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HaykomeTpusa kak oaAMH M3 MHCTPYMEHTOB
EBpounHTerpamum Y KpanHBI

Bukrtop Borpanosuy Eropos

AuHOTanusa

BBuy HenpepbiBHO yBeIMYMBAIONIETOCH KOJIMIECTBA yIEHBIX U cdep nx Ha-
YUIHBIX U3bICKAHUI BCe O0JIee aKTyabHON MPOOIeMOit CTAHOBUTCS TTOUCK CPEJICTB
CPaABHEHUS «YCIEITHOCTH» YIEHBIX Mek Ay coboit. CaMm (akT BXOKIEHUS yIEHO-
ro B Aurnuitckoe Koposesckoe Haydnoe OOIIECTBO, HALPUMED, WJIHA [OJIyYEHHE
MIPECTUKHOI, BceMupHO u3BecTHOM HobemeBcKoit mpeMun Wi MpecTUKHEHIIIX
Mexnynapoaubix npemuii (Abenesckas u @UIIOBCKas B MATEMAaTHKE WJIH TIPE-
mus Tweiopunra B ungopmaruke u [IpUTIKEPOBCKAS B APXUTEKTYPE) OOHEKTUBHO
KaK MepbI YCIEITHOCTH YIEHOrO CTATH MaT0d(pPEeKTUBHBIME H3-33 aDCOTIOTHO-
CTU M YPE3BBIYANHO MAJIOr0 KOJIMYECTBA T€X, KTO YIOCTOEH YeCTU UX IOJIyde-
uus. g Tex, KoMy [0 TIOJIydeHWsl TaKuX Harpaj W MpeMuil elne JajeKko, a
azapra «IOMEPATbCH CHUIAMH» BMECTE C TeM He MEHbIIE, CYIIEeCTBYIOT Pa3Jind-
HbIE HAYKOMETPUYIeCKHue mokazaresnn. Llegp HAyKOMETPUIECKUX HCCJIEIOBAHUIMA -
J1aTh OOBEKTUBHYIO KAPTHHY PA3BUTHs HAYYHOrO HANPABJIEHUs, OLEHUTH €r0 aK-
TYaJIbHOCTh, MOTEHIINAIbHBIE BO3MOYKHOCTH, 3aKOHBI (DOpMUpOBaHUS HHMOpMa-
[IMOHHBIX IMIOTOKOB M PACIPOCTPAHEHUS HAYYHBbIX ujeil. Peanuzanus 3roit nenu
BKJIIOYAET B Ce0s Psi/i KOHKPETHBIX 33129, COBOKYITHOE PEIIeHre KOTOPBIX J0JIXK-
HO JIaTh OTBET HA OOJIBIIMHCTBO MOCTABJIEHHBIX BOMPOCOB. Cepbe3Hblil BKIaJ B
COBJIAHUYM METOJIOJIOTUN W WHCTpyMeHTapust nHaykomerpun BHec FO. Tapdwmim,
KOTOpPBI B 1955 romy BhicKazasr uaeio 06 WHIEKCUPOBAHUU CCHIJIOK HA IPEICTaB-
JIEHHBIE B TIpucTareiinoit bubauorpadun mybmukanuu. OCHOBOTOIATAIOMASA UIEsT
HAayKOMETPHYECKNX PEHTHHIOB OCHOBAHA HA MTOBEPXHOCTHOM B3IJIsiIe HA IPOIECC

MOJIyYeHUs] HAYYHOTO pe3ynbrara. Bece momoOHBIE MOKA3aTeNNn MOXKHO YCJIOBHO
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pa3IennuTh Ha 3 THUIA: OCHOBAHHBIE HA KOJIMYECTBE MyDJIMKAIW, OCHOBAHHBIE HA,
KOJINYECTBE LUTUPOBAaHUIl U KOMOMHUPOBAHHbBIE IIOKa3aTe/u (OCHOBAHBL HA KO-

JINYECTBE HUTUPOBAHUI M KOJUYECTBE MyOJUKAIMHA OJJHOBPEMEHHO).

[Mokazarenn, OCHOBAHHBIE HA KOJUYIECTBE IMyOIUKAIUN B T1e10M MaT03(ddhek-
TUBHBI, TIPEXK/IE BCErO, U3-3a 04eBUAHON cyObekTuBHOCTH. OlIEHUBAS PE3yJIbTa-
TUBHOCTD YIEHBIX [0 TAKUM MOKAZATESIM, MOJIOJIbIE yUEHbIe OyIyT BCeraa B 3a-
paHee MPOUTPBHINTHOM MOJIOXKEHUHU M0 CPDABHEHUIO CO CBOMMU CTAPIIUMU KOJIJIETa-
Mu. C 1esIbl0 HUBEJIMPOBAHUS BO3PACTA YIEHOI'O IIPEJIJIATAIICH U OTHOCUTEJIbHBIN
MMOKA3ATe b, PACCIUTHIBAEMBII KAK OTHOIIEHHE OOIEro KOJUIecTBa My OuKAuii
¥ HAy9YHOrO CTaxka aBTopa. llo Takomy moka3zareso abCOIOTHBIM PEKOPICME-
HOM MOXHO CUMTATh coBeTcKOoro xumuka Crpyukosa FO.T., koropsrit 3a nepuos
¢ 1981 mo 1990 rr. onybaukosan 948 crareii, T.e. B cpeauem 4 JHA HA CTATHIO.
N3Becren Takxke u amepukanckuit npodeccop . Tomosb, KOTOPBIH B mEPUO, ¢
1980 omy6mmkoBas 1702 cratbu, T.€. B CpeaHeM 7 jIHEH Ha, CTarhio. Bo MHOrOM
TAKOMY TIOJIOKEHIO JIeJT CIOCOOCTBYIOT M «XOJIOIHBIE> ABTOPBHI, T.€. BKIIIOYEHHBIE
B COCTaB aBTOPOB 3a CBON ABTOPUTET M KOCBEHHYIO MPUYACTHOCTH K HAYIHOMY
komnekTuBy. Tak, uzBectHo Gomee 80-Tu CaydaeB, KOraa OJHOBPEMEHHO COABTO-
pamu craTbu ABjsAI0Ch 00see 3000 wesoBek u omHa crarbs UucTturyTa dusukn

BBICOKMiT sHepruit u3 [IporeuHO, aBTOpaMu KOTOPOH 3HaunTcs 3185 wyenorek [1].

[Tokazarenn, OCHOBaHHBIE HA KOJTMYECTBE IMUTUPOBAHUN - WHIAEKCHI IIUTHPO-
Banug (Kak MPaBUJIO, OTPAXKAIOT CYMMApHOE KOJMYECTBO CCHLIOK B HAYYHBIX
nybsmkanusix Ha paborsl apropa). VHAEKC IMTHPOBAHUS B LEJIOM OTPAXKaeT
PEaKINI0 HAYIHOTO COODIMECTBA HA COOTBETCTBYIOIHE MyOnumKamuu. B ocHOBe
TAKUX [TOKA3ATEJEH JIEXKUT MPEIINOI0KEHNE, 9TO IJI0Xre pabOThl HE IUTUPYIOT,
3a MCKJIIOYEHUEM OCOOBIX OTHOIEHMT MeXK Iy aBropamu. LlutupyemocTs 3aBUCHT
HE TOJIBKO OT yPOBHSI HAyYHBIX PE3yJIbTaTOB, HO U OT APpyrux (haKTOPOB, HAIIPH-
Mep, CBoeBpeMeHHOCTH. lyinressbHoe BpeMsi O9eHb HU3KOH Oy/1eT MuTupyeMoCcThb
nyOJMKaNyii ¢ HAYYHBIMHU PE3yJIbTATaMU, KOTOPhIE 3HAYATEIHHO OTEPEIUIA Te-

KyIIFe MOTPEOHOCTH MM BO3MOYKHOCTH MX MCHOJIb30BaHus [1].

BosbminaCcTBY WHIEKCOB ITUTUPOBAHNS CBONCTBEHHBI TAKAE OCOOEHHOCTH:

@) UITHOPUPYIOT CAMOITUTHPOBAHNE WM IIUTUPOBAHNE COABTOPAMH, UTO CYIIe-
CTBEHHO CHU2KAeT PEHTHUHI «y4eHOr0-3aTBOPHUKAY IIyOJIMKAIMU KOTOPOTO WHTEe-
pPeCyIoT TOJBKO €ro camoro;

b) MrHOPHMPYIOT MOBTOPHBIE INTHPOBAHNUST OJHON PAOOTHI OMHUM TEM XKe yIé-
HBIM, YTO YMEHbIIAET BJIUAHUE JIOTOBOPHOI'O IIUTUPOBAHULA;

€) YUUTBHIBAIOT JIMYHBIN BKJIAJ, YIEHOTO, PA3/Eyias KOJUUECTBO IIUTUPOBAHUIT

MeXK]Ty COABTOPAMM;
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d) yUINTHIBAIOT PEMyTAINIO IUTHPYIONIEr0 W3IAHNsT, B3BENTNBAasT KOIHIECTBO
CCBHUIOK B KypHAaJje Ha ero pakTop aBTOPUTETHOCTH;

€) yYUTBIBAIOT MHTEHCHMBHOCTH IUTUPOBAHWI B Pa3HbIX HayKaX (B Guosoruu
B 8 pa3 BhbIIIE, YeM B MaTeMaTuke [2]).

[Tpu 3TOM, KpOME TPSMBIX CCHIJIOK HA, KOHKPETHYIO CTATHIO B CIIUCKE JINTEPA~
TYPbL TAK2KE UMEET MECTO CKPBITOE U He(POPMAIHHOE IUTUPOBAHUE — T.€. CCHLIKA
HA KOHKPETHBII TPY/[ HEMOCPEICTBEHHO B TeKCTe mybsnkanuu, 6e3 ee maibHeli-
IIero yIOMUHAHKS B CIECKe jureparypsl. IIpusoasres nabmoaenns [3], cormac-
HO KOTOpBhIM uepe3 10-30 jrer mocse mybaukanmii craTeii-e1eBpoB Ha, HUX BCE
Yaie HAYMHAIOT CChLIATHCH HeOPMAIHHO.

[Tokazarenn, OCHOBaHHBIE HA KOJIMYECTBE ITyOJIUKAIUN U HA KOJIUIECTBE IHU-
TUPOBAHUI ONHOBPEMEHHO B OCHOBE IIE€JIM CBOErO CO3MAHUS COAEPXKAT 33139y
BBISIBJIEHUST YIEHBIX, KOTOPHIE THUIIIYT MHOTO W KauyecTBeHHO. OTHUM W3 TAKUX
rnmokasaresieil aBygercsa nHaeke Xupimra. Uumeke Xupina — mokasaresib, Ipeio-
xkeuubiii B 2005 romy apreHTHHO-aMEPUKAHCKUM (U3UKOM XOpxe XupIineMm u3
Kanudopuuniickoro yuusepcurera B Can-/luero mepBoHaIaIbHO /115 OIEHKHU Ha-
YUHOI TPOXYKTUBHOCTH (hu3nkoB. VHmekc Xupina siBISETCS KOJIWYECTBEHHON
XapaKTEPUCTUKON MPOAYKTUBHOCTU yYEHOIO, IPYNIbI YIEHBIX, HAYIHOU Opra-
HU3AIWK UJIU CTPAHBI B IEJIOM, OCHOBAHHOW HA KOJIMYECTBE MTyOJMKAIWH U KO-
JINYECTBE MUTUPOBAHUN 3TuX myonwmkarmii. unexkc Xupina uian h-wHIEKC — 3TO
MaKCHMAJIbHOE TIEJI0e 9UC/I0 h, YKA3bIBAIOIIEe, 9TO aBTOp OmybsnKoBas h crareit,
KayKJasi U3 KOTOPbIX MPOIUTUPOBAHA XOTs Obl h pa3. tu h crareil cocraBis-
0T AP0 XHpIa Uian h-saapo. YToOsI monacTh B AAp0o XHUpIia, CTATHIO JTOJIKHbI
MPOIIUTUPOBATE XOTs ObI /i pa3. YT0o0bI MOSyYNTh BHICOKUN HHIEKC XUPIIA, HALO0
[ACATH MHOI'O, IIPU 3TOM, HE P00 Pe3yJibTaTbl 110 HECKOJIbKHUM ILyOJIHMKAIUIM.
IIpocrora pac4eToB u HETYBCTBUTEIHHOCTD K THIIOBBIM ITPUEMAM MCKYCCTBEHHO-
TO YJIydINEHUsT BBIMIEPACCMOTPEHHBIX MOKA3aTE el MTHOBEHHO CIEJIAJNA WHIEKC
XupIra momyIsIpHbIM HAYKOMETPUIECKAM UHINKATOPOM.

Henocrarku ungexca Xupina CBA3aHbI C TEM, 9YTO B HEM HE yYUTHIBAIOTCH:

1) HACKOJIBKO HPEBBIIIEH HOPOr IUTUPOBAHUIL B siipe Xupiia,;

2) IJIMHA <«XBOCTa», T.€. KOJMYECTBO I1yO/IMKauuii, HE BOUIEANIUX B ANPO U
YPOBEHD WX IUTHPOBAHMUSI.

71 KOMTIEHCAIINU 3TUX HEJOCTATKOB MPEIJIOKEHBI 00JIee TPUAIATH MOJIN-
dukanuit nagekca Xupima. lajsee mpuBeseHbI Wb HEKOTOPbIE U3 HUX:

e Individual h-index (original) — pesynbrar jejieHusi craHgapTHOrO h-
WHIEKCA HA CPEIHEE YUCJIO ABTOPOB B CTATHAX, KOTOPBIE BXOAAT B XUPII-SIPO

Hy6J’IHKaILHfI. OTOT MOKa3aTeb NMpU3BaH YMEHBINTAUTH BJINAHUC Ha h—I/IHﬂeKC Yuc-
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Jla COABTOPOB MyOIUKAIUil, KOTOPOE, 10 CTATHUCTUKE, CYIIECTBEHHO OTINYIAETCS

B Pa3JIMYHBIX 00/IACTAX 3HAHUNL;

e Individual h-index (PoP variation) — Berumcienne h-wHaeKca KOrJa
BMECTO TIOJTHOTO YMCJIA IMATHPOBAHUI KAarKIOW CTATHY WCIOIB3YETCsS OTHOIIEHUE

YUCIIA TUTUPOBAHUI K YUCJy aBTOPOB IiyOsimKanmu;

e g-Index — mHAEKC, YINTHIBAIOIIAI CTATHU YIEHOTO C HAMOOIBIINM ITATH-
pOBaHMeM, KOTOPBIH OIPE/IeISIeTCs CAeAYIONUM 00pa3oM:
Hauboavwee yeaoe wucao g nybaukayui, komopuie 6ce emecme nabpaiu g* u 6o-
aee yumuposanut. (Vcupasiser HeqocTaTok uHeKca Xupiia, KOTOPbIil MOXKHO
chOpMyIUPOBATD CJHEAYIONUM 00PA30M: «ECJU CTAThs MOMAJAET B YHUCJIO HAW-
0oJtee UTUPYEMBIX b cTaTeil, TO MUTUPOBAHKE STON KOHKPETHON CcTaThu OOJIbINE

HUKAK HE YYUTbIBACTCHY );

e a-Index — 3T0 mpocTO CpesHee YUCTO CCHITOK HA CTATHU, BXOIAIINE B
Xup1r-a1po;

e m-Index — 310 MeaMaHa YNCIIa MUTUPOBAHMI A cTaTel, BXOASIINX B XUPIII-
Anpo nybsnmKamuit aBropa. fIBisercs HeKOTOPbIM BAPUAHTOM G-WHJIEKCA H I10-
TBITKOU YI€CTh pacipeie/ieHne YncyIa MATUPOBAHUN cTaTell, BXOAATNX B XUPIII-
AIPO;

e i-Index — HayuHas opraHu3alus UMeeT UHIEKC 1, €CJIM He MeHee | yIEHbIX
U3 9TOl OpraHu3aluy UMEIoT uHeKe Xupiina He Meree i (i-ungekc = 20 o3Hadaer,

910 He MeHee 20 y4EHbIX uMeroT uHiaekce Xupiia 20);

OsHAaKO BCeM PAaCCMOTPEHHBIM MHJIEKCAM CBOMCTBEHHbI CyIIECTBEHHbIE HEJI0-

crarku [3]:

Cl) TaK KaK, HQYKOMETPUIECKHNE TTOKA3aTEJIN JIETKO BBIYUC/IUTD, TO BEJINK PUCK
X HEaJEKBATHOTO UCIOJIB30BAHUA B Ka4e€CTBE €IUHCTBEHHOT'O KpI/ITepI/Iﬁ OIIEHKN

MHOI'OI'DAHHOHN HAay4HO — MCCJI€/I0BATEbCKOR J1eATe/IbHOCTH y4eHOro;

b) ucnonb3oBaHWE HAYKOMETPUYECKUX IOKa3aTesieli B KAYeCTBe KPUTEPUEB
OIEHKY HAYYHOU JIeATeIbHOCTH ITPOBOIUPYET YUEHBIX K «HAKPYTKE» 3TUX TTOKa-

3aresieil pa3/IMYHbIME CIIOCOOAMHU.

Kpowme roro, ciemyer TakKe OTMETUTD U IPYTOil HE MeHee BasKHBIM HeI0CTa-
TOK. B 0CHOBe CBOEil Bce pacCMOTpPEHHBIE WHIEKCHI IIUTHPOBAHUS OA3UPYIOTCSA HA,
MIPEITOIOKEHUN, ITO ABTOP YECTHO YKA3BIBAET APYTHUX ABTOPOB, HA, MOJIOKEHUST
KOTOPBIX CChLIAETCS B CBOEM COOCTBEHHOM HAYYHOM TPY/E, B HPOTHBHOM CIIy-
Yae OH PUCKYyeT ObITh OOBHHEH B IJIAMKATE W CONJIACHO 3aKOHY 0O aBTOPCKUX U
CMEXKHBIX TTPABAX ObITh MPUTSIHYTHIM K OTBETCTBEHHOCTHU. VI3 BhINIE MpUBEIEH-

HOT'O BBITEKAKOT KaK MUHUMYM JABE€ CYyHIECTBEHHBIX HpO6J’IeMBI:
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a) CornacHo ymoMsHYyTOMY 3aKOHY KpaiiHe TPYIHO MPUTSIHYTh KOTO-THOO K
peasibHOl OTBETCTBEHHOCTH 3a Iiarnar. ClenyanucTbl OTMeYaroT, YT0, HECMOT-
P Ha 3HAYUTE/HHOE yBEIUYEeHHEe KOJIUYECTBA IPECTYILIeHN JaHHOM KaTeropuu,
3¢ dHEKTUBHOCTD OOPHOBI C HUMU MTPOIOJIZKAET OCTABATHCSA HA HEBHICOKOM YDOBHE.
Cynsl pacCMaTPUBAOT JIWIH 2 TPOIEHTA OT OOIIEro YnC/Ia BO30YKIAEHHBIX I, a
mouTH 98 MPOIEHTOB MPEKPAITAeTCsS Ha CTAIUU IPEIBAPUTEIHHOIO PACCIETOBA-
Hus [5]. KadecTBO IpHMeHEeHNsT HOPM YTOJIOBHOTIO 3aKOHA 110 JIeJIaM O HapyIIeHH!

ABTOPCKHUX M CMEXKHBIX IIPAaB IMPOJAOJIZKaeT OCTaBaThCA BECbMa U BECbMa HU3KHUM
[6].

b) Bropoit Baxkuoii upobiiemoii ocraéres ckBo3noe uuruposanue. Irobbl 1po-
e OMUCATH CYTh MPOOJEMbl — BBIIIE HAMEPEHHO MPUBEIEH MPUMED, KOTOPbIH
6e3 JOIOJHUTEIHLHOrO AKIEHTUPOBAHWS BHUMAHUS TaK M OCTAJICsS Obl He3ame-
geHHBIM. [Ij1s1 TOrO, 9TOGBI OMHMcaTh MPoOJIeMy O HH3KON CTATHCTHKE pPeasbHOM
OTBETCTBEHHOCTHU 33 IJIAIMAT, O KOTOPOI IJIa Pedb B IPEJbLAYIIEM IyHKTE, Obl-
JIa UCIOJIL30BaHA CTaThs [7], aBTOpaMu KOTOPOIi, B Pe3y/IbTaTe CaMOCTOATEbHO
MPOBEAEHHON CTATUCTUYIECKON pabOThI, OBIIM MPEACTABIEHBI yI00HBE MBI,
KOTODBIE U JIETJIN B CBOIO OY€PEb B OMMCAHNE TyHKTA a) Bhime. OIHAKO yKa3aH-
Hble TaM 2Ke ucrodHuky nadopMaiun [5] u [6] 6bwir ncrounnkamu B padore [7],
HO cama pabora [7] oTMedeHa B cnmcke He Oblia (M3HaganbHO). Taknm o6pasoM,
SIBHO} CTAHOBHUTCS MpoOJsieMa, KOT/ia OJHWM aBTOPOM MPOBOIMTCS TJIODATIbHAS
00BEMHAST aHAIUTHYIECKasT paboTa, MPUBOASITCS CBOM MUCTOYHWUKY JINTEPATYPHI,
OJTHAKO, 3a9aCTYI0, B CIIUCOK JIUTEPATYPHI APYTUMU MPUBOMISATCS JIUIIh UCTOYU-
HUKH 3TOHl pabOThI, OCTABJISS 3 MOJIEM 3PEHUs YUTaTesell aBTOpA EPBUIHOIO
AHAJIUTUIECKOTO ODODIIAIOIIEr0 TPY/IA, BEIIABAS UX MIPU ITOM 33 PE3YJIHTAT COD-
CTBEHHOI'O uccjeloBanus. B pabore [1] naxke UpUBOAMTCH 3aHATHDIA LPUMED
obHApyKeHusT TAKUX (PAKTOB, KOIJA B CIHCKAX JIKTEPATYPBI OT CTATHU K CTa-
The «KOUyeT» OHA U Ta YK€ N3HAYAIBHO JOMYIIEHHAs OMeYaTKa, ITO HATPAMYIO
CBUJIETETHCTBYET O TOM, UTO ABTOPHI HE YHTAJN OPUTHHAJA U MPUBOIST pabOTy
y2K€ KaK HCTOYHUK HEIMOCPEJCTBEHHO CBOUX U3BICKAHUI, JIMIIL [TOTOMY, YTO Ta

3HAYMIIACH KCTOYHUKOM B paboTe KOTOpasi, IO CyTH BOPYETCH.

Kpowme psiia 09eBUIHBIX HEJOCTATKOB PA3THIHBIX HAYKOMETPUYIECKHUX MMOKA-
3aresieil yIOMUHAIOTCS TAKKe MHEHWS, YTO MOTOHS 3a OIMEHKON MUTUPYEMOCTH
OTEYECTBEHHBIX PA0OT SABJISETCS JIUIb CTUMYJIOM JJIs TOTO, YTOOBI BCe pabo-
Thl [IEPEBOMAWJIA HA AHMJIMACKHUN S3BIK, [ yI00CTBA 3apyOerKHBIX YYEHBIX U
yI00CTBA PA3NMMIHBIX crencaykb. TakKe MPHUCYTCTBYIOT MHEHHsI, 9TO BCSA IIO-
TOHS 3a HAYKOMETPUYECKUMHU MOKA3ATEAME CPEIN YIEHBIX Mupa KOCBEHHBIMU

METOJaMN HaMEPEHHO TPOBOIUPYETCA TTPEACTABUTEIAMU OCHOBHBIX TJI00AJIEHBIX



12 B. B. Eropos

cucrem Web of Science (WoS) komnanuu Thomson Reuters (CIITA) u Scopus
komnanuu Elsevier (Fosuianaus) T.K. 970 B CBOIO 0Yepe/ib CTUMYJIMPYET OTeYe-
CTBEHHBIE 2KYPHAaAJIbl BCTYIIaTh B 3TH CHUCTEMBI, YTO KOHEYHO O4YE€Hb HE IIPOCTO
JJId TIOCJIEAHUX B BUJAY BBICOKUX Tpe6OBaHI/Iﬁ NMpeabdBIAEMbIX K KYPHaJIaM —
OpeTeHaeHTaM, HO U OYE€Hb HE JIEIIEBO.

