cell structure) of the

detonation front, which is a result of instability development, is substantiated

mathematically.

Keywords detonation, detonation front, instability of detonation, cell structure

of detonation, spin detonation.

ÓÄÊ 532.5 + 536.464

It's known from classical experiments that the detonation waves in explo-

sive gases organize themselves in an unsteady spatial structure (Fig.1.) as a

result of instability development. The most interesting regimes are the �spin�

(Fig.2) and �gallop�, which are typical for detonations of some kinds of mixtures

in cylindrical tubes. Those regimes arise probably in mixtures forming unsafe

situations in industrial enterprises. Although the processes of the cell forming

for the multifront detonations and near-critical regimes are investigated thor-

oughly in copious experiments and described in literature repeatedly, the full

consistent theory for those phenomena is not built yet. The purpose of present

work is to analyze mathematically critical regimes of gaseous detonation from

the standpoint of the small perturbation theory.



DOI 10.15673/2072-9812.3/2014.40227

Geometrical shape of the detonation front 15

Fig.1. A sample of the cellular detonation surface (photograph of the imprints

on the sooty tube butt-end; detonation of mixture 2H2 +O2 under initial

pressure 300 mm Hg)

Fig.2. Photograph of the single-head (�spin�) detonation in gas mixture.

Photographing was done through a slot, which was parallel to the tube axis

The reason for the appearance of the detonation front nonuniformities is the

developing of instability of the one-dimensional complex �shock wave � chemical

reaction zone �, explored experimentally, analytically and numerically. As a result

on the non-linear stage the detonation front surface is covered by cells of a

characteristic size dependent on the initial pressure and chemical properties of

the explosive gas mixture. The numerical and analytical estimates for the mean

size of the detonation front nonuniformities were obtained by solving a stability

problem of a double-front shock-detonation complex. Thus, distortion of the

detonation front and the origin of fractures on it (triple point con�gurations) was

attributed to the two-dimensional instability and the development of the fastest

growing perturbations. The method of instability analysis as well as the analysis
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of the detonation structure has allowed to take into account the continuous

variation of physical and chemical parameters in the course of energy deposition

behind a shock front. Moreover, this method has allowed to explain the possible

stability of detonation in condensed explosives. However, this stability theory

does not account the e�ect of con�nement, whereas in reality the detonation

processes occur only in con�ned volumes. The study of stability and structure

of the self-sustaining detonation wave propagating in a cylindrical tube is done

by us in [1]. The continuous variation of physical and chemical parameters in

the reaction zone behind the shock front is taken into account and essential

restrictions are not imposed either by the equation of chemical kinetics or by

thermal equation of state both for detonating substance and for the detonation

products.

The following mathematical model of a detonation is considered. Along a

z-axis, at z < 0 the inviscid gas moves at a stationary supersonic velocity.

Plane z = 0 corresponds to a shock wave. In the zone 0 ≤ z ≤ L chemical

transformations occur while zone z > L is occupied by the detonation products.

Physical parameters of explosive mixture, gas in the chemical transformation

zone and detonation products are related to each other by the conservation laws

of mass, momentum, and energy. Chemical reaction is assumed to be governed

by a single variable, unburnt mass fraction or progress variable, β. At the shock

front, β = 1. At termination of chemical reaction, i.e., at z = L, β = β2 (0 ≤
β2 < 1). At β = β2 the �ow velocity is equal to the local speed of sound

(Chapman-Jouget condition).

At z > 0 the �ow �eld is governed by a set of gasdynamic equations and

equation of chemical kinetics:

dρ
dt + ρdiv−→u = 0,

ρd
−→u
dt +

−−→
gradp = 0,

∂
∂t

(
pE + ρu2

2

)
+ div

[
−→u
(
ρE + p+ ρu2

2

)]
= 0,

dβ
dt = f(β, p, ρ),

(1)

where −→u is the velocity vector, u2 = −→u 2, ρ is the density, is the pressure, is

the speci�c internal energy, and

E = e+ βQ, (2)

Q is the chemical energy source per unit mass of gas and e = e(p, ρ). For the

thermally perfect gas:

e =
1

γ − 1

p

ρ
+ const, (3)
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where γ is the ratio of thermal speci�c heats.

Function f in the equation of chemical kinetics is assumed to be su�ciently

smooth (as well as function e (p, ρ), expressing the thermal equation of state).

The explosive gas �ows in a round cylindrical tube of radius r0, therefore Eqs.

(1) should be formulated in a cylindrical frame of reference.

Let us investigate the stability of the basic solution of Eqs. (1) in relation to

small perturbations u
′

jr, u
′

jϕ, u
′

jz, ρ
′

j , p
′

j , β
′

j corresponding to radial, tangential

and axial components of a velocity vector, pressure, density and progress vari-

able, in the reaction zone (j = 1) or in the detonation products (j = 2), assuming

that β
′

2 = 0. As a result the following linearized equations can be obtained from

Eqs. (1):

∂ρ
′
j

∂t + ∂
∂z

(
ρu

′

jz + ujρ
′

j

)
+

ρj
r

[
∂(ru

′
jr)

∂r +
∂u

′
jϕ

∂ϕ

]
= 0,

∂u
′
jr

∂t + uj
∂u

′
jr

∂z + 1
ρj

∂p
′
j

∂r = 0,

∂u
′
jϕ

∂t + uj
∂u

′
jϕ

∂z + 1
ρjr

∂pj
∂ϕ = 0,

∂u
′
jz

∂t + ∂
∂z

(
uju

′

jz

)
+ 1

ρj

∂p
′
j

∂z −
1
ρ2j

dpj
dz ρ

′

j = 0,

ρj

(
∂β

′

∂t + uj
∂β

′

∂z

)
+ uj

dβ
dz ρ

′

j +
∂p

′
j

∂t + 1
Q(γj−1)

∂p
′
j

∂t +
uj

Q(γj−1)
∂p

′
j

∂z +

+
jj

Q(γj−1)
duj

dz p
′

j −
jjpj

ρQ(γj−1)

(
∂ρ

′
j

∂t + uj
∂ρ

′
j

∂z +
duj

dz ρ
′

j

)
= 0,

∂β
′

∂t + uj
∂β

′

∂z + dβ
dz u

′

jz − uj
dβ
dz

(
∂f
∂ββ

′

j +
∂f
∂pj

p
′

j +
∂f
∂ρj

ρ
′

j

)
= 0,

(4)

where

γj = 1 +

[(
∂ej
∂pj

)
ρj

ρj

]
. (5)

In the particular case of thermally perfect gas, γj is the ratio of speci�c heats.

The solutions of Eqs. (4) should obey to the condition:

u
′

jr |r=r0= 0, (6)

and the condition of regularity at r → 0. In view of it, the solution is taken in

the form
u
′
jz

u2
= y1j(z)F (r, ϕ, t);

u
′
jr

u2
= y2j(z)r0ξ

−1
nk

d
dr lnJn

(
ξnkrr

−1
0

)
F (r, ϕ, t);

u
′
jϕ

u2
= y3j(z)rr

−1
0 ξ−1nk nF (r, ϕ, t);

p
′
j

p2
= y4j(z)F (r, ϕ, t);

ρ
′
j

ρ2
= y5j(z)F (r, ϕ, t);

β
′
= y6j(z)F (r, ϕ, t),

(7)
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where

F (r, ϕ, t) = exp

(
ωr−10 u2t+ inϕ

)
Jn

(
ξnkrr

−1
0

)
, (8)

and ω � a complex value (dimensionless eigenvalue), n is the azimuthal wave

number (n = 0, 1, 2, . . .), Jn(ξ) is the cylindrical functions of the 1-st kind of

order n, ξnk is the k th root of the equation dJn(ξ)/dξ = 0, yjk (k = 1, ..., 5) �

dimensionless function of z.

For the Chapman-Jouget detonation (u2 = a2, i.e. M2 = 1, where M2 = u2

a2

is the Mach number, 2 is the speed of sound in the detonation products) the

functions y2k(k = 1, ..., 4) are determined to be the solutions of system of the

linear homogeneous di�erential equations with constant coe�cients and contain

three uncertain constants A2l(1, 2, 3).

The equations of the perturbed shock front and the surface of chemical re-

action termination are set as

z = ε1(r, ϕ, t), z = L+ ε2(r, ϕ, t), (9)

where

εj = A0jr0F (, ϕ, t). (10)

In the linear approximation, the laws of conservation of mass, momentum, energy

and unburnt mass fraction at the shock front (z = 0) are given by

u1ρ
′

1 + ρ1u
′

1z =
(
ρ1 − ρ0

)
∂ε1
∂t ,

u
′

1r =
(
u0 − u1

)
∂ε1
∂r ,

u
′

1ϕ = 1
r

(
u0 − u1

)
∂ε1
∂ϕ ,

p
′

1 + u21ρ
′

1 + 2ρ1u1u
′

1z = 0,[
(γ1 − 1)ρ1 − (γ0 + 1)ρ0

]
p

′

1 +
[
(γ1 − 1)p1 + (γ0 + 1)p0

]
+

+bρ′

1 + 2(γ1 − 1)Q2
ρ1β

′c = 0,

β
′
+ ε1

dβ
dz = 0,

(11)

where index 0 denotes parameters of a unperturbed stream at z < 0.

As the perturbations behind shock front are continuous everywhere along the

tube, the requirements of a continuity of all parameters at the perturbed surface

of the chemical reaction termination should be used.

After simple transformations one arrives at the following boundary value

problem:
−→
R (0) =

−→
R 0,−→

R (1) =
−→
Rm,

d
−→
R
dz̃ = G(z̃)

−→
R,

(12)
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with
−→
R (0) = A10

(
−→
R

(1)
0 + ω

−→
R

(2)
0

)
, (13)

−→
R (m) = Σ3

R=0A2l
−→
R (l)
m , (14)

G(z̃) = G(1)(z̃) + ωG(2)(z̃), (15)

z̃ =
z

L
, (16)

−→
R =

( y11y12
y13

y14

y15

)
, (17)

where G is the 5× 5 matrix.

It is rather di�cult to �nd a precise solution of the system of ordinary lin-

ear homogeneous di�erential equations with variable coe�cients. Therefore, the

boundary value problem (13) is solved approximately [1] by the Euler method.

As a result, one arrives at the equation for de�nition of eigenvalues

F (ω) = 0, (18)

where function F (ω) represents a polynomial ofm+5 order, wherem the number

of intervals in Euler method. If this equation has a solution with a positive real

part, it is evidence of the detonation wave instability. The eigenvalue ω is, in

general, the complex function of parameter ξnk.

Calculating of the pulsation structure of detonation waves is based on the

discrete spectrum of values ξnk satisfying a boundary condition (6), it is possible

to choose the eigenvalues ω (ξnk), providing the fastest growth rate of pertur-

bation amplitude, and therefore the maximal distortion of the front. ξnl value

corresponds these eigenvalues almost always. Thus it is possible to calculate the

mean size of nonuniformities (cells) in the detonation wave propagating in an ex-

plosive gas. Particular calculations were performed for mixtures 2H2+O2+7Ar

and 2H2 + O2 + 7. He with the kinetics of [2] and are compared to results of

experiments [3] - [5] and numerical analysis [2], [6]. The agreements between the

present analysis and experimental data can be treated as satisfactory.

For the formation of the detonation structure, parameter

δ = Lr−10 , (19)

which shows the ratio of the reaction zone width to the tube radius is the most

important one. Increase of the tube radius r0 or decrease of the reaction zone
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width L (that is possible, for example, when the explosive gas pressure 0 increases

or the inert additions) leads to decrease of δ.

For the thermally perfect gas with the model kinetics [2] if δ ≥ 0.5 the

instability takes place only for n = 0. But in this case ξ01 = 0, and it contra-

dicts (7), and the case, corresponding to ξ02 = 3.83 is realised. Absence of the

dependance of perturbations from ϕ means, that gas produces radial acoustic

oscillations. But under n = 0, ξ01 = 0 it is necessary to go over to another (one-

dimensional) stability problem. This problem is solved by us before [1] and the

instability of the gaseous detonations to the one-dimensional perturbations is

proved. Developing of such instability may be accepted for theoretical explana-

tion of the galloping detonation regime [5]. At the non-linear stage of developing

one-dimensional (axial) and radial perturbations will interact. The result of such

interaction is non-one-dimensional character of the detonation �gallop�, that is

observed in experiments [5].

If 0.3 ≤ δ ≤ 0.5 instability develops under n = 1, ξ11 = 1.84, which corre-

sponds to the single-head spinning detonation (Fig.2) [4], [5]. If 0.1 ≤ δ ≤ 0.3

instability develops under n = 2, ξ21 = 3.05, which corresponds to the double-

head spinning detonation [4], [5]. And so on, as δ decreases, n increases, that

means existence of the multi-head spin, i.e. cell structure of detonation (Fig.1).
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Èçîáèëèå êëàññîâ òîïîëîãè÷åñêîé ñîïðÿæåííî-
ñòè äëÿ áëóæäàþùåãî ìíîæåñòâà âíóòðåííèõ
îòîáðàæåíèé

Èãîðü Þðüåâè÷ Âëàñåíêî

Àííîòàöèÿ Äëÿ ãîìåîìîðôèçìîâ ïîâåðõíîñòåé ñ òî÷íîñòüþ äî òîïîëî-

ãè÷åñêîãî ñîïðÿæåíèÿ ñóùåñòâóåò òîëüêî îäíà äâóñâÿçíàÿ íåïîäâèæíàÿ

ðåãóëÿðíàÿ êîìïîíåíòà áëóæäàþùåãî ìíîæåñòâà. Îäíàêî äëÿ íåîáðàòèìûõ

âíóòðåííèõ îòîáðàæåíèé ýòî íå òàê. Â ðàáîòå ïîñòðîåí ïðèìåð áåñêîíå÷-

íîé ïîñëåäîâàòåëüíîñòè âíóòðåííèõ îòîáðàæåíèé ñôåðû ñ èíâàðèàíòíîé

äâóñâÿçíîé ðåãóëÿðíîé êîìïîíåíòîé, òàêèõ, ÷òî ýòè îòîáðàæåíèÿ â ñóæå-

íèè íà ñâîþ ðåãóëÿðíóþ êîìïîíåíòó ïîïàðíî òîïîëîãè÷åñêè íå ñîïðÿæåíû.

Êëþ÷åâûå ñëîâà âíóòðåííèå îòîáðàæåíèÿ, êëàññû òîïîëîãè÷åñêîé ñîïðÿ-

æåííîñòè, áëóæäàþùåå ìíîæåñòâî

ÓÄÊ 517.938.5

Ïóñòü S2 � äâóìåðíàÿ ñôåðà è f : S2 → S2 � åå âíóòðåííåå îòîáðàæåíèå,

ò. å. íåïðåðûâíûé îòêðûòûé (îáðàç ëþáîãî îòêðûòîãî ìíîæåñòâà îòêðûò)

êîíå÷íîêðàòíûé (ó êàæäîé òî÷êè ÷èñëî ïðîîáðàçîâ êîíå÷íî) ýïèìîðôèçì.

Ïîäðîáíåå î âíóòðåííèõ îòîáðàæåíèÿõ ñì. [7].

Â ðàáîòàõ [1], [2] Áèðêãîôîì è Ñìèòîì áûëî ïîêàçàíî, ÷òî äëÿ ãîìåî-

ìîðôèçìîâ ïîâåðõíîñòåé ëþáàÿ ïåðèîäè÷åñêàÿ ðåãóëÿðíàÿ êîìïîíåíòà S

áëóæäàþùåãî ìíîæåñòâà èìååò òîïîëîãè÷åñêèé òèï ëèáî îäíîñâÿçíîé ëèáî

äâóñâÿçíîé îáëàñòè â R2, ïðè÷åì â ñëó÷àå äâóñâÿçíîé îáëàñòè îáå êîìïî-

íåíòû ñâÿçíîñòè ãðàíèöû S ëåæàò âî ìíîæåñòâå íåáëóæäàþùèõ òî÷åê. Äëÿ

êàæäîãî èç ýòèõ òèïîâ êîìïîíåíò â ñóæåíèè íà òðàåêòîðèþ òàêîé êîìïî-
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íåíòû ãîìåîìîðôèçìû òîïîëîãè÷åñêè ñîïðÿæåíû1: ýòî çàêðûâàåò âîïðîñ î

êëàññèôèêàöèè ðåãóëÿðíûõ êîìïîíåíò ãîìåîìîðôèçìîâ. Â [3] ýòè èññëåäî-

âàíèÿ áûëè ïðîäîëæåíû íà ñëó÷àé áîëüøèõ ðàçìåðíîñòåé.

Òàêèì îáðàçîì, â ñëó÷àå ãîìåîìîðôèçìîâ äèíàìèêà íà ìíîæåñòâå áëóæ-

äàþùèõ òî÷åê óñòðîåíà îòíîñèòåëüíî ïðîñòî. Íàïðèìåð, äëÿ ãîìåîìîðôèç-

ìîâ ñôåðû, ó êîòîðûõ íåáëóæäàþùåå ìíîæåñòâî ñîñòîèò èç äâóõ òî÷åê �

ñòîêà è èñòî÷íèêà, îãðàíè÷åíèÿ ýòèõ ãîìåîìîðôèçìîâ íà áëóæäàþùåå ìíî-

æåñòâî ïðèíàäëåæàò îäíîìó êëàññó òîïîëîãè÷åñêîé ñîïðÿæåííîñòè.

Îäíàêî, êàê çäåñü ïîêàçàíî, äëÿ íåîáðàòèìûõ âíóòðåííèõ îòîáðàæåíèé

ñèòóàöèÿ ñóùåñòâåííî îòëè÷àåòñÿ. Óæå â ñëó÷àå ðàçâåòâëåííîãî íàêðûâà-

þùåãî âíóòðåííåãî îòîáðàæåíèÿ ñôåðû, ó êîòîðîãî íåáëóæäàþùåå ìíîæå-

ñòâî ñîñòîèò èç äâóõ òî÷åê � ñòîêà è èñòî÷íèêà, íà áëóæäàþùåì ìíîæåñòâå

ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî êëàññîâ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè.

Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ â ðàáîòå ïîñòðîåí ïðèìåð ñ÷åò-

íîãî ñåìåéñòâà ïîïàðíî òîïîëîãè÷åñêè ðàçëè÷íûõ âíóòðåííèõ îòîáðàæåíèé

äâóìåðíîé ñôåðû S2 óêàçàííîãî âûøå òèïà.

Îòäåëüíóþ áëàãîäàðíîñòü õî÷ó âûðàçèòü ðåöåíçåíòó ñòàòüè çà âûÿâëåí-

íûå îøèáêè â ïåðâîì âàðèàíòå ïðèìåðà.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Îáîçíà÷èì ÷åðåç O+
f (x) ïîëîæèòåëüíóþ ïîëóòðàåêòîðèþ òî÷êè x, ò. å.

ìíîæåñòâî {fn(x)| n ≥ 0}. Îáîçíà÷èì ÷åðåç O−f (x) îòðèöàòåëüíóþ ïîëóòðà-

åêòîðèþ òî÷êè x, ò. å. ìíîæåñòâî {fn(x)| n < 0}. Øèðîêîé òðàåêòîðèåé

Of (x) òî÷êè x íàçîâåì ìíîæåñòâî ∪y∈O+
f (x)O

−
f (y).

Òàê êàê f � êîíå÷íîêðàòíûé ýïèìîðôèçì, òî åñòåñòâåííî ýòè òðàåêòî-

ðèè âîñïðèíèìàòü êàê íàáîðû èç îòäåëüíûõ òî÷åê.

Â îòëè÷èå îò ãîìåîìîðôèçìîâ, äëÿ êîòîðûõ òðàåêòîðèÿ òî÷êè â òî÷-

íîñòè ñîñòîèò èç åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé ïîëóòðàåêòîðèé, ó

âíóòðåííèõ îòîáðàæåíèé øèðîêàÿ òðàåêòîðèÿ òî÷êè èìååò è äðóãèå òî÷-

êè. Ââåäåì åùå îäíî åñòåñòâåííîå ïîäìíîæåñòâî øèðîêîé òðàåêòîðèè òî÷-

êè, êîòîðîå íå íèãäå íå ïåðåñåêàåòñÿ ñ åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé

ïîëóòðàåêòîðèÿìè, êðîìå êàê â ñàìîé òî÷êå.

Îïðåäåëåíèå 1 Íåéòðàëüíûì ñå÷åíèåì òðàåêòîðèè òî÷êè x íàçîâåì

ìíîæåñòâî {f−n (fn(x)) | n ≥ 0}. Îáîçíà÷èì åå ÷åðåç O⊥f (x).

Êàê ëåãêî âèäåòü èç îïðåäåëåíèÿ, åñëè ñðåäè îáðàçîâ x íåò ïåðèîäè÷å-

ñêîé òî÷êè, à f èìååò â òî÷êàõ îðáèòû áîëüøå îäíîãî ïðîîáðàçà, òî øèðîêàÿ

1 f è g òîïîëîãè÷åñêè ñîïðÿæåíû, åñëè ∃ ãîìåîìîðôèçì h: fh = hg. Ïîäðîáíåå ñì. [5].
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òðàåêòîðèÿ òî÷êè x ðàñïàäàåòñÿ íà áåñêîíå÷íîå ÷èñëî íåéòðàëüíûõ ñå÷åíèé,

ïðè ÷åì êàæäîå íåéòðàëüíîå ñå÷åíèå ñîñòîèò èç áåñêîíå÷íîãî ÷èñëà òî÷åê.

Îïðåäåëåíèå 2 Òî÷êà x íàçûâàåòñÿ áëóæäàþùåé òî÷êîé f , åñëè íàéäåò-

ñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî fm(U) ∩ U = ∅ äëÿ âñåõ m ∈ Z.

Îáùèå îïðåäåëåíèÿ ñóïåðáëóæäàþùèõ è ðàâíîìåðíî ñóïåðáëóæäàþùèõ

äàíû â [4]. Äëÿ êðàòêîñòè èçëîæåíèÿ äàäèì çäåñü óïðîùåííîå îïðåäåëåíèå,

èñïîëüçóÿ òîò ôàêò, ÷òî â ïîñòðîåííûõ ïðèìåðàõ áëóæäàþùåå ìíîæåñòâî

äâóñâÿçíî è ãîìåîìîðôíî öèëèíäðó, à ñóæåíèå ðàññìàòðèâàåìûõ îòîáðàæå-

íèé íà ýòîò öèëèíäð ÿâëÿåòñÿ ëîêàëüíûì ãîìåîìîðôèçìîì.

Îïðåäåëåíèå 3 Òî÷êà x íàçûâàåòñÿ íåéòðàëüíî áëóæäàþùåé òî÷êîé f ,

åñëè íàéäåòñÿ òàêàÿ åå ñâÿçíàÿ îêðåñòíîñòü U , ÷òî ∀n ≥ 0 îòêðû-

òîå ìíîæåñòâî f−n(fn(U)) ðàñïàäàåòñÿ íà êîìïîíåíòû ñâÿçíîñòè òàêèå,

÷òî ñóæåíèå f íà êàæäóþ êîìïîíåíòó ñâÿçíîñòè ÿâëÿåòñÿ ãîìåîìîðôèç-

ìîì è êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ñîäåðæèò â òî÷íîñòè îäíî òî÷êó

èç ìíîæåñòâà {f−n (fn(x))}.

Îïðåäåëåíèå 4 Òî÷êà x íàçûâàåòñÿ ñóïåðáëóæäàþùåé òî÷êîé f , åñëè

îíà áëóæäàþùàÿ è íåéòðàëüíî áëóæäàþùàÿ.

Îáîçíà÷èì ÷åðåç Ω ìíîæåñòâî íåáëóæäàþùèõ (íå ÿâëÿþùèõñÿ áëóæäà-

þùèìè) òî÷åê.

Îïðåäåëåíèå 5 Áëóæäàþùàÿ òî÷êà x íàçûâàåòñÿ ðåãóëÿðíîé, åñëè ∀ε >
0 ∃δ(x) � δ-îêðåñòíîñòü òî÷êè x, è ∃N > 0 òàêîå, ÷òî ∀k > N è ∀k < −N
fk(δ(x)) ⊂ ε(Ω), ãäå ε(Ω) � ε-îêðåñòíîñòü ìíîæåñòâà Ω, fk(δ(x)) � îáðàç

δ(x) ïðè îòîáðàæåíèè fk.

