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Îäèí èç ñàìûõ çàìå÷àòåëüíûõ ãåîìåòðîâ ñîâðåìåííîñòè, Ìàêñ

Àéçèêîâè÷ Àêèâèñ ðîäèëñÿ 5 ÿíâàðÿ 1923 ãîäà â Íîâîñèáèðñêå. Åãî

âûäàþùèåñÿ ìàòåìàòè÷åñêèå ñïîñîáíîñòè îáíàðóæèëèñü åùå â øêîëå. Â

1940 ãîäó îí ïîñòóïèë íà ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò ÌÃÓ. Ýòè

çàíÿòèÿ ïðåðâàëèñü âî âðåìÿ Âåëèêîé Îòå÷åñòâåííîé âîéíû, êîãäà îí â

1942 ãîäó áûë ïðèçâàí â ðÿäû äåéñòâóþùåé Àðìèè. Ñ 1942 ïî 1945 ãã.

îí ñëóæèë àðòèëëåðèñòîì, ó÷àñòâîâàë â îñâîáîæäåíèè Ïðàãè è âçÿòèè

Áåðëèíà. Íàãðàæä¼í ìíîãî÷èñëåííûìè îðäåíà è ìåäàëÿìè, â òîì ÷èñëå

îðäåíîì Êðàñíîé Çâåçäû, ìåäàëüþ ¾Çà îòâàãó¿ è äðóãèìè.

Ïîñëå âîéíû Ìàêñ Àéçèêîâè÷ ïðîäîëæèë îáó÷åíèå íà ìåõìàòå ÌÃÓ.

Íî çàêîí÷èòü îáó÷åíèå âîâðåìÿ åìó íå óäàëîñü. Â 1949 ã. âî âðåìåíà

ïå÷àëüíî èçâåñòíîé áîðüáû ñ êîñìîïîëèòèçìîì, îí áûë èñêëþ÷åí ñ 5-

ãî êóðñà ïî íàäóìàííûì "èäåîëîãè÷åñêèì ïðè÷èíàì", è ñìîã ïîëó÷èòü

äèïëîì ÌÃÓ òîëüêî â 1951 ãîäó. Ïðîôåññîð È.Ì. Ãåëüôàíä, êîòîðûé

ðàáîòàë â 1940-å ãîäû â ÌÃÓ, ïèñàë: "Ì.À. Àêèâèñ è Å.Á. Äûíêèí

áûëè ìîèìè ëó÷øèìè ñòóäåíòàìè â ÌÃÓ â 40-å ãîäû. Àêèâèñ âûáðàë

äèôôåðåíöèàëüíóþ ãåîìåòðèþ. Ê ñîæàëåíèþ, êîíåö åãî ñòóäåí÷åñêîé

êàðüåðû áûë îìðà÷åí óñëîâèÿìè æèçíè â Ñîâåòñêîì Ñîþçå â òî âðåìÿ, è îí

íå ñìîã íîðìàëüíî îáó÷àòüñÿ â àñïèðàíòóðå. Íî îí ïðåîäîëåë âñå òðóäíîñòè

è ñòàë îäíèì èç ëó÷øèõ ó÷¼íûõ â îáëàñòè êëàññè÷åñêîé äèôôåðåíöèàëüíîé

ãåîìåòðèè".

Â 1958 ãîäó Ì.À.Àêèâèñ çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ, â 1964

� äîêòîðñêóþ, â 1965 ïîëó÷èë çâàíèå ïðîôåññîðà. Ñ 1956 ïî 1960 ãîä îí

ðàáîòàë â Òóëüñêîì ìåõàíè÷åñêîì èíñòèòóòå, ñ 1960 ïî 1994 � â äîëæíîñòè

ïðîôåññîðà êàôåäðû âûñøåé ìàòåìàòèêè Ìîñêîâñêîãî èíñòèòóòà ñòàëè è

ñïëàâîâ.