B Bumy paccMOTpEHHBIX HEJOCTATKOB HAYKOMETPUIECKHUX OKa3aTe el aBTO-
pbl [4] IpeiaraoT 0TKa3aThCs OT IPAKTUKU UCIIOJIL30BAHUS [IPU OLIEHKE BKJIAIA
Y4Y€HOI'O B HAyKy Pa3/IMYHBIX MUCKYCCTBEHHBIX IIOKa3aTesell u nake npejaraioT
PAM1 aTbTepHATUBHBIX MEp:

1. Caenyer BHOBb pa3zaenursb «uepededb BAK» Ha «g0kropekuii» (mocrarod-
HO KpaTKuii, He 60siee 10 IPOLEHTOB OT TEKYIIEro CIUCKA) U «KAHIUIATCKUIL» ;

2. CyieryeTr BOCCTAHOBUTH HA HOBOI ocHOBe ucnosib3oBasineecs B8 CCCP pan-

KUPOBAHUE HAYUIHBIX U3JATETHCTB HA «IIEHTPAJIBHBIEY W «PETHOHAIBHBIES

3. Ilpu uposenenun Hay4dHbIX KOH(EDPEHIH CileLyeT BHEAPHUTb IPAKTHUKY
[IO/IBE/ICHNSI UTOTOB C BBHIJEJIEHUEM ABTOPOB HECKOIBKUX JIYUIIUX TOKJIAIOB;

4. Homomauth mapy «ZlokTop mHayk» - «Kamanmar Hayks TpeTbeil cocTaBJis-
foreil «3ac/TyKeHHbIH JOKTOD HAYK»;

5. 1 ap.

O1HAKO OYEBUIHBIM B MPETIOKEHHBIX MEPAX sIBJISIETCS TOT (PAKT, 9TO B MPO-
IIeCCe OTPE/IE/IEHUs 33 ABTOPOM IpaBa MyOJMKAIMY B «IEHTPAIBHOM» HAYIHOM
U3JAHUN WK TOJy9YeHUs CTATYCa, JIYUIIero MOKIaIa W MPOYNX, TAKIKE IMPUCYT-
crByer cyObeKTuBHbIA GAKTOP JIMYHOrO MHEHUs (JIMIHOrO OTHOLIEHUSs K aBTOPY )
MHOTOyBa2KaeMbIX YJI€HOB OPraHU3AIMOHHOIO KOMHUTETa KOH(EPEHIUN WA Pe-
JTAKITMOHHON KOJLJIETUU KYPHAJIA.

BeiBogsr: HecmoTpst Ha pacCMOTpPEHHBIE HETOCTATKY PA3IUIHBIX HAYKOMET-
pUYeCKuX [IOKa3aTesell u FeHepUPYyEMYIO CIIOPHOCTh UX HEOOXOIMMOCTH, & TAKKe
YUIUTHIBas BO3MOXKHOCTH « HAMEPEHHOI'O HAKPYYNBAHUS » ITUX IIOKa3aTesei, oue-
BUIHBIM SBJISETCSA BCE K€ MX HEOOXOAMMOCTh KaK pa3 B MEPBYIO OYEpEeIb nU3-3a
WX CTpeMJIEHUs K O0bEeKTHUBHOCTH. Kcau pabora KadecTBeHHAasi, KTO ObI HE OBLIT
€e aBTOpP, a ee Pe3yJIbTATHI IPEICTABJIAIOT EHHOCTH i IPOJIBHUKEHUS Pa3-
PpaboTOK APYIrWX yYeHbIX, MPEIIN0osaras KOHEYHO YEeCTHOCTH MOCIETHUX, OyIyT
WMEeTh MECTO CCHLIKM HA YKA3aHHYIO PabOTy, a CTAJO ObITh, YBEIUIEHUE TUTH-
PYEMOCTH TIEPBOHAYAJIBHOTO aBTOpPA. BE3yCIOBHO, PACCMOTPEHHBIE HEIOCTATKU
HAYKOMETPUYECKUX [IOKA3aTeseil CyIIeCTBeHHbI U MAKCHMYM BHUMAHUS JOJIXK-
HO OBITH yIEJEeHO HEeIOCPEeICTBEHHO HWBEJIMPOBAHUIO WX KAK TAKOBBIX. B KOHIIE
KOHIIOB, BAXKHBIM SBJISETCS HE KOJIUYIECTBO MyOMUKAIN U Jayke He HALyMaHHAs

PeCTeKTabeIbHOCTh U3JAHWI, B KOTOPBIX OHU MYyOJWKYIOTCS, & TO, 9TO WMEHHO
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3aJI0YKEHO B TYOJWKAIINU, ¥ OT TOTO Ha CKOJHKO OHO MMEeT IEeHHOCTD JIJIst pa3-
BUTHS HAYKH, 9TO U OyJeT B CBOIO OYEpe/b OTPAXKEHO B KOJIMYECTBE CCHLIOK U
nurupoBanuit Ha tpya. He Gyaem 3abbiBaTh, uro korga B 1905 romy Asbbep-
Ty DWHIITEHHY NPUCBOWJIN JOKTOPCKYIO CTEIeHb, €ro JINCCepTalys OKa3ajach
abCOJTIOTHBIM PEKOPIOM KPATKOCTH CPEI YIEHBIX BCEX BPEMEH, KOTIa-Iu00 3a-
MUIIABIIAX JUCCEPTAII: HECKOJIBKO CTPAHUIL PYKOIIKCHOTO TEKCTA, B OCHOBHOM
bOopMyIIBI, U3 KOTOPBIX BaKHENTIasd 00eCCMEPTHIa ero nMs: "9Heprusi paBHSIET-
cs Macce, MTOMHOYXKEHHON Ha KBaJApar CKOpocTy ceta'. 910 DyHIAMEHT HOBOI

HAYyKHU.
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Geometrical shape of the detonation front and
instability of the detonation in a round tubek

Viktor Volkov

Abstract Stability problem is solved analytically for the plane detonation
wave propagating in a round tube. Geometrical shape (cell structure) of the
detonation front, which is a result of instability development, is substantiated

mathematically.

Keywords detonation, detonation front, instability of detonation, cell structure
of detonation, spin detonation.

YIOK 532.5 + 536.464

It’s known from classical experiments that the detonation waves in explo-
sive gases organize themselves in an unsteady spatial structure (Fig.1.) as a
result of instability development. The most interesting regimes are the “spin”
(Fig.2) and “gallop”, which are typical for detonations of some kinds of mixtures
in cylindrical tubes. Those regimes arise probably in mixtures forming unsafe
situations in industrial enterprises. Although the processes of the cell forming
for the multifront detonations and near-critical regimes are investigated thor-
oughly in copious experiments and described in literature repeatedly, the full
consistent theory for those phenomena is not built yet. The purpose of present
work is to analyze mathematically critical regimes of gaseous detonation from
the standpoint of the small perturbation theory.
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Fig.1. A sample of the cellular detonation surface (photograph of the imprints
on the sooty tube butt-end; detonation of mizture 2Ho + Oo under initial

pressure 300 mm Hy)

Fig.2. Photograph of the single-head (“spin”) detonation in gas mixture.

Photographing was done through a slot, which was parallel to the tube axis

The reason for the appearance of the detonation front nonuniformities is the
developing of instability of the one-dimensional complex “shock wave — chemical
reaction zone ”, explored experimentally, analytically and numerically. As a result
on the non-linear stage the detonation front surface is covered by cells of a
characteristic size dependent on the initial pressure and chemical properties of
the explosive gas mixture. The numerical and analytical estimates for the mean
size of the detonation front nonuniformities were obtained by solving a stability
problem of a double-front shock-detonation complex. Thus, distortion of the
detonation front and the origin of fractures on it (triple point configurations) was
attributed to the two-dimensional instability and the development of the fastest

growing perturbations. The method of instability analysis as well as the analysis
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of the detonation structure has allowed to take into account the continuous
variation of physical and chemical parameters in the course of energy deposition
behind a shock front. Moreover, this method has allowed to explain the possible
stability of detonation in condensed explosives. However, this stability theory
does not account the effect of confinement, whereas in reality the detonation
processes occur only in confined volumes. The study of stability and structure
of the self-sustaining detonation wave propagating in a cylindrical tube is done
by us in [1]. The continuous variation of physical and chemical parameters in
the reaction zone behind the shock front is taken into account and essential
restrictions are not imposed either by the equation of chemical kinetics or by
thermal equation of state both for detonating substance and for the detonation
products.

The following mathematical model of a detonation is considered. Along a
z-axis, at z < 0 the inviscid gas moves at a stationary supersonic velocity.
Plane z = 0 corresponds to a shock wave. In the zone 0 < z < L chemical
transformations occur while zone z > L is occupied by the detonation products.
Physical parameters of explosive mixture, gas in the chemical transformation
zone and detonation products are related to each other by the conservation laws
of mass, momentum, and energy. Chemical reaction is assumed to be governed
by a single variable, unburnt mass fraction or progress variable, 5. At the shock
front, 8 = 1. At termination of chemical reaction, i.e., at z = L, 8 = (2 (0 <
B2 < 1). At § = B2 the flow velocity is equal to the local speed of sound
(Chapman-Jouget condition).

At z > 0 the flow field is governed by a set of gasdynamic equations and

equation of chemical kinetics:

’é—f + pdiv7 =0,

E—
Pt + gradp = 0
9 pu? . 7 pu? (1)
ot pE—‘rT +d’LU pE—&-p-i—T :0,

B = 1(8,p,p),

where 7 is the velocity vector, u? = 72, p is the density, is the pressure, is

the specific internal energy, and

E =e+ jQ, (2)

Q is the chemical energy source per unit mass of gas and e = e(p, p). For the

thermally perfect gas:
L p
e = ——= + const, 3
po— (3)
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where +y is the ratio of thermal specific heats.

Function f in the equation of chemical kinetics is assumed to be sufficiently
smooth (as well as function e (p, p), expressing the thermal equation of state).
The explosive gas flows in a round cylindrical tube of radius rg, therefore Egs.
(1) should be formulated in a cylindrical frame of reference.

Let us investigate the stability of the basic solution of Egs. (1) in relation to
o ;»W u;z, p;., p;», ﬂ; corresponding to radial, tangential
and axial components of a velocity vector, pressure, density and progress vari-

small perturbations u,

able, in the reaction zone (j = 1) or in the detonation products (j = 2), assuming

that ﬂ; = 0. As a result the following linearized equations can be obtained from
Egs. (1):

o ’ 1o
p”-i-aZ(pu +ujpj)+p;{(m ) o B }:O7

1 ap.} _
8 pj Or 0,
au 1 op;
Ui or; _
“tu Uj Bz p;r 0o 0,
!’
Bu 1 Bp] 1 dp]
g, ) + g - ,TJ.*PJ =0, (4)

Bp/ 1 ap, u, Op,
pj( +u; G ) U GEp; + 5+ oG, Dot T or = or T

) P 9, op, dug /) —
+WJ—1)TZJP]’ pQ(iyj—l)( J—|— Uj J_|_ au; ) 0,

og’ a8 | 4B’ _
o tUuipr tu JZ_quz< 6"' pj+0ppj)_07

s [(3),0)

In the particular case of thermally perfect gas, 7; is the ratio of specific heats.

where

The solutions of Egs. (4) should obey to the condition:

e —— (6)
and the condition of regularity at » — 0. In view of it, the solution is taken in
the form .

=1 (2)F(r, ¢,1);
ur 3/23(2)7"05nk Lindy (Earrrg ) F(r 0, 1);
“, = 4 ()17 6 nE (7, 0, ) -
5= ya(2)F(r, 0, 1);

p2

(
b ysi (2)F'(r, 0, 1);

P2

= :‘/GJ(Z)F(T @,t),
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where
F(r,p,t) = exp (wro_lugt + ingp) Jn (fnkrr(?l) , (8)

and w — a complex value (dimensionless eigenvalue), n is the azimuthal wave
number (n = 0,1,2,...), J,(§) is the cylindrical functions of the 1-st kind of
order n, &, is the k th root of the equation dJ,(£)/d¢é =0, y;r (k=1,...,5) —
dimensionless function of z.

For the Chapman-Jouget detonation (ug = asg, i.e. My = 1, where My = Z—;
is the Mach number, 5 is the speed of sound in the detonation products) the
functions yor(k = 1,...,4) are determined to be the solutions of system of the
linear homogeneous differential equations with constant coefficients and contain
three uncertain constants A (1,2, 3).

The equations of the perturbed shock front and the surface of chemical re-

action termination are set as
z=ei(r,p,t), z=L+ea(rpt), 9)

where
gj = AojroF (¢, 1) (10)

In the linear approximation, the laws of conservation of mass, momentum, energy

and unburnt mass fraction at the shock front (z = 0) are given by

ulpll + p1u11z = (Pl - pO)%v

u,l,. = (uo - Ul)%;

g = 7 (o —ur) 5,

p1+udp) + 2pruauy, =0, (11)

(v = 1)p1 — (0 + Dpolpy + [(3 — Dp1 + (30 + Lpo] +
+py +2m - 1)Q2 B =0,
ﬁ/ + 61% - 07

where index 0 denotes parameters of a unperturbed stream at z < 0.

As the perturbations behind shock front are continuous everywhere along the
tube, the requirements of a continuity of all parameters at the perturbed surface
of the chemical reaction termination should be used.

After simple transformations one arrives at the following boundary value

R(0) = Ro,
B(1) = B, (12)
2~ GEE,

problem:
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with

F(0) = Ar (ﬁg” n wﬁg%), (13)
B(m) = 5% _ Ag KO, (14)

G(Z) =GV (2) +wG?(2), (15)
7=, (16)

Y11

Y12
<y13>, (17)

Y14

Y15

where G is the 5 X 5 matrix.

It is rather difficult to find a precise solution of the system of ordinary lin-
ear homogeneous differential equations with variable coefficients. Therefore, the
boundary value problem (13) is solved approximately [1] by the Euler method.
As a result, one arrives at the equation for definition of eigenvalues

F(w) =0, (18)

where function F'(w) represents a polynomial of m+5 order, where m the number
of intervals in Euler method. If this equation has a solution with a positive real
part, it is evidence of the detonation wave instability. The eigenvalue w is, in
general, the complex function of parameter &,,.

Calculating of the pulsation structure of detonation waves is based on the
discrete spectrum of values &, satisfying a boundary condition (6), it is possible
to choose the eigenvalues w (§,x), providing the fastest growth rate of pertur-
bation amplitude, and therefore the maximal distortion of the front. &,; value
corresponds these eigenvalues almost always. Thus it is possible to calculate the
mean size of nonuniformities (cells) in the detonation wave propagating in an ex-
plosive gas. Particular calculations were performed for mixtures 2Hy 4+ Oy + 7TAr
and 2Hs + Oz + 7. He with the kinetics of [2] and are compared to results of
experiments [3] - [5] and numerical analysis [2], [6]. The agreements between the
present analysis and experimental data can be treated as satisfactory.

For the formation of the detonation structure, parameter
§=1Lryt, (19)

which shows the ratio of the reaction zone width to the tube radius is the most
important one. Increase of the tube radius r¢ or decrease of the reaction zone
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width L (that is possible, for example, when the explosive gas pressure o increases
or the inert additions) leads to decrease of 4.

For the thermally perfect gas with the model kinetics [2] if 6 > 0.5 the
instability takes place only for n = 0. But in this case £y; = 0, and it contra-
dicts (7), and the case, corresponding to £y = 3.83 is realised. Absence of the
dependance of perturbations from ¢ means, that gas produces radial acoustic
oscillations. But under n = 0, y; = 0 it is necessary to go over to another (one-
dimensional) stability problem. This problem is solved by us before [1] and the
instability of the gaseous detonations to the one-dimensional perturbations is
proved. Developing of such instability may be accepted for theoretical explana-
tion of the galloping detonation regime [5]. At the non-linear stage of developing
one-dimensional (axial) and radial perturbations will interact. The result of such
interaction is non-one-dimensional character of the detonation “gallop”, that is
observed in experiments [5].

If 0.3 < 6 < 0.5 instability develops under n = 1, &7 = 1.84, which corre-
sponds to the single-head spinning detonation (Fig.2) [4], [5]. If 0.1 < ¢ < 0.3
instability develops under n = 2, £3; = 3.05, which corresponds to the double-
head spinning detonation [4], [5]. And so on, as ¢ decreases, n increases, that

means existence of the multi-head spin, i.e. cell structure of detonation (Fig.1).
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N3006miame KjacCOB TOMOJIOTMYECKON CONPA>KEHHO-
CTH [Jisi OJIy>KJAaI0Iero MHOXKECTBa BHYTPEHHUX
oTOoOpakeHmii

Urops FOpseBuu Biacenko

Annoramus /g romeoMopdu3MOB TMOBEPXHOCTEN C TOYHOCTHIO O TOTOJIO-
TUYECKOTO CONPS’KEHUs CYHIECTBYET TOJbKO OIHA JABYCBA3HASA HEMOIBUKHA
perysisipHasi KOMIIOHEHTa, 01y K JAf0Iero MaoxkecTBa. OTHAKO 71 HEOOPATUMBIX
BHYTPEHHUX OTOOpaKeHwil 3TO He Tak. B pabore mocTpoeH mpumep OECKOHEd-
HOHM TOC/IeIOBATEIHLHOCTA BHYTPEHHUX OTODOparkKeuwit chepbl ¢ MHBAPUAHTHON
JBYCBSI3HON PEryaspHOil KOMIIOHEHTOH, TAKUX, ITO 3TU OTOOPAXKEHHS B CyKe-

HUU Ha CBOIO PETYIAPHYIO KOMIIOHEHTY MOIMAPHO TOIIOJIOTUYIECKHN HE CONPAZKEHDBI.

KurroueBbie ciioBa BHyTPeHHIE OTOOPAXKEHU S, KJIACCHI TOIIOJIOTUIECKOH COmpsi-

KEHHOCTH, OJIy2KIa10IIee MHOXKECTBO

YIOK 517.938.5

IIycrs S? — naBymepnas cepau f : S — S? — ee Buyrpennee orobpazkenue,
T. €. HEelPEPBIBHBIA OTKPBITHI (00pa3 JII06Oro OTKPHITOIO MHOXKECTBA OTKDBIT)
KOHEUHOKDPATHBIH (y KarKJIOH TOYKM YUCJIO MPOOOPA30B KOHEUHO) SMUMOPDU3M.

Ioapobuee o0 BHyTpeHHUX 0TOOpAKEHUAX CM. [7].

B paborax [1], [2] Bupkrodom 1 CMuTOM OBIIO MOKA3AHO, ITO I TOMEO-
MOPGU3MOB MOBEPXHOCTEH JII00ast MEPUOINYECKAsT PErysipHast KOMIOHEHTa, S
Oy 2K TATOIIEro0 MHOXKECTBA MMEET TOMOJOTHIECKUil TUIT JTU0O0 OTHOCBIA3HOM 100
JIBYCBA3HON obnactd B R?, npudeM B ciIydae IBYCBA3HOM objacTu obe KOMIO-
HEHTBHI CBA3HOCTHU TPAHUIIBLI S JIEXKAT BO MHOXKECTBE HEOJIY K IAI0MMUX TOYeK. [[jist

KaKJI0TO U3 3TUX TUTIOB KOMTIOHEHT B CYXKEHUU Ha TPACKTOPUIO TaKoOIt KOMTIO-
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HEHTHI TOMEOMOP(HU3MEI TOMOJOTHYECKH COTPAYKEHDLI : 3TO 3aKPHIBAET BOIPOC O
KJacCU(PUKALMK PEry/isPHbIX KOMIIOHEHT roMeomopdusmos. B [3] stu uccieno-
BaHUs ObLTH MPOJOIKEHBI HA CIydail GOMBITHX Pa3MEPHOCTEN.

Takum 06pa3oM, B Caydae roMeoMOp(pU3MOB JUHAMUKA, HA MHOKECTBE OJTy K-
JTAIOIIAX TOYEK YCTPOEHA OTHOCUTENHHO mpocTo. Hampuwmep, ajis romeomopdus-
MOB cepbl, y KOTOPBIX HEOIYZKIAM0Mee MHOXKECTBO COCTOUT W3 JIBYX TOYEK —
CTOKA U UCTOYHUKA, OTPAHUYEHHUST ITUX TOMEOMOPGU3MOB Ha, O.JTy K IAf0IIee MHO-
2KECTBO TPUHA/IIEIKAT OJHOMY KJIACCY TOMOJOTHIECKON COMPSAXKEHHOCTH.

OsHaKO, KaK 3/€Ch 10KA3aHO, JJisi HEOOPATUMbIX BHYTPEHHUX OTODpaXKeHuii
CUTyanusi CyIEeCTBEHHO OTJIMYAETCs. YK€ B CJIydae Pa3BETBIEHHOIO HAKPLIBA-
IOIIETO BHYTPEHHETO 0TOOpaXkeuusi chepbl, y KOTOPOTO HEOJIY K IAIOIIEe MHOXKE-
CTBO COCTOUT U3 ABYX TOUEK — CTOKA W UCTOYHUKA, HA OJIYKIAIOMIEM MHOKECTBE
CymecTByer DECKOHEIHOE MHOYKECTBO KJIACCOB TOIOJIOI MYECKOM CONPSIKEHHOCTH.

st TOKa3aTesbCTBa ATOr0 YTBEPXK/IeHN B paboTe MOCTPOEH MPUMED CYeT-
HOTO CEMEeHCTBA MOMAPHO TOMOJOTUIECKH PA3IUIHBIX BHY TPEHHUX OTOODAXKEHUIT
IByMepHOI cdepsl S? yKa3aHHOTO BBIIIE THIIA.

OraenbHyo 6J1aroIapPHOCTD XO9Y BbIPA3UTD PELEH3EHTY CTATHY 3a BbISBJIEH-

HbIE OIMMOKU B IIEPBOM BaPUAHTE MIPUMEPA.
IIpeaBapuTesibHbIE CBENECHUS.

O6o3nauum uepes O?(az) LOJIOZKUTEJIBHYIO 101y TPAEKTOPUIO TOYKH T, T. €.
mnoxectso { f"(z)| n > 0}. O6o3natum vepes O () OTpULATENbHYIO IOy TPa-
eKTOPHIO TOYKH Z, T. e. MHOXKecTBo {f"(x)| n < 0}. Ilupokoii TpaekTopneit
Oy () TOUKN & HA30BEM MHOKECTBO UyeO;(w)O; (y)-

Tak kak f — KOHEYHOKDPATHBIA SMUMOP(U3M, TO ECTECTBEHHO 3TU TPAEKTO-
PUM BOCIPHHAMATDH KaK HAOOPBI U3 OTJEIBHBIX TOYEK.

B orimuame or roMeoMopdu3MOB, /I KOTOPBIX TPAEKTOPHs TOYKH B TOH-
HOCTH COCTOWT W3 ee TOJOXKUTEJIbHOI M OTPUIATENbHON TOJIyTPAaeKTOpHi, y
BHYTDEHHUX OTOODazKeHUii NIMPOKAs TPAEKTOPHA TOUKU MMEET W APYTHE TOUY-
ku. BBegem eme 0fHO €CTECTBEHHOE TIOAMHOKECTBO MUPOKOH TPACKTOPUH TOY-
KW, KOTOPOE He HWT/Ie He MEePEceKaeTcst C ee TOJOKHUTEIBHON U OTPHIATEIHHOMN

TTOJIYyTPAEKTOPHUAMHT, KPOMe KaK B CAMOI TOYKe.

Omnpenenenne 1 HedmparvHoim cevenHuem mMpaexkmopuy MoKy T Ha308em

mmooicecmeo {f~" (f™(x)) | n > 0}. Obosnawum ee wepes O]% (z).

Kaxk jerko BumeTh u3 OMpeaesens, €C/Iu Cpeau 00pa30B & HET MEePUOINYE-

CKOl TOYKH, a f BMeeT B TOYKax OpouThl OOJIbIIE OLHOIO0 IIPo0dpasa, TO IIMPOKas

L f u g Tonosormyaecky conpsikewnsr, ecau 3 romeomopdusm h: fh = hg. Tloapobree cm. [5].
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TPACKTOPHS TOUKH T PACTIATACTCS HA OECKOHETHOE YNCIIO HEHTPAIbHBIX CeUeHNIt,

Ipu 9eM KazKa0e HefITpaJIbHOG CeYEeHHEe COCTOUT U3 OECKOHEYHOI'O YMCJIA TOYEK.

Onpegenenne 2 Touka T Hazveaemcs baysrcdarouet movwkot f, ecau Hatidem-

ca maxas ee oxpecmuocms U, wmo f™(U)NU =0 das ecex m € Z.

O61mme ompemesierus Cynepo Iy K IA0IMINX U PABHOMEDHO CYTIePOJIY 2K TAIOIITIX
Jaubl B [4]. Juist KpaTKOCTH U3JI0KEHUS JAMM 3/1€Ch YIPOIIEHHOE OlIPE/IeJIeHUe,
HCIIONB3Ys TOT (PAKT, 9TO B MOCTPOEHHBIX IMpUMEpPaxX OTyKIAI0Nee MHOKECTBO
JIBYCBSI3HO ¥ TOMEOMOP(HO IUJIMHIIPY, 8 CY’KEHHEe PACCMaTPUBAEMbIX 0TODpaYKe-

HUH HA 3TOT IMUJIWHADP ABISAETCSA JIOKAJIHHBIM TOMEOMOP(MU3IMOM.