Ìíîæåñòâî ðåãóëÿðíûõ òî÷åê îòêðûòî. Ìàêñèìàëüíûå ñâÿçíûå êîìïî-

íåíòû ýòîãî ìíîæåñòâà íàçûâàþòñÿ ðåãóëÿðíûìè êîìïîíåíòàìè.

Ïîñòðîåíèå èñêîìîé ïîñëåäîâàòåëüíîñòè.

Ââåäåì íà ñôåðå áåç äâóõ òî÷åê êîîðäèíàòû áåñêîíå÷íîãî öèëèíäðà

(r, φ), r ∈ R, φ ∈ [0, 1). Äâå îñòàâøèåñÿ òî÷êè ñôåðû îáîçíà÷èì ñîîòâåò-

ñòâåííî ÷åðåç +∞ è −∞.

Ðàññìîòðèì â ýòèõ êîîðäèíàòàõ ïðîñòîå îòîáðàæåíèå ñôåðû

Φ0 : (r, φ) 7→ (r + 1, 2φ mod 1).

Ëåãêî âèäåòü, ÷òî ýòî âíóòðåííåå îòîáðàæåíèå ñòåïåíè 2 ñ òî÷êàìè âåòâëå-

íèÿ +∞ è −∞. Íåáëóæäàþùåå ìíîæåñòâî ýòîãî îòîáðàæåíèÿ òîæå ñîñòîèò
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èç òî÷åê +∞ è −∞, ïðè ÷åì +∞ ÿâëÿåòñÿ ñòîêîì, à −∞ � èñòî÷íèêîì.

Îñòàëüíûå òî÷êè ÿâëÿþòñÿ áëóæäàþùèìè, ïðè ÷åì áëóæäàþùåå ìíîæå-

ñòâî îáëàäàåò äâóìÿ èíâàðèàíòíûìè ñëîåíèÿìè íà êîîðäèíàòíûå ëèíèè

{r = const} è {φ = const}.

Ñëåäóþùåå ñåìåéñòâî îòîáðàæåíèé áóäåò ïîñòðîåíî ñ ïîìîùüþ âîçìó-

ùåíèé Φ0, êîòîðûå ìû áóäåì ïîäáèðàòü òàê, ÷òîáû ó âîçìóùåííîãî îòîáðà-

æåíèÿ íåáëóæäàþùåå ìíîæåñòâî ïðîäîëæàëî áû ñîñòîÿòü èç òî÷åê âåòâ-

ëåíèÿ +∞ è −∞, è ñîõðàíÿëèñü èíâàðèàíòíûå ñëîåíèÿ {r = const} è

{φ = const}.

Äëÿ ýòîãî â îòîáðàæåíèè Φ0 áóäåì ìåíÿòü âî âòîðîé (óãëîâîé) êî-

îðäèíàòå îòîáðàæåíèå Ψ0 = 2φ mod 1 íà îòîáðàæåíèÿ Ψi(φ), ãäå êàæäîå

Ψi : S
1 → S1 �íåêîòîðîå âîçìóùåíèå îòîáðàæåíèÿ 2φ mod 1, òàêæå ÿâëÿþ-

ùååñÿ äâóëèñòíûì íàêðûòèåì îêðóæíîñòè R mod 1, êîòîðîå áóäåò çàäàíî

äàëåå. Òîãäà èñêîìîå ñåìåéñòâî îòîáðàæåíèé (Φi), i ≥ 1 áóäåò èìåòü âèä

Φi : (r, φ) 7→ (r + 1, Ψi(φ)). Ëåãêî âèäåòü, ÷òî äëÿ îòîáðàæåíèé òàêîãî âèäà

ñëîåíèÿ {r = const} è {φ = const} ÿâëÿþòñÿ èíâàðèàíòíûìè.

Îñòàëîñü çàäàòü îòîáðàæåíèÿ (Ψi), i ≥ 1. Çàìåòèì, ÷òî ó îòîáðàæåíèÿ

Ψ0 = 2φ mod 1 ìíîæåñòâî ïåðèîäè÷åñêèõ òî÷åê áåñêîíå÷íî è èõ ìàêñèìàëü-

íûé ïåðèîä íå îãðàíè÷åí. Âûáåðåì êàêóþ-íèáóäü áåñêîíå÷íóþ ïîñëåäîâà-

òåëüíîñòü (εn0 ) ïåðèîäè÷åñêèõ òî÷åê îòîáðàæåíèÿ 2φ mod 1 òàêóþ, ÷òî ïåðè-

îä ýòèõ òî÷åê p(n) ñòðîãî âîçðàñòàåò. Ê ïðèìåðó, ïîëîæèì ε10 = 1
2 (ïåðèîä

1, O+
Ψ0
( 12 ) = { 12}), ε

2
0 = 1

3 (ïåðèîä 2, O+
Ψ0
( 13 ) = { 13 ,

2
3}), ε

3
0 = 1

7 (ïåðèîä 3,

O+
Ψ0
( 17 ) = {

1
7 ,

2
7 ,

4
7}), ε

4
0 = 1

5 (ïåðèîä 4, O+
Ψ0
( 15 ) = {

1
5 ,

2
5 ,

4
5 ,

3
5}),. . .

Îáîçíà÷èì òî÷êè èç O+
Ψ0
(εn0 ) ÷åðåç ε

n
0 , . . . , ε

n
p(n)−1, Ψ0(ε

n
i ) = εni+1. Ïóñòü

dn = mini,j |εni − εnj mod 1| � ìèíèìàëüíîå ðàññòîÿíèå ìåæäó òî÷êàìè èç

O+(εn0 ). Îáîçíà÷èì ÷åðåç Iij îòðåçîê [εij − di
4 , ε

i
j +

di
4 ].

Çàäàäèì Ψi(φ) íà îòðåçêàõ Iij êàê Ψi(φ) = εij + φ, φ ∈ Iij , à âíå îòðåç-

êîâ Iij ãëàäêî ïðîäîëæèì Ψi(φ) ëþáîé ïîäõîäÿùåé ôóíêöèåé òàê, ÷òîáû

îòîáðàæåíèå Ψi(φ) áûëî ìîíîòîííî ïî φ è âíå îòðåçêîâ Iij ïðîèçâîäíàÿ îò

Ψi(φ) áûëà áû ñòðîãî áîëüøå 1. Çàìåòèì, ÷òî ïî ïîñòðîåíèþ Ψi
(
Iij
)
= Iij+1,

j < p(n) − 1, Ψi

(
Iip(n)−1

)
= Ii0, I

i
p(n) = Ii0. Ê ïðèìåðó, â êà÷åñòâå Ψi ìîæíî

âçÿòü ôóíêöèè èç ðèñ. 1. Äèíàìèêà Ψi(φ) âûãäÿäèò ñëåäóþùèì îáðàçîì:

ïî ïîñòðîåíèþ, îòðåçêè Iij ñîñòîÿò èç ïåðèîäè÷åñêèõ òî÷åê ñ ïåðèîäîì 2i.

Îñòàâøèåñÿ òî÷êè ïðèíàäëåæàò ëèáî îòêðûòîìó ìíîæåñòâó òî÷åê, êîòîðûå

îòîáðàæàþòñÿ íà âíóòðåííîñòü îòðåçêîâ Iij , ëèáî âõîäÿò â îñòàâøååñÿ Êàí-

òîðîâî ìíîæåñòâî ðàñòÿãèâàþùèõ òî÷åê, ñîñòîÿùåå èç ñ÷åòíîãî ìíîæåñòâà
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íåñòðîãî ðàñòÿãèâàþùèõ òî÷åê, âõîäÿùèõ â ãðàíèöû ïðîîáðàçîâ îòðåçêîâ,

è êîíòèíóóìà ñòðîãî ðàñòÿãèâàþùèõ òî÷åê.

0 1

1

2

0 1

1

2

0 1

1

2

0 1

1

2

0 1

1

2

Ðèñ. 1 Ψ1(φ), Ψ2(φ), Ψ3(φ), Ψ4(φ), Ψ5(φ).

Ðàññìîòðèì ó ïîëó÷åííîãî âíóòðåííåãî îòîáðàæåíèÿ Φi ïðîèçâîëü-

íóþ áëóæäàþùóþ òî÷êó (r0, φ0). Ïðåäñòàâèì øèðîêóþ òðàåêòîðèþ òî÷êè

(r0, φ0) â âèäå îáúåäèíåíèÿ íåéòðàëüíûõ ñå÷åíèé:

OΦi ((r0, φ0)) = ∪+∞s=−∞(Φi)
s
(
O⊥Φi

(r0, φ0)
)
.

Ïî ïîñòðîåíèþ, åå øèðîêàÿ òðàåêòîðèÿ âëîæåíà â íàáîð îêðóæíîñòåé

{{r0 + n = const} , n ∈ Z} ,

à êàæäîå íåéòðàëüíîå ñå÷åíèå (Φi)
s
(
O⊥Φi

(r0, φ0)
)
øèðîêîé òðàåêòîðèè ëå-

æèò â ñâîåé îòäåëüíîé îêðóæíîñòè {r0+s = const}, è, êàê ñëåäñòâèå, ðàçíûå
íåéòðàëüíûå ñå÷åíèÿ îòäåëåíû äðóã îò äðóãà. Îòñþäà ñëåäóåò, ÷òî ÿâëÿåò-

ñÿ ëè òî÷êà (r0, φ0) ïðîñòî áëóæäàþùåé èëè æå ñóïåðáëóæäàþùåé, çàâèñèò

òîëüêî îò åå äèíàìèêè ïî óãëîâîé êîîðäèíàòå φ, çàäàííîé îòîáðàæåíèåì

Ψi(φ).

Ëåãêî âèäåòü, ÷òî òî÷êè, äëÿ êîòîðûõ èõ óãëîâàÿ êîîðäèíàòà ñî âðå-

ìåíåì îòîáðàæàåòñÿ ñ ïîìîùüþ Ψi(φ) íà âíóòðåííîñòü îäíîãî èç îòðåçêîâ

Iij , ÿâëÿþòñÿ ñóïåðáëóæäàþùèìè. Â êà÷åñòâå ðàçäåëÿþùåé îêðåñòíîñòè èç

îïðåäåëåíèÿ òàì ìîæíî âçÿòü âíóòðåííîñòü ïðÿìîóãîëüíèêà Iij×(r0−ε, r0+
ε). Îñòàâøèåñÿ òî÷êè íå ÿâëÿþòñÿ ñóïåðáëóæäàþùèìè, òàê êàê ïî ïîñòðî-

åíèþ îíè ÿâëÿþòñÿ òî÷êàìè íàêîïëåíèÿ ñâîåãî íåéòðàëüíîãî ñå÷åíèÿ.

Òàêèì îáðàçîì, äëÿ îòîáðàæåíèÿ Φi îòðåçêè I
i
j îäíîçíà÷íî îïðåäåëÿþò

âïåðåä èíâàðèàíòíûå êîìïîíåíòû ìíîæåñòâà ñóïåðáëóæäàþùèõ òî÷åê.

Â ïîëó÷åííîì ñåìåéñòâå îòîáðàæåíèé (Φi), i ≥ 1 âïåðåä èíâàðèàíò-

íûå ïåðèîäè÷åñêèå êîìïîíåíòû ìíîæåñòâà ñóïåðáëóæäàþùèõ òî÷åê îòîá-

ðàæåíèÿ Φi ïî ïîñòðîåíèþ ïðåäñòàâëÿþò ñîáîé âíóòðåííîñòè ìíîæåñòâ
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Iij × (−∞,+∞) è èìåþò ïåðèîä p(i). Ïîñêîëüêó ïåðèîä p(i) ðàñòåò ñòðî-

ãî ìîíîòîííî, äëÿ ðàçíûõ i îòîáðàæåíèÿ Φi íå ìîãóò áûòü òîïîëîãè÷åñêè

ñîïðÿæåíû ìåæäó ñîáîé, à èõ ìíîæåñòâà ñóïåðáëóæäàþùèõ òî÷åê òîïîëî-

ãè÷åñêè ðàçëè÷íû.
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Abundance of topological conjugacy classes for wandering sets

of inner mappings

For a homeomorphism there is only one cylindric regular invariant component

of wandering set up to the topological conjugacy. But it is di�erent for inner

mappings. This paper shows an example of in�nite sequence of inner mappings

such that each of them has a cylindric regular invariant component of wandering

set but for any pair of inner mappings their components are not topologically

conjugate.
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Ìîëåêóëè m-ôóíêöié ñòåïåíi 2 íà ïîâåðõíÿõ ç
êðà¹ì

Î.Ì. Iâàíþê, Î.Î. Ïðèøëÿê

Àíîòàöiÿ Ìè ðîçãëÿäà¹ìî ìîëåêóëè ç àòîìiâ ñòåïåíi 2 íà ïîâåðõíÿõ ç

êðà¹ì. Âñi ìîæëèâi ìîëåêóëè, ÿêi ìîæíà îòðèìàòè ñêëåþâàííÿì àòîìiâ

ñêëàäíîñòi 2 m-ôóíêöié íà ïîâåðõíÿõ ç êðà¹ì, îá÷èñëþþòüñÿ òðüîìà ñïî-

ñîáàìè:

1) Ñêëåþâàííÿ òèõ äâîõ àòîìiâ ìiæ ñîáîþ, â ïåðøîìó ç ÿêèõ êiëüêiñòü

ðåáåð, ùî âõîäèòü, ñïiâïàäà¹ ç êiëüêiñòþ ðåáåð, ùî âèõîäèòü ç äðóãîãî àòî-

ìà.

2) Ñêëåþâàííÿ òðüîõ àòîìiâ ìiæ ñîáîþ, â ïåðøîìó ç ÿêèõ êiëüêiñòü ðå-

áåð, ùî âõîäèòü, ñïiâïàäà¹ ç êiëüêiñòþ ðåáåð, ùî âèõîäèòü ç äðóãîãî àòîìà,

i âîäíî÷àñ â äðóãîìó ç ÿêèõ êiëüêiñòü ðåáåð, ùî âõîäèòü, ñïiâïàäà¹ ç êiëü-

êiñòþ ðåáåð, ùî âèõîäèòü ç òðåòüîãî àòîìà.

3) Ñêëåþâàííÿ äâîõ àòîìiâ ñêëàäíîñòi 2, àëå áåðóòüñÿ íå âñi êðèòè÷íi

òî÷êè.

Êëþ÷îâi ñëîâà àòîì m-ôóíêöi¨ · òîïîëîãi÷íà êëàñèôiêàöiÿ · ìîëåêóëà

ÓÄÊ 517.91

Âñòóï

Íåõàé M � çàìêíåíèé îði¹íòîâàíèé äâîâèìiðíèé ìíîãîâèä (ïîâåðõíÿ),

f � ãëàäêà ôóíêöiÿ íà M . Ðîçãëÿíåìî ãàìiëüòîíîâó äèíàìi÷íó ñèñòåìó, ÿêà
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çàäà¹òüñÿ ðiâíÿííÿì dx
dt = sgradf(x), x ∈ M . Òîäi ¨¨ òðà¹êòîði¨ áóäóòü ëå-

æàòè íà êîìïîíåíòàõ ëiíié ðiâíÿ ôóíêöi¨ f . Öi êîìïîíåíòè íàçâåìî øàðàìè.

Ãîìåîìîðôiçì ïîâåðõíi, ùî âiäîáðàæà¹ øàðè íà øàðè, íàçèâà¹òüñÿ ïîøàðî-

âîþ åêâiâàëåíòíiñòþ. Îòæå, ïîøàðîâà êëàñèôiêàöiÿ ôóíêöié çàäà¹ òîïîëî-

ãi÷íó êëàñèôiêàöiþ ãàìiëüòîíîâèõ äèíàìi÷íèõ ñèñòåì. Â ðîáîòi Î.Áîëñiíîâà

òà À.Ôîìåíêà [1] áóëî çàïðîïîíîâàíî ðîçøàðîâàíèé îêië êðèòè÷íîãî ðiâíÿ

íàçèâàòè àòîìîì, à ãðàô Ðiáà, ó ÿêîãî âåðøèíàì âiäïîâiäàþòü àòîìè, à

ðåáðàì êîìïîíåíòè êðàþ àòîìiâ, íàçèâàòè ìîëåêóëîþ. Öå äàëî çìîãó ïîáó-

äóâàòè ïîøàðîâó òà òîïîëîãi÷íó êëàñèôiêàöiþ äîâiëüíèõ ôóíêöié Ìîðñà.

Äëÿ ìíîãîâèäiâ ç êðà¹ì àíàëîãîì ôóíêöié Ìîðñà ¹ m-ôóíêöi¨. Â ðîáîòi

[2] îòðèìàíà êëàñèôiêàöiÿ ïðîñòèõ (ñêëàäíîñòi 1) m-ôóíêöié íà îði¹íòîâà-

íèõ ïîâåðõíÿõ. Â ðîáîòi [3] áóëî ðîçãëÿíóòî âñi ìîæëèâi àòîìè ñêëàäíîñòi

2 m-ôóíêöié íà ïîâåðõíÿõ ç êðà¹ì.

Ìåòîþ ðîáîòè ¹ îòðèìàííÿ òîïîëîãi÷íà êëàñèôiêàöiÿ m-ôóíêöi¨ ñêëàä-

íîñòi 2 íà îði¹íòîâàíèõ ïîâåðõíÿõ çà äîïîìîãîþ ìîëåêóë, ñêëàäåíèõ ç àòî-

ìiâ ñêëàäíîñòi 2.

1 Àòîìè m-ôóíêöié.

Íåõàé M � ãëàäêèé ìíîãîâèä ðîçìiðíîñòi n, f :M −→ R � ãëàäêà ôóíê-

öiÿ, x1, ..., xn � ãëàäêi ðåãóëÿðíi êîîðäèíàòè â îêîëi òî÷êè x.

Íàãàäà¹ìî, ùî âíóòðiøíÿ òî÷êà x ∈ M íàçèâà¹òüñÿ êðèòè÷íîþ äëÿ

ôóíêöi¨ f , ÿêùî äèôåðåíöiàë df =
∑ ∂f

∂xi
dxi îáåðòà¹òüñÿ â íóëü â òî÷-

öi x. Ïðè öüîìó f(x) íàçèâà¹òüñÿ êðèòè÷íèì çíà÷åííÿì ôóíêöi¨ f . Êðè-

òè÷íà òî÷êà íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî äðóãèé äèôåðåíöiàë d2f =∑ ∂2f
∂xi∂xj

dxidxj íåâèðîäæåíèé â öié òî÷öi. Ãëàäêà ôóíêöiÿ íà çàìêíåíîìó

ìíîãîâèäi íàçèâà¹òüñÿ ôóíêöi¹þ Ìîðñà, ÿêùî âñi ¨¨ êðèòè÷íi òî÷êè íåâèðîä-

æåíi. Ãëàäêà ôóíêöiÿ íà ìíîãîâèäi ç êðà¹ì íàçèâà¹òüñÿ m-ôóíêöi¹þ, ÿêùî

âñi ¨¨ êðèòè÷íi òî÷êè ¹ íåâèðîäæåíèìè i íå ëåæàòü íà êðàþ, ø òàêà, ùî

îáìåæåííÿ ôóíêöi¨ íà êðàé ¹ ôóíêöi¹þ Ìîðñà.

m-ôóíêöi¨ f i g íà ïîâåðõíÿõ M2 i N2 áóäåìî íàçèâàòè ïîøàðîâî åêâi-

âàëåíòíèìè, ÿêùî iñíó¹ äèôåîìîðôiçì λ : M2 −→ N2, ÿêèé ïåðåâîäèòü

çâ'ÿçíi êîìïîíåíòè ëiíié ðiâíÿ ôóíêöi¨ f â çâ'ÿçíi êîìïîíåíòè ëiíié ðiâ-

íÿ ôóíêöi¨ g. Áóäåìî êàçàòè, ùî ïàðà (N2, f) ïîøàðîâî åêâiâàëåíòíà ïàði

(N2, g).

Äëÿ äîñëiäæåííÿ ïîøàðîâî¨ åêâiâàëåíòíîñòi m-ôóíêöié â îêîëi ¨õ êðè-

òè÷íèõ çíà÷åíü çðó÷íî âèêîðèñòîâóâàòè ïîíÿòòÿ àòîìó çà Ôîìåíêîì.
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Îçíà÷åííÿ. Àòîìîì íàçèâà¹òüñÿ îêië êðèòè÷íîãî øàðó P 2 = {x : −ε ≤
f(x) − c ≤ ε} äëÿ äîñòàòíüî ìàëîãî ε, ðîçøàðîâàíèé íà ëiíi¨ ðiâíÿ ôóíêöi¨

f i ÿêèé ðîçãëÿäà¹òüñÿ ç òî÷íiñòþ äî ïîøàðîâî¨ åêâiâàëåíòíîñòi. f -àòîìîì

íàçèâà¹òüñÿ àòîì, äëÿ ÿêîãî ôiêñîâàíî íàïðÿìîê çðîñòàííÿ ôóíêöi¨.

Çàóâàæåííÿ. Êîæíîìó àòîìó âiäïîâiäà¹ 2 f -àòîìè. Âîíè îòðèìóþòüñÿ

îäèí ç îäíîãî çàìiíîþ çíàêà ôóíêöi¨ íà àòîìi. Iíîäi öi 2 f−àòîìè ìîæóòü

áóòè ñïiâïàäàþ÷èìè, åêâiâàëåíòíèìè.

Íàãàäà¹ìî, ùî ãðàô Ðiáà ìîæíî îòðèìàòè ç ïîâåðõíi, îòîòîæíþþ÷è òî÷-

êè, ùî ëåæàòü íà îäíié êîìïîíåíòi ðiâíÿ. Íàïðÿìîê çðîñòàííÿ ôóíêöi¨ çàäà¹

îði¹íòàöiþ ðåáåð ãðàôà Ðiáà. Äëÿ ðåãóëÿðíîãî çíà÷åííÿm-ôóíêöi¨ âiäïîâiä-

íà ëiíiÿ ðiâíÿ ñêëàäà¹òüñÿ ç êië, ùî íå ïåðåòèíàþòüñÿ, òà çàìêíåíèõ âiäðiç-

êiâ. Êðèòè÷íi òî÷êè ïîçíà÷èìî ÷åðåç c, ðåãóëÿðíi òî÷êè � ÷åðåç a. Ðåáðà íà

ãðàôi Ðiáà, ùî âiäïîâiäàþòü êîëàì, áóäåìî ïîçíà÷àòè ÷îðíèìè ñòðiëêàìè, à

òi, ùî âiäïîâiäàþòü âiäðiçêàì � áiëèìè. Âñi ìîæëèâi ãðàôè àòîìiâ ç îäíi¹þ

êðèòè÷íîþ òî÷êîþ çîáðàæåíi íà ðèñ. 1.

Ðèñ. 1.

Âñi ìîæëèâi àòîìè ñêëàäíîñòi 2 m-ôóíêöié íà ïîâåðõíÿõ ç êðà¹ì ðîçã-

ëÿíóòî â ðîáîòi [3] (ðèñ.2-5).

Ðèñ. 2.
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Ðèñ. 3.

Ðèñ. 4.

Ðèñ. 5.

2 Ìîëåêóëè.

Íåõàé íà ïîâåðõíi X2 çàäàíà ôóíêöiÿ Ìîðñà f . �¨ ëiíi¨ ðiâíÿ ðîçøàðîâó-

þòü ïîâåðõíþ, òîáòî âèíèêà¹ ðîçøàðóâàííÿ ç îñîáëèâîñòÿìè. Ðîçãëÿíåìî

âñi êðèòè÷íi çíà÷åííÿ ci ôóíêöi¨ f i âiäïîâiäíi ¨ì êðèòè÷íi ðiâíi f−1(ci).