Ñ 1948 ãîäà Àêèâèñ îïóáëèêîâàë áîëåå 150-òè íàó÷íûõ ñòàòåé,

ó÷åáíèêîâ è ìîíîãðàôèé. Îí ïîëó÷èë ôóíäàìåíòàëüíûå ðåçóëüòàòû ïî

ïðîåêòèâíîé è êîíôîðìíîé äèôôåðåíöèàëüíîé ãåîìåòðèè, òåîðèè òêàíåé

è äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèõ ñòðóêòóð. Ìíîãèå èç ýòèõ ðåçóëüòàòîâ

ñòàëè êëàññè÷åñêèìè ñðàçó ïîñëå âûõîäà èç ïå÷àòè � íàñòîëüêî îíè áûëè

ãëóáîêèìè ïî ñîäåðæàíèþ, ñîâåðøåííûìè ïî ôîðìå è ïî ÿñíîñòè è ïîëíîòå

èçëîæåíèÿ.

Ïåðâûå ðàáîòû Ì.À.Àêèâèñà ïîñâÿùåíû ïàðàì T êîìïëåêñîâ

(òð¼õïàðàìåòðè÷åñêèõ ñåìåéñòâ) ïðÿìûõ â òðåõìåðíîì ïðîåêòèâíîì

ïðîñòðàíñòâå P 3. Åãî íàó÷íûé ðóêîâîäèòåëü Ñåðãåé Ïàâëîâè÷ Ôèíèêîâ

ïðåäëîæèë åìó ïðèìåíèòü ïîíÿòèå ãàðìîíè÷åñêîãî ïåðåñå÷åíèÿ
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ëèíåé÷àòûõ ïîâåðõíîñòåé, êîòîðîå ââåë Ýëè Êàðòàí, ê òåîðèè êîíãðóýíöèé

(äâóïàðàìåòðè÷åñêèõ ñåìåéñòâ) ïðÿìûõ. Ìàêñ Àéçèêîâè÷ áëåñòÿùå ðåøèë

ýòó ïðîáëåìó: îí íàøåë íîâûå ñâîéñòâà ïàð T êîíãðóýíöèé, ââåä¼ííûõ Ñ.Ï.

Ôèíèêîâûì, è ðàñïðîñòðàíèë åãî ðåçóëüòàòû íà ïàðû T êîìïëåêñîâ. Îí

ïîêàçàë, ÷òî îòêðûòûå èì ïàðû êîìïëåêñîâ ïðè ïëþêêåðîâîì îòîáðàæåíèè

ïåðåõîäÿò â íåêîòîðóþ êîíôèãóðàöèþ ïÿòèìåðíîãî ïðîåêòèâíîãî

ïðîñòðàíñòâà, ñîñòîÿùóþ èç òàíãåíöèàëüíî âûðîæäåííûõ äâóìåðíûõ

ìíîãîîáðàçèé è òð¼õìåðíûõ ïîäìíîãîîáðàçèé, íåñóùèõ ñîïðÿæåííóþ ñåòü.

Ýòèì ìíîãîîáðàçèÿì îí ïîñâÿòèë ñåðèþ ñòàòåé, îïóáëèêîâàííûõ â 50-60

ãîäû. Òàêèì îáðàçîì, îí îòêðûë íîâîå ïîëå èññëåäîâàíèé â ïðîåêòèâíîé

äèôôåðåíöèàëüíîé ãåîìåòðèè, êîòîðîå óñïåøíî ðàçâèâàåòñÿ äî ñèõ ïîð.

Ðåçóëüòàòû, ïîñâÿù¼ííûå ïàðàì T êîìïëåêñîâ, ñîñòàâèëè êàíäèäàòñêóþ

äèññåðòàöèþ Ìàêñà Àéçèêîâè÷à, à ìíîãèå åãî ðåçóëüòàòû ïî ïðîåêòèâíîé

äèôôåðåíöèàëüíîé ãåîìåòðèè ïîçäíåå âîøëè â ìîíîãðàôèþ Projective dif-

ferential geometry of submanifolds (North-Holland, 1993), íàïèñàííóþ èì

ñîâìåñòíî ñ Âëàäèñëàâîì Âèêòîðîâè÷åì Ãîëüäáåðãîì.