Onpegnenenne 3 Towka T Ha3016a€MCA HEUMPAALHO OAydtcoaOwed mowkol f,
ecau natidemes maxas ee ceéasnas oxpecmuocmv U, wmo ¥Yn > 0 omkpo-
moe muoorcecmso f"(f(U)) pacnadaemes na K0MNOHEHMbL CBASHOCTIU MAKUE,
wmo cyorcenue f Ha KaHcoy0 KOMNOHEHMY CEAZHOCTNU ABAAEMCA 20MEOMOPPHUS-
MOM U KAHCOAA KOMNOHENNG CEAZHOCTIU COOEPIAHCUM 6 MOYHOCTNY 00HO TOUKY

u3 muoorcecmsa {f~" (f™(x))}.

Omnpenenenne 4 Touka x wnazwveaemcs cynepbayoicdarowet moukol f, ecau

OHG OAYHCIAOULAA U HETUMPAALHO OAYHCIAIOW,AA.

O6o3nauum depe3 {2 MHOKECTBO HEOITY K IAIONMX (HE ABJIAIONIUXC OITy 2K 1~

IOIIMY) TOYEK.

Onpepenenne 5 Bayotcoarouas mouka T Ha3w6aeMca pe2ysaprot, ecau Ve >
0 36(x) — d-oxpecmmnocmos mowku x, u AN > 0 makoe, wmo Vk > N uVk < —N
E(6(x)) C e(92), 2de €(2) — e-oxpecmmocmo muoxcecmea 2, f*(5(x)) — obpas

§(x) npu omobpasicenuu f*.
MHOXKECTBO PEryJIsapHBIX TOYEK OTKPBITO. MaKCUMAaNbHbIE CBA3HBIE KOMIIO-
HEHTHI 3TOTO MHOKECTBA HA3BIBAIOTCS PETYJIAPHBIMA KOMIIOHEHTAMHY.

HOCTpoeHI/Ie HCKOMOI IIocJe10BaTE€JIBHOCTMA.

Beenem Ha cdepe 6e3 aByxX TOUEK KOOPAMHATHI OECKOHEYTHOTO IUAIAHIPA
(r,9), r € R, ¢ € [0,1). dse ocrasiuuecst Touku chepbl 0603HAUUM COOTBET-
CTBEHHO 4Yepe3 +00 U —O0.

Paccmorpum B 9THX KOOpAWHATAX MPOCTOE 0TOOpaskeHwe chepbl
Go: (r,¢) — (r+1,2¢ mod 1).

Jlerko BumeTh, 9TO 3TO BHyTpEHHEE OTOOPAXKEHUE CTEMEHU 2 C TOYKAMU BETBJIE-

HusT +00 1 —00. Hebmy K maroiiee MHOKECTBO ITOTO OTOOPAYKEHUST TOKE COCTOUT
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u3 TOYEK 400 " —00, IIpUu YEM +00 gdBJageTcda CTOKOM, a —0OO — UCTOYHHKOM.
OcrajibHble TOYKH SIBJISIIOTCH OJIyKIAIOMMMU, IPU 9eM OJIy2K/IAfolnee MHOXKe-
CTBO O6ﬂaﬂaeT ABYMA MHBAPDHUAHTHBIMH CIIOEHHAMH Ha KOOPAWHATHDBIE JTHHHHA
{r = const} u {¢ = const}.

Cuenyromiee cemeiicrBo oToOpazkeHuii Oymer IOCTPOEHO C IIOMOIIBI0 BO3MY-
mernit @, KOTOpbIE MBI OyJIeM MOIA0MPATh TaK, YTOOBI Y BO3MYIIEHHOIO 0TOOpa-
KeHUsT HeOJIy XK JA0Iee MHOXKECTBO MPOIOIAKAJIO Obl COCTOSATH M3 TOYEK BETB-

JeHuss +00 U —00, M COXPAHANUCH MHBAPUAHTHbIE CaoeHus {r = const} u
{¢ = const}.

Jua storo B orobpazkenun Py Oymem MeHATH BO BTOPOil (yTIoOBOii) KO-
opaunare orobpaxenue ¥y = 2¢ mod 1 Ha orobpaxenus W;(¢), rue Kaxiuoe
U,;: S — S! — mexoropoe BosMymeHne oToOpazkeHna 2¢ mod 1, TaksKe ABIIO-
meecst BYJIMCTHBIM HAKPBITHEM OKpy»KHOCTH R mod 1, koropoe 6ymer 3amano
nasnee. Torna nckomoe cemeiicto orobpaxennit (P;),i > 1 Oymer nverh Bug
D;: (r,¢) — (r+ 1,%;(¢)). Jlerko BuzeTb, 910 st OTOOpAXKEHHH TAKOTO BHJA

cioenus {r = const} u {¢ = const} ABIAIOTCH MHBAPUAHTHBIMHU.

Ocranoch 3anars orobpazkenus (¥;),¢ > 1. Bamerum, 410 y orobpazeHus
¥y = 2¢ mod 1 MHOXKECTBO MEPUOINIECKIX TOUEK OECKOHETHO W UX MAKCHMAJIb-
HBII TTepuo He orpaHuyeH. Boibepem Kakyo-HUOYIb OECKOHEUHYIO MOCJIEI0BA-
TEILHOCTH (£{)) MEPHOINIECKUX TOUEK OTOOpakenust 2¢ mod 1 Takyio, 910 mepu-

o 3Tux To4ex p(n) crporo Bospacraer. K npumepy, momoxum ) = % (nepuos

1, 03,(3) = {3}), €6 = 5 (mepmon 2, Oy (3) = {5,3}), €5 = 7 (nepwon 3,
Oy, (3) ={3.%.2}) €6 = 5 (mepmox 4, Oy, (3) = {3.3.5.2}).---

O6o3nadum TOYKH U3 O;O (e0) 1epes €3, ..., ep,y 1, Yole)) = €iyy. Ilycrp
d, = min, ; e} — 5;? mod 1| — MUHUMAJIBHOE PACCTOAHUE MEXKIY TOUYKAMH W3

+(on i i di iy di
O™ (ef). Obosmammm [epes I} orpesok [ef — 5, €% + 4.

Bamamum ¥;(¢) ma orpeskax I} kak Wi(¢) = e} + ¢,¢ € I}, a Bre orpes-
KOB I; TIIAZKO TPONOIKUM W;(¢) mroboit moxxozsieit dbyHKIneil Tak, 4To0hI
orobpaxkenne ¥;(¢) ObLI0O MOHOTOHHO 1O ¢ U BHE OTPE3KOB IJ’: MPOM3BOHAS OT

AN
¥;(¢) 6bL1a 661 crporo Gosbiie 1. Bamerum, 4To 10 nocrpoeruto ¥; (Ij) =1,

P p
B3sTh GyHKIMK n3 puc. 1. dnunamunka ¥;(§) BHINIAANT CIEAYIOMAM OOPA3OM:

j<pln)—1,% (Il(n)_1> = I, Ly = I}. K npumepy, B KadecTe W; MOMKHO

IO NOCTPOEHUIO, OTPE3KH [] COCTOAT U3 NEPUOJMIECKUX TOYEK € MepuogoM 2.
OcraBuinecs TOYKHU MPUHAIIEKAT JTUOO OTKPHITOMY MHOXKECTBY TOYEK, KOTOPBIE
0TOOPAXKAIOTCS HA BHYTPEHHOCTH OTPE3KOB IJ‘-, b0 BXOIAT B ocTaBImeecs: Kam-

TOPOBO MHOXKECTBO PACTATHUBAIOIIINX TOYEK, COCTOAIIEE N3 CUYETHOTO MHOXKECTBA
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HECTPOTO PACTATHBAIONINX TOYEK, BXOISIINX B TPAHUILI TTPOOOPA3OB OTPE3KOB,

U KOHTHUHYYMa CTPOI'O PACTAIMBAIONIAX TOYEK.

Puc. 1 V1(), ¥2(), ¥3(¢), ¥a(9), ¥5(9)-

Paccvorpum y mOSy9e€HHOrO BHYTPEHHErO OToOpaKenws P; MPOU3BOJIb-
HYI0 OJIy K100 T0UKy (g, ¢o). [IpejcraBum mupokyo TPaeKTOPHUIO TOYKU

(ro, ¢o) B Bule 0ObeMHEHNS HEATPAIHHBIX CEUEHUIL:
Og, ((ro,¢0)) = U2 (@:)* (Og, (ro, o)) -
ITo nmocrpoenuio, ee mMpoKast TPAEKTOPHS BJIOKEeHA B HAOOD OKPYKHOCTEH
{{ro +n =const} ,n €2},

a xaxzoe mefirpansnoe cedenne (P;)° (O (7o, ¢o)) MUPOKOH TpaekTOpHH Je-
SKWUT B CBOEH OTIIEITLHON OKPYYKHOCTH {79+8 = const}, W, Kak CIeICTBHE, pa3Hble
HefTpaJIbHbIE CeYeHUs OTAEIEHbl APYr OT apyra. OTcioia cieayer, 9To aBsger-
cst i To9KA (10, (o) HPOCTO BIIyKAAOIIEl UK ¥Ke cynepOJry K Iaieil, 3aBUCAT
TOJIBKO OT €e JWHAMHUKU IO YIJIOBON KOODIWHATE ¢, 3aJaHHOI OTOOpaKeHueM
Z;(¢).

Jlerko BuzeTh, 9TO TOYKHU, JJisi KOTOPBIX WX yIJIOBAas KOOPIMHATA CO Bpe-
MeHeM 0TO0pazkaercs ¢ HoMoIbio ¥;(¢) Ha BHYTPEHHOCTH OJHOIO U3 OTPE3KOB
IJ@, SIBJIAIOTCS CyTIepOIy K TA0IumMu. B KadecTBe pa3aessionnieii OKpeCTHOCTH 13
olpeJeseHus TaM MOKHO B34Tb BHY TPEHHOCTb LIPAMOYIOJIbHUKA I; x (ro—e,ro+
¢). OcraBiimecs TOYKU He fBJAIOTCH CynepOIyKIAI0IUMU, TaK KaK [0 IOCTPO-
CHUIO OHU 4dBJIAIOTCA TOYKAMHU HAKOIIJIEHHUA CBOEro HeﬁTpaHbHOFO cedyeHud.

Takum obpazom, fjs orobpaxkenuss P; OTPE3KU Ij OHO3HAYHO OMPEIETIAIOT
BIEpe]] HHBAPUAHTHBIE KOMIIOHEHTHI MHOYKECTBA CyTEePOJIy 2K JAIOMNX TOIEK.

B nonyuennom cemeiicree orobpazkenuii (@;),¢ > 1 Buepe] uHBAPUAHT-
HbIE MEPUOIUIECKHE KOMIIOHEHTHI MHOXKECTBA, CyTepOIy K TAIOMNX TOYEK OTOD-

paxkenusi @; MO MOCTPOEHUIO TMPEICTABISIOT COOO BHYTPEHHOCTH MHOYKECTB
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I; X (—00,+00) n umeror nepuon p(i). Iockonbky mepuon p(i) pacrer cTpo-
0 MOHOTOHHO, Jjisi PA3HBIX ¢ OTOOpakeHnss P; HEe MOryT OBITH TOMOJOIUIECKN
COIPSIXKEHBI MKy CODOM, a UX MHOXKECTBa CynepOIy K IAI0NUX TOYEK TOMOJI0-

THYECKH PA3JINIHDI.
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Abundance of topological conjugacy classes for wandering sets
of inner mappings

For a homeomorphism there is only one cylindric regular invariant component
of wandering set up to the topological conjugacy. But it is different for inner
mappings. This paper shows an example of infinite sequence of inner mappings
such that each of them has a cylindric regular invariant component of wandering
set but for any pair of inner mappings their components are not topologically

conjugate.
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Mounekyan m-(dyHKIIii cTeneHi 2 Ha MMOBEPXHAX 3
KPaEM

O.M. Isaniok, O.0. Ilpuniasik

Amnorarmigs Mu posriggacMo MOJEKY/Id 3 aTOMIB CreleHi 2 Ha [IOBEPXHAX 3
Kpaem. Bci mMoxkmmBI MOJEKy/niH, sIKi MOXKHA OTPHUMATH CKJICIOBAHHSM ATOMIB
CKJIQIHOCTI 2 m-(byHKIIIH HA MOBEPXHAX 3 KPAEM, OOUUCIIOIOTHCS TPHOMA, CIIO-
cobamm:

1) CkuleroBaHHsl THX JBOX aTOMIB MiK COBOIO, B IEPIIOMY 3 AKUX KIJIbKICTb
pebep, 10 BXOAWUTH, CIIBIAAAE 3 KUIBKICTIO pedep, 0 BUXOAUTH 3 APYrOro aTo-
Ma.

2) CkuleroBaHHs TPbOX aTOMIB MixK c00O0I0, B IIEPIIOMY 3 SIKMX KLIbKICTb pe-
0ep, IO BXOIWTH, CITIBIAIAE 3 KiJIbKICTIO pedep, 10 BUXOIUTH 3 JAPYroro aTroMa,
i BOZHOYAC B APYroMy 3 SIKUX KiJIbKICTh pebep, IO BXOIUTD, CIIBIAIAE 3 Kilb-
KicTio pebep, 10 BUXOAUTDH 3 TPETHOTO aTOMA.

3) CkJieoBaHHs JBOX aTOMIB CKJIAQIHOCTI 2, aje 6epyThCd HE BCl KPUTHYHI

TOYKH.

KurrouoBi cjioBa arom m-(QyHKIIL - TOIOIOriYHa, KIacupikallis - MOJIEKy1a

VK 517.91

Beryn

Hexaii M — 3amkHeHuii OpieHTOBaHUil 1BOBUMIpHUI MHOrOBU/ (IOBEPXHS ),

f —rnanka dyukiis va M. Po3risiHeM0 raMiJibTOHOBY IUHAMIYHY CUCTEMY, STKa,
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3asaeThes pisasaHEaM % = sgradf(z), « € M. Toxi ii TpaekTopii GyyTs Je-
2KaTu Ha KOMIIOHeHTax Jjiniil pieag Gyskmil f. Il KOMIIOHEHTH HA3BEMO LIAPAMU.
Tomeomop@izm moeepxHi, 110 BimoOparkae Mapu Ha IMIapu, HA3UBAETHCS TOMIAPO-
BOIO ekBiBasieHTHiCTIO. OT2KeE, MOMAaPOBa Kaacudikamis QyHKITH 3a7a€ TOMOIO-
riuny Kaacudikalio raMiJibTOHOBUX AuHaMivyHuX cucteM. B pobori O.Boscinosa
ra A.Domenka [1] Gys10 3aIIPOIIOHOBAHO PO3IIAPOBAHUI OKiJl KPUTUUHOIO PiBHS
HasmBatu aromoMm, a rpad Piba, y skoro BepimmHaM BiImOBiZAIOTH aToMu, a
pebpaM KOMIIOHEHTH KPal0 aTOMiB, HA3WBATH MOJIEKy0i0. 1le m1amo 3mory moby-
JIyBATHU IOIIAPOBY Ta TOIMOJOTiYHYy Kjaacudikariio qoBinbaux (yukmiit Mopca.

st MmHOrOBHIIB 3 KpaeMm aHasoroMm ¢yukmiit Mopca € m-dynkmii. B pobori
[2] orpumana knacudikanist npocrux (ckiaamuocti 1) m-dyHKIii Ha OpieHTOBa-
HUX TIOBepXHsIX. B pobori [3] Gyo po3rIsiHyTO BCl MOXKJIMBI aTOMU CKJIAIHOCTI
2 m~(yHKIIi# HA TOBEPXHIX 3 KPAEM.

Metoro pob0oTH € OTpUMAaHHS TOMOJIOTiYHA Kiacudikaiis m-QyHKIT CKIaI-
HOCTi 2 Ha OPiEHTOBAHWX MOBEPXHSAX 32 JOMOMOIOK MOJIEKYJ, CKJIQJEHUX 3 aTO-

MiB CKJIQJHOCTI 2.

1 Artomn m-dyHKIIi.

Hexait M — rnagkuii muoropuz, po3mipuocti n, f : M — R — rnaaka ¢GyHK-
mid, 1, ..., T, — IVIAJKI PETYIAPHI KOOPJIWHATH B OKOJi TOYKHU X.

Haramaemo, mo BHyTpimHES TouKa € M Ha3WBAETHCI KPUMU¥HON IS
Gbyukuii f, akmo audepenuian df = Z%dmi 0bepraerbCd B HyJlb B TOY-
ui z. Ilpu upomy f(z) HasuBaerbcs xkpumuunum 3nauenmusm byaxuii f. Kpu-
THYHA TOUKA HA3HBAETLCH Hesupodoicenoto, aKIo ApyTuit mudepenmian d2f =
> %dwid% HEBUPOKEHU B ImiKt Toumi. [1aaka pyHKINS HA 3aMKHEHOMY

MHOI'OBH/Il Ha3UBA€ThCA Pynkuyicto Mopca, Ko Bei

obmeskennst (GyHKIINT Ha Kpaii € dpynkmiero Mopca.

m-byukuil f i ¢ na mosepxuax M2 i N? 6ymeMo HA3HBATH NOWGPOSO eKEi-
sasenmuumu, SKmo icaye mudeomopdizm A : M2 — N2, gxwuif mepeBOIuTDH
3B’s13HI KOMIIOHEHTH JIiHi#i piBHa (yHKIT f B 3B’SI3HI KOMIIOHEHTH JIHIN piB-
na bynkmii g. Bynemo xasaru, mo napa (N2, f) momaposo exkpibajenTHa mapi
(N?,9).

s moctiizKeHHs TOMapoBol eKBiBaJIeHTHOCTI M- yHKIINH B OKOJI TX Kpu-

TUYIHUX 3HAYEHb 3PYYHO BUKOPUCTOBYBATU TTOHATTA aTOMY 3a DOMEHKOM.
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Osnavennsi. Amomom Ha3UBaeTHCS OKiM Kputuuanoro mapy P? = {z: —¢ <
f(x) — c < e} pua mocrarHbo MAJIOro €, po3lIapoBanuii Ha JiHil piBHsa OyHKUIT
f 1 axuit po3rAIIaETHCSI 3 TOYHICTIO A0 MOIMIAPOBOI KBIiBAIEHTHOCTI. f-amomom

HA3WBAETHCS ATOM, JJIsd SKOTO (DIKCOBAHO HAMPSMOK 3POCTAHHS (PYHKITIL.

3ayBakenusa. Koxxnomy aromy Bianosinae 2 f-aromu. BoHu orpuMyorsbes
OJIFH 3 OHOTO 3aMiHO0 3HaKa (yHKil Ha aromi. IHomi mi 2 f—aroMu MOXKYTH

OyTH CITiBIAJAI0YNMU, €KBiBAJIEHTHUMU.

Haranaemo, 1o rpad Piba M0oxkHO OTprMaTH 3 TOBEPXHi, OTOTOXKHIOKUH TOU-
KW, IO JIe?KaTh Ha OfHiit KoMmoHeHTi piBusa. HanpsMok 3pocramnus GyHKIII 3a7a€
opienTariiio pebdep rpada Pida. dis peryasproro 3uadenss m-dyHKIIT BiAmoBi -
Ha JIiHiA piBHA CKJIAIAETHCS 3 KiJI, III0 HEe TTEPETUHAIOTHCs, Ta 3aMKHEHUX BiIpi3-
KiB. Kpurudni TOYKY MO3HAIMMO d€pe3 ¢, PeryispHi ToYku — depe3 a. Pebpa Ha
rpadi Piba, mo BigmoBizaiors KogaMm, OyaeMo I03HAYATH TOPHUMH CTPIIKAMHE, &
Ti, MO BiAMOBiAAIOTH Bimpizkam — Oimmmu. Bei MoxkmBi rpadm aToMmiB 3 OHiEO

KPUTHIHOIO TOYKOIO 300pakeHi Ha puc. 1.

KYRTRHAY

Puc. 1.

Bci moxkuBi atoMu CKIaHOCTI 2 M-PYHKIH HA TOBEPXHAX 3 KPAEM PO3T-

JgHyTO B pobori [3] (puc.2-5).

i IB_, B [84 B, %Bé B, B,

Puc. 2.



30 O.M. Ipanwok, O.0. Ilpuniiax

E?ﬁ

ShFaTER
S

Puc. 3.

XEU : Bw B20 Xjﬁ” XB” Xj
Puc. 4.

X X . Y;ﬂ &Zé w XJUY @7
Puc. 5.

2 MouJaekyuu.

Hexaii na nosepxui X2 3amana dbynkimis Mopca, f. Ii minil piBas posmaposy-
I0Th TIOBEPXHIO, TOOTO BUHWKAE PO3IMAPYBAHHS 3 0COOMMBOCTSMU. Po3ryisHemo
BCi KpuTHYHI 3HadeHHdA ¢; GYHKOi f i Bigmopiami iM kpurwuni pismi f1(c;).
KoxxkroMy TakoMy piBHIO Biamosizae meskwuit arom. I[Ipu mpoMmy rpaHn<dHi OKOIH
aToMmiB 3’€IHAHI MUIIHIPAMY, SKi € OHOMAPAMETPUIHUMU CiM’sIMU HEOCOOIUBUX
3B’s3HUX JIiHiN piBHS. 300pa3uMO pO3MIapPYBAHHS y BUTJIsSAIL rpada, 3a BepriuHu
AKOro BizbmeMo aromu. lle o3nadgae, 1m0 KOXKHiit BepiinHi rpada mocTaBmieHnii y
BIJIMOBIIHICTD JESKHUil aTOM, TPUYOMY BKa3aHO B3AEMHO-OJIHO3HAYHY BiJIIOBijI-
HICTh MiXK I'DAHUYHUME OKOJIAMM aTOMIB i peOpamu rpada, sKi JOTHKAITHCS
1o mamol BepmmHU-aroMa. Kimmi atomis 3’emgmani pebpamu, sIKi BiINMOBiZaIOTH
OJIHOLIAPAMETPUYHKUM CiM’siM peryjisapHux okouis (puc.6).

Osuavyenns. Onucanuii rpad HazBemo f-mosexyaorw W, sxa Binmosimae
s (2
mapi (X2, f).
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A
/

£
.!'j == A\DI/B
A

Puc. 6.

Osunavenns. /Isi monexymu W i W’ Gynemo BBaxkaTu f-00Ha%06uMmU, AKIIO
icaye romeomopdizm ommoro rpada Ha iHIMWH, KU mepeBoauTh pebpa B pedpa,
aTOMU B aTOMW, MPUYIOMY Iefi roMeoMopdi3M MPOJOBKYETHCS HA CaMi aTOMHU.
Ile oznagae, mo romeomopdizmy pebep Bimmosimae romeomopdizm BiAIOBIIHEX
iM IpaHUYHHUX OKOJIB aTOMIB i 1eif romeoMopdi3M MOBUHEH IIPOJIOBIKYBATHC 3

MEXKi aToMa BCEpeIHHy, TOOTO Ha BECh ATOM.

Teopema. Hexait (X2, f) i (X'?, f') — asi opienToBani nosepxui 3 dbynkis-
vmu Mopca, i W, W’ — sianosiani im momexymu. Toxi mapu (X2, f) i (X2, f')
TIOIMIAPOBO E€KBIBAJIEHTHI 13 30epesKeHHs M OpieHTaIil TOMi i TiMBKH TOmi, KOJIU

mogtexysau Wi W’ oanaxosi.

Posrisimemo mosekysnu (GyHKINH, dKi MICTATH YOTHPH i M'ATh KPUTUIHUX

TO4Y0K.

Teopema. Bci Mmosiekymu 3 goTupma i ' ssThMa KPUTHIHIMHA TOIKAMHA MOYKHA

OTPUMATH:
1) ckaeiBIm 2 aTOMU CKJIAIHOCTI 2;
2) ckJI€IBIIM 3 aTOMHU CKJIQIHOCTI 2;
3) ckJeiBIIM MiXK COOOI0 He BCI KDUTUYHI TOYKH ATOMIB CKJIQJHOCTI 2.