Êîæíîìó òàêîìó ðiâíþ âiäïîâiäà¹ äåÿêèé àòîì. Ïðè öüîìó ãðàíè÷íi îêîëè

àòîìiâ ç'¹äíàíi öèëiíäðàìè, ÿêi ¹ îäíîïàðàìåòðè÷íèìè ñiì'ÿìè íåîñîáëèâèõ

çâ'ÿçíèõ ëiíié ðiâíÿ. Çîáðàçèìî ðîçøàðóâàííÿ ó âèãëÿäi ãðàôà, çà âåðøèíè

ÿêîãî âiçüìåìî àòîìè. Öå îçíà÷à¹, ùî êîæíié âåðøèíi ãðàôà ïîñòàâëåíèé ó

âiäïîâiäíiñòü äåÿêèé àòîì, ïðè÷îìó âêàçàíî âçà¹ìíî-îäíîçíà÷íó âiäïîâiä-

íiñòü ìiæ ãðàíè÷íèìè îêîëàìè àòîìiâ i ðåáðàìè ãðàôà, ÿêi äîòèêàþòüñÿ

äî äàíî¨ âåðøèíè-àòîìà. Êiíöi àòîìiâ ç'¹äíàíi ðåáðàìè, ÿêi âiäïîâiäàþòü

îäíîïàðàìåòðè÷íèì ñiì'ÿì ðåãóëÿðíèõ îêîëiâ (ðèñ.6).

Îçíà÷åííÿ. Îïèñàíèé ãðàô íàçâåìî f -ìîëåêóëîþ W, ÿêà âiäïîâiäà¹

ïàði (X2, f).
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Ðèñ. 6.

Îçíà÷åííÿ. Äâi ìîëåêóëè W i W ′ áóäåìî ââàæàòè f -îäíàêîâèìè, ÿêùî

iñíó¹ ãîìåîìîðôiçì îäíîãî ãðàôà íà iíøèé, ÿêèé ïåðåâîäèòü ðåáðà â ðåáðà,

àòîìè â àòîìè, ïðè÷îìó öåé ãîìåîìîðôiçì ïðîäîâæó¹òüñÿ íà ñàìi àòîìè.

Öå îçíà÷à¹, ùî ãîìåîìîðôiçìó ðåáåð âiäïîâiäà¹ ãîìåîìîðôiçì âiäïîâiäíèõ

¨ì ãðàíè÷íèõ îêîëiâ àòîìiâ i öåé ãîìåîìîðôiçì ïîâèíåí ïðîäîâæóâàòèñÿ ç

ìåæi àòîìà âñåðåäèíó, òîáòî íà âåñü àòîì.

Òåîðåìà. Íåõàé (X2, f) i (X ′2, f ′) � äâi îði¹íòîâàíi ïîâåðõíi ç ôóíêöiÿ-

ìè Ìîðñà, i W,W ′ � âiäïîâiäíi ¨ì ìîëåêóëè. Òîäi ïàðè (X2, f) i (X ′2, f ′)

ïîøàðîâî åêâiâàëåíòíi iç çáåðåæåííÿì îði¹íòàöi¨ òîäi i òiëüêè òîäi, êîëè

ìîëåêóëè W i W ′ îäíàêîâi.

Ðîçãëÿíåìî ìîëåêóëè ôóíêöié, ÿêi ìiñòÿòü ÷îòèðè i ï'ÿòü êðèòè÷íèõ

òî÷îê.

Òåîðåìà. Âñi ìîëåêóëè ç ÷îòèðìà i ï'ÿòüìà êðèòè÷íèìè òî÷êàìè ìîæíà

îòðèìàòè:

1) ñêëå¨âøè 2 àòîìè ñêëàäíîñòi 2;

2) ñêëå¨âøè 3 àòîìè ñêëàäíîñòi 2;

3) ñêëå¨âøè ìiæ ñîáîþ íå âñi êðèòè÷íi òî÷êè àòîìiâ ñêëàäíîñòi 2.

Îòðèìàíi ìîëåêóëè içîìîðôíi îäíié ç ìîëåêóë ó òàáëèöi:
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1) ñêëåþ¹ìî B1 −→ B2, B1 −→ B18, B1 −→ B20, B1 −→ B23, B1 −→ B24

2 àòîìè B3 −→ B4, B3 −→ B22

B4 −→ B29

B5 −→ B6, B5 −→ B17, B5 −→ B19, B5 −→ B26,

B5 −→ B27, B5 −→ B30

B6 −→ B29

B7 −→ B8, B7 −→ B16

B10 −→ B31

B11 −→ B12

B13 −→ B14

B15 −→ B8

B17 −→ B2

B18 −→ B6, B18 −→ B27

B19 −→ B2

B20 −→ B6, B20 −→ B27

B22 −→ B4

B23 −→ B2

B24 −→ B2

B25 −→ B2

B26 −→ B6, B26 −→ B27

B28 −→ B6, B28 −→ B17, B28 −→ B19, B28 −→ B27,

B28 −→ B26, B28 −→ B30

B29 −→ B3, B29 −→ B5

B30 −→ B6, B30 −→ B27

B32 −→ B9, B32 −→ B31

2) ñêëåþ¹ìî B1 −→ B18 −→ B6, B1 −→ B20 −→ B6,

3 àòîìè B1 −→ B18 −→ B27, B1 −→ B20 −→ B27,

B1 −→ B23 −→ B2, B1 −→ B24 −→ B2

B3 −→ B4 −→ B29, B3 −→ B22 −→ B4

B5 −→ B6 −→ B29,

B5 −→ B17 −→ B2, B5 −→ B19 −→ B2,

B5 −→ B26 −→ B6, B5 −→ B26 −→ B27,

B5 −→ B30 −→ B6, B5 −→ B30 −→ B27

B7 −→ B8 −→ B29, B7 −→ B16 −→ B6

B13 −→ B14 −→ B29

B28 −→ B17 −→ B2, B28 −→ B19 −→ B2,

B28 −→ B26 −→ B6, B28 −→ B30 −→ B6

B29 −→ B3 −→ B4, B29 −→ B5 −→ B6

B32 −→ B9 −→ B6, B32 −→ B31 −→ B29

3) íå âñi òî÷êè B1 −→ B8, B1 −→ B14, B1 −→ B16, B1 −→ B29

ñêëå¹íi B3 −→ B12, B3 −→ B14

B5 −→ B8, B5 −→ B29, B5 −→ B31

B7 −→ B6, B7 −→ B27

B13 −→ B2, B13 −→ B4

B28 −→ B29, B28 −→ B31
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Äîâåäåííÿ

1) Ñêëåþ¹ìî òi 2 àòîìè ìiæ ñîáîþ, â ïåðøîìó ç ÿêèõ êiëüêiñòü ðåáåð,

ùî âõîäèòü, ñïiâïàäà¹ ç êiëüêiñòþ ðåáåð, ùî âèõîäèòü ç äðóãîãî àòîìà.

Ñïî÷àòêó äî àòîìà B1 ïðèêëåþ¹ìî B2. Îòðèìà¹ìî ìîëåêóëó, ÿêà ìà¹ 4

êðèòè÷íi òî÷êè (ðèñ.7).

Ðèñ. 7.

Ïîòiì ïðèêëåþ¹ìî B18, B20, B23, B24. Òàê ÿê B18 i B20 içîìîðôíi ([3]),

òî é îòðèìàíi ìîëåêóëè ç ï'ÿòüìà êðèòè÷íèìè òî÷êàìè, ùî óòâîðåíi ç öèõ

àòîìiâ, áóäóòü içîìîðôíèìè. Ó B23 i B24 âèõîäèòü îäèí âiäðiçîê i îäíå êîëî,

òàê ñàìî ÿê i âõîäèòü êîëî i âiäðiçîê â B1. Îòðèìà¹ìî ìîëåêóëè ç ï'ÿòüìà

êðèòè÷íèìè òî÷êàìè.

Äî B2, â ÿêîìó âõîäèòü îäíå êîëî, ìîæåìî ïðèêëå¨òè B1, B11 i B28, òîìó

ùî ó íèõ âèõîäèòü îäíå êîëî. Àëå ìè îòðèìà¹ìî ìîëåêóëè, â ÿêèõ øiñòü i

ñiì êðèòè÷íèõ ðiâíiâ (ðèñ.8).

Ðèñ. 8.

Òîìó íàäàëi ìè íå áóäåìî ðàõóâàòè òi ìîëåêóëè, â ÿêèõ áiëüøå ï'ÿòè

êðèòè÷íèõ òî÷îê.
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Äî B3 ïðèêëåþ¹ìî B4 i B22. Îòðèìó¹ìî ìîëåêóëè ç ÷îòèðìà i ï'ÿòüìà

êðèòè÷íèìè ðiâíÿìè âiäïîâiäíî.

B4 ñêëåþ¹ìî ç B29. Â ïåðøèé àòîì âõîäèòü îäèí âiäðiçîê, à â äðóãîìó

àòîìi âèõîäèòü îäèí âiäðiçîê.

Àíàëîãi÷íî ñêëåþ¹ìî B5 ç B6, B17, B19, B26, B27, B30. Ìîëåêóëè, îò-

ðèìàíi ïðèêëåþâàííÿì àòîìiâ B17 i B19, áóäóòü içîìîðôíèìè, òàê ÿê ñàìi

àòîìè içîìîðôíi ìiæ ñîáîþ.

Äî àòîìà B7 ìîæíà ïðèêëå¨òè àòîì B8 äâîìà ñïîñîáàìè: ñïî÷àòêó ñêëå-

þ¹ìî äâà âiäðiçêè i êîëî, à ïîòiì ïåðåêðó÷ó¹ìî äâà âiäðiçêè â îäíîìó ç

àòîìiâ i ïðèêëåþ¹ìî äî íèõ iíøi äâà âiäðiçêè. Ìè îòðèìà¹ìî äâi ðiçíi ìîëå-

êóëè ç ÷îòèðìà êðèòè÷íèìè òî÷êàìè, òàê ÿê íå iñíó¹ ãîìåîìîðôiçìó, ÿêèé

áè ïåðåâîäèâ ðåáðà â ðåáðà, àòîìè â àòîìè.

Äëÿ ñêëåþâàííÿ àòîìiâ B10 i B31 iñíó¹ øiñòü ñïîñîáiâ. Ìè ôiêñó¹ìî ïåð-

øi âiäðiçêè â êîæíîìó ç íèõ, à íàñòóïíi äâà ñïî÷àòêó ñêëåþ¹ìî, à ïîòiì

ïåðåêðó÷ó¹ìî. Òàê ñàìî ôiêñó¹ìî äðóãèé âiäðiçîê i òðåòié. Ìè îòðèìà¹ìî

øiñòü ìîëåêóë ç ï'ÿòüìà êðèòè÷íèìè òî÷êàìè, ÿêi áóäóòü ðiçíèìè, áî íå

iñíó¹ ãîìåîìîðôiçìó, ÿêèé áè ïåðåâîäèâ ðåáðà â ðåáðà, à àòîìè â àòîìè.

Ñêëå¨òè àòîìè B32 i B9 òàêîæ ìîæíà øiñòüìà ñïîñîáàìè. Çàôiêñó¹ìî

ïåðøi âiäðiçêè â êîæíîìó ç íèõ, à íàñòóïíi äâà ñïî÷àòêó ïðèêëå¨ìî, à ïî-

òiì ïåðåêðóòèìî. Òàê ñàìî çàôiêñó¹ìî äðóãèé âiäðiçîê i òðåòié. Îòðèìà¹ìî

øiñòü ìîëåêóë ç ï'ÿòüìà êðèòè÷íèìè òî÷êàìè, ÿêi íå áóäóòü îäíàêîâèìè,

áî íå iñíó¹ âiäïîâiäíîãî ãîìåîìîðôiçìó.

Äëÿ ñêëåéêè B32 i B31 iñíó¹ òðè ñïîñîáè. Ùå òðè iíøi ñêëåéêè äàäóòü

íàì ìîëåêóëè, ÿêi áóäóòü içîìîðôíèìè ç ïåðøèìè òðüîìà.

Òàêèì ñàìèì ÷èíîì ðîáèòüñÿ ñêëåéêà âñiõ iíøèõ àòîìiâ ñêëàäíîñòi 2.

2) Ñêëåþ¹ìî 3 àòîìè ìiæ ñîáîþ, â ïåðøîìó ç ÿêèõ êiëüêiñòü ðåáåð, ùî

âõîäèòü, ñïiâïàäà¹ ç êiëüêiñòþ ðåáåð, ùî âèõîäèòü ç äðóãîãî àòîìà, i âîä-

íî÷àñ â äðóãîìó ç ÿêèõ êiëüêiñòü ðåáåð, ùî âõîäèòü, ñïiâïàäà¹ ç êiëüêiñòþ

ðåáåð, ùî âèõîäèòü ç òðåòüîãî àòîìà.

Ðîçãëÿäà¹ìî àòîì B1. Îñêiëüêè â íüîãî âõîäèòü îäèí âiäðiçîê i îäíå

êîëî, òî äî íüîãî ìîæíà ïðèêëå¨òè B18 i B20, â ÿêèõ âèõîäèòü òàê ñàìî

îäèí âiäðiçîê i îäíå êîëî. À òîäi ìîæíà ïðèêëå¨òè ùå é àòîì B6 i B27, â

ÿêèõ âèõîäèòü äâà âiäðiçêà. Îòðèìà¹ìî ìîëåêóëó, ÿêà ìà¹ ï'ÿòü êðèòè÷íèõ

òî÷îê (ðèñ.9).

Äî àòîìà B1 ìîæíà ùå ïðèêëå¨òè B23, à äî íèõ ùå é B2, à òàêîæ B24 ç

B2.
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Ðèñ. 9.

Äî B3 ìîæíà ïðèêëå¨òè B4, òàê ÿê â ïåðøèé çàõîäèòü äâà êîëà, à â

äðóãîìó âèõîäèòü òàê ñàìî äâà êîëà. À äî íèõ ùå é B29, òîìó ùî ç íüîãî

âèõîäèòü îäèí âiäðiçîê, à â B4 âõîäèòü îäèí âiäðiçîê. Àíàëîãi÷íî äî B3 �

B22 ç B4.

Âðàõîâóþ÷è îïèñàíi ñïîñîáè â ïîïåðåäíüîìó ïóíêòi, äëÿ ñêëåþâàííÿ

àòîìiâ B7 ç B8 i ç B29, B32 ç B9 i ç B6, B32 ç B31 i ç B29 iñíó¹ âiäïîâiä-

íî äâà, øiñòü i òðè ñïîñîáè, à îòæå áóäå ïî äâi, øiñòü i òðè ìîëåêóëè.

Òàêi æ ñêëåéêè ðîáèìî i ç iíøèìè àòîìàìè ñêëàäíîñòi 2. Àëå âèáèðà¹ìî

òiëüêè òi òðè àòîìè, ÿêi ïiñëÿ ñêëåþâàííÿ óòâîðþþòü ìîëåêóëó, ùî ìiñòèòü

íå áiëüøå ïÿòè êðèòè÷íèõ òî÷îê.

3) Áåðåìî äâà àòîìè ñêëàäíîñòi 2, àëå áóäåìî ñêëåþâàòè íå âñi êðèòè÷íi

òî÷êè.

Ñïî÷àòêó äî B1 áóäåìî ïðèêëåþâàòè B8. Òàê ÿê ç äðóãîãî àòîìà âèõî-

äèòü äâà âiäðiçêè, à â ïåðøèé çàõîäèòü îäèí âiäðiçîê, òî ìè ïðèêëå¨ìî ìiæ

ñîáîþ òiëüêè îäèí ðàç âiäðiçêè i êîëà (ðèñ.10).

Ðèñ. 10.

Òàêó æ ñàìó ñêëåéêó ðîáèìî B1 ç B14, B16 i B29.



36 Î.Ì. Iâàíþê, Î.Î. Ïðèøëÿê

B3 áóäåìî ñêëåþâàòè ç B12. Òàê ÿê ç äðóãîãî àòîìà âèõîäèòü òðè êîëà,

à â ïåðøèé çàõîäèòü äâà êîëà, òî ìè ñêëåþ¹ìî ìiæ ñîáîþ òiëüêè äâà êîëà.

Àíàëîãi÷íî B3 ç B14.

Äî B5 áóäåìî ïðèêëåþâàòè B8. Òàê ÿê ç äðóãîãî àòîìà âèõîäèòü äâà

âiäðiçêè i êîëî, à â ïåðøèé çàõîäèòü äâà âiäðiçêè, òî ìè ïðèêëå¨ìî ìiæ

ñîáîþ äâà âiäðiçêè. Àíàëîãi÷íî ðîáèòüñÿ ñêëåéêà B5 ç B29 i B31.

Ðîáëÿ÷è âèùåîïèñàíi äi¨, ìè ñêëåþ¹ìî íàñòóïíi àòîìè òàêèì ñàìèì ñïî-

ñîáîì: äî B7 ïðèêëåþ¹ìî B6, B27, äî B13 � B2, B4, äî B28 � B29, B31.

Òàêèì ñïîñîáîì ñêëåþâàííÿ ìè îòðèìàëè ìîëåêóëè ç ï'ÿòüìà êðèòè÷-

íèìè òî÷êàìè.

Çàóâàæåííÿ. Îñòàííÿ òåîðåìà çàäà¹ âñi ìîæëèâi m-ôóíêöi¨ íà îði¹í-

òîâàíié ïîâåðõíi ç êðà¹ì, ó ÿêèõ íå áiëüøå 5 êðèòè÷íèõ òî÷îê (ôóíêöi¨ àáî

¨¨ îáìåæåííÿ íà êðàé) ñêëàäíîñòi íå áiëüøå 2.

Âèñíîâêè

Ó ñòàòòi óçàãàëüíåíî ðåçóëüòàòè Î.Â.Áîëñiíîâà i À.Ò.Ôîìåíêî,

Î.Î.Ïðèøëÿêà i Â.Â.Øàðêà.

Â ðîáîòi ðîçãëÿíóòî âñi ìîæëèâi ìîëåêóëè ç ÷îòèðìà i ï'ÿòüìà êðèòè÷-

íèìè òî÷êàìè, ÿêi ìîæíà îòðèìàòè ñêëåþâàííÿì àòîìiâ ñêëàäíîñòi 2.

Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi äëÿ ãëîáàëüíî¨ êëàñè-

ôiêàöi¨ m-ôóíêöié ñêëàäíîñòi 2. Îñêiëüêè òàêi ôóíêöi¨ âèíèêàþòü â îäíî-

ïàðàìåòðè÷íèõ ñiì'ÿõ m-ôóíêöié, òî ðåçóëüòàòè äàíî¨ ðîáîòè ìîæíà çàñòî-

ñóâàòè äî âèâ÷åííÿ òàêèõ ñiìåé.

Àâòîðè òàêîæ ìàþòü íàäiþ, ùî ðåçóëüòàòè ääàíî¨ ðîáîòè áóäóòü ñïðèÿòè

âèâ÷åííþ m-ôóíêöié áiëøî¨ ñêëàäíîñòi.
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Molecules of m-function of degree 2 on the surfaces with boundary

We introduce molecules for m-function of degree 2 on the surfaces with

boundary. All possible molecules are received by gluing of atoms of complexity

2 of m-functions on surfaces with boundary are given by three ways: 1) We glue

two atoms together in the �rst of which the number of edges, that is, the same as

the number of edges emanating from the second atom. 2) We glue three atoms

together, the �rst of which is the number of edges, that is, the same as the

number of edges emanating from the second atom, while the second of which is

the number of edges, that is, the same as the number of edges emanating from

the third atom. 3) We glue two atoms of complexity 2 but do not take all critical

points.
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Î ïðîäîëæåíèè À-äåôîðìàöèé ïîâåðõíîñòåé
ïîëîæèòåëüíîé êðèâèçíû ñ êðàåì

Òàòüÿíà Þðüåâíà Ïîäîóñîâà, Íèíà Âëàäèìèðîâíà Âàøïà-

íîâà

Àííîòàöèÿ Áåñêîíå÷íî ìàëûå (á.ì.) àðåàëüíûå äåôîðìàöèè

(À-äåôîðìàöèè) âûñøèõ ïîðÿäêîâ ïîâåðõíîñòåé âêëþ÷àþò â ñåáÿ êàê ÷àñò-

íûé ñëó÷àé À-äåôîðìàöèè ïåðâîãî ïîðÿäêà è á.ì. èçãèáàíèÿ âûñøèõ ïî-

ðÿäêîâ. Èññëåäîâàíèå èõ ÿâëÿåòñÿ âàæíûì ýòàïîì â èçó÷åíèè íåïðåðûâ-

íûõ àðåàëüíûõ äåôîðìàöèé. Ïîýòîìó öåëåñîîáðàçíî ðàññìîòðåòü çàäà÷ó î

âîçìîæíîñòè ïðîäîëæåíèÿ çàäàííûõ á.ì. àðåàëüíûõ äåôîðìàöèé ïåðâîãî

ïîðÿäêà ïîâåðõíîñòåé â À-äåôîðìàöèè êîíå÷íîãî ïîðÿäêà.

Ñëåäóåò îòìåòèòü, ÷òî ýòà çàäà÷à äëÿ á.ì. èçãèáàíèé ðàññìàòðèâàëàñü

â ðàáîòàõ [1]-[3].

Êëþ÷åâûå ñëîâà À-äåôîðìàöèè ïîâåðõíîñòåé, ïîëíîå ãåîäåçè÷åñêîå êðó-

÷åíèå

ÓÄÊ 514.76

�1. Îá îñíîâíûõ óðàâíåíèÿõ À-äåôîðìàöèé âûñøèõ ïîðÿäêîâ

ïîâåðõíîñòåé

Ïóñòü S - ðåãóëÿðíàÿ ïîâåðõíîñòü êëàññà C3 â E3-ïðîñòðàíñòâå, ãî-

ìåîìîðôíàÿ îáëàñòè G ïëîñêîñòè (èëè âñåé ïëîñêîñòè), çàäàíà âåêòîðíî-

ïàðàìåòðè÷åñêèì óðàâíåíèåì

r = r(x1, x2),

ãäå x1, x2 - êðèâîëèíåéíûå êîîðäèíàòû òåêóùåé òî÷êè S.
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Á.ì. äåôîðìàöèÿ n-îãî ïîðÿäêà ïîâåðõíîñòè S ñ ðåãóëÿðíûìè ïîëÿìè

ñìåùåíèÿ
k
y (x1, x2) ∈ C3 âèäà:

∗
r (x1, x2, t) = r(x1, x2) +

n∑
k=1

tk
k
y (x1, x2), (1)

ïðè êîòîðîé ïðèðàùåíèå ýëåìåíòà ïëîùàäè ïîâåðõíîñòè åñòü âåëè÷èíà íå

ìåíåå ÷åì (n + 1)-ãî ïîðÿäêà îòíîñèòåëüíî ìàëîãî ïàðàìåòðà t (÷åì ìû

áóäåì ïðåíåáðåãàòü), íàçûâàåòñÿ á.ì. àðåàëüíîé äåôîðìàöèåé, èëè, êðàòêî,

À-äåôîðìàöèåé êîíå÷íîãî ïîðÿäêà n.

×àñòíûå ïðîèçâîäíûå âåêòîðîâ ñìåùåíèÿ ðàçëîæèì ïî ëèíåéíî íåçàâè-

ñèìûì âåêòîðàì ri = ∂r
∂xi , (i = 1, 2) è n (åäèíè÷íûé âåêòîð íîðìàëè S) â

âèäå:
k
yi= ciα

k

Tαβ rβ + ciα
k

Tα n, k = 1, n, (2)

ãäå ciα- äèñêðèìèíàíòíûé òåíçîð S (c11 = c22 = 0, c12 = −c21 =
√
g,

g = g11g22 − g212, gαβ-ìåòðè÷åñêèé òåíçîð S),
k

Tαβ ,
k

Tα - íåêîòîðûå òåíçîðíûå

ïîëÿ íà S.