Èçó÷àÿ ïàðû T êîìïëåêñîâ, Ì.À.Àêèâèñ çàìåòèë, ÷òî íà ïëþêêåðîâîé

ãèïåðêâàäðèêå, íà êîòîðîé ðåàëèçóåòñÿ ìíîãîîáðàçèå ïðÿìûõ ïðîåêòèâíîãî

ïðîñòðàíñòâà, åñòåñòâåííûì îáðàçîì âîçíèêàåò êîíôîðìíàÿ ãåîìåòðèÿ.

Ýòî î÷åíü ïðîñòîå íàáëþäåíèå ïðèâåëî ê èíòåðåñíûì è âàæíûì

îáîáùåíèÿì. Â 1960-å ãîäû Àêèâèñ ñòðîèò òåîðèþ ïîäìíîãîîáðàçèé

êîíôîðìíîãî ïðîñòðàíñòâà. Â ÷àñòíîñòè, äëÿ ïîäìíîãîîáðàçèé

ïðîèçâîëüíîé ðàçìåðíîñòè îí íàõîäèò ñèñòåìó òåíçîðîâ, îïðåäåëÿþùèõ

ýòî ïîäìíîãîîáðàçèå ñ òî÷íîñòüþ äî êîíôîðìíîãî ïðåîáðàçîâàíèÿ.

Ýòè ðåçóëüòàòû ëåãëè â îñíîâó åãî äîêòîðñêîé äèññåðòàöèè è áûëè â

äàëüíåéøåì ðàçâèòû èì â ïîñëåäóþùèõ ðàáîòàõ ïî òåîðèè êîíôîðìíûõ è

ïñåâäîêîíôîðìíûõ ñòðóêòóð.

Â ñâîèõ èññëåäîâàíèÿõ Ì.À.Àêèâèñ êîìáèíèðîâàë ìåòîä âíåøíèõ ôîðì

è ïîäâèæíîãî ðåïåðà Ý.Êàðòàíà è ìåòîä ïðîäîëæåíèé è îõâàòîâ Ãåðìàíà

Ôåäîðîâè÷à Ëàïòåâà ñ êëàññè÷åñêèìè òåíçîðíûìè ìåòîäàìè. Øèðîêèå

ìàòåìàòè÷åñêèå âçãëÿäû Ìàêñà Àéçèêîâè÷à âìåñòå ñ åãî íåîáûêíîâåííîé

ãåîìåòðè÷åñêîé èíòóèöèåé ïîçâîëèëè åìó ïîëó÷èòü âàæíûå è ãëóáîêèå

ðåçóëüòàòû â çàâåðø¼ííîé ôîðìå è äîñòèãíóòü íåîáû÷àéíîé ÿñíîñòè â èõ

èçëîæåíèè.

Â 1959 îí ïåðåâîäèò ñ íåìåöêîãî êíèãó Âèëüãåëüìà Áëÿøêå "Ââåäåíèå â

ãåîìåòðèþ òêàíåé". Â ýòî âðåìÿ ïîÿâëÿåòñÿ ìíîãî ðàáîò ïî àëãåáðàè÷åñêîé

òåîðèè òêàíåé è êâàçèãðóïï. Âñå ýòî ñèëüíî âïå÷àòëÿåò Ìàêñà Àéçèêîâè÷à
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è âîçáóæäàåò åãî íàó÷íûé èíòåðåñ. Â ÷àñòíîñòè, îí çàìå÷àåò, ÷òî íåêîòîðûå

âàæíûå ðåçóëüòàòû ïî àëãåáðàè÷åñêîé òåîðèè òêàíåé íå èìåþò àäåêâàòíîé

èíòåðïðåòàöèè â ðàìêàõ êëàññè÷åñêîé ãåîìåòðè÷åñêîé òåîðèè òêàíåé.

Îí çàêëþ÷àåò íà ýòîì îñíîâàíèè, ÷òî íåîáõîäèìî ðàçâèâàòü òåîðèþ

ìíîãîìåðíûõ òêàíåé, êîòîðàÿ èçó÷àëàñü â 30-å ãîäû òîëüêî â òð¼õ ðàáîòàõ

Ãåððèòà Áîëà è Ñ. Ñ. ×åðíà.