Orpumani mosiekynn i30MOpdHI OIHIN 3 MOJEKYT Y TAOJIHII:
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1) ckeroemo

2 arTomn

By — By, By — Bi1g, By — Byy, B1 — B3, B| — By
B3 — B4, B3 — By
By — By
Bs — Bg, Bs — Bi7, Bs — Big, Bs — Bog,
Bs — By7, Bs — Bag
Bg — Bag
B; — Bg, B7 — Big
Bip — B3
B11 — B2
Bi3 — By
Bis — Bsg
Bi7 — B
Bis — Bg, Bis — Bar
Big — B>
Bag — Bg, Bog — Bar
Boy — By
Bys — Bo
Boy — Bo
Bos — Bo
Bog — Bg, Bog — Bar
Bog — Bg, Bag — Bi7, Bag — Big, Bag — Bar,
Bag — Bag, Bag — B3g
Bsg — Bs, Bog — Bs
Bsyg — Bg, Bsp — Bar
B3y — By, Bsa — B3

2) CKIIEI0EMO

3 aromu

By — Bi1gs — Bg, B1 — Boy — B,
By — B1g — Bar, By — Bag — Bar,
By — Byg — By, By — Byy — B>
Bs — By — By, B3 — Boy — By
Bs — Bg — Boyg,
Bs — B17 — B, B — B1g — Bs,
Bs — By — Bg, Bs — Bog — Bor,
Bs — B3y — Bg, Bs — B3y — Bor
B7 — Bg — Bag, By — B1g — Bg
Bi3 — B1y — Bag
Bsg — B17 — Ba, Bag — B1g — By,
Bog — Bog — Bg, Bog — B3yg — Bg
Bog — B3 — By, Bog — Bs — Bg
Bso — B9 — Bg, Bss — B31 — Bag

3) He BCi TOYKH

By — Bg, By — B4, B1 — Bis, B1 — Bag
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Jlosederma

1) Ckuieroemo Ti 2 aromu MizK cobOI0, B HEPIIOMY 3 sKUX KLIbKiCTh pebep,
III0 BXOJUTH, CIIIBIAIAE 3 KLIBKICTIO pedep, 10 BUXOAUTH 3 APYTOrO aroMa.

Cnouarky 0 aroma By npukieioeMo Bs. OTpuMaeMo MOJIEKyITy, sika Mae 4

KpUTHYHI TOuKN (puc.7).

Puc. 7.

IMorim npuksewemo Big, Bog, Bas, Bas. Tak sik Big i Bag i3omopdmi ([3]),
TO il OTpUMaHI MOJIEKY/IH 3 TI'ITbMa KPUTUIHUMY TOYKAMHU, 1[0 YTBOPEHI 3 IHUX
aTomis, OyayTh i3oMopdHUME. Y Bss i By BUXOIUTH OIUH BiIPi30K i OHE KOJIO,
TaK CaMo sK 1 BXOIUTh KOJIO 1 Binpizok B Bi. OTpuMaeMo MOJEKYJIU 3 11'sTbMa,
KPUTHIHUMHA TOIKAMH.

o By, B aKOMY BXOJIUTH OJHE KOJIO, MOYKeMO TpukeiTn By, By1 1 Bog, TOMy
IO Y HUX BUXOIHUTDH OJHE KOJIO. Ajie MU OTPUMAEMO MOJIEKY/IH, B SIKUX LICTb 1

ciM KpuTHYHUX PiBHIB (puc.8).

Puc. 8.

Tomy mHamani mu He OyZeMO paxyBaTh Ti MOJIEKYJIH, B SKUX OLIbINE IT'sITH

KPUTUYIHUX TOYOK.
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o B3 mpukieroemo By i By, OTpuMyeMO MOJEKYIN 3 YOTUPMA 1 T'IThMa,

KPUTUYHUMHM PiBHAMH BiJIIIOBiTHO.

B, ckieioemo 3 Bog. B mepmnit aroMm BXOAWTH OAWH BiAPI30K, a B APYyrOMY

aToMi BUXOJUTDH OJUH BiJIpi30K.

Amnajoriuno ckietoemo Bs 3 Bg, Bi7, Big, Bag, Bor, Bsg. Mogaekynu, or-
pUMaHi TPUKJICIOBAHHSM aToMiB Bi7 i Big, OyayTh i3oMopdHUMHA, TaK K cami

aromu i3omopdHi MixK c0O0IO.

o aroma By moxkHa npukjeitu arom Bg ABOMa CIIOCOOAME: CIIOYATKY CKJIE-
FOEMO JIBA BiJIPI3KM 1 KOO, & MOTIM TEPEKPYUIYEMO JIBA BiJIpi3KKM B OJHOMY 3
aTOMIB i MPUKJIEIOEMO 0 HUX iHIMI JABa Binpi3zku. Mu orpumaemMo 1Bi pi3Hi MoJe-
KyJIW 3 YOTUPMA KPUTUIHUMU TOYKAMHU, TaK sIK He icHye romeomopdi3my, siKuit

O6u mepeBonuB pebpa B pedpa, aTOMHU B aTOMH.

s ckieoBanns aromiB B 1 Bs; icuye micts crmocobis. Mu ¢ikcyemo mep-
i Bi/Ipi3KM B KOXKHOMY 3 HHX, & HACTYIIHI JIBA CIIOYATKY CKJICIOEMO, a TOTIM
nepekpydyemo. Tak camo ¢ikcyemo mapyruit Bimpizok i Tperiit. Mu orpumaemo
IicTh MOJIEKYJI 3 II'ATbMa KPUTUYHUMU TOYKAMHU, dKi Oyayrsp pisuumu, 60 ne

icaye romeomopdismy, axuit 6u mepeBoaus pedpa B pebpa, a aTOMHU B ATOMH.

Ckueitn aromu Bss i Bg TakoXK MOKHa MHiicTbMa crocobamu. 3adikcyemo
TepIni BiIPI3KW B KOKHOMY 3 HUX, a HACTYIHI /IBA CIOYATKY MPUKJEIMO, a TMO-
Tim mepekpyTumo. Tak camo 3adikcyemo apyruit Biapizok i Tperiit. OTpumaemo
LICTh MOJIEKYJ 3 II'sIThMa KPUTUYHUME TOYKAMU, SKi HE OyAyTb OIHAKOBHMH,

60 mHe icHye BiAmoBimHOrO romeoMopdizmy.

s ckneiiku Bso 1 Bsp icuye Tpu crocoou. Ille Tpwm immi ckie#iku maayTh

HAM MOJIEKYJIH, 9Ki OyIyTh i30MOP(HUME 3 MEPITUMU TPHOMA.
TakuM caMuM 9MHOM POOMTHCS CKJIEHKA BCIX IHIMAX aTOMIB CKJIAIHOCTI 2.

2) CkiieroemMo 3 aromMu MixK CO0O0I0, B MEPIIOMY 3 AKHUX KIJIbKICTH pebep, M0
BXOJ/IUTD, CIIBIIAJIAE 3 KiJIBKICTIO pedep, M0 BUXOAUTH 3 APYyroro aroma, i BOJ-
HOYAC B APYrOMY 3 SIKHUX KiTbKiCTH pedep, IO BXOAWTD, CIIBIAIAE 3 KiTbKICTIO

pedep, 10 BUXOAUTH 3 TPETHOI'O aTOMA.

Posrnsanaemo arom Bi. OCKiIbKH B HBOTO BXOIWTL OAWH BiJpPi30K i omme
KOJIO, TO J0 HbOTO MOXKHA TPUKIEITH Big i Byy, B AKUX BUXOAUTH TaK CaMO
O/IMH BiApi3oK i omHe KoJio. A Toxmi MOxKHA HpukJeitu e i arom Bg i Bar, B
SKHX BUXOJIUTH ABa Biapizka. OTpuMaeMo MOJIEKYIly, Ka Ma€ II'ITh KPUTHUIHUX

TO40K (puc.9).

o aroma B; MOXHa, 116 TpuKIeiTn Bag, a 0 HUX Ile i By, a Takoxk Bay 3
Bs.
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B,
Bl — B18 — B6 == Bz&

Puc. 9.

>

o Bs MmoxkHa TpukjaeitTH By, Tak AK B TEPITUil 3aXOAUTH IBA KOJa, & B
JIPYrOMY BHXOJUTH TaK CaMO JBa KoJsia. A 110 HuX 1ie i Bag, TOMY IO 3 HBOIO
BUXOJUThL OJIMH Biapi3ok, a B B4 BXomuTb oauH Biapizok. Ananoriuydo mo By —
BQQ 3 B4.

BpaxoByioun ommcani cmocobu B HONEPEIHBOMY MyHKTI, IJis CKJICIOBAHHS
aToMiB B7 3 Bg i3 ng, ng 3 Bg i3 BG; 332 3 Bgl i3 ng iCHyG Bi,ZLHOBi/‘_I—
HO 1B, IIMCTh 1 Tpu cmocobu, a oTke Oyae MO ABi, MICTh i TPU MOJIEKYJIH.

Taki K ckjeliku poOUMO 1 3 IHIIUMK aToMaMy CKJIaaHoCTi 2. Ajie Bubupaemo
TiTBKY T1 TPW aTOMU, K1 TICJIS CKJICIOBAHHS YTBOPIOIOTH MOJIEKYJTY, IO MiCTATH
He OLbIle TATH KPUTHIHUX TOYOK.

3) Bepemo apa aromu ckiagHOCTI 2, ane GyJeMo CKJICIOBATU He BCl KPUTHYHI
TOYKH.

Cnouarky no B; 6ynemo npukieoBaru Bg. Tak gk 3 Apyroro aroMa BHXO-
JUTH IBA BiAPI3KHU, a B MEPIUN 3aX0IUTh OJIWH BiAPI30K, TO MU MPUKJIEIMO MixK

€o0010 TiTIBKHM OfWH pa3 Biapiskn i Koma (puc.10).

Puc. 10.

Taky ) camy ckieiiky pooumo By 3 Big, Big i Bag.
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B3 6ynemo ckieroBatu 3 Byo. Tak sk 3 Apyroro aromMa BUXOIUTH TPU KOJIA,
a B mepImii 3aX0UTh JABa KOJIA, TO MU CKJIEIOEMO MiK cODOI0 TijibKM JBa KOJIA.
Amnajoriuno B3 3 Biy.

o By Oynemo mpukieioBatu Bg. Tak sk 3 Apyroro aroma BHUXOJWTBH [IBA
BiZIpi3k® i KOJIO, a B TMEpPIIHil 3aXOAUTH IBA BiIPI3KH, TO MW TPUKJIEIMO MixK
coboro 1Ba Biapizku. AHanoriuno poburbcs ckieiika By 3 Bog 1 B3y

Pobistan Bummeonucani /i, Mu CKJIEI0EMO HACTYITHI ATOMU TAKUM CAMUM CIIO-
cobom: 10 By npukiaeioemo Bg, Ba7, 10 Biz — By, B4, 10 Bog — Bag, Bsy.

Takum cocoboM CKICIOBAHHS MH OTPHMAJIH MOJIEKYJIU 3 II'STbMa KPUTHI-
HUMHW TOYKAMU.

3ayBakenns. Ocranas TeopeMa 3aJa€ BCi MOXKJuBI m-(dyHKIT HA Opi€H-
TOBaHill TOBEPXHI 3 KPaEM, y aKuUX He Oibiie 5 KpuTuIHuX TOY0K (byHKIIT abo

i1 oOmexkenHst Ha Kpail) ckiagHocri He 6iibie 2.

BucHoBknu

Y  crarri  ysarajabneno pesysabraru  O.B.Boacinosa i A.T.®omenko,
0.0.IIpumnska i B.B.IITapka.

B poboTi po3risHyTO BCi MOXKJIMBI MOJIEKY/IN 3 9OTUPMA i M'ATHMa, KPUTUY-
HUMHU TOYKAMU, TKi MOKHA OTPUMATH CKJICIOBAHHSAM aTOMIB CKJIQIHOCTI 2.

Orpumani pesynbraru MOXKYTb OyTH BHKOPHCTaHI Ui 1JIODAIBHOI KJracu-
dikanii m-dysxuii ckaagaocti 2. Ockinbku Taki GYHKII] BAHUKAIOTH B OJHO-
MapaMETPUIHUX CiM’ X m-(DYHKIH, TO pe3yabTaTh TaHOI pOOOTH MOXKHA 3aCTO-
CYBaTH JI0 BUBYEHHST TaKUX CiMeii.

ABTOpH TAKOXK MAIOTh HAJIIO, [0 PE3YJIBTATH JJIAHOI pOOOTH OYyTh CIIPUITH

BUBYEHHIO M-(YHKITIH OOl CKTaIHOCTI.
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Molecules of m-function of degree 2 on the surfaces with boundary

We introduce molecules for m-function of degree 2 on the surfaces with
boundary. All possible molecules are received by gluing of atoms of complexity
2 of m-functions on surfaces with boundary are given by three ways: 1) We glue
two atoms together in the first of which the number of edges, that is, the same as
the number of edges emanating from the second atom. 2) We glue three atoms
together, the first of which is the number of edges, that is, the same as the
number of edges emanating from the second atom, while the second of which is
the number of edges, that is, the same as the number of edges emanating from
the third atom. 3) We glue two atoms of complexity 2 but do not take all critical
points.
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O mpomomxkenun A-naedopmaliuii MOBEPXHOCTERN
MMOJIOXKNTEJbHOIN KPUBU3HBI C KPAaeM

Tarpana FOpeesua Ilonoycosa, Hwunra Baaaummuposua Barmma-
HOBa

Amnnoranua Beckoneuno masbie (6.M.) apeasbhble nedbopmanuu
(A-nmedbopmaliyu) BBICIIUX NOPSIIKOB TIOBEPXHOCTE! BKIIOUYAIOT B Ce0s KaK 4acT-
HbIil ciyuait A-pedopmanuu 1epBoro Hopsiaka u 0.M. u3rubaHusi BbICHIMX 110-
pankos. VccieoBanne ux SBISETCS BAXKHBIM JTAIOM B U3yYEHWHM HEIIPEPbLIB-
HBIX apeasbHBIX aedopmanumii. IlosTomy 1e1ec000pa3Ho paccMOTPETH 334a4y O
BO3MOXKHOCTH TPOJOJIKEHUS 33IaHHBIX 0.M. apeajbHbIX JedOopMalnuii mepBoro
nopsiika nopepxuocreir B A-jgedopmanyuyu KOHEIHOIO HOPSIKA.

Cregyer OTMETHTH, YTO 3Ta 3aJa4a Jjis 0.M. U3ruOaHUi paccMaTPUBAIACH

B paborax [1]-[3].

Kurouesnbie cioBa A-medopMariun OBEPXHOCTEH, MOIHOE TEONe3NIECKOE KPY-

qeHue

VIIK 514.76

§1. O6 ocHoBHBIX ypaBHeHUsX A-mgedopmaliuii BBICIIINX HOPIIKOB

moBepXHOCTEM

IIycts S - perynapHas HOBEPXHOCTL Kjiacca C° B E3-pocTpaHcTBe, TO-
meomopduas obnactu G miockocTn (Mav BCel MI0CKOCTH), 33/aHa BEKTOPHO-

[apaMeTpuvecKuM ypaBHEHHEM

F=7(e!2?),

2

rae x', 22 - KpUBOIWHEHHBIe KOOPIMHATLI TeKYIIei TOUKH S.
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B.m. medopmarius n-0ro mopsigKa MOBEPXHOCTH S € PETyJISAPHBIMUA TOJISMA

k
evemenus y (!, 2?) € C3 Buga:
* k
7 (z',2% 1) =7(2',2%) + Y tF g (2!, 2?), (1)

MpY KOTOPOIl MPHUPAIIEHNE IJIEMEHT, TIOMIAIN TOBEPXHOCTH €CTh BEJTMINHA HE
MeHee yeM (n + 1)-TO MOPSIKA OTHOCWTENLHO MAJIOro Tapamerpa t (ueM Mbl
OyJeM npeHeOperarh), Ha3bIBACTCH 0.M. apearvholi dedpopmarueti, uiu, KpaTko,
A-depopmanyuets Konewrnozo nopadka n.

YacTHbIe IPOU3BOJHBIE BEKTOPOB CMENIEHUA Pa3JIOZKHM II0 JIMHEHHO He3aBU-

CUMBIM BEKTOpaAM T; = %, (i = 1,2) u n (equuudHBIA BeKTOp HOpMasu S) B
BHJIE:
k ’“5 k
k wB — Y —
Ui=Cia TP Tg+cio T*n, k=1,n, (2)
L€ Cio- AMCKPUMUHAHTHBINA TeH30p S (¢11 = coa = 0,¢12 = —co1 = V35
E ok

g = g11922 — g3, Jap-MeTpuUecKuil Tenzop S), T8, T - HeKOTOPBIE TEH30PHBIE
moJist Ha, S.
B caydae A-medopmartuit n-0ro mopsiaKa OHU SBJISIOTCS PEIIEHUEM CJIeTyI0-
med cucTeMbl ypaBHeHuit [4]:
k- .k k k k k
T,(Ztl —bg, T*=0, bas T + T,(gc: 0, Cap T°%= - L. (3)
Bangroii 3xech 0603HaYeHO KOBapuanTHOe mguddepenimpoBanre Ha 6aze

Gij, 0" = g"Pbog, bas - KOIDGUMIEHTHI BTOPOil KBaIPATHIHON (GOPMBI TOBEPX-
k

moctu S, a QyHKIWMY [, UMEIOT CJIETYIOIIWil BUI;:

ko1 ok it | m_k—m m _k—m
L=5 A gag+ ) (5(Cintio —Giogin) TV T+ (cingjo +Giocsy) T'7 A7 +
m=1
1 m k—m
+zcirycjo' A7 AY ), (4)
rie
k- k—1 m k—m mk—m
A= T T g+ TP T (5)
m=1

Cucrema ypaBHenuii (3) Ha3blBaeTCs OCHOBHOW CHCTEMON ypaBHeHuii A-
nedopmaluii Konednoro nopgaka n. OHa 3anucana OTHOCUTENBLHO IPOU3BOJILHO

BBIOPAHO# Ha S KOOPAMHATHOW CUCTEMBI U COAEPIKUT 471 YPABHEHUIN OTHOCUTE b~
E ook
ro 6n memssectarx bynknuit T T (k=1,n,a,8 = 1,2).
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§2. Banuch ocHOBHBIX ypaBHeHuii A-mgedopmanuii BbICIIUX MOPSIKOB
MOBEPXHOCTEN MOJIOXKUTEJIbHON rayCcCOBOM KPUBU3HBI B KOMIIJIEKCHOM

BUOE

ITycrs S - opnocesazuas nemuauManbias (2H # 0, H - cpeusis KpuBusHa S)
MOBEPXHOCTH MPUHAJIEKAT KJIACY C’f\+4 (G), (0 < XA < 1,£>0), Te. cymecTyer
Takast mapaMerpusanusa B G mopepxHocTH S, uTo YHKINN, KOTOphIe 3aJa10T S
B 9TOil Mapamerpusamuu Gyayr kiacca C5 4 (G) [5].

[Tpeanonoxkum, 9T0 MoMHAS KPUBH3HA K 3TOH MOBEPXHOCTH YIOBJIETBOPSIET

CIIE/LYIOIIEMY YCIIOBHIO:
K>Ky>0 (8 G), Ko = const. (6)

B cuny (6) ma S "B nesom"cymecTByeT CONpSKEHHO U30TEPMUIECKAs CEThb, OT-

HOCHUTEJIbHO KOTOPO# BTOpas KBajpaTudHas (popma paBHA
IT = byy ((d2')? + (dz?)?),

npuieM b11 = byy = \/gK € C§+2(é)
Torpa ocuoBmyio cucremy ypasuenuii (3) A-gedopmanuii n-oro nopsuka

MOXKHO 3aIMCaTh B KOMILIEKCHOM BHIE [6]:

rae

k k T k k T k
W(z): \/ﬁ 711 _~_ﬁgn+ pi| _, | 12 —I—ﬁgm-i- D12 (8)

-DYHKIME KOMILTIEKCHOMH nepeMeHHOi 2z = ' + 122,12 = —1, npuyem
i bo Tk?x 1, 22 o o
TW=—T —ﬁ(g +¢%%) — | D' + D** |, (9)
ko Ok k k 1 &
T2_pi2 | pl2 _ p 7 I. (10)
g
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k k-
Oyuknuu F u D% cOOTBETCTBEHHO MMEIOT BHU/I:

k k
k922 +1912 e k g2 t+gn e m
: b1 T . b1 T
=7 o | T 2.9 oH | T *
1 2

o (1 & k k 1 k
LV ( ( L) + D% — D‘”) +5 @M+ I —aly) L, (1)

2 \0x2 \ /g
k. 1 . k . k m "
DY= 1 Kd"cd'go gis B —c*bo5 B¥ | — —c” Z I T . (12)
31ech

k k—1 m k—m m k—m 1 m k—m k—m

BB— Z T T8 4 pos pht Gst + 3 Ty‘[’r DB 4 pBha 7 (13)
m=1

I i’;——CI/IMBOJIbI Xpucroddessas Broporo pona, d-sneMeHTbI MATPHUIIBI, 0OPATHOM

11t MaTpuiet [|b;;l|:
d = gcmcﬂﬁbaﬁ.

Crenyer ormeruthb, uto GyHKImu A u B, KOTOpbIE BXOJAAT B KaXKJI0€ ypaB-
Henue cucTeMbl (7) Takue XKe, Kak U B ypaBHenuu, nojyuaennom Bexkya 1.H. npu
MCCJIEIOBAHIK 0.M. M3rNOAHNI MTEPBOTO MOPSIAKA TTOBEPXHOCTH TOJIOKUTETIHHON
KPUBH3HBL [5].

Cucrema ypasuennii (7) aBjsercsa HeJTMHEHHON HEOMHOPOIHON OTHOCUTEIHHO
byurmii V%/, I/%/, e Vr[l/ Oanako, npu k = 1 nepBoe ypaBHEHHE CUCTEMbI Oyer
JIMHEITHBIM OTHOCUTEIHHO (DYHKIUH I/%/ (cm., naupumep, [7]),upu k = 2 Bropoe
ypaBHenue OyJeT JIMHEHHBIM OTHOCHUTEIHLHO I/IZ/', HO HE SBJISIETCS JIMHEHHBIM OT-

1

Hocurenbao W ([8]) u .1 Ilpu k = n n-oe ypasuenne cucremst (7) He sABIseTCH
12 n—1

JUHERHBIM OTHOCUTEIBbHO W, W, ..., W .

Kpowme m3Bectubx dbyHKImit TO9ku S U UCKOMBIX KOMILIEKCHBIX (DYHKIHA
I/Il/', VQV,...,I/?/ B IpaBble YaCTH 141‘,13",...,1?’ ypasuenuit (7) Bxougar u dyHKUMU
Tlo‘, e Zrbo‘. s obecriedenus OnpeieJIeHHOCTH CUCTeMbl ypaBHenuii (7) TeH30p-
HBIE TOJIsT Tl’l, cey ZZLO‘ cunTaeM 3a0aHHEIMI B G.ITH DYHKIUE MOJKHA 33/1aTh 3HA-

YeHUsIMU Bapuanyii e uHIIHON HopMautu [6]. B yacTHOCTH, 1OKa3aHO, YTO KaXkK-
nas A-tpuBnanbHasa nedopMaIns 1-0ro MOPSAIKa IIOBEPXHOCTH MOJIOKUTEILHOM

rayCccoBOii KPUBU3HbBI COAEPKUTCH B HYJIEBOM DelIeHHU cucreMbl ypashenuii (7)

k k
npu = 0. Bepuo un obparuoe. Hynmesbim pemennem YW= 0 cucrembl ypaBHEHUI
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(7) upu 1];: 0 ompenensroTcss TOJbKO A-TpuBHajbHBIE AePOPMALUA KOHEYHOI'O
MOPSIKA N.

B.Mm. apeasibaas gedopmalius n-oro LOpsiaka Has3blBaercsa A-mpusuaavhol
nmedopManmeii, eCJid BEeKTOPbI CMEIICHU 5 (2!, 2?) u3 (2) oKaxKyTCH BEKTOpaMu
CMeIeHns g 0.M. U3THOAHUA N-Or0 MOPSIIKA.

OTcioza BBITEKAET, YTO KaxKI0€ PElIeHre CUCTeMbl ypasHenuii (7), mosydeH-
HOE TIPH Fk‘# 0,(k = 1,n) a Takxe Joboe Henysesoe pemienue (7) 1pu Fk‘: 0
OTpPeEeNAoT 0.M. apeATbHYI0 AeOPMAIIUIO N-0r0 MOPSIKA TTOBEPXHOCTH TI0JI0-

JKUTEJILHOM TayCCOBON KPUBU3HBI, KOTOPAs HE SBJISETCS A-TpUBHAILHOM.