Â ñëó÷àå À-äåôîðìàöèé n-îãî ïîðÿäêà îíè ÿâëÿþòñÿ ðåøåíèåì ñëåäóþ-

ùåé ñèñòåìû óðàâíåíèé [4]:

k

Tαi,α −biα
k

Tα= 0, bαβ
k

Tαβ +
k

Tα,α= 0, cαβ
k

Tαβ= −
k

L . (3)

Çàïÿòîé çäåñü îáîçíà÷åíî êîâàðèàíòíîå äèôôåðåíöèðîâàíèå íà áàçå

gij , b
iα = giβbαβ , bαβ - êîýôôèöèåíòû âòîðîé êâàäðàòè÷íîé ôîðìû ïîâåðõ-

íîñòè S, à ôóíêöèè
k

L èìåþò ñëåäóþùèé âèä:

k

L=
1

2

k

Aαβ gαβ+

k−1∑
m=1

(
1

2
(ciγcjσ−giσgjγ)

m

T γσ
k−m
T ij +

1

2
(ciγgjσ+giσcjγ)

m

T γσ
k−m
Aij +

+
1

4
ciγcjσ

m

Aγσ
k−m
Aij ), (4)

ãäå
k

Aij=

k−1∑
m=1

(
m

T is
k−m
T jt gst+

m

T i
k−m
T j

)
. (5)

Ñèñòåìà óðàâíåíèé (3) íàçûâàåòñÿ îñíîâíîé ñèñòåìîé óðàâíåíèé À-

äåôîðìàöèé êîíå÷íîãî ïîðÿäêà n. Îíà çàïèñàíà îòíîñèòåëüíî ïðîèçâîëüíî

âûáðàíîé íà S êîîðäèíàòíîé ñèñòåìû è ñîäåðæèò 4n óðàâíåíèé îòíîñèòåëü-

íî 6n íåèçâåñòíûõ ôóíêöèé
k

Tαβ ,
k

Tα, (k = 1, n, α, β = 1, 2).
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�2. Çàïèñü îñíîâíûõ óðàâíåíèé À-äåôîðìàöèé âûñøèõ ïîðÿäêîâ

ïîâåðõíîñòåé ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû â êîìïëåêñíîì

âèäå

Ïóñòü S - îäíîñâÿçíàÿ íåìèíèìàëüíàÿ (2H 6= 0, H - ñðåäíÿÿ êðèâèçíà S)

ïîâåðõíîñòü ïðèíàäëåæèò êëàñó C`+4
λ (G), (0 < λ < 1, ` ≥ 0), ò.å. ñóùåñòâóåò

òàêàÿ ïàðàìåòðèçàöèÿ â G ïîâåðõíîñòè S, ÷òî ôóíêöèè, êîòîðûå çàäàþò S

â ýòîé ïàðàìåòðèçàöèè áóäóò êëàññà C`+4
λ (G) [5].

Ïðåäïîëîæèì, ÷òî ïîëíàÿ êðèâèçíà K ýòîé ïîâåðõíîñòè óäîâëåòâîðÿåò

ñëåäóþùåìó óñëîâèþ:

K ≥ K0 > 0 (â G), K0 = const. (6)

Â ñèëó (6) íà S "â öåëîì"ñóùåñòâóåò ñîïðÿæåííî èçîòåðìè÷åñêàÿ ñåòü, îò-

íîñèòåëüíî êîòîðîé âòîðàÿ êâàäðàòè÷íàÿ ôîðìà ðàâíà

II = b11
(
(dx1)2 + (dx2)2

)
,

ïðè÷åì b11 = b22 =
√
gK ∈ C`+2

λ (G).

Òîãäà îñíîâíóþ ñèñòåìó óðàâíåíèé (3) À-äåôîðìàöèé n-îãî ïîðÿäêà

ìîæíî çàïèñàòü â êîìïëåêñíîì âèäå [6]:

∂
1
W
∂z −A

1

W −B
1

W=
1

F

(
1

Tα
)
,

∂
2
W
∂z −A

2

W −B
2

W=
2

F

(
1

W,
1

Tα,
2

Tα
)
,

...........................................................

∂
n
W
∂z −A

n

W −B
n

W=
n

F

(
1

W, ...,
n−1

W ,
1

Tα, ...,
n

Tα
)

(7)

ãäå

k

W (z)=
√
g

((
k

T 11 +
Tα,α
2H

g11+
k

D11

)
− ı

(
k

T 12 +
Tα,α
2H

g12+
k

D12

))
(8)

-ôóíêöèè êîìïëåêñíîé ïåðåìåííîé z = x1 + ıx2, ı2 = −1, ïðè÷åì

k

T 11= −
k

T 22 −
k

Tα,α
2H

(
g11 + g22

)
−

(
k

D11 +
k

D22

)
, (9)

k

T 21=
k

T 12 +
k

D12 −
k

D21 − 1
√
g

k

L . (10)
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Ôóíêöèè
k

F è
k

Dij ñîîòâåòñòâåííî èìåþò âèä:

k

F=
g22 + ıg12

2
√
g

 k

Tα,α
2H


1

+ b11
k

T 1

− g12 + ıg11
2
√
g

 k

Tα,α
2H


2

+ b11
k

T 2

+

+

√
g

2

(
∂

∂x2

(
1
√
g

k

L

)
+

k

Dα1
,α −ı

k

Dα2
,α

)
+

1

2

(
2Γ 1

12 + Γ 2
22 − ıΓ 2

12

) k
L, (11)

k

Dij=
1

4H

(
Kdiγcjlgαγglβ

k

Bαβ −cαjbαβ
k

Biβ

)
− 1

8H2
cij

k−1∑
m=1

m

T ρ,ρ

k−m
T ξ,ξ . (12)

Çäåñü

k

Bαβ=

k−1∑
m=1

(
m

Tα
k−m
T β +

m

Dαs
k−m
Dβt gst +

1

2

m

Tσ,σ

(
k−m
Dαβ +

k−m
Dβα

))
, (13)

Γ kij-ñèìâîëû Õðèñòîôôåëÿ âòîðîãî ðîäà, dij-ýëåìåíòû ìàòðèöû, îáðàòíîé

äëÿ ìàòðèöû ‖bij‖:

dij =
1

K
ciαcjβbαβ .

Ñëåäóåò îòìåòèòü, ÷òî ôóíêöèè A è B, êîòîðûå âõîäÿò â êàæäîå óðàâ-

íåíèå ñèñòåìû (7) òàêèå æå, êàê è â óðàâíåíèè, ïîëó÷åííîì Âåêóà È.Í. ïðè

èññëåäîâàíèè á.ì. èçãèáàíèé ïåðâîãî ïîðÿäêà ïîâåðõíîñòè ïîëîæèòåëüíîé

êðèâèçíû [5].

Ñèñòåìà óðàâíåíèé (7) ÿâëÿåòñÿ íåëèíåéíîé íåîäíîðîäíîé îòíîñèòåëüíî

ôóíêöèé
1

W,
2

W, ...,
n

W . Îäíàêî, ïðè k = 1 ïåðâîå óðàâíåíèå ñèñòåìû áóäåò

ëèíåéíûì îòíîñèòåëüíî ôóíêöèè
1

W (ñì., íàïðèìåð, [7]),ïðè k = 2 âòîðîå

óðàâíåíèå áóäåò ëèíåéíûì îòíîñèòåëüíî
2

W , íî íå ÿâëÿåòñÿ ëèíåéíûì îò-

íîñèòåëüíî
1

W ([8]) è ò.ä. Ïðè k = n n-îå óðàâíåíèå ñèñòåìû (7) íå ÿâëÿåòñÿ

ëèíåéíûì îòíîñèòåëüíî
1

W,
2

W, ...,
n−1

W .

Êðîìå èçâåñòíûõ ôóíêöèé òî÷êè S è èñêîìûõ êîìïëåêñíûõ ôóíêöèé
1

W,
2

W, ...,
n

W â ïðàâûå ÷àñòè
1

F ,
2

F , ...,
n

F óðàâíåíèé (7) âõîäÿò è ôóíêöèè
1

Tα, ...,
n

Tα. Äëÿ îáåñïå÷åíèÿ îïðåäåëåííîñòè ñèñòåìû óðàâíåíèé (7) òåíçîð-

íûå ïîëÿ
1

Tα, ...,
n

Tα ñ÷èòàåì çàäàííûìè â G.Ýòè ôóíêöèè ìîæíà çàäàòü çíà-

÷åíèÿìè âàðèàöèé åäèíè÷íîé íîðìàëè [6]. Â ÷àñòíîñòè, äîêàçàíî, ÷òî êàæ-

äàÿ À-òðèâèàëüíàÿ äåôîðìàöèÿ n-îãî ïîðÿäêà ïîâåðõíîñòè ïîëîæèòåëüíîé

ãàóññîâîé êðèâèçíû ñîäåðæèòñÿ â íóëåâîì ðåøåíèè ñèñòåìû óðàâíåíèé (7)

ïðè
k

F= 0. Âåðíî è îáðàòíîå. Íóëåâûì ðåøåíèåì
k

W= 0 ñèñòåìû óðàâíåíèé
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(7) ïðè
k

F= 0 îïðåäåëÿþòñÿ òîëüêî À-òðèâèàëüíûå äåôîðìàöèè êîíå÷íîãî

ïîðÿäêà n.

Á.ì. àðåàëüíàÿ äåôîðìàöèÿ n-îãî ïîðÿäêà íàçûâàåòñÿ À-òðèâèàëüíîé

äåôîðìàöèåé, åñëè âåêòîðû ñìåùåíèÿ
k
y (x1, x2) èç (2) îêàæóòñÿ âåêòîðàìè

ñìåùåíèÿ äëÿ á.ì. èçãèáàíèÿ n-îãî ïîðÿäêà.

Îòñþäà âûòåêàåò, ÷òî êàæäîå ðåøåíèå ñèñòåìû óðàâíåíèé (7), ïîëó÷åí-

íîå ïðè
k

F 6= 0, (k = 1, n) à òàêæå ëþáîå íåíóëåâîå ðåøåíèå (7) ïðè
k

F= 0

îïðåäåëÿþò á.ì. àðåàëüíóþ äåôîðìàöèþ n-îãî ïîðÿäêà ïîâåðõíîñòè ïîëî-

æèòåëüíîé ãàóññîâîé êðèâèçíû, êîòîðàÿ íå ÿâëÿåòñÿ À-òðèâèàëüíîé.

�3. Âàðèàöèè ïîëíîãî ãåîäåçè÷åñêîãî êðó÷åíèÿ ïðè

À-äåôîðìàöèÿõ âûñøèõ ïîðÿäêîâ ïîâåðõíîñòåé

Äëÿ ïðîèçâîëüíîé ðåãóëÿðíîé ïîâåðõíîñòè ïîëíîå ãåîäåçè÷åñêîå êðó÷å-

íèå îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì [9]:

K̃ =
ρ

g
,

ãäå ρ = ρ11ρ22 − ρ212, ραβ - ýëåìåíòû ÷åòâåðòîé êâàäðàòè÷íîé ôîðìû S:

ραβ =
1

2

(
cαib

i
β + cβib

i
α

)
.

Â ðàáîòå [10] äîêàçàíî, ÷òî K̃ = −E. Çäåñü E = H2 −K - ýéëåðîâà ðàç-

íîñòü. Èñïîëüçóÿ ðàíåå íàéäåííûå k-òûå âàðèàöèè êîýôôèöèåíòîâ ïåðâîé

è âòîðîé êâàäðàòè÷íûõ ôîðì ñîîòâåòñòâåííî [6]:

2
k
εij= δkgij =

k

Tαβ (ciαgjβ + cjαgiβ) + ciαcjβ
k

Aαβ , (14)

k

βij= δkbij = ciαbβj
k

Tαβ +ciα
k

Tα,j −bij
k

L +
k

Bij , (15)

à òàêæå ñîîòíîøåíèå

Kdαβ + bαβ = 2Hgαβ

ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé, ïîëó÷èì:

δkK̃ = Hciαb
i
β

k

Tαβ − (Hgαβ − bαβ) cjβ
k

Tα,j +3(2H2 −K)
k

L −

−Hbαβ
k

Aαβ +
(
Kdij −Hgij

) k

Bij +ciαcjβ
k−1∑
m=1

k

βij
(
k−m
βαβ −2H

k−m
εαβ

)
. (16)

Ñëåäóåò îòìåòèòü, ÷òî ïðè k = 1 èç (16) ïîëó÷èì âàðèàöèþ δK̃ , íàé-

äåííóþ ïðè À-äåôîðìàöèÿõ ïåðâîãî ïîðÿäêà [10].
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�4. Î ïðîäîëæåíèè À-äåôîðìàöèé ïåðâîãî ïîðÿäêà ïîâåðõíîñòåé

Á.ì. àðåàëüíàÿ äåôîðìàöèÿ ïåðâîãî ïîðÿäêà ïîâåðõíîñòè S íàçûâàåò-

ñÿ ïðîäîëæàåìîé â À-äåôîðìàöèè n-îãî ïîðÿäêà, åñëè âåêòîð ñìåùåíèÿ
1
y (x1, x2) À-äåôîðìàöèè ïåðâîãî ïîðÿäêà òàêîâ, ÷òî â ñëó÷àå á.ì. àðåàëüíûõ

äåôîðìàöèé êîíå÷íîãî ïîðÿäêà n îí òàêæå ÿâëÿåòñÿ âåêòîðîì ñìåùåíèÿ.

Èìååò ìåñòî

Òåîðåìà 1.[11] Îäíîñâÿçíàÿ ïîâåðõíîñòü S êëàññà C`+4
λ , (0 < λ < 1,` ≥

0) ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû è áåç òî÷åê îêðóãëåíèÿ ñ ãðàíè-

öåé ∂S ∈ C`+4
λ äîïóñêàåò íåòðèâèàëüíóþ À-äåôîðìàöèþ ïåðâîãî ïîðÿäêà

â êëàññå C`+3
λ (G) ïîâåðõíîñòåé, ïðè êîòîðîé ñîõðàíÿåòñÿ ïîëíîå ãåîäåçè-

÷åñêîå êðó÷åíèå âäîëü êðàÿ ∂S. Êîìïîíåíòû âåêòîðà ñìåùåíèÿ ïðè ýòîì

çàâèñÿò îò äâóõ íàïåðåä çàäàííûõ ôóíêöèé êëàññà C`+3
λ (G) è îò îäíîé

ïðîèçâîëüíîé ïîñòîÿííîé.

Ïîä ñîõðàíÿåìîñòüþ ïîëíîãî ãåîäåçè÷åñêîãî êðó÷åíèÿ ïîâåðõíîñòè S

ïðè á.ì. àðåàëüíîé äåôîðìàöèè n-îãî ïîðÿäêà ìû ïîíèìàåì (êàê ýòî è

ïðèíÿòî â òåîðèè á.ì. äåôîðìàöèé) òî, ÷òî âñå k -òûå âàðèàöèè ïîëíîãî

ãåîäåçè÷åñêîãî êðó÷åíèÿ δkK̃ äî n-îãî ïîðÿäêà âêëþ÷èòåëüíî ðàâíû íóëþ.

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó: äîïóñêàþò ëè À-äåôîðìàöèè ïåðâîãî

ïîðÿäêà ïîâåðõíîñòè ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû ïðè óñëîâèè, ÷òî

ïîëíîå ãåîäåçè÷åñêîå êðó÷åíèå ñîõðàíÿåòñÿ âäîëü êðàÿ ∂S, ïðîäîëæåíèå â

À-äåôîðìàöèè n-îãî ïîðÿäêà.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2. Êàæäàÿ á.ì. àðåàëüíàÿ äåôîðìàöèÿ ïåðâîãî ïîðÿäêà ïî-

âåðõíîñòè S êëàññà C`+4
λ , (0 < λ < 1, ` ≥ 0) ïîëîæèòåëüíîé ãàóññîâîé

êðèâèçíû è áåç òî÷åê îêðóãëåíèÿ ñ êðàåì ∂S ∈ C`+4
λ , ïðè êîòîðîé ñîõðà-

íÿåòñÿ ïîëíîå ãåîäåçè÷åñêîå êðó÷åíèå âäîëü ∂S äîïóñêàåò ïðîäîëæåíèå â

À-äåôîðìàöèè n-îãî ïîðÿäêà òàêæå ñîõðàíÿþùèå ïîëíîå ãåîäåçè÷åñêîå êðó-

÷åíèå âäîëü êðàÿ ∂S. Òåíçîðû äåôîðìàöèè ïðè ýòîì çàâèñÿò îò 2n íàïåðåä

çàäàííûõ ôóíêöèé êëàññà C`+4
λ è îò n ïðîèçâîëüíûõ (ñóùåñòâåííûõ) ïî-

ñòîÿííûõ.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû äîñòàòî÷íî ïîñòðî-

èòü ôóíêöèè
∗
r (x1, x2, t) ∈ C`+4

λ (G) è óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâè-

ÿì:

à)
∗
r (x1, x2, 0) = r(x1, x2);

á)
∗
rt (x

1, x2, 0) =
1
y (x1, x2);

â) ýëåìåíò ïëîùàäè S ñîõðàíÿåòñÿ äî n-îãî ïîðÿäêà âêëþ÷èòåëüíî âñþäó

â G;
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ã) âäîëü êðàÿ ∂S ñîõðàíÿåòñÿ ïîëíîå ãåîäåçè÷åñêîå êðó÷åíèå, ò.å

δkK̃ = 0, k = 1, n.

Äëÿ ýòîãî â ñâîþ î÷åðåäü äîñòàòî÷íî ïîñòðîèòü ïîñëåäîâàòåëüíîñòü

ôóíêöèé
k
ρ (x1, x2), ïðèíàäëåæàùèõ êëàññó C`+3

λ (G) è ïîä÷èíåííûõ ñëå-

äóþùèì óñëîâèÿì:

1)
0
ρ (x1, x2) = r(x1, x2);

2)
1
ρ (x1, x2) =

1
y (x1, x2);

3) ïðè ëþáîì k, 2 ≤ k ≤ n âûïîëíåíà êðàåâàÿ çàäà÷à:
∂

k
W
∂z −A

k

W −B
k

W=
k

F

(
1

W,
2

W, ...,
k−1

W ,
1

Tα,
2

Tα, ...,
n

Tα
)
, (G)

δkK̃ = 0, (∂G)

(17)

Ôóíêöèè
k

Tα ñ÷èòàåì çàäàííûìè â G òàê, ÷òî

k

Tα∈ C`+4
λ (G), (0 < λ < 1, ` ≥ 0), (18)

k

Tα= 0, (∂G), k = 1, n. (19)

Íà îñíîâàíèè âûðàæåíèÿ k-òîé âàðèàöèè ïîëíîãî ãåîäåçè÷åñêîãî êðó÷å-

íèÿ (16), ðàâåíñòâà (19), êðàåâîå óñëîâèå (17)2 ïðèîáðåòàåò âèä:

ciαb
i
β

k

Tαβ=
k

M, (∂G), (20)

ãäå ôóíêöèè
k

M ïðåäñòàâëåíû â ðåêêóðåíòíîé ôîðìå è çàâèñÿò îò èçâåñòíûõ

è çàäàííûõ ôóíêèé ïîâåðõíîñòè S:

k

M= bαβ
k

Aαβ −3(2H2 −K)

H

k

L −
Kdij −Hgij

H

k

Bij −

− 1

H
ciαcjβ

k−1∑
m=1

k

βij
(
k−m
βαβ −2H

k−m
εαβ

)
. (21)

Ó÷èòûâàÿ ðàâåíñòâà (9), (10), êðàåâîå óñëîâèå (20) ìîæíà ïðåäñòàâèòü â

ñëåäóþùåì âèäå:

α
k
u +β

k
v=

k
γ, (∂G). (22)

Çäåñü

α = −2g12, β = g22 − g11, (∂G)

k
u=
√
g

k

T 11,
k
v= −√g

k

T 12,
k
γ=

1

b11

(
k

M −
g11
√
g

k

L

)
. (∂G) (23)
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Âîñïîëüçîâàâøèñü ðàâåíñòâàìè (8), ñîîòíîøåíèÿ (22) çàïèøåì â êîì-

ïëåêñíîé ôîðìå:

Re(λ
k

W ) =
k
γ, (∂G) (24)

ãäå

λ = −2g12 + ι
(
g22 − g11

)
, (∂G) (25)

Òîãäà êðàåâàÿ çàäà÷à (17) ïðèîáðåòàåò âèä:
∂

k
W
∂z −A

k

W −B
k

W=
k

F

(
1

W, ...,
k−1

W ,
1

Tα, ...,
n

Tα
)
, (G)

Re(λ
k

W ) =
k
γ, (∂G),

(26)

Äîêàæåì òåïåðü ñóùåñòâîâàíèå ïîñëåäîâàòåëüíîñòè ôóíêöèé
k
ρ (x1, x2),

ïðèíàäëåæàùèõ êëàññó C`+3
λ (G) è óäîâëåòâîðÿþùèõ óñëîâèÿì 1),2),3).

Ïîëîæèì
0
ρ (x1, x2) = r(x1, x2). Ýòèì áóäåò îáåñïå÷åíî âûïîëíåíèå ñâîé-

ñòâà 1. Òàê êàê èìååò ìåñòî òåîðåìà 1, òî âåêòîð ñìåùåíèé
1
y (x1, x2) À-

äåôîðìàöèè ïåðâîãî ïîðÿäêà ïîâåðõíîñòè S ïîëîæèòåëüíîé ãàóññîâîé êðè-

âèçíû, óäîâëåòâîðÿþùèé êðàåâîé çàäà÷å (26) ïðè k = 1 ñóùåñòâóåò è ïðè-

íàäëåæèò êëàññó C`+3
λ (G), à ôóíêöèÿ

1

W∈ C`+2
λ (G)[11].

Ïîëàãàÿ
1
ρ (x1, x2) =

1
y (x1, x2), îáåñïå÷èì âûïîëíåíèå ñâîéñòâà 2).

Ïðåäïîëîæèì äàëåå, ÷òî íàéäåíû âñå ôóíêöèè
k

W êëàññà C`+2
λ (G) äëÿ

âñåõ k îò 1 äî n− 1, ãäå n ≥ 2, óäîâëåòâîðÿþùèå êðàåâîé çàäà÷å (26):

k

W∈ C`+2
λ (G), k = 1, n− 1. (27)

Äëÿ íàõîæäåíèÿ ôóíêöèè
n

W äîñòàòî÷íî ðåøèòü êðàåâóþ çàäà÷ó (26) ïðè

k = n. Äëÿ ýòîãî íóæíî ñíà÷àëà âû÷èñëèòü èíäåêñ ôóíêöèè λ îòíîñèòåëüíî

ãðàíèöû ∂G îáëàñòè G. Ôóíêöèþ λ ìîæíà ïðåäñòàâèòü â âèäå:

λ =
2g
√
gE√
K

i expiψ, (28)

ãäå ôóíêöèÿ ψ ñâÿçàíà ñ óãëîì ìåæäó êîîðäèíàòíûìè ëèíèÿìè îïðåäåëåí-

íîé çàâèñèìîñòüþ ([5],ñòð.123).Îòñþäà ñëåäóåò, ÷òî

indλ = 0. (29)

Ó÷èòûâàÿ äèôôåðåíöèàëüíûå ñâîéñòâà èçâåñòíûõ ôóíêöèé S, íàõîäèì:

A,B,
n

F∈ C`+1
λ (G), (30)

n
µ, λ ∈ C`+2

λ (G). (31)
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Â ñèëó (29) çàêëþ÷àåì, ÷òî îäíîðîäíàÿ çàäà÷à ∂
n
W
∂z −A

n

W −B
n

W= 0, (G)

Re(λ
n

W ) = 0, (∂G),

èìååò ðîâíî îäíî ëèíåéíî íåçàâèñèìîå ðåøåíèå ([5], ò: 4.11, ñ.257), à íåîä-

íîðîäíàÿ çàäà÷à (26) ïðè k = n âñåãäà ðàçðåøèìà ([5], ò: 4.12, ñ.257).

Â ñèëó òåîðåìû 4.16 ([5], ñ.312), (30),(31) çàêëþ÷àåì, ÷òî
n

W∈ C`+2
λ (G),

ò.å. âñå ôóíêöèè
k

W∈ C`+2
λ (G), k = 1, n. (32)

Ó÷èòûâàÿ ðàâåíñòâà (8),(9), (10), äèôôåðåíöèàëüíûå ñâîéñòâà èçâåñòíûõ è

çàäàííûõ ôóíêöèé ïîâåðõíîñòè S, à òàêæå (32), èç ñîîòíîøåíèé (2) ïîëó-

÷èì, ÷òî
k
yi∈ C`+2

λ (G).

Îòñþäà ñëåäóåò, ÷òî

k
y=

k
ρ (x1, x2) ∈ C`+3

λ (G), k = 1, n

Òàêèì îáðàçîì, ïîâåðõíîñòè, çàäàâàåìûå âåêòîð-ôóíêöèåé âèäà (1) ïðèíàä-

ëåæàò êëàññó C`+3
λ (G). Òåîðåìà äîêàçàíà.

Ñëåäñòâèå. Ïðè á.ì. àðåàëüíîé äåôîðìàöèè n-îãî ïîðÿäêà ïîâåðõíîñòè

S ∈ C`+4
λ ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû áåç òî÷åê îêðóãëåíèÿ ñî ñòà-

öèîíàðíûì ïîëíûì ãåîäåçè÷åñêèì êðó÷åíèåì íà ∂S ãëàâíûå íàïðàâëåíèÿ

ãåîäåçè÷åñêîãî êðó÷åíèÿ âäîëü ãðàíèöû ∂S ïîâåðõíîñòè ñîõðàíÿþòñÿ.