§3. Bapmamuu moJtHOTO reo/ie3m4ecKoro KpydeHus Opu

A-nedopmanusx BhICHINX NOPAAKOB IIOBEPXHOCTEMH

L1 TpOM3BOBLHON PETYISIPHON TTOBEPXHOCTH TTOJIHOE Te0/Ie3NIEeCKOe Kpyde-

HI€ OIPeJIeIISIeTCsT CIEAYIonMM obpa3om [9]:
K-’
g
T p = p11p22 — Pio, PaB - FTEMEHTHI Y€TBEPTON KBAAPATHIHON (DOPMEL S':

1 . .
Pap =3 (Caibl + caibl) -

B pabore [10] noka3ano, 4ro K = —E. 3necy E = H? — K - siineposa pas-
HOCTB. Vlconb3ys panee HaiineHHbie k-Thie Bapuanuu KO3MOPUIIMEHTOB MepPBOit

U BTOPOH KBaJIPATHUIHBIX GOPM COOTBETCTBEHHO [6]:

k k
k
2&;=06%g;; =T°F (Ciagjp + Cjabip) + Ciacjp AP, (14)

k k k k k-
Bij= 0"bij = ciabpj T*" +cia TG —bi; L+ BY, (15)

a TaKZKe€ COOTHOIIIECHUE
Kd*F + P = 2H¢*P

1I0CJIE HEKOTOPbBIX IIPe0Opa30BaHUi, IOy YHM:
kg i ’Z;g B 2 k
*K = Heighly T — (Hgos — bag) &8 T +3(2H? — K) L —
k k-1

. ok L k  /k-m m
—Hbag AP + (Kd" — Hg"') BY 4c'clP E B4 <ﬁaﬂ —2H ’“gaﬁ> . (16)
m=1

Cnenyer ormeruTh, uto nipu k = 1 u3 (16) mosyuum Bapuaiuio 0K , maii-

nennyto mpu A-nedopmaruax nepeoro nopsiaka [10].
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§4. O mpogomxenun A-medopmanuii mepBoro mopsiJka NOBEPXHOCTEMH

B.m. apeanbhas gedopmanmsi nepBOro NOpsiKa IOBEPXHOCTH S HA3BIBAET-
cs npodosasicaemoti B A-nmedopManyum n-oro mopsaKa, eCaIu BEKTOP CMeNeHust
% (2!, 2?) A-necdbopmarum meprOro mopsiIKa TaKoB, 9TO B Cay4ae 6.M. apeambHbIX
nmedopmalyii KOHEIHOTO OPSIAKA 7 OH TAKKE SIBISETCA BEKTOPOM CMEIIEHHS.
Nwmeer mecTo

Teopema 1.[11] Odnocsasnas noseprrocms S Kaacca C§+4, O<A<1t>
0) nososicumesvrotli 2aycco8otli KpuBuU3HvL U 03 MOUEK OKPY2AEHUA C 2PAHU-
ueti S € C§+4 donycraem nempueuarvhyto A-dedopmayuio nepeozo nopadka
6 KAaCCEe C§+3(§) noseprHocmetl, Npu KOMoPol COTPAHALMCH NOAHOE 2€00€3U-
yeckoe Kpyuenue 600ab Kpas 0S. Komnonenmo, 6eKmopa cmeuserus npu 3mom
3asucam om Jdeyr naneped 3a0aHHLLL GYHKUUT KAGCCQ C’f\+3(é) U 0m 00HOU
NPOU3B0ALHOU NOCTNOAHHOU.

[Tox coxpaHsieMOCTHIO TOJHOTO TEOJE3WYECKOr0 KPYUEeHWS MOBEPXHOCTH S
npu 6.M. apeanbHOl medOpMalil 1n-0ro MOpAIKAa Mbl MOHHMaeM (Kak 3TO U
upuHATO B Teopuu 6.M. pedopmaiuii) 1o, 4TO BCe Kk -Thle BAPUALUMU LOJHOIO
re0/Ie3U4ecKOro Kpydenus 0F K 10 n-0ro HopsiiKa BKIIOYATENIbHO PABHBI HYJIIO.

Paccmorpum cieaytonryto 3amady: JOmyCKatoT Jju A-gaedopManuu mepBoro
MOPSAIKA MMOBEPXHOCTH MOJIOKATETHHON rayCCOBOW KPUBU3HbI IPU YCJIOBUHU, YTO
MOJTHOE Te0/Ie3MIECKOe KPYUeHHe COXPAHSAETCs BIOJb Kpas 0.5, MpoIo/IKeHrne B
A-nedopmanun n-oro mOpsIKa.

CupaBeyinBa Cjeyomas

Teopema 2. Kaowcdas 6.m. apearvHan dedpopmayus mepeozo mopadka mo-
seprHocmu S Kaacca Cﬁ+47(0 < A < 1,4 > 0) noroorcumesvnoti 2ayccoot
KPUSU3HbL U 63 mouex oxpyaienus ¢ kpaem 0S € C§+4, npu Komopotl corpa-
HAEMCA NOAHoE 2eode3uyeckoe kpyuerue edoav 0S donyckaem npodoadcenue 6
A-depopmayuu n-020 NopaAdKa MAKIHCE COTPAHAOULUE NOAHOE 2€00€3UNECKOE KPY-
yenue 8doav kpas 0S. Tenzopo dedpopmayuu npu smom 3asucsm om 2n naneped
3a0aHHubr GyHKYUT KAacCa C’f+4 U OM N NPOU3BOALHUL (CYULLCTNBEHHHT) NO-
CMOAHHDI.

Zoxazameavcmeo. Jlns mokazaTenbCTBa 3TOH TEOPEMBI JOCTATOTHO MOCTPO-
UTh PYHKINHI 7 (2!, 2%,t) € O™(G) u ynorersopsIoONIze CICIYIONIM YCIO0BH-
aM:

a) 7 (zt,22,0) =7(xt, 2?);

6) 71 (a*,4,0) =7 (a*,4?);

B) 9JIEMEHT ILIOIMIAH S COXPAHETCs /10 N-0r0 MOPSI/IKA BKIIOYUTETHHO BCIOLY
B G,

:\* S| %
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r) BIOJb Kpast 0S COXpaHSAETCs TOJHOE TEOIEe3NIECKOe KPYUEHUE, T.€
K =0k=T1,n.

g 3TOro B CBOK OYepe/ib JOCTATOYHO MOCTPOHUTDH HOCJIEI0BATEIBHOCTD
byHKImi % (2!, 2?), npuHAIEKAIIUX KIACCy Cf\“(é) U [OJYMHEHHBIX CJIe-
JIYTOIIUAM YCTOBHSM:

1) (e a) = (' 42):

2) 7 (',2%) = (a',22);

3) mpu o60oM k, 2 < k < n BBINOJHEHA KPACBAs 331344

5 Eo__k ok /1 2 k—1 1 2 n
X — AW -BW=F (W, W,..., W,T*,T ..., T* | ,(G)

(17)
K =0,(0G)
k —
Oyukiuu T cautaem 3amanabivu B G TakK, 910
k _
T C5T(G), (0 < A < 1, > 0), (18)
k

7%= 0, (0G),k =1,n. (19)

Ha ocnoBanuu BhIpazkenus k-Toii BApUAIWH OJHOTO 'E0AE3NWIEeCKOr0 KPyde-

uus (16), pasencrsa (19), kpaesoe yciosue (17)2 mproGperaer BU:
L
ciably T*=M,  (9G), (20)

k
rie dbyHKIuU )] TPEICTABIEHBI B PEKKYPEHTHOH (hOpMEe 1 3aBUCAT OT W3BECTHBIX

u 3aaHHbIX (PYHKUI 1OBepXHOCTH S’

; Y5 BQH?-K)k KdJ—Hg? k.
= bopg AP — - BY —
M= Dap q L H
k-1 g _
L o g i (k™ k—m
~ 3¢ P m§_1 B <5a5 —2H €a5> . (21)

YuaursBas pasencrsa (9), (10), kpaeoe ycnosne (20) MOKHA IIPEJCTABHTL B

CJTeTYIOIEM BUIE:
k
ati+80=,  (9G). (22)

3nech

k S T
i=\gT", o=y T §:1<M—g L). 0G)  (23)
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Bocmosnb3oBasimch paBeHcTBamu (8), cooTHOIeHHUsT (22) 3amuIneM B KOM-
IJIEKCHOH (popme:

_ k k
Re(OW) =Y,  (0G) (24)

rie
A=-29"+1(9%” —g"), (0G) (25)

Torma kpaesas 3aza4a (17) npuobperaer Bu:

an LI A k—1 1 n
e — AW —BW=F (W,.., W, T ..., T* ) ,(G)
: (26)

_ k k
Re(A W) =7, (0G),

k
Jlokazkem Temnephb CyIIecTBOBaHWe TocaegosaTenbroctn bynknmit p (zh, 22),

npunarexamux kiaaccy Cy 2 (G) u ynosnersopsiomux ycosusu 1),2),3).
IMosnoxkum % (!, 22) = 7(z!, 2?). DTum Gymer obecrnedeHo BHITIOIHEHTE CBOM-
cra 1. Tak Kak mMeeT MecTO Teopema 1, TO BEKTOP CMEIeHmit % (2!, 22) A-
nedopmarm mepBoro MOPSITIKA TOBEPXHOCTH S MONOKHATENHHON TayCCOBOH KpH-
BU3HbI, YIOBJIETBOPAOIMI Kpaesoii 3auade (26) npu k = 1 cyuecrByer u upu-
nasnexutr kiaccy Oy 2 (G), a bynxius I/Il/E CiT2(G)[11).
[Monaras % (xt, 2?) :% (2!, 2?%), obecriednM BBITIOMHEHUE CBOICTBA 2).
[Ipeanonoxum namee, 9To HafimeHbl BCe DYHKIUHI Vl[e/ xnacca O 2(G) st

Bcex k or 1 10 n — 1, tae n > 2, yaoierBopsionue Kpaesoit 3aaade (26):
k _ -
we Oy (G), k=T,n — 1. (27)

n
Hua naxoxkenust pyHkuuu I/ JOCTATOYHO DEIIUTh KpaesBylo 3aiady (26) upu
k = n. [Jis1 9TOr0 Hy>KHO CHAYAJ I BHIYUCIUTH WHIEKC (DYHKIMA A OTHOCUTEJIHHO
rpaaunpt 0G obsactu G. OyHKIWIO A\ MOXKHA MPEICTABUTH B BUIE:

2VIE .
2IVIZ; exp?, (28)
VK

rie GYHKINS 1) CBA3aHA, C YIVIOM MEXKIy KOOPIUHATHBIMY JIHHUSIMU OMPEIesIeH-

A=

HO#t 3aBucuMocTbio ([5],c1p.123).Orciona ciaemyer, 94To
ind\ = 0. (29)
YaurbiBas auddepeHnuaababe CBONCTBA N3BECTHBIX DYHKIWH S, HAXOIUM:
A, B, Fe CTY(@), (30)

i, \ € CLH2(G). (31)
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B cuny (29) 3ak/rouaeM, 4TO OXHOPOIHASA 331398

W _ AW -BW=0,(G)

ReQW)=0,  (3G),

MMeeT POBHO OJIHO JIMHEHHO He3aucuMmoe pemtenne ([5], T: 4.11, ¢.257), a Heox-
HopoaHas 3aja4da (26) upu k = n Bceraa paspewuma ([5], : 4.12, ¢.257).

B cuny reopemsr 4.16 ([5], ¢.312), (30),(31) 3akmogaem, 910 We CiT2(@),

T.e. Bce pyHKIUN

k _
we (@), k =T,n. (32)
YuureiBas pasenctsa (8),(9), (10), nuddepennuanbubie CBOACTBA U3BECTHBIX U
3asandblx GyHKUM nosepxuocru S, a Takxke (32), u3 coorHouenuii (2) wosy-
k _
9UM, 9ITO Y, € C§+2(G).

Orcroma cimemayer, 910

k k _
7=p (z,2?) € O3(@), k=T,n

Takum 00pa3oM, HOBEPXHOCTH, 3aJaBaeMble BeKTop-pyHKiuedi suaa (1) npunai-
JIe’KAT KIACCy Cf\Jr?’(é). TeopeMa TOKa3aHA.

Cnencreue. IIpu 6.m. apearvhoti depopmayuu n-020 nopadka NOSEPTHOCTIU
S e C§+4 NONOAHCUMENbHOTE 20YCCOB0T KPUBUSHDBL 63 MOYUEK OKPY2NEHUA CO CMaA-
YUOHAPHBLM TIOAHBLM 2€00€3UNECKUM KPYUeHUEM HA OS 2AG6HBIE HATPAEACHUS
2e0desuneck020 Kpyuenua 600ab 2panuyst 0S NOGEPTHOCTU COTPAHAIOMCA.

Hoxazameavcmeo. IlonHoe u cpenHee reoje3pdecKkue KpydeHUs COOTBET-
CTBEHHO MOKHO IIPEJCTAaBUTH B cienyomem suze [10]:

K=m "1, 2,?[:7'14—7'2,

TAe 71 U Tp - TJIaBHBIE HalIPpABJIEHUA T€OJE3UYIECCKOTO KPYyYCHUA.

Tak xkak H = 0, T0 71 = —72. Jr0 3HAYUT, 910 6*1 = —6F1 = p. Torna
SFK = —271p,
2 2
T - 2
Bel—R-—k=(om) 2Oy
4 4
Orcrona N
FK

pP=_——"F=
2V E
IIpu 6*K = 0 mosy4mM, 4TO IJIaBHBIE HAIIPABJICHHS TEOJE3MICCKOTO KPYJICHHS

coxpansitorcsi. CrieicTBre JTOKA3aHO.
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A continuation A-deformations of surfaces of positive curvature
with boundary

In the given work probed the problem of the possibility of continuation the
given A-deformations of first order of surfaces with positive curvature in A-

deformations of finite order.
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Keywords R-tree, hyperspace, probability measure

Mathematics Subject Classification (2010)37E25, 54B20, 60B05

1 Introduction

The real trees (R-trees) were introduced by Tits [12]. Since then, they found
numerous applications in different parts of mathematics. In particular, Kirk
[9] established connections between R-trees and the hyperconvex metric spaces
introduced by Aronszajn and Panitchpakdi [1].

Some applications of R-trees are also described in [2]. In particular, it is
mentioned that R-trees arise also in the coarse setting of word-hyperbolic groups.

Outside of mathematics, R-trees are used in biology, medicine and computer
science. In particular, applications in biology and medicine are related to the
notion of phylogenetic tree [11].

In the paper [7], connections between geodesically complete rooted R-trees
and ultrametric spaces are established. The results of [7] are formulated in terms
of categorical equivalence. This makes reasonable studying functorial construc-
tions in appropriate categories of R-trees. In the present note, we consider the
hyperspaces and the spaces of probabilily measures of rooted R-trees that are
also rooted R-trees.
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A geodesic segment with endpoint z,y € X is the image of an isometric
embedding «: [0,d(z,y)] — X. By [z,y] we denote a geodesic segment with

endpoints x and y.

Definition 1 We say that a metric space (X, d) is a geodesic space if for every

xz,y € X there exists a geodesic joining = and y.

Definition 2 A metric space (X, d) is called an R-tree if
1. (X, d) is a geodesic space;
2.if [z,y] N[z, z] = {z}, then [y, 2] = [z,y] U [z, 2];
3. for every z,y,z € X there exists w € X such that [x,y] N[z, 2] = [z, w].

It is known that a geodesic metric space X is an R-tree if and only if X is
0-hyperbolic. It is also known that a geodesic space is an R-tree if and only if
for every two distinct points x,y of this space there exists a unique arc with

endpoints z, y.

Definition 3 A rooted R-tree consists of an R-tree (X, d) and a point 2y € X
called the root.

Definition 4 A rooted R-tree (X,d,zq) is geodesically complete if every iso-
metric embedding f: [0,t] — X, where t > 0, with f(0) = z¢, extends to an
isometric embedding f: [0,00) — X.

In this case the map f is said to be a geodesic ray.

Given a rooted R-tree (X,d,x¢), we let |z| = d(x,x0), for every © € X. For
every t > 0,let Xy ={y e X ||y =t} and X<, = U{X, | s <t}. 0 <s <t
we define a map w5 : Xy — X by the condition ms(x) = y if {y} = [z, x0] N X.
Remark that ;s is uniquely determined.

Also, we define a retraction m: X — X<; by the condition m(x) = me(x),
for every z € X, where s > t.

Recall that a metric o on a set Z is said to be an ultrametric if it satisfies

the following strong triangle inequality:
o(z,y) < max{o(z,2), 0(z,9)}, ©,y,2 € Z.
Lemma 1 The restriction of the metric d onto X; is an ultrametric.

Proof Let x,y,z € X;. There exist a,b € X such that [z, z¢] N [y, zo] = [a, z0],
[y, zo] N[z, x0] = [b, x0]. Without loss of generality, one may suppose that [b, 2] C
[a, zo]. Then [z,a] U [a,b] U [b, 2] is a geodesic segment containing a and z.
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Since d(x,y) = 2d(z,a), d(y, z) = 2d(y,b), and
d(z,z) = d(z,a) + d(a,b) + d(b, z) = d(x,b) + d(b, 2),
we conclude that d(zx, z) < d(y, z) = max{d(x,y),d(y, z)}.

Denote by R-TREE the category whose objects are rooted R-trees and whose

morphisms are | - |-preserving continuous maps.

2 Hyperspaces

Given a metric space (X,d), by exp X we denote the hyperspace of X, i.e. the
set of all nonempty compact subsets of X. We endow exp X with the Hausdorff

metric dgy,
dg(A,B) =inf{r >0| AC O,.(B), BC O,.(4)},

where O,.(C) denotes the r-neighborhood of C € exp X. For every n € N, denote
by exp,, X the subspace

{A € exp X | the cardinality of A is at most n}

of exp X.
In the sequel, we suppose that (X, d, z¢) is a rooted R-tree. Let

expX = {A cexpX | A C X, for some t > 0}.

Given A € expX, we write |A| = ¢ whenever A C X;. By dy we denote the
restriction of the Hausdorff metric onto the subspace expX.

Let us consider the function d: expX x expX — R defined as follows:
d(A, B) = int{]A| + | B = 2u | mau(4) = mp(B)}.
Lemma 1 The metric expX on expX coincides with the function d.

Proof Let A, B € expX, |A| =t, |B| = s. Suppose that J(A,B) = r, then there
exists a unique u € Ry such that (¢t —u) + (s — u) = r C— 7w, (A) = meu(B).

Let a € A, then there exists b € B such that my,(a) = 7, (b). We conclude
that d(a,b) =t+s—2u=r.

Similarly, for every b € B there exists a € A such that d(a,b) = r.

Summing up, dH(A7 B)<r.

Conversely, if JH(A, B) < r, then for every a € A there exists b € B such
that d(a,b) < r. Let [a,b] be a geodesic segment connecting a and b. Let ¢ be
a point of this segment with the minimal norm. Then ¢ — |¢| + s — |¢| < r and
therefore |c| > u=1(t+s—r).

It is easy to see that then s, (A) = 74, (B), and therefore d(A, B) < 7.
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Corollary 1 The space expX; is zero-dimensional for every t > 0.
Proposition 1 The map |- |: expX — Ry is nonezpanding.

Proof Let A, B € expX, |A| =t, |B| = s. Then there exists < min{¢, s} such
that

dg(A,B)=|t—r|+|s—=r|=t—r|+|r—s|>|t—r+r—s/=|t — s
and we are done.
Proposition 2 For every R-tree X the space expX is geodesic.

Proof Let A, B € expX, |A| =t, |B| = s, and dy (A, B) = c. Then there exists
r < min{¢, s} such that 7, (A4) = 7 (B) and |t — 7|+ |s —r| = c.
Consider a map v: [0,¢] — expX defined by the formula:

Ti—o(A), if x €[0,¢ — 1],
v(z) = .
Ts,s—cta(B), if € [t —r,c].

Then 7(0) = m,:(A) = A, v(c) = m5,5(B) = B.
It is easy to see that «y is a geodesic segment that connects A and B.

Proposition 3 Let v: [0,1] — expX be an embedding. Then the function t —
|v(t)| satisfies one of the three conditions:

1. it 15 increasing;
2. it is decreasing;

3. it is decreasing on [0,to] and is increasing on [to, 1], for some ty € [0, 1].

Proof If none of the condition holds, then there exist ¢1,t2 € [0,1], 1 < to, for
which |y(¢1)] = |v(t2)] and |y(¢)] > |v(t1)], for all ¢ € [t1, to].

Let |y(t1)] = ¢. Then the map t — mw.(t), t € [t1,12], is a map into a zero-
dimensional space, and therefore is a constant map. Thus, v(¢;) = ~y(¢2). This
contradicts to the fact that v is an embedding.

Proposition 4 The space expX does not contain an embedded S*.

Proof Otherwise, there exist A, B € expX and a geodesic 7: [0, dy (A, B)] such
that |y(t)] > |A| = |B|, for every t € [0,dy (A, B)]. However, this contradicts to

Proposition 3.
Corollary 2 The space expX is an R-tree.

Proof This follows from the known characterization of R-trees; see, e.g., [10].
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Proposition 5 The set expX is a closed subset in the hyperspace exp X.

Proof Since the map f: X — Ry, f(z) = |z|, is continuous, so is the map
exp f: exp X — expRy. Then

expX = (exp ) ({{t} [ t € Ry}) = (exp )™ expy(R+)
and therefore is closed.
Corollary 3 For every complete rooted R-tree X, the R-tree expX is complete.

The following example demonstrates that the R-tree exp X is not geodesically
complete even for a geodesically complete R-tree X. Let X = {(z,y) € R? |z €
0,1, y=0}U{(z,y) e R? |z € {1}U{(n—1)/n|n € N}, y € R, }, we endow
X with the geodesic metric inherited from R2.

We suppose that (0, 0) is the root. Then X is homeomorphic to a convergent
sequence. It is easy to see that, for every r > 0, the space X;, is a countable
discrete space.

Define 7: [0,1] — expX by the formula v(¢) = X;. Then this geodesic seg-
ment cannot be extended onto the set R.

The hyperspace construction determines an endofunctor in the category
R-TREE.

3 Probability measures on R-trees

Let P(X) denote the set of probability measures of compact support on a space
X. It is known that the construction of probability measures of compact support
determines a functor on the category of Tychonov spaces and continuous maps
[3]- If (X,d) is a metric space, then the set P(X) can be endowed with the
Kantorovich metric [8]; if d is an ultrametric, then the set P(X) can be endowed

with an ultrametric dgyv,
dpv(p,v) =inf{r > 0| u(By(x)) = v(By(x)), for every x € X'}

(see [5,13]; here B, (z) denotes the r-ball centered at x). Some categorical prop-
erties of this metric were investigated in [6].
If X is a rooted R-tree, we let

P(X) = {p € P(X) | supp(u) € expX}.

Given p € P(X), let |u| = |supp(s)|-
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We endow P(X) with a metric d:

d(p,v) = inf{|p| +[v] = 2s | s € [0, min{|ul, [v[}], P(ms)(n) = P(ms)(v)}

Note first that the function d is well-defined. Indeed, P(mo) (1) = P(m0) (V) = 6g,,
for every pu,v € P(X).

If d(p,v) = 0, then there exists a sequence (s;) in Ry such that || + |v| —
2s; — 0 and s; < min{|ul, |v|}. This implies, in particular, that lim; ,. s; =
1l = .

Since the sequence of maps (m,,) uniformly converges to ,|, we obtain

p=P(mp)(p) = P(lim 7y,)(p) = lim P(ms,;) (1)

= lim P(m,,)(v) = P(iliglo s, ) (V) = 1.

i—00
Symmetry of the function d is obvious.
We are going to verify the triangle inequality. Let p, v, 7 € P(X ), then there

exist sequences

si € [0, min{|ul, [v[}], t; € [0, min{[v|, |7|}]
such that

P(ms,) () = P(ms,)(v), P(me,)(w)P(me,)(7)

and
d(p.v) = Tim (] + ] — 259, d(v,7) = lim (Iu] + 7| — 2t,).
Without loss of generality, one may assume that s; < ¢;, for all 4 € N. Then

P(ms,) (1) = P(ms,)(v) = P(ws,)(7) and we obtain
d(p,7) < Tim (|| + |7] = 2s3) < lim (] + v] = 2 + || + 7] = 2t3)
(since 2|v| — 2t; > 0)
<d(p,v) +d(v, 7).
Proposition 1 The restriction of the metric d on the set P(X); is an ultramet-
ric for every t € Ry,

Proof If p,v, 7 € P(X)t, then there exist s;,t; € Ry such that

P, ) (1) = P(ms; ) (v), P(me,) ()P, )(7)

and

d(yt,v) = lim (| + o] = 252), d(v, 7) = Jim (o] + |7] - 2%:).
Without loss of generality, one may assume that s; < ¢;, for all i € N. Then
P(7s,)(u) = P(ms,)(v) = P(7ws,)(7) and we obtain

d(p, 7) < max{d(p,v),d(v,7)}.
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We can prove even more, namely

Proposition 2 The restriction of the metric d on the set P(X); coincides with

the metric dgvy, for every t € R..

Proof Suppose that dgv (i, v) < r. Then, for every x € X, u(B,(x)) = v(B,(x)).
We are going to show that P(m,;—(r/2))(1t) = P (7 1—(r/2)) (V).

Indeed,
k

P (ry2) (1) = Y 1(Br(@))8r, 0oy (1)

i=1
where x1,...,x; € supp(p) are such that {B,(x;) | i = 1,...,k} is a disjoint
cover of supp(u). It is easy to see that the right-hand side is well-defined, i.e.
does not depend on the choice of x1,..., ;. Applying the same arguments to

the measure v one easily concludes that the right-hand side of (1) is equal to

P(my 4 (ry2)) (V)
On the other hand, suppose that d(u,v) < 7. Then P(mi_(r/2))(1t) =

P(74.4—(r/2))(v) and therefore, for every 2 € X,_(, /2y and every € > 0, we have

P71 (r/2)) (1) (Be(2)) = P(Te1—(r/2)) () (Be(2))-

Then pu(Byye(z)) = v(Brye(z)), for every x € X and therefore dpy (1, v) < r+e,
for every & > 0. Thus, dgv (u,v) <r.

Denote by d the restriction of the metric d onto P(X).

Theorem 1 The metric space (P(X),d) is an R-tree.

Proof The proof of this fact can be performed analogously to that of Corollary

3. We use the fact that the metric dgy is an ultrametric.
Proposition 3 The map supp: P(X) — expX is nonexpanding.

Proof Suppose that J(u,y) < r, for some r > 0. Then there exists ¢ €
[0, min{|pl, |v|}] such that P(m.)(n) = P(w.(v) and |p| + |v| — 2¢ < r.

Then [supp(p)| = |p], [supp(v)| = [v| and 7. (supp(n)) = m.(supp(v)),
whence

dp (supp(u),supp(v)) < [supp(u)| + [supp(v)| <.

Theorem 2 Let X be a complete R-tree. Then P(X) is also a complete R-tree.
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Proof Let (11;) be a Cauchy sequence in P(X). Since, by Corollary 3, the space
expX is complete and the map supp is nonexpanding, the Cauchy sequence
(supp(p;)) is convergent.

We follow the idea of the proof of [5, Theorem 3.5]. Define p € P(X) as
follows. Let « € A and r > 0. We put u(B,(x)) = lim;_ o0 i (Br(2)).

Since (u;) is a Cauchy sequence, there exists ng € N such that p, (By(z)) =
tn(Br(x)), for every m,n > ng. This means that the sequence p;(B,(z)) is
eventually constant and, therefore, is convergent. Clearly, the function u, which
is defined on the balls, uniquely extends to a probability measure; we keep the
notation p for the latter.

By the definition, p = lim;_ o ;-

Similarly as above one can demonstrate that the R-tree P(X) is not neces-
sarily geodesically complete even if so is X. Actually, the example at the end of
the previous section works.

The construction of space of probability measures determines an endofunctor
in the category R-TREE. The class of maps supp comprises a natural transfor-

mation from exp to P.

4 Open problems

In [7], the category of geodesically complete, rooted R-trees and equivalence

classes of isometries at infinity is introduced. This leads to the following question.

Question 1 Are there counterparts of the hyperspace functor and the probability

measure functor in the mentioned category?

The notion of ultrametric has its counterpart in the theory of fuzzy metric
spaces (see [4]). A continuous operation (a,b) — a *b: [0,1] x [0,1] — [0,1] is
called a t-norm, if x is associative, commutative, monotonic and 1 is its neutral
element.

A function M: X x X x (0,00) — [0,1] is said to be a fuzzy metric on a set
X, if it satisfies the following conditions: (i) M(x,y,t) > 0; (ii) M(z,y,t) =1
if and only if z = y; (iil)) M(x,y,t) = M(y,x,t); (iv) M(z,y,t) * M(y, z,s) <
M(z,z,t + s); (v) the function M (z,y,—): (0,00) — [0,1] is continuous.

The triple (X, M, %) is called a fuzzy metric space ([3, 4]). If condition (iv) in
the definition of a fuzzy metric M: X x X x (0,00) — [0, 1] is replaced with the
stronger condition (iv’) M (z,y,t) * M(y,z,t) < M(x, z,t), then this function is
called a fuzzy ultrametric.
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A metric space (X, d) is an R-tree if and only if it is complete, path-connected,

and satisfies the so-called four point condition, that is,
d(z1,22) + d(x3,24) < max{d(x1,x3) + d(x2,x4),d(x1,24) + d(x2,23)}

for all zq,...,z4 € X.

This leads to the following question.

Question 2 Is there a fuzzy counterpart of the four point condition? of the notion
of R-tree?
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IIpo komOimaTopHuii iHBapiaHT IICE€BIOrapMOHIY-
HuX (QyHKII, 3agaHnX Ha k—3B’A3HIN 3aMKHEHIii
obJsacTi

I.A. FOpuyk

Amnoramigs Hexait f : D — R — ncepgorapMoniuia (pyHKIis, sKa 3aJaHa Ha
k—3B’sa3miii opienToBaniii 3amkHeniit obsacti D C C, obmezkeniit xKop1aHoBUMEI
KPUBUMH 7o, Y1, ---, Tk, 0 < k < oo. Haramaemo, 1mo manwit xnac QyHKITT
CIIBMAIAE 13 KJIACOM HemepepBHUX (DYHKIII, 1110 MAOTh CKIHUEHHE YHUCJIO CiIio-
BUX KPUTHIHUX TOYOK y BHYTPIMIHOCTI 001aCTi Ta CKiHIEHHE UHUCIO JTOKAJTBHHUX
ekcTpeMyMiB Ha Mexki.Y pobori [4], aBTOpaMu HOBHICTIO JOCI/IZKEHO BUIIAI0K
k = 0, a came, moOyZ0BaHO TOIMOJOTIYHUN iHBapiaHT MaHOTO KJacy (YHKIIiH,
JIOBEIEHO fIOTO OCHOBHI BJTACTUBOCTI, KPUTEPIH X TOMOJOTIYHOI €KBiBAJEHTHOCTI
Ta KpuUTepiit peamizamii cremiaapbHOro Kmacy rpadis gk imBapianty ¢gyHkiii. B
Jauiii crarti nobymoBano kombinaropuuii inBapiant &(f) dyukuil f y Bumaaky
k—3B’sa3001 3aMKHEHOI 00JacTi, skuii ckiragaeTwhes i3 rpadis Kpoupoma-Piba
3ByzkeHHs pyHKUIT [ Ha Mexky 00sacri D Ta 3B sa3HMX KOMIIOHEHT TUX JIiHii piB-
HS KPUTUIHUX Ta HAMIBPEryIsIPHUX 3HAYEHDb (DYHKIIT, AKi MiCTATH KPUTHIHI 200
MexKOBl Kpuruuni TOuku. 3rizHo mobynosu, &B(f) € 3mimanum ncesaorpadpom
(rpadom i3 KparHUME peOpamMu Ta METJISIMU) 31 CTPOIMM YACTKOBUM TOPSIKOM
HA BEPLIMHAX, L0 IHAYKyeTbcs 3HadennsMu byukuii f. ¥V rpada &(f) € asa
runy muKiiB: C-uuka (IpocTuil UKJI, KOXKHA Mapa CyMiXKHUX BEPIIUH KOO €
NOPIBHSAHOIO) Ta L-1uKJI (IPOCTHil MUK/, KOKHA apa CyMIiKHUX BEPIIUH SKOIO
€ HEMOPIBHAHOI0). ABTOPOM JIOBEIEHO TEOpEMy TPO CTPYKTYpy IHBapianry, a
TakOXK TOH (akr, mo Kinbkicrs C-1uKIiB y KOMOIHATOPHOMY iHBapianTi JOpiB-
HIOE KiTbKOCTI MEKOBHX KPHUBHUX, SIKi OOMEKYIOTh HaHy k—3B’sI3HY OPIEHTOBAHY

3aMKHEHY 00JIaCTh.
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KurrogoBi ciioBa miceBmorapMmoniuna, (pyHKINs, KOMOiHATOpHUY iHBapiaHnT, k—

3B’a3Ha 00/1aCTb

YK 515.173.2

1 Beryn

IlceBmorapmomiani yHKIIT 3aifiMaOTh BaXKIUBE Micre cepen PYHKIIIH, 0 Omm-
CyIOTh TpUpOAHUYi mporecu. Hampukiam, moTeHIas Cul TsXKiHHS B 00J1acTi,
KA HE MICTUTh MAC, IO TPUTATYIOTHCS; TMOTEHIA I IITBUIKOCTEH Oe3BUXPOBOTO
PyXy pimummm; Temmeparypa Tijma 3a yMOB cTabisizamii po3momiay Termra Ta iH.

VYV 40-60-x poKax MHHYJIOrO CTOJITTH 3’sBUJIACH CEPisg POOIT, MPUCBAIEHUX
BUBYEHHIO BJIACTUBOCTEH TICEBIOTapMOHIYHUX (PYHKIIH HA, MJIOIIWHI, aBTOPAMU
skux 6y M.Mopc [2], Tx.Ixenxinc [3] ra B.Karmran [1]. Sokpema, 6yia0 10-
BeEHO PiBHICTD, IO MOB’SA3y€ 9UC/Ia KPUTHIHAX TOYOK y BHyTpimrHOCTI obracTi
3 YUCJIOM JIOKAJIBHUX EKCTPEMYMiB HA MEXKi, & TAKOXK [IOBEIEHO TEOPEeMH IIPO
JIOKAJTbHE TPEJCTABIECHHS OKOJIB KPUTHUIHUX, MEKOBUX KPUTUIHUX TOYOK Ta
JIOKAJILHUX eKCTPEeMyMiB Ha Me¥Ki Ta iHII pe3yInTaTh.

Y monorpadii [4] nosexeno kpurepiii TOMOJIOriYHOI €KBIBAJEHTHOCTL JaHOIO
Kaacy QYHKI Ha AMCKY B TepMiHax KOMOIHATOPHMX iHBapiaHTiB, IO MOOYIO-
BaHi 33 QYHKIISAMHA 1 MiCTATH MTOBHY iHGOPMAIIIIO PO IX TMOBEIHKY, Ta KPUTEPil
peasizamnii rpada gk iHBapianTa.

B naniit poboTi po3riamaoThCs MCEeBAOrapMOHIYHI (BYHKIINI, M0 3a7aHi Ha
k-3B’a3miit opienToBaniit 3amkueniit oomacti D, D C C. Koxwiit byskiii 3 pos-
TJISyBAHOTO KJIACY CTABUTHCS Y BiAMOBIAHICTH KOMOIHATOpHMI iHBapiaHT — 3Mi-
maHuil HeeBnorpad 31 CTPOruM YaCTKOBHM ITOPsIKOM HA BepuinHAx. ABTOpPOM
JIOBEJIEHO DS/l TEOPEM, IO OMHUCYIOTh CTPYKTYPY [JAHOrO iHBapiaHTy.

ABTOpP BHCJIOBIIIOE MOMSIKY CTAPIIIOMY HAyKOBOMY CIiBPOOITHUKY BiUIiay TO-
nosiorii Incruryry maremarnkn HAHY Ilonynsxy €Bremy 3a KopucHi 06roBo-

peHHs Ta IIKAaBICTh JIO JAHOI TEMATUKH.

2 ITonepeani BimomocTi

Tloznauumo wepes D, D C C k-3B’si3Hy Opi€HTOBaHYy 3aMKHEHY OOJIACTh, KA
00MeKeHa, JKOPJAHOBUMHU KPUBUMU Yo, V1, - - -, Yk, 0 < k < 0o. Ilpumyctumo, 1o

i, ¢ = 1, k, mexkaTh B cepeanHi q.
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Hexait f : D — R — neska ncesmorapmoniuna dynkmis. Haragaemo ocHOBHI
O3HAYeHHs, 110 OB A3aHi 3 naHuM KiacoMm yHKi [2,3,4,5].

Dyukiisa f(x,y) eapmoniuna B Toumi (Lo, Yo), AKIIO

0% f 0% f

@(3007?/0) + 87y2($07y0) =0.
Dyukuis f(z) ncesdozapmoniuna B Touli 29 = (T, Yo), aKO icuye okin U(zg)
ta romeomopdizm ¢ okomy U(zg) B cebe rakuii, mo ¢(zg) = 2o Ta f(p(z)),
z = (x,y), — rapmoniyna. OyHKIis f TCeBIOrapMOHidHA B 00JACTi, SKIIO BOHA
nceBJorapMoniuaa B koxuiii il rouni. Touka zg € D € pezyaaphnoro T09ko0 f,
mo p(z0) = 0i fop 1(2) = Rez + f(20) mna Beix z € U. Touka 29 € 9D €
PEYAAPHON MENHCO6010 TOYKOIO f, aKIo icuye ii oxkis U B D Ta romeoMopdizm
h : U — D, uporo okoiy B Bepxuiii nauiBauck Dy rakuii, wo h(zg) = 0,
RUN f~1(f(20))) = {0} x [0,1), H(UNID?) = (—1,1) x {0} i bynkuia foh !
€ cTporo MOHOTOHHa Ha iHrepBam (—1,1) x {0}. dkmo Toura zy € D He €
PETYISPHOIO TOYKOIO f, TO BOHA HA3WBAETHCS KPUMUYHON. 38 O3HAYEHHSIM BCi
kpurudHi Touku f € cigmoBumu, TOOTO s KOXKHOI 3 HuX icaye okin U C D i
romeomopdizm ¢ : U — D takuii, mo ¢(z0) = 01 fop~1(2) = Rez"+ f(20) nna
BCiX z € U. Yucio n Ha3BeMO KPATHICTIO CiZJIOBOT TOYKHU zg. Toukm Mexi 0D,
IO He € Hi MEeXKOBUMH DPEryJISIpHUMH, Hi i30TbOBAHUMU TOYKAMU X JIiHiNA piBHSA
HA3UBAIOTHCSA KPUMUYHUMU MEHCOBGUMY TOIKAMHU.

quco ¢ € kpumuunum 3HadennaM f, axmo f~1(c) mictuts npunaiivui oaHy
KPUTHYIHY TOUKY. THUCIO0 ¢ € peayasaprum 3Hadennam f, akmo f~1(c) ne micturn
KPUTHIHUX TOYOK i roMeoMopdHe He3B’ I3HOMY 00’€ THAHHIO IHTEPBAJIIB, SKi me-
PETUHAIOThCA 3 Mexketo 0D jmie B CBOIX KiHIAX. YUCTIO ¢ € Hanispezysaprum
3HAYEHHSM [, IKIINO BOHO HE € Hi PEryJSpHUM, Hi KpUTHIHUM. JIiHil piBHS Ha-
[MiBPEry/IsApHOrO 3HAYEHHS MICTATh JIMIIE MEXKOBI KPUTUYHI TOYKH Ta JIOKAJbHI
ekcrpemymu f |op-

Haranaemo [6], wo npocmum waszom i3 BEpIIMHU U B BEPIIUHY U HA3UBA-
I0Th TIOCTiNOBHICTD pebep e1 = {u,u1}, ea = {ug,us}, ..., e, = {u,,v}, wo e
MiCTHTH TOBTOPIOBANBHUX. [Ipocmutl yuk.a — TPOCTHUIl MIJIAX, TOYATKOBA Ta, KiH-
[I€BA, BEPIIIMHY SKOTO CITIBIAIAI0Th. Bepmunau rpady HA3UBAIOTHCS CYMIHCHUMU,
SIKIIO BOHU € KIHIEMU OZHOIO i Toro xx pebpa (myru).

Yepes V(G) Gynemo mosHauaTn MHOXKUHY BepinH rpada G, a depe3 E(G)
— MHOXKHUHY ¥0ro pebep (ayr).

Icesdoepagom G mazuBaerbea napa (V(G), E(G)), ne V(G) — HenopoxHs

MHOXKMHA, a F(G) — ciM’st HEBMOPSIIKOBAHWX Tap He 060B’SI3KOBO Pi3HUX BEPINHH.
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3 ITo6ymoBa iHBapianTa mceBIOTapMOHIYHOT DyHKITIT

Hexaii ¢, co, . .., ¢, — KpuTu4Hi 3Ha4eddd f, a ai, as, . . ., (., — HAIIBPEryJIsApHi.
Hozaaanmo gepes K (c;) MEHOKHMHY 3B’I3HHX KOMIIOHEHT JiHii piBast f~1(c;), mo
MiCTATH KpUTHYHI TOYKH, & L(as) — MHOXKWMHA THX 3B’SI3HUX KOMIIOHEHT JHiHIi
piena f~!(as), mo micTaTh MexkoBi KpuTHuHi TOUKH, j = 1,1 5 = 1,m.

CxeMma mobynoBu iHBapiaHTY:

L. Iobynyemo rpad G(f) = ULk-r(fl5,) UK (c;)UL(as), ne I'x—r(fly,) -

Vi S

rpad Kponpona-Piba dymkmii f
2. Y rpadi I'k_g(f|y,) 3aminumo pebpa Ha OpieHTOBAHI Ayrm 3a HACTYIHHM

Yi*

npaBuaoM. Hexait Toukam x, y, z € 7o BiAMOBIIAIOTH €IEMEHTH V1, Vs, U3
muokuHd V(L' —g(fl|y,)). [lo3Haunmo wepes ey = (v, v2) Ta ex = (vg,v3)
OpieHTOBaHi AyTH, KiHIAME AKHX € BEPIIHHH v;, 1 = 1,3. Jyrm e; Ta ey
masieskars MHOXKUHL E(I'x_pg(f|y,)) Toal i mume Toxi, koau TouUKa x caiaye
3a Y, a Y CIIye 3a TOUYKOIO 2z Ha KPUBIi#l 7y B3/IOBXK 3aIaHOI OPi€HTAIII.

3. Beeuemo uacrkoBuii nopsok na muoxkuni V(G(f)) BukopucroByodu dbyHk-
o f. Ckaxkemo, mo vy > vg, 1e v1,v2 € G(f), Toai i nume Toni, Koiu
f(z) > f(y), ne v1 (v2) — BepmmHa, wE BignoBinae Toumi = (y), © € D
(y € D).

IMosnauumo uepe3 B( f) kombinaropHuil iHBapiaHT HCeBIOrapMOHIYHOI (byHK-

uii f, sakuit moOygoBaHMl 33 ONHMCAHOIO BUIIE CXEMOIO.

4 Crpykrypa inBapianra &(f) ak rpada

Osnauenns 1 C-yukxaom (L-yukasom) ineapianmy &(f) nasusaemves npo-
cmuti yuka Y AKomy 00GIABHA NAPA CYMINCHUT 6EPWUH V; MG Vir] € NOPLG-

HAADHOI (HENOPIBHANBHON)).

Teopema 1 Srxwo G(f) — kombinamopnudi insapianm desarot nceedoeapmoniv-

noi pynkuii f 1 D — R, axa 3adana wa k—36’°a3niti 3amrnenit obaacmi D,

'h)) €

k
mo dosiavra Komnonewma 36 asnocmi X; muoorcury &(\(UJ I'k—r(f
=0

nce6dozpadom, KONHCHA NAPE BEPUIUH AK020 € HETLOPIGHAHON.

Hosedenns Hexait  Y; —  ngedka  3B’A3Ha  KOMIIOHEHTA  MHOXKHHU

k

S(HNU I'k—r(f]y)). Hoxaxkemo, mo X; — mcepmorpad. dmas mporo mo-
i=0

CTaTHLO NOKa3aTH, IO iCHYIOTh BUNAJKU, Koiu y X; € merjai Ta KpaTHi

pebpa.
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Ipunycrumo, mo V(X)) = {v} — onHoeneMenTHa MHOKWHA BEPIITNH KOMIIO-
HenTu. 3a 1100yJ0BOIO iHBapianry, icHye Touka z Taka, wo z € D ra f(z) = ¢,
Je ¢ — abo kpurtudHe abo HamiBperymspre 3HadenHsa ¢yskiil f. ITokmazemo
O = fYe)UDi®O >z 3aypaxkumo, mo O — KOMIaKT. Posrisnemo HacTymHi

BUIIAQJIKN:

Bunadox 1: z € 0D. Toai, z € abo peryiasapHoio, ab0 KPUTHIHOIO MEXKOBOIO
TOYKOIO. 3ayBazkKuUMO, IO 2 He MOXKe OyTH JOKaIbHUM ekcpemyMoMm. OcKimbKi,
B i1 okosii 3naudenHs GbyHKUil f y JOBUIBHHX TOYKaxX, IO BiaMinui Bin z, abo

Giabim, abo Menm Hixk ¢, T0 E(X;) = 0.

Bunaaok peryisipHoi TOUYKY TAKOXK BUKJIIOYAEMO, OCKLTBLKY 3TiTHO i1 03HAYEH-
s, icuye okin U(z) B D i romeomopdism h : U(z) — D4 uporo okoily B BepxHiit
nanismuck Dy rakwuit, mo h(z) = 01 h(U N f~1(c))) = {0} x [0,1). 3 inmoro
ooky, f(h71([0,1))) = ci h71([0,1)) C O. Ockinbku, © — KOMIAKT, TO icHy€E
touka 2z € D. 3rigmo mobymosn impapianty &(f), icuye Beprmmma v’ € V(X;),

v # v/, aKa Bianosigae rouni z. OTpuManu CynepedHicTh 3 IPUITYIeHHAM.

Ko XK 2z € KPUTHYHOIO MEXKOBOK TOYKOW, TO icuye okin U(z) B D i ro-

meomopdism b : U(z) — Dy 1poro okojy B BepxHili HamiBauck D, Takwuii, mo
h(z) =0, (U ()N f71(e) = U L, ne [ = (0;1), U(2) = U(2) \ {z}. Jani, nan
=1

KOZKHOTO [ 3HaliIeMo TOUKY 2] # z TaKy, mo z; = OU(z) N h~=1(0;1). Koxma 3 TO-
90K z; € IntD i € perynspHo0 ToUko0 GYHKIII f (B IPOTHIEKHOMY BUNAIKY, MH
OTPMMAEMO CyTiepedHicTh 3 TiM daxTom, mo V(X;) = {v}). Bukopucrosyoun
O3HAYEHHSs! PEryJIsSPHOI TOYKH, JJIs KOXKHOI TOYKH 2, MOXKHA LOOyayBaTu CKiH-
YenHy nocaigoBuicTs Todok {2}, raky, mo f(Z)) = cnpul=T,m,i=1,s.
K110 T — HEmapHEe YUCI0, TO i3 KOMIAKTHOCTI © CIIiIyE, 110 3aBXK a1 3HANIETHCS
HOMED [; Takmil, nio éili =2 # 2z, 1e 2 € D. A 1e cynepeduTsb IPUILYHIEHIO [IPO
onHoeneMeHTHICT MHOKUHE V (X}), OCKigbKE 3a moOynoBOrO iHBapiaHTy TOUIi
Z' 6yne Bimmosimarm nesika BepmuHa v'. OTxke, m — nmapae umcao. Tomy, s

l

KOJKHOTO iHjleKcy | TOuKW 3HallIyThesa TOIKM Z, = z. A Tie o3Haqae, mo icaye R

(R = %) uucno nerenb u,(t) rakux, mo u,(0) = u,.(1) = z i f(u,(t)) = c upn

tel0;1],r=1R. Bi,l'LMiTI/IMO TaKOXK, 110 KOXKHOMY 7 BiJIIIOBi/Ia€ JIBi 1TOCJTIiT0B-
nocri {t7};0, Ta {t; }

. np —s
1110 ur(tg) =z’ i ur(tg) = Zz’, ne r = 1, R. PO3rsiHeMO KOMIIOHEHTH MHOXKHHH

215 e b 1y € {1, m}, snauens napamerpa t € (0; 1) Takux,
D\ u,(t) ra mosnauumo ix depe3 D ta Do. Ockimbku f|p, ta f|p, € ncesmo-
rapMOHi9HIMH i TakumMu, WO f|,, (=oD, = flu,()=0D, = ¢, TO aK B Ind Dy, Tak
i 8 IndDy icuyiorh MexoBi Kpusi v; € dD. 3rigno nobyaosu insapianra &(f),
KoxkHiM et u,(t), r = 1, R, Bianosinae pebpo e, = {v,v} € E(X;).
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Bunadox 2: z € IndD. Toni, z € KpUTHIHOIO TOYKOIO. [3 O3HAYEHHSA KPUTHIHOT
TOYKU Ta BUKOPUCTOBYIOUM MIPDKYBAaHHS, 110 AHAJIOIIYHI /IO BUIIAJKY MEKOBOI
KPUTUYHOITOYKH, BUILUIUBAE, icHYE n, n > 1, nerenab u,(t) Takux, mo u,.(0) =
ur(1) = 2z 1 f(ur(t)) = cupu ¢t € [0;1]. A me o3mazae, mo B X; pebpa e, =

{v,v} € E(X;) € netnamn, ne r =1,n

Hacrynnuit Kpok goBesenst: npuiycrumo, mwo V(X)) = {vq, v2}. 3a nobymno-
BOIO IHBapiaHTy, ICHYIOTh TOYKH 21 1 Z3 Taki, 10 21,22 € D 1a f(z1) = f(22) = ¢,
ze ¢ — abo kpuTuuHe abo HamiBperyasapue 3HadeHusd Gyskiil f. [To3magnmo vepes
© Ty 3B’I3HY KOMTOHeHTY Jinii pisus f~!(c), mo mictuts nani Touxu. Posris-

HEMO BUIIAJIKU:

Bunadox 1: zy € 0D. Toxni, no anajorii 3 TaKuM K€ BHIIAIKOM JJisl IIPH-
MyIIEHHS PO OJHOEJIEMEHTY MHOXKUHY BEPIIWH, TOYKA z HE € JIOKAJHHUM €KC-
tpemymoMm. Hexait z € peryaspuor. Tomi, i3 11 o3HaueHHS Ta KOMIAKTHOCTI @
BUILIMBAE, MIO iCHYe TOUKA 2’ = 29 € JD, AKa € TaKOXK PErynsapHOn (BHIAIO0K
KPUTUYHOI MEXKOBOI TOYKU BUKJIFOYAEMO, OCKIJIBKA OTPUMAEMO CYIEPEYHICTDb 3
IPUIYIEHHAM PO JBOeIeMeHTHICTS MHOKHHEN V (X)), OTxke, © — MicTHTE 10-
e PeryjisipHi TOUKH, Mo cynepednTth mobymosi &(f). OTxke, 21 € KPUTHIHOIO
MeK0BOI0 TouKOW. [To anasiorii 3 TakuM 2Ke BUIIAIKOM JIJisl TOHEPETHBOIO TPH-
MYIIEHHs, TOOYLYEMO 7 TIOCTIIOBHOCTEH TOYOK {2;}, e i = 1,n i 2719 KOXKHOTO
TAKOTO IHJEKCY % iCHy€ 3HAYeHHs s; Take, mo j = 1,s;, Taky, mo f (2;) =c

Tomi, MOXKJINBO JIBa BUMAIKNA: abO 2; = z1, abo 2; = 2. Y TepIIOMYy BUTIAI-
KY, OTPUMA€EMO CKiHYEHHEe 4uciio nereib U, (t) takux, mwo u,.(0) = u.(1) = 21,
fur(t)) = ¢, ne t € [0;1], a B gpyromy, CKiHYe€HHEe YHCJIO NLIAXIB u..(t) Ta-
kux, mwo u,(0) = 21, u,(1) = 2, f(u.(t)) = ¢, ne t € [0;1]. IIpunycrumo,

o icuye apa mutaxu u,. (t) Ta u;,(t) Taki, MO CHOJIYYAIOTH TOYKM 2] T4 Z2.