Äîêàçàòåëüñòâî. Ïîëíîå è ñðåäíåå ãåîäåçè÷åñêèå êðó÷åíèÿ ñîîòâåò-

ñòâåííî ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå [10]:

K̃ = τ1 · τ2, 2H̃ = τ1 + τ2,

ãäå τ1 è τ2 - ãëàâíûå íàïðàâëåíèÿ ãåîäåçè÷åñêîãî êðó÷åíèÿ.

Òàê êàê H̃ = 0, òî τ1 = −τ2. Ýòî çíà÷èò, ÷òî δkτ1 = −δkτ2 = p. Òîãäà

δkK̃ = −2τ1p,

Ẽ = H̃2 − K̃ = −K̃ =

(
τ2 − τ1

4

)2

=
(2τ1)

2

4
= τ21 ≥ 0.

Îòñþäà

p =
δkK̃

2
√
E
.

Ïðè δkK̃ = 0 ïîëó÷èì, ÷òî ãëàâíûå íàïðàâëåíèÿ ãåîäåçè÷åñêîãî êðó÷åíèÿ

ñîõðàíÿþòñÿ. Ñëåäñòâèå äîêàçàíî.
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A continuation A-deformations of surfaces of positive curvature

with boundary

In the given work probed the problem of the possibility of continuation the

given A-deformations of �rst order of surfaces with positive curvature in A-

deformations of �nite order.
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measures of the rooted R-trees are also rooted R-trees.
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1 Introduction

The real trees (R-trees) were introduced by Tits [12]. Since then, they found

numerous applications in di�erent parts of mathematics. In particular, Kirk

[9] established connections between R-trees and the hyperconvex metric spaces

introduced by Aronszajn and Panitchpakdi [1].

Some applications of R-trees are also described in [2]. In particular, it is

mentioned that R-trees arise also in the coarse setting of word-hyperbolic groups.

Outside of mathematics, R-trees are used in biology, medicine and computer

science. In particular, applications in biology and medicine are related to the

notion of phylogenetic tree [11].

In the paper [7], connections between geodesically complete rooted R-trees
and ultrametric spaces are established. The results of [7] are formulated in terms

of categorical equivalence. This makes reasonable studying functorial construc-

tions in appropriate categories of R-trees. In the present note, we consider the

hyperspaces and the spaces of probabilily measures of rooted R-trees that are
also rooted R-trees.
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A geodesic segment with endpoint x, y ∈ X is the image of an isometric

embedding α : [0, d(x, y)] → X. By [x, y] we denote a geodesic segment with

endpoints x and y.

De�nition 1 We say that a metric space (X, d) is a geodesic space if for every

x, y ∈ X there exists a geodesic joining x and y.

De�nition 2 A metric space (X, d) is called an R-tree if
1. (X, d) is a geodesic space;

2. if [x, y] ∩ [x, z] = {x}, then [y, z] = [x, y] ∪ [x, z];

3. for every x, y, z ∈ X there exists w ∈ X such that [x, y] ∩ [x, z] = [x,w].

It is known that a geodesic metric space X is an R-tree if and only if X is

0-hyperbolic. It is also known that a geodesic space is an R-tree if and only if

for every two distinct points x, y of this space there exists a unique arc with

endpoints x, y.

De�nition 3 A rooted R-tree consists of an R-tree (X, d) and a point x0 ∈ X
called the root.

De�nition 4 A rooted R-tree (X, d, x0) is geodesically complete if every iso-

metric embedding f : [0, t] → X, where t > 0, with f(0) = x0, extends to an

isometric embedding f̄ : [0,∞)→ X.

In this case the map f̄ is said to be a geodesic ray.

Given a rooted R-tree (X, d, x0), we let |x| = d(x, x0), for every x ∈ X. For

every t > 0, let Xt = {y ∈ X | |y| = t} and X≤t = ∪{Xs | s ≤ t}. If 0 ≤ s ≤ t,

we de�ne a map πts : Xt → Xs by the condition πts(x) = y if {y} = [x, x0]∩Xs.

Remark that πts is uniquely determined.

Also, we de�ne a retraction πt : X → X≤t by the condition πt(x) = πst(x),

for every x ∈ Xs, where s ≥ t.
Recall that a metric % on a set Z is said to be an ultrametric if it satis�es

the following strong triangle inequality:

%(x, y) ≤ max{%(x, z), %(z, y)}, x, y, z ∈ Z.

Lemma 1 The restriction of the metric d onto Xt is an ultrametric.

Proof Let x, y, z ∈ Xt. There exist a, b ∈ X such that [x, x0] ∩ [y, x0] = [a, x0],

[y, x0]∩[z, x0] = [b, x0]. Without loss of generality, one may suppose that [b, x0] ⊂
[a, x0]. Then [x, a] ∪ [a, b] ∪ [b, z] is a geodesic segment containing x and z.
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Since d(x, y) = 2d(x, a), d(y, z) = 2d(y, b), and

d(x, z) = d(x, a) + d(a, b) + d(b, z) = d(x, b) + d(b, z),

we conclude that d(x, z) ≤ d(y, z) = max{d(x, y), d(y, z)}.

Denote by R-TREE the category whose objects are rooted R-trees and whose
morphisms are | · |-preserving continuous maps.

2 Hyperspaces

Given a metric space (X, d), by expX we denote the hyperspace of X, i.e. the

set of all nonempty compact subsets of X. We endow expX with the Hausdor�

metric dH ,

dH(A,B) = inf{r > 0 | A ⊂ Or(B), B ⊂ Or(A)},

where Or(C) denotes the r-neighborhood of C ∈ expX. For every n ∈ N, denote
by expnX the subspace

{A ∈ expX | the cardinality of A is at most n}

of expX.

In the sequel, we suppose that (X, d, x0) is a rooted R-tree. Let

˜expX = {A ∈ expX | A ⊂ Xt for some t > 0}.

Given A ∈ ˜expX, we write |A| = t whenever A ⊂ Xt. By d̃H we denote the

restriction of the Hausdor� metric onto the subspace ˜expX.

Let us consider the function d̃ : ˜expX × ˜expX → R de�ned as follows:

d̃(A,B) = inf{|A|+ |B| − 2u | π|A|u(A) = π|B|u(B)}.

Lemma 1 The metric ˜expX on ˜expX coincides with the function d̃.

Proof Let A,B ∈ ˜expX, |A| = t, |B| = s. Suppose that d̃(A,B) = r, then there

exists a unique u ∈ R+ such that (t− u) + (s− u) = r Ñ� πtu(A) = πsu(B).

Let a ∈ A, then there exists b ∈ B such that πtu(a) = πsu(b). We conclude

that d(a, b) = t+ s− 2u = r.

Similarly, for every b ∈ B there exists a ∈ A such that d(a, b) = r.

Summing up, d̃H(A,B) ≤ r.
Conversely, if d̃H(A,B) ≤ r, then for every a ∈ A there exists b ∈ B such

that d(a, b) ≤ r. Let [a, b] be a geodesic segment connecting a and b. Let c be

a point of this segment with the minimal norm. Then t − |c| + s − |c| ≤ r and

therefore |c| ≥ u = 1
2 (t+ s− r).

It is easy to see that then πtu(A) = πsu(B), and therefore d̃(A,B) ≤ r.
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Corollary 1 The space ˜expXt is zero-dimensional for every t > 0.

Proposition 1 The map | · | : ˜expX → R+ is nonexpanding.

Proof Let A,B ∈ ˜expX, |A| = t, |B| = s. Then there exists r ≤ min{t, s} such
that

d̃H(A,B) = |t− r|+ |s− r| = |t− r|+ |r − s| ≥ |t− r + r − s| = |t− s|

and we are done.

Proposition 2 For every R-tree X the space ˜expX is geodesic.

Proof Let A,B ∈ ˜expX, |A| = t, |B| = s, and d̃H(A,B) = c. Then there exists

r ≤ min{t, s} such that πtr(A) = πsr(B) and |t− r|+ |s− r| = c.

Consider a map γ : [0, c]→ ˜expX de�ned by the formula:

γ(x) =

{
πt,t−x(A), if x ∈ [0, t− r],

πs,s−c+x(B), if x ∈ [t− r, c].

Then γ(0) = πt,t(A) = A, γ(c) = πs,s(B) = B.

It is easy to see that γ is a geodesic segment that connects A and B.

Proposition 3 Let γ : [0, 1] → ˜expX be an embedding. Then the function t 7→
|γ(t)| satis�es one of the three conditions:

1. it is increasing;

2. it is decreasing;

3. it is decreasing on [0, t0] and is increasing on [t0, 1], for some t0 ∈ [0, 1].

Proof If none of the condition holds, then there exist t1, t2 ∈ [0, 1], t1 < t2, for

which |γ(t1)| = |γ(t2)| and |γ(t)| ≥ |γ(t1)|, for all t ∈ [t1, t2].

Let |γ(t1)| = c. Then the map t 7→ πcγ(t), t ∈ [t1, t2], is a map into a zero-

dimensional space, and therefore is a constant map. Thus, γ(t1) = γ(t2). This

contradicts to the fact that γ is an embedding.

Proposition 4 The space ˜expX does not contain an embedded S1.

Proof Otherwise, there exist A,B ∈ ˜expX and a geodesic γ : [0, dH(A,B)] such

that |γ(t)| ≥ |A| = |B|, for every t ∈ [0, dH(A,B)]. However, this contradicts to

Proposition 3.

Corollary 2 The space ˜expX is an R-tree.

Proof This follows from the known characterization of R-trees; see, e.g., [10].
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Proposition 5 The set ˜expX is a closed subset in the hyperspace expX.

Proof Since the map f : X → R+, f(x) = |x|, is continuous, so is the map

exp f : expX → expR+. Then

˜expX = (exp f)−1({{t} | t ∈ R+}) = (exp f)−1 exp1(R+)

and therefore is closed.

Corollary 3 For every complete rooted R-tree X, the R-tree ˜expX is complete.

The following example demonstrates that the R-tree ˜expX is not geodesically

complete even for a geodesically complete R-tree X. Let X = {(x, y) ∈ R2 | x ∈
[0, 1], y = 0} ∪ {(x, y) ∈ R2 | x ∈ {1} ∪ {(n− 1)/n | n ∈ N}, y ∈ R+}, we endow
X with the geodesic metric inherited from R2.

We suppose that (0, 0) is the root. Then X1 is homeomorphic to a convergent

sequence. It is easy to see that, for every r > 0, the space X1+r is a countable

discrete space.

De�ne γ : [0, 1] → ˜expX by the formula γ(t) = Xt. Then this geodesic seg-

ment cannot be extended onto the set R+.

The hyperspace construction determines an endofunctor in the category

R-TREE.

3 Probability measures on R-trees

Let P (X) denote the set of probability measures of compact support on a space

X. It is known that the construction of probability measures of compact support

determines a functor on the category of Tychonov spaces and continuous maps

[3]. If (X, d) is a metric space, then the set P (X) can be endowed with the

Kantorovich metric [8]; if d is an ultrametric, then the set P (X) can be endowed

with an ultrametric dHV ,

dHV (µ, ν) = inf{r > 0 | µ(Br(x)) = ν(Br(x)), for every x ∈ X}

(see [5,13]; here Br(x) denotes the r-ball centered at x). Some categorical prop-

erties of this metric were investigated in [6].

If X is a rooted R-tree, we let

P̃ (X) = {µ ∈ P (X) | supp(µ) ∈ ˜expX}.

Given µ ∈ P̃ (X), let |µ| = |supp(µ)|.
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We endow P̃ (X) with a metric d̂:

d̂(µ, ν) = inf{|µ|+ |ν| − 2s | s ∈ [0,min{|µ|, |ν|}], P (πs)(µ) = P (πs)(ν)}.

Note �rst that the function d̂ is well-de�ned. Indeed, P (π0)(µ) = P (π0)(ν) = δx0
,

for every µ, ν ∈ P̃ (X).

If d̂(µ, ν) = 0, then there exists a sequence (si) in R+ such that |µ| + |ν| −
2si → 0 and si ≤ min{|µ|, |ν|}. This implies, in particular, that limi→∞ si =

|µ| = |ν|.
Since the sequence of maps (πsi) uniformly converges to π|µ|, we obtain

µ =P (π|µ|)(µ) = P ( lim
i→∞

πsi)(µ) = lim
i→∞

P (πsi)(µ)

= lim
i→∞

P (πsi)(ν) = P ( lim
i→∞

πsi)(ν) = ν.

Symmetry of the function d̂ is obvious.

We are going to verify the triangle inequality. Let µ, ν, τ ∈ P̃ (X), then there

exist sequences

si ∈ [0,min{|µ|, |ν|}], ti ∈ [0,min{|ν|, |τ |}]

such that

P (πsi)(µ) = P (πsi)(ν), P (πti)(ν)P (πti)(τ)

and

d̂(µ, ν) = lim
i→∞

(|µ|+ |ν| − 2si), d̂(ν, τ) = lim
i→∞

(|ν|+ |τ | − 2ti).

Without loss of generality, one may assume that si ≤ ti, for all i ∈ N. Then
P (πsi)(µ) = P (πsi)(ν) = P (πsi)(τ) and we obtain

d̂(µ, τ) ≤ lim
i→∞

(|µ|+ |τ | − 2si) ≤ lim
i→∞

(|µ|+ |ν| − 2si + |ν|+ |τ | − 2ti)

(since 2|ν| − 2ti ≥ 0)

≤ d̂(µ, ν) + d̂(ν, τ).

Proposition 1 The restriction of the metric d̂ on the set P̃ (X)t is an ultramet-

ric for every t ∈ R+.

Proof If µ, ν, τ ∈ P̃ (X)t, then there exist si, ti ∈ R+ such that

P (πsi)(µ) = P (πsi)(ν), P (πti)(ν)P (πti)(τ)

and

d̂(µ, ν) = lim
i→∞

(|µ|+ |ν| − 2si), d̂(ν, τ) = lim
i→∞

(|ν|+ |τ | − 2ti).

Without loss of generality, one may assume that si ≤ ti, for all i ∈ N. Then
P (πsi)(µ) = P (πsi)(ν) = P (πsi)(τ) and we obtain

d̂(µ, τ) ≤ max{d̂(µ, ν), d̂(ν, τ)}.
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We can prove even more, namely

Proposition 2 The restriction of the metric d̂ on the set P̃ (X)t coincides with

the metric dHV , for every t ∈ R+.

Proof Suppose that dHV (µ, ν) < r. Then, for every x ∈ X, µ(Br(x)) = ν(Br(x)).

We are going to show that P (πt,t−(r/2))(µ) = P (πt,t−(r/2))(ν).

Indeed,

P (πt,t−(r/2))(µ) =

k∑
i=1

µ(Br(xi))δπt,t−(r/2)(xi), (1)

where x1, . . . , xk ∈ supp(µ) are such that {Br(xi) | i = 1, . . . , k} is a disjoint

cover of supp(µ). It is easy to see that the right-hand side is well-de�ned, i.e.

does not depend on the choice of x1, . . . , xk. Applying the same arguments to

the measure ν one easily concludes that the right-hand side of (1) is equal to

P (πt,t−(r/2))(ν).

On the other hand, suppose that d̂(µ, ν) < r. Then P (πt,t−(r/2))(µ) =

P (πt,t−(r/2))(ν) and therefore, for every x ∈ Xt−(r/2) and every ε > 0, we have

P (πt,t−(r/2))(µ)(Bε(x)) = P (πt,t−(r/2))(ν)(Bε(x)).

Then µ(Br+ε(x)) = ν(Br+ε(x)), for every x ∈ X and therefore dHV (µ, ν) ≤ r+ε,
for every ε > 0. Thus, dHV (µ, ν) ≤ r.

Denote by d̃ the restriction of the metric d̂ onto P̃ (X).

Theorem 1 The metric space (P̃ (X), d̃) is an R-tree.

Proof The proof of this fact can be performed analogously to that of Corollary

3. We use the fact that the metric dHV is an ultrametric.

Proposition 3 The map supp: P̃ (X)→ ˜expX is nonexpanding.

Proof Suppose that d̂(µ, ν) < r, for some r > 0. Then there exists c ∈
[0,min{|µ|, |ν|}] such that P (πc)(µ) = P (πc(ν) and |µ|+ |ν| − 2c < r.

Then |supp(µ)| = |µ|, |supp(ν)| = |ν| and πc(supp(µ)) = πc(supp(ν)),

whence

d̃H(supp(µ), supp(ν)) ≤ |supp(µ)|+ |supp(ν)| < r.

Theorem 2 Let X be a complete R-tree. Then P̃ (X) is also a complete R-tree.
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Proof Let (µi) be a Cauchy sequence in P̃ (X). Since, by Corollary 3, the space

˜expX is complete and the map supp is nonexpanding, the Cauchy sequence

(supp(µi)) is convergent.

We follow the idea of the proof of [5, Theorem 3.5]. De�ne µ ∈ P (X) as

follows. Let x ∈ A and r > 0. We put µ(Br(x)) = limi→∞ µi(Br(x)).

Since (µi) is a Cauchy sequence, there exists n0 ∈ N such that µm(Br(x)) =

µn(Br(x)), for every m,n > n0. This means that the sequence µi(Br(x)) is

eventually constant and, therefore, is convergent. Clearly, the function µ, which

is de�ned on the balls, uniquely extends to a probability measure; we keep the

notation µ for the latter.

By the de�nition, µ = limi→∞ µi.

Similarly as above one can demonstrate that the R-tree P̃ (X) is not neces-

sarily geodesically complete even if so is X. Actually, the example at the end of

the previous section works.

The construction of space of probability measures determines an endofunctor

in the category R-TREE. The class of maps supp comprises a natural transfor-

mation from ˜exp to P̃ .

4 Open problems

In [7], the category of geodesically complete, rooted R-trees and equivalence

classes of isometries at in�nity is introduced. This leads to the following question.

Question 1 Are there counterparts of the hyperspace functor and the probability

measure functor in the mentioned category?

The notion of ultrametric has its counterpart in the theory of fuzzy metric

spaces (see [4]). A continuous operation (a, b) 7→ a ∗ b : [0, 1] × [0, 1] → [0, 1] is

called a t-norm, if ∗ is associative, commutative, monotonic and 1 is its neutral

element.

A function M : X ×X × (0,∞)→ [0, 1] is said to be a fuzzy metric on a set

X, if it satis�es the following conditions: (i) M(x, y, t) > 0; (ii) M(x, y, t) = 1

if and only if x = y; (iii) M(x, y, t) = M(y, x, t); (iv) M(x, y, t) ∗M(y, z, s) ≤
M(x, z, t+ s); (v) the function M(x, y,−) : (0,∞)→ [0, 1] is continuous.

The triple (X,M, ∗) is called a fuzzy metric space ([3, 4]). If condition (iv) in

the de�nition of a fuzzy metric M : X ×X × (0,∞)→ [0, 1] is replaced with the

stronger condition (iv') M(x, y, t) ∗M(y, z, t) ≤M(x, z, t), then this function is

called a fuzzy ultrametric.
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Ametric space (X, d) is an R-tree if and only if it is complete, path-connected,

and satis�es the so-called four point condition, that is,

d(x1, x2) + d(x3, x4) ≤ max{d(x1, x3) + d(x2, x4), d(x1, x4) + d(x2, x3)}

for all x1, . . . , x4 ∈ X.

This leads to the following question.

Question 2 Is there a fuzzy counterpart of the four point condition? of the notion

of R-tree?
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Ïðî êîìáiíàòîðíèé iíâàðiàíò ïñåâäîãàðìîíi÷-
íèõ ôóíêöié, çàäàíèõ íà k−çâ'ÿçíié çàìêíåíié
îáëàñòi

I.À. Þð÷óê

Àíîòàöiÿ Íåõàé f : D → R � ïñåâäîãàðìîíi÷íà ôóíêöiÿ, ÿêà çàäàíà íà

k−çâ'ÿçíié îði¹íòîâàíié çàìêíåíié îáëàñòi D ⊂ C, îáìåæåíié æîðäàíîâèìè

êðèâèìè γ0, γ1, . . ., γk, 0 ≤ k < ∞. Íàãàäà¹ìî, ùî äàíèé êëàñ ôóíêöié

ñïiâïàäà¹ iç êëàñîì íåïåðåðâíèõ ôóíêöié, ùî ìàþòü ñêií÷åííå ÷èñëî ñiäëî-

âèõ êðèòè÷íèõ òî÷îê ó âíóòðiøíîñòi îáëàñòi òà ñêií÷åííå ÷èñëî ëîêàëüíèõ

åêñòðåìóìiâ íà ìåæi.Ó ðîáîòi [4], àâòîðàìè ïîâíiñòþ äîñëiäæåíî âèïàäîê

k = 0, à ñàìå, ïîáóäîâàíî òîïîëîãi÷íèé iíâàðiàíò äàíîãî êëàñó ôóíêöié,

äîâåäåíî éîãî îñíîâíi âëàñòèâîñòi, êðèòåðié ¨õ òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi

òà êðèòåðié ðåàëiçàöi¨ ñïåöiàëüíîãî êëàñó ãðàôiâ ÿê iíâàðiàíòó ôóíêöié. Â

äàíié ñòàòòi ïîáóäîâàíî êîìáiíàòîðíèé iíâàðiàíò G(f) ôóíêöi¨ f ó âèïàäêó

k−çâ'ÿçíî¨ çàìêíåíî¨ îáëàñòi, ÿêèé ñêëàäà¹òüñÿ iç ãðàôiâ Êðîíðîäà-Ðiáà

çâóæåííÿ ôóíêöi¨ f íà ìåæó îáëàñòi D òà çâ'ÿçíèõ êîìïîíåíò òèõ ëiíié ðiâ-

íÿ êðèòè÷íèõ òà íàïiâðåãóëÿðíèõ çíà÷åíü ôóíêöi¨, ÿêi ìiñòÿòü êðèòè÷íi àáî

ìåæîâi êðèòè÷íi òî÷êè. Çãiäíî ïîáóäîâè, G(f) ¹ çìiøàíèì ïñåâäîãðàôîì

(ãðàôîì iç êðàòíèìè ðåáðàìè òà ïåòëÿìè) çi ñòðîãèì ÷àñòêîâèì ïîðÿäêîì

íà âåðøèíàõ, ùî iíäóêó¹òüñÿ çíà÷åííÿìè ôóíêöi¨ f . Ó ãðàôà G(f) ¹ äâà

òèïè öèêëiâ: C-öèêë (ïðîñòèé öèêë, êîæíà ïàðà ñóìiæíèõ âåðøèí ÿêîãî ¹

ïîðiâíÿíîþ) òà L-öèêë (ïðîñòèé öèêë, êîæíà ïàðà ñóìiæíèõ âåðøèí ÿêîãî

¹ íåïîðiâíÿíîþ). Àâòîðîì äîâåäåíî òåîðåìó ïðî ñòðóêòóðó iíâàðiàíòó, à

òàêîæ òîé ôàêò, ùî êiëüêiñòü C-öèêëiâ ó êîìáiíàòîðíîìó iíâàðiàíòi äîðiâ-

íþ¹ êiëüêîñòi ìåæîâèõ êðèâèõ, ÿêi îáìåæóþòü äàíó k−çâ'ÿçíó îði¹íòîâàíó

çàìêíåíó îáëàñòü.
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Êëþ÷îâi ñëîâà ïñåâäîãàðìîíi÷íà ôóíêöiÿ, êîìáiíàòîðíèé iíâàðiàíò, k−
çâ'ÿçíà îáëàñòü

ÓÄÊ 515.173.2

1 Âñòóï

Ïñåâäîãàðìîíi÷íi ôóíêöi¨ çàéìàþòü âàæëèâå ìiñöå ñåðåä ôóíêöié, ùî îïè-

ñóþòü ïðèðîäíè÷i ïðîöåñè. Íàïðèêëàä, ïîòåíöiàë ñèë òÿæiííÿ â îáëàñòi,

ÿêà íå ìiñòèòü ìàñ, ùî ïðèòÿãóþòüñÿ; ïîòåíöiàë øâèäêîñòåé áåçâèõðîâîãî

ðóõó ðiäèíè; òåìïåðàòóðà òiëà çà óìîâ ñòàáiëiçàöi¨ ðîçïîäiëó òåïëà òà ií.