Posrnanemo komnonenrn muoxunu D\ (u). (t) U, (t)) Ta nosmaunmo ix de-
pe3 Dy ta Ds. Ockineku f|p, Ta f|p, € MCEBIOrapMOHIYHUMHA i TaKWMH, 1[0
flu, wuur, =00, = fluy, (you, m=op, = ¢, 10 ax y IndDy, max iy IndDy ic-
HYIOTH MeKOoBl Kpusi v; € 9D, a 3rigno nobyuosu insapianra &(f) icuye icuye
oBa pebpa e; = {vi,v2} Ta ex = {v1,v2}, sAKi Hasmexars MuOKuHI E(X;) 1 €
KpaTHUME pebpamu.

Bunadox 2: z1 € IndD. Toxi, z; € kpurraHow Touko. ITo amasorii 3 Kpu-
THYHOIO MEXKOBOIO TOYKOIO BHUITAJIKY 1, BAKOPUCTOBYIOYM O3HAYEHHS KPUTUIHOL
TOYKHU, MOKHA MMOKA3aTH, 110 iCHYIOTb SK IEeTJ/i B 21, TaK 1 MLJIAXH, IO CIOJIyYa-

OTDh 21 TQ Zo.

HoBenemo, 1mo 10BiabHA Hapa BepumH MHOKUHA V(X)) € HemOpiBHATILHOI.

Hexait v' ta v — gesxi epmmun Y. Ockinekn X — 38’s3umii ncesgorpad,
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TO icHye mpuHAMHI ofuH TUIAX 3 pebep e; = {v' = vg,v1}, ea = {v1,v2}, ...,
en = {Un_1,v, = 0"}, mo cnomyvae v’ ta v”. 3rigno moGynOBY iHBapianTa G(f),
KOXKHOMY 3 pebep ¢;, i = 0,n, Bignosigae mnsax u;(t) rakuii, mo u;(0) = z;,
u;(1) = ziy1 1 f(wi(t)) = c mpu t € [0;1], me Touxku z; € D BigmoBimaoTsh
BepmmHaM v; € V(X)) 3piakn sunimBae, mo v’ = vy = ... = vy, = v”. OTKe,

v’ Ta v" € HenopiBHAILHI.

Hacuinok 1 &(f) — smiwanuii ncesdozpad 3i cmpozum 4acmro6um nopadkom

Ha 6eEPUUHAT.

Hacaigok 2 fxwo 6 X icnye abo nemas abo kpamni pebpa, mo 6 &(f) icnye

L-yuxan.

Teopema 2 Hezati &(f) — insapianm deaxoi ncesdozapmoniunoi dynryii f, s3a-
danot na k-36’a3niti samrnenit obaacmi D. Todi, kiavkicms tiozo C-yuxaie pie-

na wucay k + 1.

Jlosedenns Hexait v; — »KopaaHoBi KpuBi, mo o0MexyoTh D Tak, mo v, i =
1,k, nexxarb Beepemuni yp. 3posymino, mo I'x—g(fls,), i = 0,k € C-ukiom.
TMosnaunmo wepe3 I miarpad imBapianty &(f), orpuMaHwii momaBaHHSAM 10
I'k r(f

KaTh K MHOkuHAM K (c;) Ta L(as), ne ¢; — KpUTHYHI, & as — HamiBperymsapHi

v:); @ = 0,k, BepmmH, fKi BIAIOBLIAIOTH TOUKAM, IO OJHOYACHO HAJIE-

sHaueHHs [, Tak i 7g. [lokaxkemo, mo I — C-1akJ.

Hexait v/ Ta v” nosinbna napa cymixknux pepiiunu B I7. Jani Bepiuunu

" € 9D. Tlpugyomy, Touni 2z’ Bigmosi-

BimmoBimaioTs Toukam z' Ta 2", me 2,7
ae BepmmHa v, a Touni 2z’ — v”. Ilpunyctumo, mo v’ = v”. Ile o3nadae, 10
fEL p b b) )

f %‘(UI) = f

Hy€ JIOKaJIbHUI ekcTpemyM 2, z € (2';2") C ;. Ocxinbku IV D I'k_g(f

~; (V). Ockimbru f|,, 3am0BOMBHSIE yMOBaM Teopemu Posts, To ic-

’Yz‘): TO

icHye BepimHa U, 10 BiAnoBigae rouni z, ta pebpa (v,v') i (v”,70), axi Bianosi-

natoTh f|rr Ta fli;.. A ne cynepeunts ToMy, mo BeprmHE v’ Ta v” cyMixHi.

dArmo npunycru, mo Kinbkicts C-mukiis 6imbima k + 1, To icaye C-muki,
npoobpasu Beix BepiinH (To4ok obstacti D) sikoro jexars y IntD. 3rigao noby-
JIOBHW iHBApIaHTY, TaKi BEPITWHU € HEMOPIiBHAIbHI, IO CYNIepeYUTh BU3HAUECHHIO

C-1ukry.

5 BucuoBknu

B ganiit poGori mobymoBano kombinaropuuii inBapiantT &(f) meaxoi ncesmorap-

MOHIYHOI (yHKIIT f, M0 3a7aHa HA k-3B’3Hill OpieHTOBaHIl 3aMKHEHii obacTi
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D, skuit € 3mimanum nceBaorpadom 3i CTPOruM YACTKOBUM TMTOPSIIKOM H3, BEP-
IIIAHAX, 1 MA€ MEBHI CTPYKTYPHI 0COOIUBOCTI, IO i1HAYKYIOTHCS BJIACTHBOCTIMU

TICEeBIOTapMOHITHOL HKUil. 30KpeMa, JOBEICHO, IO KOXKHA 13 3B a43HNX KOMIIO-
1 YHKI] , A 1 , I

k
uent muoxuan &(f)\(U I'k-r(fly.)), 2e I'x—r(f|s,) — rpad Kponpoma-Pica
i=0

dbyskuii fl,,, € mcepmorpadom, KOKHa Iapa BEPIINH SIKOTO € HEIOPiBHSIHOI.
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Iryna Iurchuk

On combinatorial invariant of pseudo-harmonic functions defined

on k—connected closed domain

Let f : D — R be a pseudo-harmonic function defined on k—connected
oriented closed domain D C C whose boundary consists of closed Jordan curves
Y0y Y1y -+ Yk, 0 < k < co. We remind that this class of functions coincides
with continuous functions which have finitely many number of critical points at
interior and on boundary of domain.

In [4] authors researched a case of k = 0: for such functions a topological
invariant is constructed, its main properties, the criterion of their topological
equivalence and conditions of realization of some type of graphs as given invariant
are proved.

In this paper, for case £ > 0 the combinatorial invariant &(f) of pseudo-
harmonic function f is constructed that consists of the Reeb graphs of restriction
of f on boundary of D and connected components such critical and semiregular
levels which contain critical and boundary critical points. According to a
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construction of &(f), it’s a mixed pseudograph (graph with multiple edges and
loops) with strict partial order on vertices which induced by values of f. There
are two types of cycles in &(f). In particular, C-cycle (a simple cycle whose any
pair of adjacent vertices are comparable) and L-cycle (a simple cycle whose any
pair of adjacent vertices are noncomparable). Theorem of an invariant structure
and a fact that a quantity of C-cycles of combinatorial invariant is same as a
number of boundary curves of k-connected closed oriented domain are proved.

Keywords. Pseudo-harmonic function, combinatorial invariant, k—connected

domain
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Geometry of Chaos: Advanced approach to fore-
casting evolution of low-attractor chaotic systems

A.V. Glushkov , V.M. Kuzakon , P.A. Zaichko

Abstract It is presented an advanced chaos-geometrical approach to treating of
evolution of low-attractor chaotic systems. It combines together application of
the advanced mutual information approach, correlation integral analysis, Lya-

punov exponent’s analysis etc. Some technical application of an approach is given

Keywords geometry of chaos, non-linear analysis, chaos theory

Mathematics Subject Classification: (2000) 55R01-55B13

1. Introduction

Earlier [1-10] we have developed a new, chaos-geometrical combined approach
to treating and analysis of chaotic dynamics of complex dynamical systems. Here
we present its advanced version and as example list the results of its application
to studying temporal evolution of the complex chaotic system on example of
time series of intensity in GaAs / GaAlAs Hitachi HLP1400 laser.

Let us remind that during the last two decades, many studies in various fields
of science have appeared, in which chaos theory was applied to a great number
of dynamical systems, including those are originated from nature (e.g. [1-22]).
The outcomes of such studies are very encouraging, as they reported very good
predictions using such an approach for different systems.

2. Advanced chaos-geometrical approach to evolution of compex dy-
namical system

2.2.1. Data and methodics

The time series of intensity in GaAs / GaAlAs Hitachi HLP1400 laser are pre-
sented in [1].
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Following to [1-10], further we formally consider scalar measurements s(n) =
s(to+ nAt) = s(n), where ¢ty is a start time, At is time step, and n is number
of the measurements. In a general case, s(n) is any time series (f.e. atmospheric
pollutants concentration). As processes resulting in a chaotic behaviour are fun-
damentally multivariate, one needs to reconstruct phase space using as well as
possible information contained in s(n). Such reconstruction results in set of d-
dimensional vectors y(n) replacing scalar measurements. The main idea is that
direct use of lagged variables s(n + 7), where 7 is some integer to be defined,
results in a coordinate system where a structure of orbits in phase space can
be captured. Using a collection of time lags to create a vector in d dimensions,
y(n) =1[s(n),s(n + 7),s(n + 27),..,s(n +(d— 1)7)], the required coordinates
are provided. In a nonlinear system, s(n + j7) are some unknown nonlinear
combination of the actual physical variables. The dimension d is the embedding

dimension, dg.

Let us remind that following to [1,10], the choice of proper time lag is important
for the subsequent reconstruction of phase space. If 7 is chosen too small, then
the coordinates s(n + j7), s(n +(j +1)7) are so close to each other in numerical
value that they cannot be distinguished from each other. If 7 is too large, then
s(n+j7), s(n+(j+1)7) are completely independent of each other in a statistical
sense. If 7 is too small or too large, then the correlation dimension of attractor
can be under-or overestimated. One needs to choose some intermediate position
between above cases. First approach is to compute the linear autocorrelation
function C'1(8) and to look for that time lag where C(4) first passes through
0. This gives a good hint of choice for 7 at that s(n + j7) and s(n+ (j + 1)7)
are linearly independent. It’s better to use approach with a nonlinear concept
of independence, e.g. an average mutual information. The mutual information
of two measurements a; and by is symmetric and non-negative, and equals to 0
if only the systems are independent. The average mutual information between
any value a; from system A and by from B is the average over all possible
measurements of I sap(a;, by). In ref. [4] it is suggested, as a prescription, that

it is necessary to choose that 7 where the first minimum of I(7) occurs.

In [1,10] it has been stated that an aim of the embedding dimension determina-
tion is to reconstruct a Euclidean space R? large enough so that the set of points
d 4 can be unfolded without ambiguity. The embedding dimension, d g, must be
greater, or at least equal, than a dimension of attractor, d 4, i.e. dg > da.In
other words, we can choose a fortiori large dimension dg, e.g. 10 or 15, since

the previous analysis provides us prospects that the dynamics of our system
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is probably chaotic. The correlation integral analysis is one of the widely used
techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C(r) is related
log C(r)
logr

to a radius 7 as d = lim , where d is correlation exponent.

r—0,N — o0
2.2.2 The results for time series
Table 1 summarizes the results for the time lag calculated for first 10® values of
time series.
Table 1. The correlation dimension ds, embedding dimension, based on the
algorithm of false nearest neighboring points dy calculated for different values
of the delay time 7 for the time series of intensity in GaAs / GaAlAs Hitachi
HLP1400 laser

Chaos Hyperchaos
T 58 6 67 10
ds 34 2.2 8.4 7.4
dn 5 4 11 8

It is worth to note that the values, where the autocorrelation function first crosses
0.1, are usually chosen as 7. however, it is known that an attractor cannot be
adequately reconstructed for very large values of 7. So, before making up final
decision we calculate the dimension of attractor for all values in Table 1. Very
large values of 7 result in impossibility to determine both the correlation expo-
nents and attractor dimensions using the known Grassberger-Procaccia method.
2.2.3. Nonlinear prediction model
The fundamental problem of theory of any dynamical system is in predicting
the evolutionary dynamics of a chaotic system. Let us remind following to [1-
,2,10] that the cited predictability can be estimated by the Kolmogorov entropy,
which is proportional to a sum of positive LE. As usually, the spectrum of LE
is one of dynamical invariants for non-linear system with chaotic behaviour.
The limited predictability of the chaos is quantified by the local and global
LE, which can be determined from measurements. The LE are related to the
eigenvalues of the linearized dynamics across the attractor. Negative values show
stable behaviour while positive values show local unstable behaviour. For chaotic
systems, being both stable and unstable, LE indicate the complexity of the
dynamics. The largest positive value determines some average prediction limit.
Since the LE are defined as asymptotic average rates, they are independent of
the initial conditions, and hence the choice of trajectory, and they do comprise
an invariant measure of the attractor. An estimate of this measure is a sum

of the positive LE. The estimate of the attractor dimension is provided by the
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conjecture dj, and the LE are taken in descending order. The dimension dj, gives
values close to the dimension estimates discussed earlier and is preferable when
estimating high dimensions. To compute LE, we use a method with linear fitted
map, although the maps with higher order polynomials can be used too. Non-
linear model of chaotic processes is based on the concept of compact geometric
attractor on which observations evolve. Since an orbit is continually folded back
on itself by dissipative forces and the non-linear part of dynamics, some orbit
points [1,10] y"(k), r = 1, 2, .., Np can be found in the neighbourhood of any
orbit point y (%), at that the points y” (k) arrive in the neighbourhood of y(k) at
quite different times than k. One can then choose some interpolation functions,
which account for whole neighbourhoods of phase space and how they evolve
from near y(k) to whole set of points near y(k + ). The implementation of this
concept is to build parameterized non-linear functions F(x, a) which take y(k)
into y(k+ 1) = F(y(k), a) and use various criteria to determine parameters
a. Since one has the notion of local neighbourhoods, one can build up one’s
model of the process neighbourhood by neighbourhood and, by piecing together
these local models, produce a global non-linear model that capture much of the
structure in an attractor itself. Table 2 shows the global LE.

Table 2. First two LE (A1, A2), Kaplan-Yorke dimension (dy,), and the Kol-
mogorov entropy K ens for the time series of intensity in GaAs / GaAlAs Hitachi

HLP1400 laser (for two series of calculations)

Chaos 1 Chaos 2 Hyperchaos Hyperchaos
1 2
A1 0.151 0.154 0.517 0.521
A2 0.00001 0.00003 0.192 0.194
dp, 1.8 1.9 7.1 7.2
Kengr | 0.15 0.17 0.71 0.73

The presence of the two (from six) positive \; suggests the system broadens in
the line of two axes and converges along four axes that in the six-dimensional
space.
3. Conclusions

In this paper we considered an advanced chaos-geometrical approach to treating
of chaotic dynamics of complex systems. The approach combines the non-linear
analysis methods to dynamics, such as the correlation integral analysis, the LE
analysis, surrogate data method etc. We have investigated a chaotic behaviour
in the time series of intensity in GaAs / GaAlAs Hitachi HLP1400 laser and
proved an existence of as low-D as high-D chaos. We presented an effective non-
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linear prediction model and realized a successful short-range forecast of intensity
evolution. Earlier the same successful results were received for other cases and
systems [1-10]. All considered examples has shown high perspectives of a new

approach methods to treating dynamics of very complicated chaotic systems.
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Quantum Geometry: Application of energy-
amplitude approach to calculating parameters of
multi-photon resonances for some complex atomic
systems

Andrey A.Svinarenko

Abstract Within quantum geometry it is presented a generalized energy-
amplitude approach to calculation of the energies (eigen values) and widths
of multi-photon (autoionization) resonances for some complex systems. The
improved numerical data for energies and widths are presented for magnesium

and krypton.
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1 Introduction

At present time a great progress can be noted in development of a quantum ge-
ometry and quantum mechanics. [1]-[9]. It is provided mainly due to the carrying
out more correct and effective mathematical methods of solving eigen function
and eigen values tasks for multi-body complex quantum sustems in relativistic
approximation and new algorythms of accounting for the complex exchange-
correlation effects. Let us remind that the mathematical methods of calculation
of the energy and width parameters of resonances are usually divided into a few
main groups. First, the well known, classical multi-configuration Hartree-Fock
method (as a rule, the relativistic effects are taken into account in the Pauli ap-
proximation or Breit hamiltonian etc.) allowed to get a great number of the useful
spectral information about light and not heavy systems, but in fact it provides
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only qualitative description of spectra of the heavy quantum systems. Second,
the multi-configuration Dirac-Fock (MCDF) method is the most reliable version
of calculation for multielectron systems with a large charge. These methods can
be served as an initial basis for the further studying multi-photon and autoion-
ization resonances properties. It is worth also remind about the Green’s function
method (the imaginary part of the Green function pole for atomic quasienergetic
state), the density - matrix formalism ( the stochastic equation of motion for den-
sity - matrix operator and its correlation functions), a time-dependent density
functional formalism, direct numerical solution of the Schrodinger (Dirac) equa-
tion, multi-body multi-photon approach etc. [1]-[8]. In [2],[4] authors extended
the non-Hermitian multi-state Floquet dynamics approach by Day to treat one-
electron atomic system to the case of general multi-electron ones. The approach
based on the eigenchannel R-matrix method and multichannel quantum-defect
theory , introduced by Robicheaux and Gao to calculate two-photon processes
in light alkaline-earth atoms has been implemented by Luc-Koenig et al [4] in j-j
coupling introducing explicitly spin-orbit effects and employing both the length
and velocity forms of the electric dipole transition operator. Nevertheless in many
calculations there is a serious problem of the gauge invariance, connected with
using non-optimized one-electron representation. In many aspects this problem
is connected with correct accounting for the complex exchange-correlation effects
(such as polarization and screening effects, a continuum pressure etc.). In this
paper, which goes on our studying [5]-[10], we present a generalized version of
an energy-amplitude approach to calculation of the characteristics of resonances
in atomic systems. It is based on the relativistic many-body perturbation the-
ory (PT) and more correct numerical accounting for the complex polarization,
screening effects and continuum pressure. There are presented more exact quan-
titative data on energy and widths of resonances in magnesium (test data) and

krypton.

2 An advanced energy relativistic approach to resonances

Here we briefly consider the main blocks of an earlier presented formally ex-
act approach based on the QED perturbation theory [5]-[12], which allow to
calculate the energies and widths of complex resonances in atomic spectra. For
definiteness, as example, we consider spectrum of magnesium. As usually [10],
one may write an expression for the two-photon amplitude for the transition from
an initial state ¥, with energy Ey to a final state |Psiy with energy Ey = Ey+2w
as follows:
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T;g) = lim /de(WﬂD x ele) (B +w — e +in) " H{e|d x e|¥). (1)
n—04

Here D is the electric dipole transition operator (in the length r form), e is the
electric field polarization and w is a laser frequency. The integration in equation
1 is meant to include a discrete summation over bound states and integration
over continuum states. This moment is more complicated in a whole computation
scheme. Usually an explicit summation is avoided by using the Dalgarno-Lewis

by means the setting [3]:

T = Cr(ID x el 4p), 2)

where (]|...||) is a reduced matrix element and C/ is an angular factor depend-
ing on the symmetry of the ¥y, A,, ¥ states. A, can be founded from solution

of the following inhomogeneous equation [3]

(Ep +w x H|Ap) = (D x e)|W) (3)

at energy Fy + w, satisfying outgoing-wave boundary condition in the open
channels and decreasing exponentially in the closed channels. The total cross
section (in em* W™1!) is defined as

o/T =" 0;/1=57466 x 10w, > [TH)%, (4)
J J

where I (in W/cm?) is a laser intensity. To describe two-photon processes
there can be used different quantities [9]: the generalized cross section o(?), given

in units of cm?s, by

o', =4.3598 x 10 Buw,,0/Iomaw—1 (%)

cm?s

and the generalized ionization rate I"(?) /I?, (and probability of to-photon

detachment) given in atomic units, by the following expression

0/ paw-1 = 9.1462 x 1030w, 2 /12, (6)

Described approach is realized as computer program block in atomic numeric
code "Super-atom" (c.f. [2]-[7], which includes a numeric solution of the Dirac
equation and calculation of the matrix elements of the Eqs. 1-5 type. In order
to develop a generalized version of an approach we introduce three new blocks:
1) in an advanced scheme one should use more corrected in comparison with

[9], [10] total gauge invariant procedure for generating the one-particle eigen
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Table 1 Characteristics for 3p2!Sy resonance of atom of the magnesium: E- energy, counted
from ground state (cm™1), I'- autoionization width (cm™1!), ¢ /I- maximum value of generalized
cross-section (cm*W—1).

| Methods | E | T | o/I |
Luc-Koenig E. etal, 1997 without account SE
Length form 68492 374 1,96 1027
Velocity form 68492 376 2,10 10—27
Luc-Koenig E. etal, 1997 With Account | SE
Length form 68455 414 1,88 1027
Velocity form 68456 412 1,98 10—27
Moccia and Spizzo (1989) 68320 377 2,8 10—27
Robicheaux and  Gao | 68600 376 2,4 1027
(1993)
Mengali and Moccia(1996) | 68130 362 2,2 10727
Karapanagioti et al (1996) | 68470 375 2,2 10~27
Svinarenko (2012) 68281 323 2,0 10727
Svinarenko (2013) 68395 386 1,9 10727
This paper 68424 393 1,92 10—27

functions - relativistic Dirac orbitals according to new algorythm [2]; The lather
includes solution of the whole differential equations systems for Dirac-like bi-
spinor equations; 2) in order to take into account polarization and screening
effects more exactly, it is necessary use correct many-body polarization and

screeening potentials; for this puporse we have used methods [6], [11].