Ó 40-60-õ ðîêàõ ìèíóëîãî ñòîëiòòÿ ç'ÿâèëàñü ñåðiÿ ðîáiò, ïðèñâÿ÷åíèõ

âèâ÷åííþ âëàñòèâîñòåé ïñåâäîãàðìîíi÷íèõ ôóíêöié íà ïëîùèíi, àâòîðàìè

ÿêèõ áóëè Ì.Ìîðñ [2], Äæ.Äæåíêiíñ [3] òà Â.Êàïëàí [1]. Çîêðåìà, áóëî äî-

âåäåíî ðiâíiñòü, ùî ïîâ'ÿçó¹ ÷èñëà êðèòè÷íèõ òî÷îê ó âíóòðiøíîñòi îáëàñòi

ç ÷èñëîì ëîêàëüíèõ åêñòðåìóìiâ íà ìåæi, à òàêîæ äîâåäåíî òåîðåìè ïðî

ëîêàëüíå ïðåäñòàâëåííÿ îêîëiâ êðèòè÷íèõ, ìåæîâèõ êðèòè÷íèõ òî÷îê òà

ëîêàëüíèõ åêñòðåìóìiâ íà ìåæi òà iíøi ðåçóëüòàòè.

Ó ìîíîãðàôi¨ [4] äîâåäåíî êðèòåðié òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi äàíîãî

êëàñó ôóíêöié íà äèñêó â òåðìiíàõ êîìáiíàòîðíèõ iíâàðiàíòiâ, ùî ïîáóäî-

âàíi çà ôóíêöiÿìè i ìiñòÿòü ïîâíó iíôîðìàöiþ ïðî ¨õ ïîâåäiíêó, òà êðèòåði¨

ðåàëiçàöi¨ ãðàôà ÿê iíâàðiàíòà.

Â äàíié ðîáîòi ðîçãëÿäàþòüñÿ ïñåâäîãàðìîíi÷íi ôóíêöi¨, ùî çàäàíi íà

k-çâ'ÿçíié îði¹íòîâàíié çàìêíåíié îáëàñòi D, D ⊂ C. Êîæíié ôóíêöi¨ ç ðîç-

ãëÿäóâàíîãî êëàñó ñòàâèòüñÿ ó âiäïîâiäíiñòü êîìáiíàòîðíèé iíâàðiàíò � çìi-

øàíèé íñåâäîãðàô çi ñòðîãèì ÷àñòêîâèì ïîðÿäêîì íà âåðøèíàõ. Àâòîðîì

äîâåäåíî ðÿä òåîðåì, ùî îïèñóþòü ñòðóêòóðó äàíîãî iíâàðiàíòó.

Àâòîð âèñëîâëþ¹ ïîäÿêó ñòàðøîìó íàóêîâîìó ñïiâðîáiòíèêó âiääiëó òî-

ïîëîãi¨ Iíñòèòóòó ìàòåìàòèêè ÍÀÍÓ Ïîëóëÿõó �âãåíó çà êîðèñíi îáãîâî-

ðåííÿ òà öiêàâiñòü äî äàíî¨ òåìàòèêè.

2 Ïîïåðåäíi âiäîìîñòi

Ïîçíà÷èìî ÷åðåç D, D ⊂ C k-çâ'ÿçíó îði¹íòîâàíó çàìêíåíó îáëàñòü, ÿêà

îáìåæåíà æîðäàíîâèìè êðèâèìè γ0, γ1, . . ., γk, 0 ≤ k <∞. Ïðèïóñòèìî, ùî

γi, i = 1, k, ëåæàòü â ñåðåäèíi γ0.
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Íåõàé f : D → R � äåÿêà ïñåâäîãàðìîíi÷íà ôóíêöiÿ. Íàãàäà¹ìî îñíîâíi

îçíà÷åííÿ, ùî ïîâ'ÿçàíi ç äàíèì êëàñîì ôóíêöié [2,3,4,5].

Ôóíêöiÿ f(x, y) ãàðìîíi÷íà â òî÷öi (x0, y0), ÿêùî

∂2f

∂x2
(x0, y0) +

∂2f

∂y2
(x0, y0) = 0.

Ôóíêöiÿ f(z) ïñåâäîãàðìîíi÷íà â òî÷öi z0 = (x0, y0), ÿêùî iñíó¹ îêië U(z0)

òà ãîìåîìîðôiçì ϕ îêîëó U(z0) â ñåáå òàêèé, ùî ϕ(z0) = z0 òà f(ϕ(z)),

z = (x, y), � ãàðìîíi÷íà. Ôóíêöiÿ f ïñåâäîãàðìîíi÷íà â îáëàñòi, ÿêùî âîíà

ïñåâäîãàðìîíi÷íà â êîæíié ¨¨ òî÷öi. Òî÷êà z0 ∈ D ¹ ðåãóëÿðíîþ òî÷êîþ f ,

ÿêùî iñíó¹ âiäêðèòèé ¨¨ îêië U ⊆ D i ãîìåîìîðôiçì ϕ : U → D òàêèé,

ùî ϕ(z0) = 0 i f ◦ ϕ−1(z) = Rez + f(z0) äëÿ âñiõ z ∈ U . Òî÷êà z0 ∈ ∂D ¹

ðåãóëÿðíîþ ìåæîâîþ òî÷êîþ f , ÿêùî iñíó¹ ¨¨ îêië U â D òà ãîìåîìîðôiçì

h : U → D+ öüîãî îêîëó â âåðõíié íàïiâäèñê D+ òàêèé, ùî h(z0) = 0,

h(U ∩ f−1(f(z0))) = {0}× [0, 1), h(U ∩ ∂D2) = (−1, 1)×{0} i ôóíêöiÿ f ◦ h−1

¹ ñòðîãî ìîíîòîííà íà iíòåðâàëi (−1, 1) × {0}. ßêùî òî÷êà z0 ∈ D íå ¹

ðåãóëÿðíîþ òî÷êîþ f , òî âîíà íàçèâà¹òüñÿ êðèòè÷íîþ. Çà îçíà÷åííÿì âñi

êðèòè÷íi òî÷êè f ¹ ñiäëîâèìè, òîáòî äëÿ êîæíî¨ ç íèõ iñíó¹ îêië U ⊆ D i

ãîìåîìîðôiçì ϕ : U → D òàêèé, ùî ϕ(z0) = 0 i f ◦ϕ−1(z) = Rezn+f(z0) äëÿ

âñiõ z ∈ U . ×èñëî n íàçâåìî êðàòíiñòþ ñiäëîâî¨ òî÷êè z0. Òî÷êè ìåæi ∂D,

ùî íå ¹ íi ìåæîâèìè ðåãóëÿðíèìè, íi içîëüîâàíèìè òî÷êàìè ¨õ ëiíié ðiâíÿ

íàçèâàþòüñÿ êðèòè÷íèìè ìåæîâèìè òî÷êàìè.

×èñëî c ¹ êðèòè÷íèì çíà÷åííÿì f , ÿêùî f−1(c) ìiñòèòü ïðèíàéìíi îäíó

êðèòè÷íó òî÷êó. ×èñëî c ¹ ðåãóëÿðíèì çíà÷åííÿì f , ÿêùî f−1(c) íå ìiñòèòü

êðèòè÷íèõ òî÷îê i ãîìåîìîðôíå íåçâ'ÿçíîìó îá'¹äíàííþ iíòåðâàëiâ, ÿêi ïå-

ðåòèíàþòüñÿ ç ìåæåþ ∂D ëèøå â ñâî¨õ êiíöÿõ. ×èñëî c ¹ íàïiâðåãóëÿðíèì

çíà÷åííÿì f , ÿêùî âîíî íå ¹ íi ðåãóëÿðíèì, íi êðèòè÷íèì. Ëiíi¨ ðiâíÿ íà-

ïiâðåãóëÿðíîãî çíà÷åííÿ ìiñòÿòü ëèøå ìåæîâi êðèòè÷íi òî÷êè òà ëîêàëüíi

åêñòðåìóìè f |∂D.
Íàãàäà¹ìî [6], ùî ïðîñòèì øëÿõîì iç âåðøèíè u â âåðøèíó v íàçèâà-

þòü ïîñëiäîâíiñòü ðåáåð e1 = {u, u1}, e2 = {u1, u2}, . . ., er = {un, v}, ùî íå

ìiñòèòü ïîâòîðþâàëüíèõ. Ïðîñòèé öèêë � ïðîñòèé øëÿõ, ïî÷àòêîâà òà êií-

öåâà âåðøèíè ÿêîãî ñïiâïàäàþòü. Âåðøèíè ãðàôó íàçèâàþòüñÿ ñóìiæíèìè,

ÿêùî âîíè ¹ êiíöÿìè îäíîãî i òîãî æ ðåáðà (äóãè).

×åðåç V (G) áóäåìî ïîçíà÷àòè ìíîæèíó âåðøèí ãðàôà G, à ÷åðåç E(G)

� ìíîæèíó éîãî ðåáåð (äóã).

Ïñåâäîãðàôîì G íàçèâà¹òüñÿ ïàðà (V (G), E(G)), äå V (G) � íåïîðîæíÿ

ìíîæèíà, à E(G) � ñiì'ÿ íåâïîðÿäêîâàíèõ ïàð íå îáîâ'ÿçêîâî ðiçíèõ âåðøèí.
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3 Ïîáóäîâà iíâàðiàíòà ïñåâäîãàðìîíi÷íî¨ ôóíêöi¨

Íåõàé c1, c2, . . ., cn � êðèòè÷íi çíà÷åííÿ f , à a1, a2, . . ., am � íàïiâðåãóëÿðíi.

Ïîçíà÷èìî ÷åðåç K(cj) ìíîæèíó çâ'ÿçíèõ êîìïîíåíò ëiíié ðiâíÿ f
−1(cj), ùî

ìiñòÿòü êðèòè÷íi òî÷êè, à L(as) � ìíîæèíà òèõ çâ'ÿçíèõ êîìïîíåíò ëiíié

ðiâíÿ f−1(as), ùî ìiñòÿòü ìåæîâi êðèòè÷íi òî÷êè, j = 1, n s = 1,m.

Ñõåìà ïîáóäîâè iíâàðiàíòó:

1. Ïîáóäó¹ìî ãðàô G(f) =
⋃
i

ΓK−R(f |γi)
⋃
j

K(cj)
⋃
s
L(as), äå ΓK−R(f |γi) �

ãðàô Êðîíðîäà-Ðiáà ôóíêöi¨ f |γi .
2. Ó ãðàôi ΓK−R(f |γ0) çàìiíèìî ðåáðà íà îði¹íòîâàíi äóãè çà íàñòóïíèì

ïðàâèëîì. Íåõàé òî÷êàì x, y, z ∈ γ0 âiäïîâiäàþòü åëåìåíòè v1, v2, v3

ìíîæèíè V (ΓK−R(f |γ0)). Ïîçíà÷èìî ÷åðåç e1 = (v1, v2) òà e2 = (v2, v3)

îði¹íòîâàíi äóãè, êiíöÿìè ÿêèõ ¹ âåðøèíè vi, i = 1, 3. Äóãè e1 òà e2

íàëåæàòü ìíîæèíi E(ΓK−R(f |γ0)) òîäi i ëèøå òîäi, êîëè òî÷êà x ñëiäó¹

çà y, à y ñëiäó¹ çà òî÷êîþ z íà êðèâié γ0 âçäîâæ çàäàíî¨ îði¹íòàöi¨.

3. Ââåäåìî ÷àñòêîâèé ïîðÿäîê íà ìíîæèíi V (G(f)) âèêîðèñòîâóþ÷è ôóíê-

öiþ f . Ñêàæåìî, ùî v1 > v2, äå v1, v2 ∈ G(f), òîäi i ëèøå òîäi, êîëè

f(x) > f(y), äå v1 (v2) � âåðøèíà, ùî âiäïîâiäà¹ òî÷öi x (y), x ∈ D

(y ∈ D).

Ïîçíà÷èìî ÷åðåç G(f) êîìáiíàòîðíèé iíâàðiàíò ïñåâäîãàðìîíi÷íî¨ ôóíê-

öi¨ f , ÿêèé ïîáóäîâàíèé çà îïèñàíîþ âèùå ñõåìîþ.

4 Ñòðóêòóðà iíâàðiàíòà G(f) ÿê ãðàôà

Îçíà÷åííÿ 1 C-öèêëîì (L-öèêëîì) iíâàðiàíòó G(f) íàçèâà¹òüñÿ ïðî-

ñòèé öèêë ó ÿêîìó äîâiëüíà ïàðà ñóìiæíèõ âåðøèí vi òà vi+1 ¹ ïîðiâ-

íÿëüíîþ (íåïîðiâíÿëüíîþ).

Òåîðåìà 1 ßêùî G(f) � êîìáiíàòîðíèé iíâàðiàíò äåÿêî¨ ïñåâäîãàðìîíi÷-

íî¨ ôóíêöi¨ f : D → R, ÿêà çàäàíà íà k−çâ'ÿçíié çàìêíåíié îáëàñòi D,

òî äîâiëüíà êîìïîíåíòà çâ'ÿçíîñòi Σj ìíîæèíè G(f)\(
k⋃
i=0

ΓK−R(f |γi)) ¹

ïñåâäîãðàôîì, êîæíà ïàðà âåðøèí ÿêîãî ¹ íåïîðiâíÿíîþ.

Äîâåäåííÿ Íåõàé Σj � äåÿêà çâ'ÿçíà êîìïîíåíòà ìíîæèíè

G(f)\(
k⋃
i=0

ΓK−R(f |γi)). Ïîêàæåìî, ùî Σj � ïñåâäîãðàô. Äëÿ öüîãî äî-

ñòàòíüî ïîêàçàòè, ùî iñíóþòü âèïàäêè, êîëè ó Σj ¹ ïåòëi òà êðàòíi

ðåáðà.
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Ïðèïóñòèìî, ùî V (Σj) = {v} � îäíîåëåìåíòíà ìíîæèíà âåðøèí êîìïî-

íåíòè. Çà ïîáóäîâîþ iíâàðiàíòó, iñíó¹ òî÷êà z òàêà, ùî z ∈ D òà f(z) = c,

äå c � àáî êðèòè÷íå àáî íàïiâðåãóëÿðíå çíà÷åííÿ ôóíêöi¨ f . Ïîêëàäåìî

Θ = f−1(c) ∪D i Θ 3 z. Çàóâàæèìî, ùî Θ � êîìïàêò. Ðîçãëÿíåìî íàñòóïíi

âèïàäêè:

Âèïàäîê 1: z ∈ ∂D. Òîäi, z ¹ àáî ðåãóëÿðíîþ, àáî êðèòè÷íîþ ìåæîâîþ

òî÷êîþ. Çàóâàæèìî, ùî z íå ìîæå áóòè ëîêàëüíèì åêñðåìóìîì. Îñêiëüêè,

â ¨¨ îêîëi çíà÷åííÿ ôóíêöi¨ f ó äîâiëüíèõ òî÷êàõ, ùî âiäìiííi âiä z, àáî

áiëüøi, àáî ìåíøi íiæ c, òî E(Σj) = ∅.

Âèïàäîê ðåãóëÿðíî¨ òî÷êè òàêîæ âèêëþ÷à¹ìî, îñêiëüêè çãiäíî ¨¨ îçíà÷åí-

íÿ, iñíó¹ îêië U(z) â D i ãîìåîìîðôiçì h : U(z)→ D+ öüîãî îêîëó â âåðõíié

íàïiâäèñê D+ òàêèé, ùî h(z) = 0 i h(U ∩ f−1(c))) = {0} × [0, 1). Ç iíøîãî

áîêó, f(h−1([0, 1))) = c i h−1([0, 1)) ⊆ Θ. Îñêiëüêè, Θ � êîìïàêò, òî iñíó¹

òî÷êà z′ ∈ D. Çãiäíî ïîáóäîâè iíâàðiàíòó G(f), iñíó¹ âåðøèíà v′ ∈ V (Σj),

v 6= v′, ÿêà âiäïîâiäà¹ òî÷öi z. Îòðèìàëè ñóïåðå÷íiñòü ç ïðèïóùåííÿì.

ßêùî æ z ¹ êðèòè÷íîþ ìåæîâîþ òî÷êîþ, òî iñíó¹ îêië U(z) â D i ãî-

ìåîìîðôiçì h : U(z) → D+ öüîãî îêîëó â âåðõíié íàïiâäèñê D+ òàêèé, ùî

h(z) = 0, h(U̇(z)∩f−1(c))) =
m⋃
l=1

İl, äå İl = (0; 1), U̇(z) = U(z)\{z}. Äàëi, äëÿ

êîæíîãî l çíàéäåìî òî÷êó z′l 6= z òàêó, ùî z′l = ∂U(z) ∩ h−1(0; 1). Êîæíà ç òî-
÷îê z′l ∈ IntD i ¹ ðåãóëÿðíîþ òî÷êîþ ôóíêöi¨ f (â ïðîòèëåæíîìó âèïàäêó, ìè

îòðèìà¹ìî ñóïåðå÷íiñòü ç òèì ôàêòîì, ùî V (Σj) = {v}). Âèêîðèñòîâóþ÷è
îçíà÷åííÿ ðåãóëÿðíî¨ òî÷êè, äëÿ êîæíî¨ òî÷êè z′l ìîæíà ïîáóäóâàòè ñêií-

÷åííó ïîñëiäîâíiñòü òî÷îê {z̃li}
sl
i=1 òàêó, ùî f(z̃li) = c ïðè l = 1,m, i = 1, sl.

ßêùîm � íåïàðíå ÷èñëî, òî iç êîìïàêòíîñòi Θ ñëiäó¹, ùî çàâæäè çíàéäåòüñÿ

íîìåð li òàêèé, ùî z̃
l
sli

= z′ 6= z, äå z′ ∈ D. À öå ñóïåðå÷èòü ïðèïóùåíþ ïðî

îäíîåëåìåíòíiñòü ìíîæèíè V (Σj), îñêiëüêè çà ïîáóäîâîþ iíâàðiàíòó òî÷öi

z′ áóäå âiäïîâiäàòè äåÿêà âåðøèíà v′. Îòæå, m � ïàðíå ÷èñëî. Òîìó, äëÿ

êîæíîãî iíäåêñó l òî÷êè çíàéäóòüñÿ òî÷êè z̃lsl = z. À öå îçíà÷à¹, ùî iñíó¹ R

(R = m
2 ) ÷èñëî ïåòåëü ur(t) òàêèõ, ùî ur(0) = ur(1) = z i f(ur(t)) = c ïðè

t ∈ [0; 1], r = 1, R. Âiäìiòèìî òàêîæ, ùî êîæíîìó r âiäïîâiäà¹ äâi ïîñëiäîâ-

íîñòi {tri }
sli
i=1 òà {trj}

slj
j=1, äå li, lj ∈ {1,m}, çíà÷åíü ïàðàìåòðà t ∈ (0; 1) òàêèõ,

ùî ur(t
r
j) = z̃

lj
i i ur(t

r
j) = z̃

lj
i , äå r = 1, R. Ðîçãëÿíåìî êîìïîíåíòè ìíîæèíè

D \ ur(t) òà ïîçíà÷èìî ¨õ ÷åðåç D1 òà D2. Îñêiëüêè f |D1
òà f |D2

¹ ïñåâäî-

ãàðìîíi÷íèìè i òàêèìè, ùî f |ur(t)=∂D1
= f |ur(t)=∂D2

= c, òî ÿê â IndD1, òàê

i â IndD2 iñíóþòü ìåæîâi êðèâi γi ∈ ∂D. Çãiäíî ïîáóäîâè iíâàðiàíòà G(f),

êîæíié ïåòëi ur(t), r = 1, R, âiäïîâiäà¹ ðåáðî er = {v, v} ∈ E(Σj).
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Âèïàäîê 2: z ∈ IndD. Òîäi, z ¹ êðèòè÷íîþ òî÷êîþ. Iç îçíà÷åííÿ êðèòè÷íî¨

òî÷êè òà âèêîðèñòîâóþ÷è ìiðêóâàííÿ, ùî àíàëîãi÷íi äî âèïàäêó ìåæîâî¨

êðèòè÷íî¨òî÷êè, âèïëèâà¹, iñíó¹ n, n > 1, ïåòåëü ur(t) òàêèõ, ùî ur(0) =

ur(1) = z i f(ur(t)) = c ïðè t ∈ [0; 1]. À öå îçíà÷à¹, ùî â Σj ðåáðà er =

{v, v} ∈ E(Σj) ¹ ïåòëÿìè, äå r = 1, n

Íàñòóïíèé êðîê äîâåäåííÿ: ïðèïóñòèìî, ùî V (Σj) = {v1, v2}. Çà ïîáóäî-
âîþ iíâàðiàíòó, iñíóþòü òî÷êè z1 i z2 òàêi, ùî z1, z2 ∈ D òà f(z1) = f(z2) = c,

äå c � àáî êðèòè÷íå àáî íàïiâðåãóëÿðíå çíà÷åííÿ ôóíêöi¨ f . Ïîçíà÷èìî ÷åðåç

Θ òó çâ'ÿçíó êîìïîíåíòó ëiíi¨ ðiâíÿ f−1(c), ùî ìiñòèòü äàíi òî÷êè. Ðîçãëÿ-

íåìî âèïàäêè:

Âèïàäîê 1: z1 ∈ ∂D. Òîäi, ïî àíàëîãi¨ ç òàêèì æå âèïàäêîì äëÿ ïðè-

ïóùåííÿ ïðî îäíîåëåìåíòó ìíîæèíó âåðøèí, òî÷êà z1 íå ¹ ëîêàëüíèì åêñ-

òðåìóìîì. Íåõàé z ¹ ðåãóëÿðíîþ. Òîäi, iç ¨¨ îçíà÷åííÿ òà êîìïàêòíîñòi Θ

âèïëèâà¹, ùî iñíó¹ òî÷êà z′ = z2 ∈ ∂D, ÿêà ¹ òàêîæ ðåãóëÿðíîþ (âèïàäîê

êðèòè÷íî¨ ìåæîâî¨ òî÷êè âèêëþ÷à¹ìî, îñêiëüêè îòðèìà¹ìî ñóïåðå÷íiñòü ç

ïðèïóùåííÿì ïðî äâîåëåìåíòíiñòü ìíîæèíè V (Σj)). Îòæå, Θ � ìiñòèòü ëè-

øå ðåãóëÿðíi òî÷êè, ùî ñóïåðå÷èòü ïîáóäîâi G(f). Îòæå, z1 ¹ êðèòè÷íîþ

ìåæîâîþ òî÷êîþ. Ïî àíàëîãi¨ ç òàêèì æå âèïàäêîì äëÿ ïîïåðåäíüîãî ïðè-

ïóùåííÿ, ïîáóäó¹ìî n ïîñëiäîâíîñòåé òî÷îê {z̃ij}, äå i = 1, n i äëÿ êîæíîãî

òàêîãî iíäåêñó i iñíó¹ çíà÷åííÿ si òàêå, ùî j = 1, si, òàêó, ùî f(z̃
i
j) = c.

Òîäi, ìîæëèâî äâà âèïàäêè: àáî z̃isi = z1, àáî z̃
i
si = z2. Ó ïåðøîìó âèïàä-

êó, îòðèìà¹ìî ñêií÷åííå ÷èñëî ïåòåëü ur(t) òàêèõ, ùî ur(0) = ur(1) = z1,

f(ur(t)) = c, äå t ∈ [0; 1], à â äðóãîìó, ñêií÷åííå ÷èñëî øëÿõiâ u′r(t) òà-

êèõ, ùî u′r(0) = z1, u
′
r(1) = z2, f(u

′
r(t)) = c, äå t ∈ [0; 1]. Ïðèïóñòèìî,

ùî iñíó¹ äâà øëÿõè u′r1(t) òà u′r2(t) òàêi, ùî ñïîëó÷àþòü òî÷êè z1 òà z2.

Ðîçãëÿíåìî êîìïîíåíòè ìíîæèíè D \ (u′r1(t) ∪ u′r2(t)) òà ïîçíà÷èìî ¨õ ÷å-

ðåç D1 òà D2. Îñêiëüêè f |D1
òà f |D2

¹ ïñåâäîãàðìîíi÷íèìè i òàêèìè, ùî

f |u′
r1

(t)∪u′
r2

(t)=∂D1
= f |u′

r1
(t)∪u′

r2
(t)=∂D2

= c, òî ÿê ó IndD1, òàê i ó IndD1 iñ-

íóþòü ìåæîâi êðèâi γi ∈ ∂D, à çãiäíî ïîáóäîâè iíâàðiàíòà G(f) iñíó¹ iñíó¹

äâà ðåáðà e1 = {v1, v2} òà e2 = {v1, v2}, ÿêi íàëåæàòü ìíîæèíi E(Σj) i ¹

êðàòíèìè ðåáðàìè.

Âèïàäîê 2: z1 ∈ IndD. Òîäi, z1 ¹ êðèòè÷íîþ òî÷êîþ. Ïî àíàëîãi¨ ç êðè-

òè÷íîþ ìåæîâîþ òî÷êîþ âèïàäêó 1, âèêîðèñòîâóþ÷è îçíà÷åííÿ êðèòè÷íî¨

òî÷êè, ìîæíà ïîêàçàòè, ùî iñíóþòü ÿê ïåòëi â z1, òàê i øëÿõè, ùî ñïîëó÷à-

þòü z1 òà z2.

Äîâåäåìî, ùî äîâiëüíà ïàðà âåðøèí ìíîæèíè V (Σj) ¹ íåïîðiâíÿëüíîþ.

Íåõàé v′ òà v′′ � äåÿêi âåðøèíè Σj . Îñêiëüêè Σj � çâ'ÿçíèé ïñåâäîãðàô,
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òî iñíó¹ ïðèíàéìíi îäèí øëÿõ ç ðåáåð e1 = {v′ = v0, v1}, e2 = {v1, v2}, . . .,
en = {vn−1, vn = v′′}, ùî ñïîëó÷à¹ v′ òà v′′. Çãiäíî ïîáóäîâè iíâàðiàíòà G(f),

êîæíîìó ç ðåáåð ei, i = 0, n, âiäïîâiäà¹ øëÿõ ui(t) òàêèé, ùî ui(0) = zi,

ui(1) = zi+1 i f(ui(t)) = c ïðè t ∈ [0; 1], äå òî÷êè zi ∈ D âiäïîâiäàþòü

âåðøèíàì vi ∈ V (Σj). Çâiäêè âèïëèâà¹, ùî v′ = v1 = . . . = vn−1 = v′′. Îòæå,

v′ òà v′′ ¹ íåïîðiâíÿëüíi.

Íàñëiäîê 1 G(f) � çìiøàíèé ïñåâäîãðàô çi ñòðîãèì ÷àñòêîâèì ïîðÿäêîì

íà âåðøèíàõ.

Íàñëiäîê 2 ßêùî â Σj iñíó¹ àáî ïåòëÿ àáî êðàòíi ðåáðà, òî â G(f) iñíó¹

L-öèêë.

Òåîðåìà 2 Íåõàé G(f) � iíâàðiàíò äåÿêî¨ ïñåâäîãàðìîíi÷íî¨ ôóíêöi¨ f , çà-

äàíî¨ íà k-çâ'ÿçíié çàìêíåíié îáëàñòi D. Òîäi, êiëüêiñòü éîãî C-öèêëiâ ðiâ-

íà ÷èñëó k + 1.

Äîâåäåííÿ Íåõàé γi � æîðäàíîâi êðèâi, ùî îáìåæóþòü D òàê, ùî γi, i =

1, k, ëåæàòü âñåðåäèíi γ0. Çðîçóìiëî, ùî ΓK−R(f |γi), i = 0, k ¹ C-öèêëîì.

Ïîçíà÷èìî ÷åðåç Γ ′ ïiäãðàô iíâàðiàíòó G(f), îòðèìàíèé äîäàâàííÿì äî

ΓK−R(f |γi), i = 0, k, âåðøèí, ÿêi âiäïîâiäàþòü òî÷êàì, ùî îäíî÷àñíî íàëå-

æàòü ÿê ìíîæèíàì K(cj) òà L(as), äå cj � êðèòè÷íi, à as � íàïiâðåãóëÿðíi

çíà÷åííÿ f , òàê i γ0. Ïîêàæåìî, ùî Γ
′ � C-öèêë.

Íåõàé v′ òà v′′ äîâiëüíà ïàðà ñóìiæíèõ âåðøèíè â Γ ′. Äàíi âåðøèíè

âiäïîâiäàþòü òî÷êàì z′ òà z′′, äå z′, z′′ ∈ ∂D. Ïðè÷îìó, òî÷öi z′ âiäïîâi-

äà¹ âåðøèíà v′, à òî÷öi z′′ � v′′. Ïðèïóñòèìî, ùî v′ = v′′. Öå îçíà÷à¹, ùî

f |γi(v′) = f |γi(v′′). Îñêiëüêè f |γi çàäîâîëüíÿ¹ óìîâàì òåîðåìè Ðîëëÿ, òî iñ-

íó¹ ëîêàëüíèé åêñòðåìóì z, z ∈ (z′; z′′) ⊂ γi. Îñêiëüêè Γ
′ ⊃ ΓK−R(f |γi), òî

iñíó¹ âåðøèíà ṽ, ùî âiäïîâiäà¹ òî÷öi z, òà ðåáðà (ṽ, v′) i (v′′, ṽ), ÿêi âiäïîâi-

äàþòü f |[z′;z] òà f |[z;z′′]. À öå ñóïåðå÷èòü òîìó, ùî âåðøèíè v′ òà v′′ ñóìiæíi.

ßêùî ïðèïóñòè, ùî êiëüêiñòü C-öèêëiâ áiëüøà k + 1, òî iñíó¹ C-öèêë,

ïðîîáðàçè âñiõ âåðøèí (òî÷îê îáëàñòi D) ÿêîãî ëåæàòü ó IntD. Çãiäíî ïîáó-

äîâè iíâàðiàíòó, òàêi âåðøèíè ¹ íåïîðiâíÿëüíi, ùî ñóïåðå÷èòü âèçíà÷åííþ

C-öèêëó.

5 Âèñíîâêè

Â äàíié ðîáîòi ïîáóäîâàíî êîìáiíàòîðíèé iíâàðiàíò G(f) äåÿêî¨ ïñåâäîãàð-

ìîíi÷íî¨ ôóíêöi¨ f , ùî çàäàíà íà k-çâ'ÿçíié îði¹íòîâàíié çàìêíåíié îáëàñòi
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D, ÿêèé ¹ çìiøàíèì ïñåâäîãðàôîì çi ñòðîãèì ÷àñòêîâèì ïîðÿäêîì íà âåð-

øèíàõ, i ìà¹ ïåâíi ñòðóêòóðíi îñîáëèâîñòi, ùî iíäóêóþòüñÿ âëàñòèâîñòÿìè

ïñåâäîãàðìîíi÷íî¨ ôóíêöi¨. Çîêðåìà, äîâåäåíî, ùî êîæíà iç çâ'ÿçíèõ êîìïî-

íåíò ìíîæèíè G(f)\(
k⋃
i=0

ΓK−R(f |γi)), äå ΓK−R(f |γi) � ãðàô Êðîíðîäà-Ðiáà

ôóíêöi¨ f |γi , ¹ ïñåâäîãðàôîì, êîæíà ïàðà âåðøèí ÿêîãî ¹ íåïîðiâíÿíîþ.
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Iryna Iurchuk

On combinatorial invariant of pseudo-harmonic functions de�ned

on k−connected closed domain

Let f : D → R be a pseudo-harmonic function de�ned on k−connected
oriented closed domain D ⊂ C whose boundary consists of closed Jordan curves

γ0, γ1, . . ., γk, 0 ≤ k < ∞. We remind that this class of functions coincides

with continuous functions which have �nitely many number of critical points at

interior and on boundary of domain.

In [4] authors researched a case of k = 0: for such functions a topological

invariant is constructed, its main properties, the criterion of their topological

equivalence and conditions of realization of some type of graphs as given invariant

are proved.

In this paper, for case k > 0 the combinatorial invariant G(f) of pseudo-

harmonic function f is constructed that consists of the Reeb graphs of restriction

of f on boundary of D and connected components such critical and semiregular

levels which contain critical and boundary critical points. According to a
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construction of G(f), it's a mixed pseudograph (graph with multiple edges and

loops) with strict partial order on vertices which induced by values of f . There

are two types of cycles in G(f). In particular, C-cycle (a simple cycle whose any

pair of adjacent vertices are comparable) and L-cycle (a simple cycle whose any

pair of adjacent vertices are noncomparable). Theorem of an invariant structure

and a fact that a quantity of C-cycles of combinatorial invariant is same as a

number of boundary curves of k-connected closed oriented domain are proved.

Keywords. Pseudo-harmonic function, combinatorial invariant, k−connected
domain
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Abstract It is presented an advanced chaos-geometrical approach to treating of

evolution of low-attractor chaotic systems. It combines together application of

the advanced mutual information approach, correlation integral analysis, Lya-

punov exponent's analysis etc. Some technical application of an approach is given
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1. Introduction

Earlier [1-10] we have developed a new, chaos-geometrical combined approach

to treating and analysis of chaotic dynamics of complex dynamical systems. Here

we present its advanced version and as example list the results of its application

to studying temporal evolution of the complex chaotic system on example of

time series of intensity in GaAs / GaAlAs Hitachi HLP1400 laser.

Let us remind that during the last two decades, many studies in various �elds

of science have appeared, in which chaos theory was applied to a great number

of dynamical systems, including those are originated from nature (e.g. [1-22]).

The outcomes of such studies are very encouraging, as they reported very good

predictions using such an approach for di�erent systems.

2. Advanced chaos-geometrical approach to evolution of compex dy-

namical system

2.2.1. Data and methodics

The time series of intensity in GaAs / GaAlAs Hitachi HLP1400 laser are pre-

sented in [1].
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Following to [1-10], further we formally consider scalar measurements s(n) =

s(t0+ n∆t) = s(n), where t0 is a start time, ∆t is time step, and n is number

of the measurements. In a general case, s(n) is any time series (f.e. atmospheric

pollutants concentration). As processes resulting in a chaotic behaviour are fun-

damentally multivariate, one needs to reconstruct phase space using as well as

possible information contained in s(n). Such reconstruction results in set of d -

dimensional vectors y(n) replacing scalar measurements. The main idea is that

direct use of lagged variables s(n + τ), where τ is some integer to be de�ned,

results in a coordinate system where a structure of orbits in phase space can

be captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

Let us remind that following to [1,10], the choice of proper time lag is important

for the subsequent reconstruction of phase space. If τ is chosen too small, then

the coordinates s(n + j τ), s(n +(j +1 )τ) are so close to each other in numerical

value that they cannot be distinguished from each other. If τ is too large, then

s(n+j τ), s(n+(j +1 )τ) are completely independent of each other in a statistical

sense. If τ is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position

between above cases. First approach is to compute the linear autocorrelation

function CL(δ) and to look for that time lag where CL(δ) �rst passes through

0. This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ)

are linearly independent. It's better to use approach with a nonlinear concept

of independence, e.g. an average mutual information. The mutual information I

of two measurements ai and bk is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between

any value ai from system A and bk from B is the average over all possible

measurements of I AB (ai , bk ). In ref. [4] it is suggested, as a prescription, that

it is necessary to choose that τ where the �rst minimum of I (τ) occurs.

In [1,10] it has been stated that an aim of the embedding dimension determina-

tion is to reconstruct a Euclidean space Rd large enough so that the set of points

dA can be unfolded without ambiguity. The embedding dimension, dE , must be

greater, or at least equal, than a dimension of attractor, dA, i.e. dE > dA. In

other words, we can choose a fortiori large dimension dE , e.g. 10 or 15, since

the previous analysis provides us prospects that the dynamics of our system
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is probably chaotic. The correlation integral analysis is one of the widely used

techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C (r) is related

to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

2.2.2 The results for time series

Table 1 summarizes the results for the time lag calculated for �rst 103 values of

time series.

Table 1. The correlation dimension d2, embedding dimension, based on the

algorithm of false nearest neighboring points dN calculated for di�erent values

of the delay time τ for the time series of intensity in GaAs / GaAlAs Hitachi

HLP1400 laser

Chaos Hyperchaos

τ 58 6 67 10

d2 3.4 2.2 8.4 7.4

dN 5 4 11 8

It is worth to note that the values, where the autocorrelation function �rst crosses

0.1, are usually chosen as τ . however, it is known that an attractor cannot be

adequately reconstructed for very large values of τ . So, before making up �nal

decision we calculate the dimension of attractor for all values in Table 1. Very

large values of τ result in impossibility to determine both the correlation expo-

nents and attractor dimensions using the known Grassberger-Procaccia method.

2.2.3. Nonlinear prediction model

The fundamental problem of theory of any dynamical system is in predicting

the evolutionary dynamics of a chaotic system. Let us remind following to [1-

,2,10] that the cited predictability can be estimated by the Kolmogorov entropy,

which is proportional to a sum of positive LE. As usually, the spectrum of LE

is one of dynamical invariants for non-linear system with chaotic behaviour.

The limited predictability of the chaos is quanti�ed by the local and global

LE, which can be determined from measurements. The LE are related to the

eigenvalues of the linearized dynamics across the attractor. Negative values show

stable behaviour while positive values show local unstable behaviour. For chaotic

systems, being both stable and unstable, LE indicate the complexity of the

dynamics. The largest positive value determines some average prediction limit.

Since the LE are de�ned as asymptotic average rates, they are independent of

the initial conditions, and hence the choice of trajectory, and they do comprise

an invariant measure of the attractor. An estimate of this measure is a sum

of the positive LE. The estimate of the attractor dimension is provided by the
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conjecture dL and the LE are taken in descending order. The dimension dL gives

values close to the dimension estimates discussed earlier and is preferable when

estimating high dimensions. To compute LE, we use a method with linear �tted

map, although the maps with higher order polynomials can be used too. Non-

linear model of chaotic processes is based on the concept of compact geometric

attractor on which observations evolve. Since an orbit is continually folded back

on itself by dissipative forces and the non-linear part of dynamics, some orbit

points [1,10] yr (k), r = 1 , 2 , ..,N B can be found in the neighbourhood of any

orbit point y(k), at that the points yr (k) arrive in the neighbourhood of y(k) at

quite di�erent times than k . One can then choose some interpolation functions,

which account for whole neighbourhoods of phase space and how they evolve

from near y(k) to whole set of points near y(k + 1 ). The implementation of this

concept is to build parameterized non-linear functions F(x, a) which take y(k)

into y(k + 1 ) = F(y(k), a) and use various criteria to determine parameters

a. Since one has the notion of local neighbourhoods, one can build up one's

model of the process neighbourhood by neighbourhood and, by piecing together

these local models, produce a global non-linear model that capture much of the

structure in an attractor itself. Table 2 shows the global LE.

Table 2. First two LE (λ1, λ2), Kaplan-Yorke dimension (dL), and the Kol-

mogorov entropyKentr for the time series of intensity in GaAs / GaAlAs Hitachi

HLP1400 laser (for two series of calculations)

Chaos 1 Chaos 2 Hyperchaos

1

Hyperchaos

2

λ1 0.151 0.154 0.517 0.521

λ2 0.00001 0.00003 0.192 0.194

dL 1.8 1.9 7.1 7.2

Kentr 0.15 0.17 0.71 0.73

The presence of the two (from six) positive λi suggests the system broadens in

the line of two axes and converges along four axes that in the six-dimensional

space.

3. Conclusions

In this paper we considered an advanced chaos-geometrical approach to treating

of chaotic dynamics of complex systems. The approach combines the non-linear

analysis methods to dynamics, such as the correlation integral analysis, the LE

analysis, surrogate data method etc. We have investigated a chaotic behaviour

in the time series of intensity in GaAs / GaAlAs Hitachi HLP1400 laser and

proved an existence of as low-D as high-D chaos. We presented an e�ective non-
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linear prediction model and realized a successful short-range forecast of intensity

evolution. Earlier the same successful results were received for other cases and

systems [1-10]. All considered examples has shown high perspectives of a new

approach methods to treating dynamics of very complicated chaotic systems.
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Quantum Geometry: Application of energy-
amplitude approach to calculating parameters of
multi-photon resonances for some complex atomic
systems

Andrey A. Svinarenko

Abstract Within quantum geometry it is presented a generalized energy-

amplitude approach to calculation of the energies (eigen values) and widths

of multi-photon (autoionization) resonances for some complex systems. The

improved numerical data for energies and widths are presented for magnesium

and krypton.

Keywords Multiphoton resonances · An advanced energy-amplitude approach

· Eigen functions and energy eigen values
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1 Introduction

At present time a great progress can be noted in development of a quantum ge-

ometry and quantum mechanics. [1]�[9]. It is provided mainly due to the carrying

out more correct and e�ective mathematical methods of solving eigen function

and eigen values tasks for multi-body complex quantum sustems in relativistic

approximation and new algorythms of accounting for the complex exchange-

correlation e�ects. Let us remind that the mathematical methods of calculation

of the energy and width parameters of resonances are usually divided into a few

main groups. First, the well known, classical multi-con�guration Hartree-Fock

method (as a rule, the relativistic e�ects are taken into account in the Pauli ap-

proximation or Breit hamiltonian etc.) allowed to get a great number of the useful

spectral information about light and not heavy systems, but in fact it provides
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only qualitative description of spectra of the heavy quantum systems. Second,

the multi-con�guration Dirac-Fock (MCDF) method is the most reliable version

of calculation for multielectron systems with a large charge. These methods can

be served as an initial basis for the further studying multi-photon and autoion-

ization resonances properties. It is worth also remind about the Green's function

method (the imaginary part of the Green function pole for atomic quasienergetic

state), the density - matrix formalism ( the stochastic equation of motion for den-

sity - matrix operator and its correlation functions), a time-dependent density

functional formalism, direct numerical solution of the Schr�odinger (Dirac) equa-

tion, multi-body multi-photon approach etc. [1]�[8]. In [2],[4] authors extended

the non-Hermitian multi-state Floquet dynamics approach by Day to treat one-

electron atomic system to the case of general multi-electron ones. The approach

based on the eigenchannel R-matrix method and multichannel quantum-defect

theory , introduced by Robicheaux and Gao to calculate two-photon processes

in light alkaline-earth atoms has been implemented by Luc-Koenig et al [4] in j-j

coupling introducing explicitly spin-orbit e�ects and employing both the length

and velocity forms of the electric dipole transition operator. Nevertheless in many

calculations there is a serious problem of the gauge invariance, connected with

using non-optimized one-electron representation. In many aspects this problem

is connected with correct accounting for the complex exchange-correlation e�ects

(such as polarization and screening e�ects, a continuum pressure etc.). In this

paper, which goes on our studying [5]�[10], we present a generalized version of

an energy-amplitude approach to calculation of the characteristics of resonances

in atomic systems. It is based on the relativistic many-body perturbation the-

ory (PT) and more correct numerical accounting for the complex polarization,

screening e�ects and continuum pressure. There are presented more exact quan-

titative data on energy and widths of resonances in magnesium (test data) and

krypton.

2 An advanced energy relativistic approach to resonances

Here we brie�y consider the main blocks of an earlier presented formally ex-

act approach based on the QED perturbation theory [5]�[12], which allow to

calculate the energies and widths of complex resonances in atomic spectra. For

de�niteness, as example, we consider spectrum of magnesium. As usually [10],

one may write an expression for the two-photon amplitude for the transition from

an initial state Ψ0 with energy E0 to a �nal state |Psif with energy Ef = E0+2ω

as follows:
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T
(2)
f0 = lim

n→0+

∫
dε〈Ψf |D × e|ε〉(E0 + ω − ε+ in)−1〈ε|d× e|Ψ0〉. (1)

HereD is the electric dipole transition operator (in the length r form), e is the

electric �eld polarization and ω is a laser frequency. The integration in equation

1 is meant to include a discrete summation over bound states and integration

over continuum states. This moment is more complicated in a whole computation

scheme. Usually an explicit summation is avoided by using the Dalgarno-Lewis

by means the setting [3]:

T
(2)
f0 = Cf 〈‖D × e‖Λp〉, (2)

where 〈‖...‖〉 is a reduced matrix element and Cf is an angular factor depend-

ing on the symmetry of the Ψf , Λp, Ψ0 states. Λp can be founded from solution

of the following inhomogeneous equation [3]

(E0 + ω ×H|Λp〉 = (D × e)|Ψ0〉 (3)

at energy E0 + ω, satisfying outgoing-wave boundary condition in the open

channels and decreasing exponentially in the closed channels. The total cross

section (in cm4 W−1) is de�ned as

σ/I =
∑
J

σJ/I = 5.7466× 10−35ωau

∑
J

|T (2)
J,0 |

2, (4)

where I (in W/cm2) is a laser intensity. To describe two-photon processes

there can be used di�erent quantities [9]: the generalized cross section σ(2), given

in units of cm4s, by

σ
(2)
cm4s = 4.3598× 10−18ωauσ/Icm4W−1 (5)

and the generalized ionization rate Γ (2)/I2, (and probability of to-photon

detachment) given in atomic units, by the following expression

σ/Icm4W−1 = 9.1462× 10−36ωauΓ
(2)
au /I

2
au (6)

Described approach is realized as computer program block in atomic numeric

code "Super-atom" (c.f. [2]�[7], which includes a numeric solution of the Dirac

equation and calculation of the matrix elements of the Eqs. 1�5 type. In order

to develop a generalized version of an approach we introduce three new blocks:

1) in an advanced scheme one should use more corrected in comparison with

[9], [10] total gauge invariant procedure for generating the one-particle eigen
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Table 1 Characteristics for 3p21S0 resonance of atom of the magnesium: E- energy, counted
from ground state (cm−1), Γ - autoionization width (cm−1), σ/I-maximum value of generalized
cross-section (cm4W−1).

Methods E Γ σ/I

Luc-Koenig E. etal, 1997 without account SE
Length form 68492 374 1,96 10−27

Velocity form 68492 376 2,10 10−27

Luc-Koenig E. etal, 1997 With Account SE
Length form 68455 414 1,88 10−27

Velocity form 68456 412 1,98 10−27

Moccia and Spizzo (1989) 68320 377 2,8 10−27

Robicheaux and Gao
(1993)

68600 376 2,4 10−27

Mengali and Moccia(1996) 68130 362 2,2 10−27

Karapanagioti et al (1996) 68470 375 2,2 10−27

Svinarenko (2012) 68281 323 2,0 10−27

Svinarenko (2013) 68395 386 1,9 10−27

This paper 68424 393 1,92 10−27

functions - relativistic Dirac orbitals according to new algorythm [2]; The lather

includes solution of the whole di�erential equations systems for Dirac-like bi-

spinor equations; 2) in order to take into account polarization and screening

e�ects more exactly, it is necessary use correct many-body polarization and

screeening potentials; for this puporse we have used methods [6], [11].

3 Numerical results and conclusion

Further we present the results of computing the resonances energies and widths

for atoms of magnesium (new data) and krypton in a laser �eld. For compar-

ison we present the data of di�erent methods for comparison: relativistic R-

matrix method (R-method; Robicheaux-Gao, 1993; Luc-Koenig E. etal, 1997),

added by multi-channel defect method, K-matrix method (K-method; Mengali-

Moccia,1996), di�erent versions of the �nite L2 method (L2 method) with ac-

count of polarization and screening e�ects (SE) (Moccia-Spizzo, 1989; Kara-

panagioti et al, 1996), Hartree-Fock con�guration interaction method (CIHF),

operator QED PT (Glushkov-Ivanov, 1992; Glushkov et al; 2004), energy ampli-

tude approach (Svinarenko, 2013) too. etc.(c.f.[2,10,11]. Table 1 contents results

of calculating characteristics for 3p21S0 resonance of Mg; E- energy, counted

from ground state (cm−1), Γ -autoionization width (cm−1), σ/I- maximum value

of generalized cross-section (cm4W−1). R-matrix calculation with using length

and velocity formula led to results, which di�er on 5-15% , that is evidence of

non-optimality of atomic basis's.
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Let us consider further the numerical data for the three-photon (k=3) res-

onance 4p − 5d[1/2]1 in the krypton. The detailed experimental study of the

multi-photon processes in the caesium has been earlier carried out in details

(look refs. [2],[13]). According to [13], the resonance line shift is linear to respect

to the laser intensity (laser intensity is increased from 3 ·1012 to 3 ·1014 W/cm2)

and is equal (the gaussian multi-mode pulse): bI. Here I is a laser pulse intensity

and coe�cient b is expressed in terms of energy of the three-photon transition:

b=(3, 9±0,3)cm−1/GW×cm−2. For comparison let us present the analogous the-

oretical value, obtained in the S-matrix formalism calculation [14]: b=3, 95. Our

theoretical values, obtained with using optimized basis's, are as follows: b=3, 922

that is in quite qood agreement with empirical result [14] and theoretical one

[13].
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Geometry of a chaos: dynamics of non-linear pro-
cesses in relativistic backward-wave tubes chain.
new data
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Abstract Using universal chaos-geometric and multisystem approach it is

studied chaotic dynamics of the nonlinear processes in a relativistic backward-

wave TUBES (single one and chain) There are theoretically studied scenarios

of generating chaos, obtained complete quantitative data on the characteristics

of chaotic dynamics and the di�erent modes of operation

Keywords chaotic dynamics, backward-wave tube, chaos-geometric approach
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1. Introduction

Powerful generators of chaotic oscillations of microwave range of interest for

radar, plasma heating in fusion devices, modern systems of information trans-

mission using dynamic chaos and other applications. Among the most studied

of vacuum electronic devices with complex dynamics are backward-wave tubes

(BWT) , for which the possibility of generating chaotic oscillations has been

theoretically and experimentally found [1-12]. The BWT is an electronic device

for generating electromagnetic vibrations of the superhigh frequencies range.