3 Numerical results and conclusion

Further we present the results of computing the resonances energies and widths
for atoms of magnesium (new data) and krypton in a laser field. For compar-
ison we present the data of different methods for comparison: relativistic R-
matrix method (R-method; Robicheaux-Gao, 1993; Luc-Koenig E. etal, 1997),
added by multi-channel defect method, K-matrix method (K-method; Mengali-
Moccia,1996), different versions of the finite L? method (L? method) with ac-
count of polarization and screening effects (SE) (Moccia-Spizzo, 1989; Kara-
panagioti et al, 1996), Hartree-Fock configuration interaction method (CIHF),
operator QED PT (Glushkov-Ivanov, 1992; Glushkov et al; 2004), energy ampli-
tude approach (Svinarenko, 2013) too. etc.(c.f.[2,10,11]. Table 1 contents results
of calculating characteristics for 3p2'Sy resonance of Mg; E- energy, counted
from ground state (cm~1), I'-autoionization width (cm~1!), o /I- maximum value
of generalized cross-section (cm?*W~1). R-matrix calculation with using length
and velocity formula led to results, which differ on 5-15% , that is evidence of

non-optimality of atomic basis’s.
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Let us consider further the numerical data for the three-photon (k=3) res-
onance 4p — 5d[1/2]; in the krypton. The detailed experimental study of the
multi-photon processes in the caesium has been earlier carried out in details
(look refs. [2],[13]). According to [13], the resonance line shift is linear to respect
to the laser intensity (laser intensity is increased from 3-10'2 to 310 W /cm?)
and is equal (the gaussian multi-mode pulse): bI. Here I is a laser pulse intensity
and coefficient b is expressed in terms of energy of the three-photon transition:
b=(3,940,3)cm™! /GW xcm~2. For comparison let us present the analogous the-
oretical value, obtained in the S-matrix formalism calculation [14]: =3, 95. Our
theoretical values, obtained with using optimized basis’s, are as follows: b=3, 922
that is in quite qood agreement with empirical result [14] and theoretical one
[13].
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Geometry of a chaos: dynamics of non-linear pro-
cesses 1n relativistic backward-wave tubes chain.
new data

V.B. Ternovsky

Abstract Using universal chaos-geometric and multisystem approach it is
studied chaotic dynamics of the nonlinear processes in a relativistic backward-
wave TUBES (single one and chain) There are theoretically studied scenarios
of generating chaos, obtained complete quantitative data on the characteristics
of chaotic dynamics and the different modes of operation
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1. Introduction

Powerful generators of chaotic oscillations of microwave range of interest for
radar, plasma heating in fusion devices, modern systems of information trans-
mission using dynamic chaos and other applications. Among the most studied
of vacuum electronic devices with complex dynamics are backward-wave tubes
(BWT) , for which the possibility of generating chaotic oscillations has been
theoretically and experimentally found [1-12]. The BWT is an electronic device
for generating electromagnetic vibrations of the superhigh frequencies range.
Authors [3] formally considered the possible chaos scenario in a single relativis-
tic BWT. Authors [4,5] have studied dynamics of a non-relativistic BWT, in
particular, phase portraits, statistical quantifiers for a weak chaos arising via
period-doubling cascade of self-modulation and the same characteristics of two
non-relativistic backward-wave tubes. The authors of [4,5] have solved the equa-

tions of nonstationary nonlinear theory for the O-type BWT without account
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of the spatial charge, relativistic effects, energy losses etc. It has been shown
that the finite-dimension strange attractor is responsible for chaotic regimes in
the BWT. The multiple studies [1-12], increasing the beam current in the sys-
tem implemented complex pattern of alternation of regular and chaotic regimes
of generation, completes the transition to a highly irregular wideband chaotic
oscillations with sufficiently uniform continuous spectrum.

In our work in order to study the chaotic dynamics of non-linear processes in
the chain of relativistic BWTs we have used earlier adapted advanced universal
combined techniques of the non-linear analysis, including the correlation integral
method, multi-fractal formalism, false nearest neighbour algorithm, Lyapunov
exponent’s analysis , surrogate data method and others (numerical code “Geo-
math” [12-15]). The chaotic dynamics data for the chain of relativistic BWTs
are firstly obtained.

1. Dynamics of relativistic backward-wave tube: Single tube and chain

As the key ideas of our technique for nonlinear analysis of chaotic systems
have been in details presented in refs. [12-15], here we are limited only by brief
representation. Nonlinear dynamics of the system is is described by means of the
nonstationary nonlinear theory equations for the evolution in time and space of
the amplitude of the electromagnetic field and the motion of the beam (single
relativistic BWT):

920/0¢2=—(14v90/9¢)**Re {1/2L [5 (¢) +6(¢~L) Fe'®] }

(1a)
27
OF |0r—0F |9 =— {w / e“’doo] 1/2L[6 (€) +6(¢—L)]
0
(1b)
with boundary conditions:
6 (0,7)=0,,
00 (0,7) /0¢= 0, (1)
F (L+0,7)=0.

Here 0(&, 7, 60p) is a phase of the electron, which runs in a space of interaction
with phase 6y in a field, F(&,7) dimensionless complex amplitude of the wave
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E(z,t) = Re[E(x,t)exp(iwgt — iBox)],& = BoCx - the dimensionless coordinate,
L = 5ylC = 27 CN- the dimensionless length of the interaction space, [ is a length
of a system, N-is a number of slow waves, covering over the length of system,C' =
{/IyKo/(4U) is the known Pierce parameter , Iy is a current of beam, U is an
accelerated voltage, Ko- resistance of link of the slowing system,r = woC/(c —
x/vo)(1 + vo/v;) ie. (1 ~ 7 —&/v0) - the dimensionless "retarded" time, v =
2C (702—1) - relativistic parameter, C- modified gain parameter, vy - the ratio
of the electron energy to the rest energy on entering into the interaction space.

As the solving of the system (1) gives a field distribution F(¢,7) for any
7 > ,7’, within chaos-geometric approach and dynamical systems theory, a set
of the possible functions F' can be treated as a phase space , where every point
corresponds to the definite state. When a state changes in time according to
the system (1), the corresponding point moves in a space of functions along
some phase trajectory. The control (governing) parameter is provided by the
normalized length L. As a rule, in practical aspect this parameter is usually
varied by changing current of the electron beam I through variation of voltage
on the governing electrode in an electron gun (L ~ Ié/ 3). It is known that for a
single relativistic backward-wave TUBE the stable state is realized for the little
values of L. At the same time for L = L,;—1.97327 there is a bifurcation of loss
of the unmoved point stability [3,4].

In order to reduce the threshold of the transition to the development of chaos,
in this paper we propose to use a chain of two relativistic BWTs. The master

system of evolution equation for the system is as follows:

8291,2/852:_(1+y89/8€)3/2Re {1/2L15 [6 (€) +5(£—L)F1,26i91‘2} }
(3a)

27
OF) 5/0T—0F) 2/0{=— [1/77/ €_i91’2d90] 1/2L1 2[5 (§) +6(§—L1,2)]
0

(3b)
Equations (3a) represent the equations of motion of electrons in the field of the
electromagnetic wave and equations (3b) are the nonstationary equations of ex-
citation of a decelerating structure by a current of the slowly varying amplitude.
The subscripts indicate the item number of the chain. In equations (3a) and (3b)
61,2 - the phases of the electron relative to the wave, 6y - the initial phase, Fj o
- the dimensionless slowly varying amplitudes of the fields, £ and 7 - the dimen-

sionless coordinate and time, respectively. The dynamics of the partial generator
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depends on a single bifurcation parameter L = 2rC'N. When the first oscillator
acts on the second one, then the boundary conditions for equations (3a) and

(3b) can be written as follows:

00
012]¢_o = 0o € [0;27], 322 =0,
£=0

Fi(§=1)=0,F2(§=1)=RF (§=0).

where R - coupling parameter, which can be assumed real without loss of
generality.

1. Analysis and prediction of nonlinear dynamics of relativistic

backward-wave tubes and conclusions

Let us firstly consider in brief nonlinear dynamics of the single relativistic
backward-wave TUBE using the model (1) and nonlinear analysis and prediction
technique [1-3]. The detailed description of our techniques is given ibn ref. [12-15].
As usually, we consider a set of measurement data s(n) = s(tg + nAt) = s(n),
where tg is the start time, At is the time step, and is n the number of the
measurements. The next step is to reconstruct phase space using as well as
possible information contained in the s(n). Such a reconstruction results in a
certain set of d-dimensional vectors y(n) replacing the scalar measurements. Here
we use the Packard-Tackens’s method of time-delay coordinates [9,10]. The direct
use of the lagged variables s(n + 7), where 7 is some integer to be determined,
results in a coordinate system in which the structure of orbits in phase space
can be captured and further using a collection of time lags to create a vector
in d dimensions: y(n) = s(n),s(n + 7),s8(n + 27),...,s8(n+ (d — 1)7), required
coordinates are provided. Here d is the embedding dimension, dg.

To choose a time lag we use two methods: method of autocorrelation function
and method of average mutual information. Next step is to determine the em-
bedding dimension in order to reconstruct a Euclidean space R? . The essence is
in that a space should be large enough for the set of points d 4 unfolded without
ambiguity. In accordance with the embedding theorem, the embedding dimen-
sion, dp, must be greater, or at least equal, than a dimension of attractor, d4,
i.e. dg > d4. There are several standard approaches to reconstruct the attrac-
tor dimension (see, e.g., [13,14]), but in our technique we use two methods: the
correlation integral one (or algorithm of Grassberger and Procaccia [11]) and
method of false neighbours.
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The essence of the latter is understandable from asking the basic question
addressed in the embedding theorem: when has one eliminated false crossing of
the orbit with itself which arose by virtue of having projected the attractor into
a too low dimensional space? By examining this question in dimension one, then
dimension two, etc. until there are no incorrect or false neighbours remaining,
one should be able to establish, from geometrical consideration alone, a value

for the necessary embedding dimension.

Advanced version is presented in Ref. [12-14] . Multifractal spectral calcula-
tions can be performed with using the version algorithm, which is presented in
[15]. The prediction block includes computing the Lyapunov’s exponents which

are the dynamical invariants of the studied nonlinear system.

As it is indicated in [13], in a general case, the orbits of chaotic attractors
are unpredictable, but there is the limited predictability of chaotic physical sys-
tem, which is defined by the global and local Lyapunov’s exponents. A negative
exponent indicates a local average rate of contraction while a positive value in-
dicates a local average rate of expansion. In the chaos theory, the spectrum of
Lyapunov’s exponents is considered a measure of the effect of perturbing the
initial conditions of a dynamical system. In fact, if one manages to derive the
whole spectrum of the Lyapunov’s exponents, other invariants of the system, i.e.
Kolmogorov entropy and attractor’s dimension can be found. The Kolmogorov
entropy K measures the average rate at which information about the state is lost
with time. An estimate of this measure is the sum of the positive Lyapunov’s
exponents. The inverse of the Kolmogorov entropy is equal to an average pre-
dictability. Estimations of the Kolmogorov entropy and average predictability
can further show a limit, up to which the amplitude level data can be on average
predicted. At last in the prediction model block it is used the traditional con-
cept of a compact geometric attractor, which evolve measurement data, plus im-
plementation neural network algorithms [14]. In Fig.1 we present the numerical
temporal dependence of the output signal amplitude of the relativistic backward-
wave TUBE for L=4.1 (a) and L=6.1 (b).

In whole the picture is similar to the analogous temporal dependence of the
output signal amplitude of the non-relativistic backward-wave TUBE, except
of some quantitative differences. Besides, we have carried out the numerical
realization of the prediction model for relativistic BWT as in the chaos regime
as the hyperchaos regime. In Table 1 we present our data on the correlation
dimension dy, the embedding dimension determined based on the algorithm of
false nearest neighboring points (dy) with percentage of false neighbors (%)
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Fig 1. Numerical temporal dependence of the output signal amplitude of the relativistic
BWT for L=4.2 (a) and L=6.1 (b).

calculated for different values of time lag 7. In Table 2 we list the results of
computing the Lyapunov’s exponents, the, Kolmogorov entropy K,,.. For the

studied series there are positive and negative values of the Lyapunov’s exponents.

Table 1. Correlation dimension ds, the dimension of the attachment determined
based on the algorithm of false nearest neighboring points (dy) with percentage
of false neighbors (%) calculated for different values of time lag 7

Chaos (I) Hyperchaos (II)

T do (dn) T do (dn)
60 3.6 5(5.5) 67 7.2 10(12)
6 3.1 4(1.1) 10 6.4 8 (2.1)
8 3.1 4 (1.1) 12 6.4 8 (2.1)

Table 2. Numerical parameters of the chaotic self-oscillations in the
backward-wave tube: \; — A4 are the Lyapunov exponents in descending order,

K is the Kolmogorov entropy

Regime A1 Ao A3 A4 K
Chaos (L=4.2) 0.261 0.0001 —0.0004 —0.528 0.26
Hyperchaos (L=6.1) 0.514 | 0.228 0.0000 —0.0002 | 0.74

In table 3 we present data on the correlation coefficient (r) between the actual
and prognostic rows, referred to the number of neighbors (NN) for pre-ahead
100 points numerical series of the temporal dependence of the output signal
amplitude of the relativistic BWT for L=4.1 (I) and L=6.1 (II).

Table 3. The correlation coefficient (r) between the actual and predicted rows,

referred to the number of neighbors (NN) for pre-ahead 100 points numerical se-
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ries of the temporal dependence of the output signal amplitude of the relativistic
BWT for L=4.1 (I) and L=6.1 (II).

NN 85 225 250
r (chaos: I) 0,94 0.96 0.96
r (hyperchaos-IT) | 0,61 0.68 0.70

One can see very exciting coincidence between the actual and predicted row
values for the temporal dependence of the output signal amplitude of the rela-
tivistic backward-wave TUBE. Now that in a case of the low-D chaotic dynamics
the quality of prediction is significantly higher in comparison with high-D hy-
perchaotic dynamics.

Further let us consider two results on studying dynamics of the chain of
the backward-wave TUBES. In the first modelling we accept that the BWTs
are operating in regime of the periodical automodulation (in full analogy with
the non-relativistic case [5]). The values of the L parameters are as follows:
L1=4.05, Lo=4.55; The analysis shows that with growth of R the oscillations
become chaotic and scenario of destroying quasi-periodic motion is main. Note
that the similar picture is principally observed in the non-relativistic case except
some quantitative differences including additional peaks. In fig.3 we present data
on the temporal dependence of the output amplitude and signals spectrum for
two different sets of the parameter values: (In). input acting BWT and (Out).
Output BWT for R=0.050;

00 20 40 60 -0 -6 -20 2
Fou T

00 20 40 60 -0 -6 202 (c=ar) n

Fou(t—4t) Qn

In Out

Fig.3. Temporal dependence of the output amplitude and signals spectrum:
(In). input acting BWT; and (Out). Output BWT R=0.050;

In the first case one deals with the Feigenbaum chaos type and in the sec-
ond case — after transition “chaos-order” through intermittency that resulted
in different spectra. In conclusion we note that quantitative modelling chaotic
dynamics of nonlinear processes in relativistic BWTs (single one and chain) is
carried out using the same uniform chaos-geometric and multi-system approach
and firstly the chaos generation features in the chain of relativistic BWTs are

found.
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Modeling chaotic dynamics of complex systems
with using chaos theory, geometric attractors, and
quantum neural networks

A.V. Glushkov, O.Yu. Khetselius, S.V. Brusentseva, A.V.
Duborez

Abstract Nonlinear simulation and forecasting chaotic evolutionary dynamics
of complex systems has been effectively performed using the concept of compact
geometric attractors. We present an advanced approach to analyze complex
system dynamics based on the concept of geometric attractors, chaos theory

methods and algorithms for quantum neural network simulation.

Keywords Geometric attractor conception, quantum neural networks, chaotic

dynamics

Mathematics Subject Classification:(2000) 55R01-55B13
1. Introduction

In this work nonlinear simulation and forecasting chaotic evolutionary dy-
namics of complex systems are carried out using the concept of compact geomet-
ric attractors . We are developing a new approach to analyze complex system
dynamics based on the concept of geometric attractors, chaos theory methods
and algorithms for quantum neural network simulation. This work develops our
studies, presented in [1-12].

The basic idea of the construction of our approach to prediction of chaotic
processes in complex systems is in the use of the traditional concept of a compact
geometric attractor in which evolves the measurement data, plus the implemen-
tation of neural network algorithms. The existing so far in the theory of chaos
prediction models are based on the concept of an attractor, and are described in
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a number of papers (e.g. [1,13-20]). From a mathematical point of view, it is a
fact that in the phase space of the system an orbit continuously rolled on itself
due to the action of dissipative forces and the nonlinear part of the dynamics,
so it is possible to stay in the neighborhood of any point of the orbit y (n) other
points of the orbit y"(n),r = 1,2, ..., Ng, which come in the neighborhood y (n)
in a completely different times than n. Of course, then one could try to build
different types of interpolation functions that take into account all the neighbor-
hoods of the phase space and at the same time explain how the neighborhood
evolve from y (n) to a whole family of points about y (n+1). Use of the informa-
tion about the phase space in the simulation of the evolution of some physical
(geophysical etc.) process in time can be regarded as a fundamental element in
the simulation of random processes.

In terms of the modern theory of neural systems, and neuro-informatics (e.g.
[1]), the process of modelling the evolution of the system can be generalized to de-
scribe some evolutionary dynamic neuro-equations (miemo-dynamic equations).
Imitating the further evolution of a complex system as the evolution of a neu-
ral network with the corresponding elements of the self-study, self- adaptation,
etc., it becomes possible to significantly improve the prediction of evolutionary
dynamics of a chaotic system. Considering the neural network with a certain
number of neurons, as usual, we can introduce the operators S;; synaptic neu-
ron to neuron u; uj, while the corresponding synaptic matrix is reduced to a
numerical matrix strength of synaptic connections: W = w;;. The operator is
described by the standard activation neuro-equation determining the evolution

of a neural network in time:
N
s; = szgn(z w;;s; — 6;), (1)
j=1

where 1 <7 < N.

From the point of view of the theory of chaotic dynamical systems, the state
of the neuron (the chaos-geometric interpretation of the forces of synaptic inter-
actions, etc.) can be represented by currents in the phase space of the system
and its the topological structure is obviously determined by the number and
position of attractors. To determine the asymptotic behavior of the system it
becomes crucial a information aspect of the problem, namely, the fact of being
the initial state to the basin of attraction of a particular attractor.

Modelling each physical attractor by a record in memory, the process of the
evolution of neural network, transition from the initial state to the (following)
the final state is a model for the reconstruction of the full record of distorted
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information, or an associative model of pattern recognition is implemented. The
domain of attraction of attractors are separated by separatrices or certain sur-
faces in the phase space. Their structure, of course, is quite complex, but mimics
the chaotic properties of the studied object. Then, as usual, the next step is a nat-
ural construction parameterized nonlinear function F (x, a), which transforms:
y(n) —» y(n+1) = F(y(n,a)),and then to use the different ( including neural
network) criteria for determining the parameters a (see below). The easiest way
to implement this program is in considering the original local neighborhood,
enter the model(s) of the process occurring in the neighborhood, at the neigh-
borhood and by combining together these local models, designing on a global

nonlinear model. The latter describes most of the structure of the attractor.

Although, according to a classical theorem by Kolmogorov-Arnold -Moser,
the dynamics evolves in a multidimensional space, the size and the structure of
which is predetermined by the initial conditions, this, however, does not indi-
cate a functional choice of model elements in full compliance with the source of
random data. One of the most common forms of the local model is the model of
the Schreiber type [14] (see also [1,15-19]).

Nonlinear modelling of chaotic processes can be based on the concept of a
compact geometric attractor, which evolve with measurements. Since the orbit
is continually folded back on itself by the dissipative forces and the non-linear
part of the dynamics, some orbit points y"(k),r = 1,2,..., Ng can be found
in the neighbourhood of any orbit point y(k), at that the points y” (k) arrive
in the neighbourhood of y(k) at quite different times than k. Then one could
build the different types of interpolation functions that take into account all the
neighborhoods of the phase space, and explain how these neighborhoods evolve
from y(n) to a whole family of points about y(n + 1). Use of the information
about the phase space in modelling the evolution of the physical process in time

can be regarded as a major innovation in the modelling of chaotic processes.

This concept can be achieved by constructing a parameterized nonlinear func-
tion F(z,a), which transform y(n) to y(n + 1) = F(y(n),a), and then using
different criteria for determining the parameters a. Further, since there is the
notion of local neighborhoods, one could create a model of the process occur-
ring in the neighborhood, at the neighborhood and by combining together these
local models to construct a global nonlinear model that describes most of the
structure of the attractor.
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As shown Schreiber [14], the most common form of the local model is very

simple:

s(n+ An) —a(()")—i—Za (n—0G -1 (2)

where An - the time period for which a forecast .

The coefficients a( )

, may be determined by a least-squares procedure, in-
volving only points s(k) within a small neighbourhood around the reference
point. Thus, the coefficients will vary throughout phase space. The fit procedure
amounts to solving (d4 + 1) linear equations for the (d4 + 1) unknowns. When
fitting the parameters a, several problems are encountered that seem purely tech-
nical in the first place but are related to the nonlinear properties of the system.
If the system is low-dimensional, the data that can be used for fitting will locally
not span all the available dimensions but only a subspace, typically. Therefore,
the linear system of equations to be solved for the fit will be ill conditioned.
However, in the presence of noise the equations are not formally ill-conditioned
but still the part of the solution that relates the noise directions to the future
point is meaningless .Other modelling techniques are described, for example, in
[3,10, 17-20].

Assume the functional form of the display is selected, wherein the polynomials
used or other basic functions. Now, we define a characteristic which is a measure
of the quality of the curve fit to the data and determines how accurately match
y(k + 1) with F(y(k),a), calling it by a local deterministic error:

ep(k) =y(k+1) = F(y(k) a).

The cost function for this error is called W(e). If the mapping F(y,a),
constructed by us, is local, then one has for each adjacent to y(k) point,
y(r)(k)(r = 17 27 ey NB))

eP (k) = y(rk+1) — F(y"(k),a),

where y(r, k + 1) - a point in the phase space which evolves y(r, k). To measure

the quality of the curve fit to the data, the local cost function is given by

Zr 1 Eg) (k) ‘
SN2 [y (k) — (y(r, k)

and the parameters identified by minimizing W (e, k), will depend on a.

Wi(e, k)=
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Furthermore, formally the neural network algorithm is launched, in particu-
lar, in order to make training the neural network system equivalent to the re-
construction and interim forecast the state of the neural network (respectively,
adjusting the values of the coefficients). The starting point is a formal knowledge
of the time series of the main dynamic parameters of a chaotic system, and then
to identify the state vector of the matrix of the synaptic interactions w;; etc.
Of course, the main difficulty here lies in the implementation of the process of
learning neural network to simulate the complete process of change in the topo-
logical structure of the phase space of the system and use the output results of
the neural network to adjust the coefficients of the function display.

Further we consider implementation of the quantum neural networks algo-
rithm into general scheme of studying chaotic dynamics. The basic aspects of
theory of the photon echo based neural networks are stated previously (see, for
example, [21]). So here we mention only the essential elements. Photon echo is a
nonlinear optical effect, in fact this is the phenomenon of the four wave interac-
tion in a nonlinear medium with a time delay between the laser pulses. We have
used a software package for numerical modeling of the dynamics of the photon
echo neural network, which imitates evolutionary dynamics of the complex sys-
tem. It has the following key features: multi-layering, possibility of introducing
training, feedback and controlled noise. There are possible the different variants
of the connections matrix determination and binary or continuous sigmoid re-
sponse (and so on) of the model neurons. In order to imitate a tuition process
we have carried out numerical simulation of the neural networks for recognizing
a series of patterns (number of layers N=>5, number of images CBH = 640; the

error function:

Pmax Kmax

SSE = Z{ Z (p. k) = Olp, K)]*}, (4)

where O(p, k)— neural networks output & for image p and ¢(p,k) is the trained
image CB for output Pe; SSE is determined from a procedure of minimization;
the output error is RM S = sqrt(SSE/ Pyaz); As neuronal function there is used
function of the form: f(x) = 1/[1 + exp(—dz)]. In our calculation there is tested
the function f(z,T) = exp[(xT)?] too.

The result of the PC simulation (with using our neural networks package
NNW-13-2003 [21]) of dynamics of the quantum multilayer neural networks with
the input rectangular and soliton-like pulses is listed in fig.1 and fig 2. The same

results for sinusoidal and noisy input sequence are listed in [21]. Analysis of the
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PC experiment results allows to make conclusion about sufficiently high-quality
processing the input signals of very different shapes and complexity by a photon

echo based neural network.

Fig. 1. The results of modeling the dynamics of multilayer neural networks

with rectangular input pulse
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Fig. 2. The results of modeling the dynamics of multilayer neural networks

with soliton-like input pulse
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