Authors [3] formally considered the possible chaos scenario in a single relativis-

tic BWT. Authors [4,5] have studied dynamics of a non-relativistic BWT, in

particular, phase portraits, statistical quanti�ers for a weak chaos arising via

period-doubling cascade of self-modulation and the same characteristics of two

non-relativistic backward-wave tubes. The authors of [4,5] have solved the equa-

tions of nonstationary nonlinear theory for the O-type BWT without account
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of the spatial charge, relativistic e�ects, energy losses etc. It has been shown

that the �nite-dimension strange attractor is responsible for chaotic regimes in

the BWT. The multiple studies [1-12], increasing the beam current in the sys-

tem implemented complex pattern of alternation of regular and chaotic regimes

of generation, completes the transition to a highly irregular wideband chaotic

oscillations with su�ciently uniform continuous spectrum.

In our work in order to study the chaotic dynamics of non-linear processes in

the chain of relativistic BWTs we have used earlier adapted advanced universal

combined techniques of the non-linear analysis, including the correlation integral

method, multi-fractal formalism, false nearest neighbour algorithm, Lyapunov

exponent's analysis , surrogate data method and others (numerical code �Geo-

math� [12-15]). The chaotic dynamics data for the chain of relativistic BWTs

are �rstly obtained.

1. Dynamics of relativistic backward-wave tube: Single tube and chain

As the key ideas of our technique for nonlinear analysis of chaotic systems

have been in details presented in refs. [12-15], here we are limited only by brief

representation. Nonlinear dynamics of the system is is described by means of the

nonstationary nonlinear theory equations for the evolution in time and space of

the amplitude of the electromagnetic �eld and the motion of the beam (single

relativistic BWT):

∂2θ/∂ξ2=−(1+ν∂θ/∂ξ)3/2Re
{
1/2L

[
δ (ξ)+δ(ξ−L)Feiθ

]}
(1a)

∂F/∂τ−∂F/∂ξ=−
[
1/π

∫ 2π

0

e−iθdθ0

]
1/2L [δ (ξ)+δ(ξ−L)]

(1b)

with boundary conditions:

θ (0, τ)=θ0,

∂θ (0, τ) /∂ξ= 0, (1)

F (L+0,τ)= 0.

Here θ(ξ, τ, θ0) is a phase of the electron, which runs in a space of interaction

with phase θ0 in a �eld, F(ξ, τ) dimensionless complex amplitude of the wave
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E(x, t) = Re[E(x, t)exp(iω0t− iβ0x)], ξ = β0Cx - the dimensionless coordinate,

L = β0lC = 2πCN- the dimensionless length of the interaction space, l is a length

of a system, N - is a number of slow waves, covering over the length of system,C =
3
√
I0K0/(4U) is the known Pierce parameter , I0 is a current of beam, U is an

accelerated voltage, K0- resistance of link of the slowing system,τ = ω0C(c −
x/v0)(1 + v0/vi) i.e. (τ ∼ τ − ξ/ν0) - the dimensionless "retarded" time, ν =

2C(γ0
2−1) - relativistic parameter, C- modi�ed gain parameter, γ0 - the ratio

of the electron energy to the rest energy on entering into the interaction space.

As the solving of the system (1) gives a �eld distribution F(ξ, τ) for any

τ > ,τ ', within chaos-geometric approach and dynamical systems theory, a set

of the possible functions F can be treated as a phase space , where every point

corresponds to the de�nite state. When a state changes in time according to

the system (1), the corresponding point moves in a space of functions along

some phase trajectory. The control (governing) parameter is provided by the

normalized length L. As a rule, in practical aspect this parameter is usually

varied by changing current of the electron beam I0 through variation of voltage

on the governing electrode in an electron gun (L ∼ I1/30 ). It is known that for a

single relativistic backward-wave TUBE the stable state is realized for the little

values of L. At the same time for L = Lst=1.97327 there is a bifurcation of loss

of the unmoved point stability [3,4].

In order to reduce the threshold of the transition to the development of chaos,

in this paper we propose to use a chain of two relativistic BWTs. The master

system of evolution equation for the system is as follows:

∂2θ1,2/∂ξ
2=−(1+ν∂θ/∂ξ)3/2Re

{
1/2L1,2

[
δ (ξ)+δ(ξ−L)F1,2e

iθ1,2
]}

(3a)

∂F1,2/∂τ−∂F1,2/∂ξ=−
[
1/π

∫ 2π

0

e−iθ1,2dθ0

]
1/2L1,2 [δ (ξ)+δ(ξ−L1,2)]

(3b)

Equations (3a) represent the equations of motion of electrons in the �eld of the

electromagnetic wave and equations (3b) are the nonstationary equations of ex-

citation of a decelerating structure by a current of the slowly varying amplitude.

The subscripts indicate the item number of the chain. In equations (3a) and (3b)

θ1,2 - the phases of the electron relative to the wave, θ0 - the initial phase, F1,2

- the dimensionless slowly varying amplitudes of the �elds, ξ and τ - the dimen-

sionless coordinate and time, respectively. The dynamics of the partial generator
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depends on a single bifurcation parameter L = 2πCN . When the �rst oscillator

acts on the second one, then the boundary conditions for equations (3a) and

(3b) can be written as follows:

θ1,2|ξ=0 = θ0 ∈ [0; 2π] ,
∂θ1,2
∂ξ

∣∣∣∣
ξ=0

= 0,

F1 (ξ= 1) = 0, F2 (ξ= 1) = RF1 (ξ= 0) .

where R - coupling parameter, which can be assumed real without loss of

generality.

1. Analysis and prediction of nonlinear dynamics of relativistic

backward-wave tubes and conclusions

Let us �rstly consider in brief nonlinear dynamics of the single relativistic

backward-wave TUBE using the model (1) and nonlinear analysis and prediction

technique [1-3]. The detailed description of our techniques is given ibn ref. [12-15].

As usually, we consider a set of measurement data s(n) = s(t0 + n∆t) = s(n),

where t0 is the start time, ∆t is the time step, and is n the number of the

measurements. The next step is to reconstruct phase space using as well as

possible information contained in the s(n). Such a reconstruction results in a

certain set of d-dimensional vectors y(n) replacing the scalar measurements. Here

we use the Packard-Tackens's method of time-delay coordinates [9,10]. The direct

use of the lagged variables s(n + τ), where τ is some integer to be determined,

results in a coordinate system in which the structure of orbits in phase space

can be captured and further using a collection of time lags to create a vector

in d dimensions: y(n) = s(n), s(n+ τ), s(n+ 2τ), . . . , s(n+ (d− 1)τ), required

coordinates are provided. Here d is the embedding dimension, dE .

To choose a time lag we use two methods: method of autocorrelation function

and method of average mutual information. Next step is to determine the em-

bedding dimension in order to reconstruct a Euclidean space Rd . The essence is

in that a space should be large enough for the set of points dA unfolded without

ambiguity. In accordance with the embedding theorem, the embedding dimen-

sion, dE , must be greater, or at least equal, than a dimension of attractor, dA,

i.e. dE > dA. There are several standard approaches to reconstruct the attrac-

tor dimension (see, e.g., [13,14]), but in our technique we use two methods: the

correlation integral one (or algorithm of Grassberger and Procaccia [11]) and

method of false neighbours.
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The essence of the latter is understandable from asking the basic question

addressed in the embedding theorem: when has one eliminated false crossing of

the orbit with itself which arose by virtue of having projected the attractor into

a too low dimensional space? By examining this question in dimension one, then

dimension two, etc. until there are no incorrect or false neighbours remaining,

one should be able to establish, from geometrical consideration alone, a value

for the necessary embedding dimension.

Advanced version is presented in Ref. [12-14] . Multifractal spectral calcula-

tions can be performed with using the version algorithm, which is presented in

[15]. The prediction block includes computing the Lyapunov's exponents which

are the dynamical invariants of the studied nonlinear system.

As it is indicated in [13], in a general case, the orbits of chaotic attractors

are unpredictable, but there is the limited predictability of chaotic physical sys-

tem, which is de�ned by the global and local Lyapunov's exponents. A negative

exponent indicates a local average rate of contraction while a positive value in-

dicates a local average rate of expansion. In the chaos theory, the spectrum of

Lyapunov's exponents is considered a measure of the e�ect of perturbing the

initial conditions of a dynamical system. In fact, if one manages to derive the

whole spectrum of the Lyapunov's exponents, other invariants of the system, i.e.

Kolmogorov entropy and attractor's dimension can be found. The Kolmogorov

entropy K measures the average rate at which information about the state is lost

with time. An estimate of this measure is the sum of the positive Lyapunov's

exponents. The inverse of the Kolmogorov entropy is equal to an average pre-

dictability. Estimations of the Kolmogorov entropy and average predictability

can further show a limit, up to which the amplitude level data can be on average

predicted. At last in the prediction model block it is used the traditional con-

cept of a compact geometric attractor, which evolve measurement data, plus im-

plementation neural network algorithms [14]. In Fig.1 we present the numerical

temporal dependence of the output signal amplitude of the relativistic backward-

wave TUBE for L=4.1 (a) and L=6.1 (b).

In whole the picture is similar to the analogous temporal dependence of the

output signal amplitude of the non-relativistic backward-wave TUBE, except

of some quantitative di�erences. Besides, we have carried out the numerical

realization of the prediction model for relativistic BWT as in the chaos regime

as the hyperchaos regime. In Table 1 we present our data on the correlation

dimension d2, the embedding dimension determined based on the algorithm of

false nearest neighboring points (dN ) with percentage of false neighbors (%)
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Fig 1. Numerical temporal dependence of the output signal amplitude of the relativistic
BWT for L=4.2 (a) and L=6.1 (b).

calculated for di�erent values of time lag τ . In Table 2 we list the results of

computing the Lyapunov's exponents, the, Kolmogorov entropy Kentr. For the

studied series there are positive and negative values of the Lyapunov's exponents.

Table 1. Correlation dimension d2, the dimension of the attachment determined

based on the algorithm of false nearest neighboring points (dN ) with percentage

of false neighbors (%) calculated for di�erent values of time lag τ

Chaos (I) Hyperchaos (II)

τ d2 (dN ) τ d2 (dN )

60 3.6 5(5.5) 67 7.2 10(12)

6 3.1 4(1.1) 10 6.4 8 (2.1)

8 3.1 4 (1.1) 12 6.4 8 (2.1)

Table 2. Numerical parameters of the chaotic self-oscillations in the

backward-wave tube: λ1 − λ4 are the Lyapunov exponents in descending order,

K is the Kolmogorov entropy

Regime λ1 λ2 λ3 λ4 K

Chaos (L=4.2) 0.261 0.0001 −0.0004 −0.528 0.26

Hyperchaos (L=6.1) 0.514 0.228 0.0000 −0.0002 0.74

In table 3 we present data on the correlation coe�cient (r) between the actual

and prognostic rows, referred to the number of neighbors (NN) for pre-ahead

100 points numerical series of the temporal dependence of the output signal

amplitude of the relativistic BWT for L=4.1 (I) and L=6.1 (II).

Table 3. The correlation coe�cient (r) between the actual and predicted rows,

referred to the number of neighbors (NN) for pre-ahead 100 points numerical se-
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ries of the temporal dependence of the output signal amplitude of the relativistic

BWT for L=4.1 (I) and L=6.1 (II).

NN 85 225 250

r (chaos: I) 0,94 0.96 0.96

r (hyperchaos-II) 0,61 0.68 0.70

One can see very exciting coincidence between the actual and predicted row

values for the temporal dependence of the output signal amplitude of the rela-

tivistic backward-wave TUBE. Now that in a case of the low-D chaotic dynamics

the quality of prediction is signi�cantly higher in comparison with high-D hy-

perchaotic dynamics.

Further let us consider two results on studying dynamics of the chain of

the backward-wave TUBES. In the �rst modelling we accept that the BWTs

are operating in regime of the periodical automodulation (in full analogy with

the non-relativistic case [5]). The values of the L parameters are as follows:

L1=4.05, L2=4.55; The analysis shows that with growth of R the oscillations

become chaotic and scenario of destroying quasi-periodic motion is main. Note

that the similar picture is principally observed in the non-relativistic case except

some quantitative di�erences including additional peaks. In �g.3 we present data

on the temporal dependence of the output amplitude and signals spectrum for

two di�erent sets of the parameter values: (In). input acting BWT and (Out).

Output BWT for R=0.050;

In Out

Fig.3. Temporal dependence of the output amplitude and signals spectrum:

(In). input acting BWT; and (Out). Output BWT R=0.050;

In the �rst case one deals with the Feigenbaum chaos type and in the sec-

ond case � after transition �chaos-order� through intermittency that resulted

in di�erent spectra. In conclusion we note that quantitative modelling chaotic

dynamics of nonlinear processes in relativistic BWTs (single one and chain) is

carried out using the same uniform chaos-geometric and multi-system approach

and �rstly the chaos generation features in the chain of relativistic BWTs are

found.
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Modeling chaotic dynamics of complex systems
with using chaos theory, geometric attractors, and
quantum neural networks

A.V. Glushkov, O.Yu. Khetselius, S.V. Brusentseva, A.V.

Duborez

Abstract Nonlinear simulation and forecasting chaotic evolutionary dynamics

of complex systems has been e�ectively performed using the concept of compact

geometric attractors. We present an advanced approach to analyze complex

system dynamics based on the concept of geometric attractors, chaos theory

methods and algorithms for quantum neural network simulation.

Keywords Geometric attractor conception, quantum neural networks, chaotic

dynamics

Mathematics Subject Classi�cation:(2000) 55R01-55B13

1. Introduction

In this work nonlinear simulation and forecasting chaotic evolutionary dy-

namics of complex systems are carried out using the concept of compact geomet-

ric attractors . We are developing a new approach to analyze complex system

dynamics based on the concept of geometric attractors, chaos theory methods

and algorithms for quantum neural network simulation. This work develops our

studies, presented in [1-12].

The basic idea of the construction of our approach to prediction of chaotic

processes in complex systems is in the use of the traditional concept of a compact

geometric attractor in which evolves the measurement data, plus the implemen-

tation of neural network algorithms. The existing so far in the theory of chaos

prediction models are based on the concept of an attractor, and are described in
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a number of papers (e.g. [1,13-20]). From a mathematical point of view, it is a

fact that in the phase space of the system an orbit continuously rolled on itself

due to the action of dissipative forces and the nonlinear part of the dynamics,

so it is possible to stay in the neighborhood of any point of the orbit y (n) other

points of the orbit yr(n), r = 1, 2, ..., NB , which come in the neighborhood y (n)

in a completely di�erent times than n. Of course, then one could try to build

di�erent types of interpolation functions that take into account all the neighbor-

hoods of the phase space and at the same time explain how the neighborhood

evolve from y (n) to a whole family of points about y (n+1). Use of the informa-

tion about the phase space in the simulation of the evolution of some physical

(geophysical etc.) process in time can be regarded as a fundamental element in

the simulation of random processes.

In terms of the modern theory of neural systems, and neuro-informatics (e.g.

[1]), the process of modelling the evolution of the system can be generalized to de-

scribe some evolutionary dynamic neuro-equations (miemo-dynamic equations).

Imitating the further evolution of a complex system as the evolution of a neu-

ral network with the corresponding elements of the self-study, self- adaptation,

etc., it becomes possible to signi�cantly improve the prediction of evolutionary

dynamics of a chaotic system. Considering the neural network with a certain

number of neurons, as usual, we can introduce the operators Sij synaptic neu-

ron to neuron ui uj , while the corresponding synaptic matrix is reduced to a

numerical matrix strength of synaptic connections: W = wij . The operator is

described by the standard activation neuro-equation determining the evolution

of a neural network in time:

s
′

i = sign(

N∑
j=1

wijsj − θi), (1)

where 1 < i < N .

From the point of view of the theory of chaotic dynamical systems, the state

of the neuron (the chaos-geometric interpretation of the forces of synaptic inter-

actions, etc.) can be represented by currents in the phase space of the system

and its the topological structure is obviously determined by the number and

position of attractors. To determine the asymptotic behavior of the system it

becomes crucial a information aspect of the problem, namely, the fact of being

the initial state to the basin of attraction of a particular attractor.

Modelling each physical attractor by a record in memory, the process of the

evolution of neural network, transition from the initial state to the (following)

the �nal state is a model for the reconstruction of the full record of distorted
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information, or an associative model of pattern recognition is implemented. The

domain of attraction of attractors are separated by separatrices or certain sur-

faces in the phase space. Their structure, of course, is quite complex, but mimics

the chaotic properties of the studied object. Then, as usual, the next step is a nat-

ural construction parameterized nonlinear function F (x, a), which transforms:

y(n) → y(n + 1) = F(y(n, a)),and then to use the di�erent ( including neural

network) criteria for determining the parameters a (see below). The easiest way

to implement this program is in considering the original local neighborhood,

enter the model(s) of the process occurring in the neighborhood, at the neigh-

borhood and by combining together these local models, designing on a global

nonlinear model. The latter describes most of the structure of the attractor.

Although, according to a classical theorem by Kolmogorov-Arnold -Moser,

the dynamics evolves in a multidimensional space, the size and the structure of

which is predetermined by the initial conditions, this, however, does not indi-

cate a functional choice of model elements in full compliance with the source of

random data. One of the most common forms of the local model is the model of

the Schreiber type [14] (see also [1,15-19]).

Nonlinear modelling of chaotic processes can be based on the concept of a

compact geometric attractor, which evolve with measurements. Since the orbit

is continually folded back on itself by the dissipative forces and the non-linear

part of the dynamics, some orbit points yr(k), r = 1, 2, . . . , NB can be found

in the neighbourhood of any orbit point y(k), at that the points yr(k) arrive

in the neighbourhood of y(k) at quite di�erent times than k. Then one could

build the di�erent types of interpolation functions that take into account all the

neighborhoods of the phase space, and explain how these neighborhoods evolve

from y(n) to a whole family of points about y(n + 1). Use of the information

about the phase space in modelling the evolution of the physical process in time

can be regarded as a major innovation in the modelling of chaotic processes.

This concept can be achieved by constructing a parameterized nonlinear func-

tion F (x, a), which transform y(n) to y(n + 1) = F (y(n), a), and then using

di�erent criteria for determining the parameters a. Further, since there is the

notion of local neighborhoods, one could create a model of the process occur-

ring in the neighborhood, at the neighborhood and by combining together these

local models to construct a global nonlinear model that describes most of the

structure of the attractor.



90 A.V. Glushkov, O.Yu. Khetselius, S.V. Brusentseva, A.V. Duborez

As shown Schreiber [14], the most common form of the local model is very

simple:

s(n+∆n) = a
(n)
0 +

dA∑
j=1

a
(n)
j s(n− (j − 1)τ) (2)

where ∆n - the time period for which a forecast .

The coe�cients a
(k)
j , may be determined by a least-squares procedure, in-

volving only points s(k) within a small neighbourhood around the reference

point. Thus, the coe�cients will vary throughout phase space. The �t procedure

amounts to solving (dA + 1) linear equations for the (dA + 1) unknowns. When

�tting the parameters a, several problems are encountered that seem purely tech-

nical in the �rst place but are related to the nonlinear properties of the system.

If the system is low-dimensional, the data that can be used for �tting will locally

not span all the available dimensions but only a subspace, typically. Therefore,

the linear system of equations to be solved for the �t will be ill conditioned.

However, in the presence of noise the equations are not formally ill-conditioned

but still the part of the solution that relates the noise directions to the future

point is meaningless .Other modelling techniques are described, for example, in

[3,10, 17-20].

Assume the functional form of the display is selected, wherein the polynomials

used or other basic functions. Now, we de�ne a characteristic which is a measure

of the quality of the curve �t to the data and determines how accurately match

y(k + 1) with F (y(k), a), calling it by a local deterministic error:

εD(k) = y(k + 1)− F(y(k),a).

The cost function for this error is called W (ε). If the mapping F (y, a),

constructed by us, is local, then one has for each adjacent to y(k) point,

y(r)(k)(r = 1, 2, ..., NB),

ε
(r)
D (k) = y(r, k + 1)− F(yr(k),a),

where y(r, k + 1) - a point in the phase space which evolves y(r, k). To measure

the quality of the curve �t to the data, the local cost function is given by

W (ε, k) =

∑NB

r=1

∣∣∣ε(r)D (k)
∣∣∣2∑NB

r=1 [y(k)− 〈y(r, k)〉]
2

(3)

and the parameters identi�ed by minimizing W (ε, k), will depend on a.
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Furthermore, formally the neural network algorithm is launched, in particu-

lar, in order to make training the neural network system equivalent to the re-

construction and interim forecast the state of the neural network (respectively,

adjusting the values of the coe�cients). The starting point is a formal knowledge

of the time series of the main dynamic parameters of a chaotic system, and then

to identify the state vector of the matrix of the synaptic interactions wij etc.

Of course, the main di�culty here lies in the implementation of the process of

learning neural network to simulate the complete process of change in the topo-

logical structure of the phase space of the system and use the output results of

the neural network to adjust the coe�cients of the function display.

Further we consider implementation of the quantum neural networks algo-

rithm into general scheme of studying chaotic dynamics. The basic aspects of

theory of the photon echo based neural networks are stated previously (see, for

example, [21]). So here we mention only the essential elements. Photon echo is a

nonlinear optical e�ect, in fact this is the phenomenon of the four wave interac-

tion in a nonlinear medium with a time delay between the laser pulses. We have

used a software package for numerical modeling of the dynamics of the photon

echo neural network, which imitates evolutionary dynamics of the complex sys-

tem. It has the following key features: multi-layering, possibility of introducing

training, feedback and controlled noise. There are possible the di�erent variants

of the connections matrix determination and binary or continuous sigmoid re-

sponse (and so on) of the model neurons. In order to imitate a tuition process

we have carried out numerical simulation of the neural networks for recognizing

a series of patterns (number of layers N=5, number of images Ñ� = 640; the

error function:

SSE =

pmax∑
p=1

{..
kmax∑
k=

[t(p, k)−O(p, k)]2}, (4)

where O(p, k)− neural networks output k for image p and t(p,k) is the trained

image Ñ� for output Ð¹; SSE is determined from a procedure of minimization;

the output error is RMS = sqrt(SSE/Pmax); As neuronal function there is used

function of the form: f(x) = 1/[1 + exp(−δx)]. In our calculation there is tested

the function f(x, T ) = exp[(xT )4] too.

The result of the PC simulation (with using our neural networks package

NNW-13-2003 [21]) of dynamics of the quantum multilayer neural networks with

the input rectangular and soliton-like pulses is listed in �g.1 and �g 2. The same

results for sinusoidal and noisy input sequence are listed in [21]. Analysis of the
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PC experiment results allows to make conclusion about su�ciently high-quality

processing the input signals of very di�erent shapes and complexity by a photon

echo based neural network.

Fig. 1. The results of modeling the dynamics of multilayer neural networks

with rectangular input pulse
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Fig. 2. The results of modeling the dynamics of multilayer neural networks

with soliton-like input pulse
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