Â 1969 Ì.À.Àêèâèñ ïóáëèêóåò äâå ñòàòüè ïî ýòîé òåìàòèêå: Òðè-

òêàíè ìíîãîìåðíûõ ïîâåðõíîñòåé (Òðóäû ãåîìåòðè÷åñêîãî ñåìèíàðà, ò.

2) è Î êàíîíè÷åñêîì ðàçëîæåíèè óðàâíåíèé ëîêàëüíîé àíàëèòè÷åñêîé

êâàçèãðóïïû (Äîêë. ÀÍ ÑÑÑÐ, 188 (1969), � 5). Â ïåðâîé ñòàòüå

îí äåòàëüíî èçó÷àåò ñòðóêòóðíûå óðàâíåíèÿ ìíîãîìåðíîé òðè-òêàíè,

êîòîðûå áûëè ïîëó÷åíû â 1936 ã. ×åðíîì. Àêèâèñ ââîäèò âàæíîå

ïîíÿòèå òðàíñâåðñàëüíîñòè, êîòîðîå ïîçâîëÿåò îïðåäåëèòü íîâûå

âàæíûå êëàññû òêàíåé: òðàíñâåðñàëüíî-ãåîäåçè÷åñêèå è ïàðàòàêòè÷åñêèå.

Îí íàõîäèò òåíçîðíûå õàðàêòåðèñòèêè âàæíåéøèõ êëàññîâ òêàíåé:

ïàðàëëåëèçóåìûõ, ãðóïïîâûõ, øåñòèóãîëüíûõ, òðàíñâåðñàëüíî-

ãåîäåçè÷åñêèõ, ïàðàòàêòè÷åñêèõ; äåòàëüíî èçó÷àåò ñâÿçíîñòü, åñòåñòâåííî

âîçíèêàþùóþ íà òðè-òêàíÿõ (ñåé÷àñ îíà íàçûâàåòñÿ ñâÿçíîñòüþ ×åðíà).

Â ýòîò ïåðèîä Àêèâèñ ïîëíîñòüþ ïîãðóçèëñÿ â ãåîìåòðèþ òêàíåé, è,

âñëåäñòâèå ñâîåãî íåîáûêíîâåííî ãëóáîêîãî ïîíèìàíèÿ ãåîìåòðèè, ïîëó÷èë

ýëåãàíòíûå è ýôôåêòèâíûå ðåçóëüòàòû, ñðàçó ñòàâøèå êëàññè÷åñêèìè. Âî

âòîðîé èç óêàçàííûõ ñòàòåé Ìàêñ Àéçèêîâè÷ ñ ïîìîùüþ èçîòîïè÷åñêèõ

ïðåîáðàçîâàíèé ïðèâîäèò ê êàíîíè÷åñêîìó âèäó ðÿä Òåéëîðà óðàâíåíèé

ëîêàëüíîé àíàëèòè÷åñêîé êâàçèãðóïïû è íàõîäèò óñëîâèÿ, ïðè êîòîðûõ

ýòà êâàçèãðóïïà äîïóñêàåò îäíîïàðàìåòðè÷åñêèå ïîäêâàçèãðóïïû.

Èäåîëîãè÷åñêè ýòà ðàáîòà áëèçêà ê èçâåñòíîé ðàáîòå Àëåêñàíäðà Èâàíîâè÷à

Ìàëüöåâà "Àíàëèòè÷åñêèå ëóïû" (1955). Ìîæíî ñêàçàòü, ÷òî êàíîíè÷åñêîå

ðàçëîæåíèå, íàéäåííîå Àêèâèñîì, ÿâëÿåòñÿ íàèáîëåå øèðîêèì îáîáùåíèåì

ðÿäà Êýìïáåëà-Õàóñäîðôà äëÿ ãðóïï Ëè. Ñóùåñòâîâàíèå êàíîíè÷åñêèõ

êîîðäèíàò â ëîêàëüíîé àíàëèòè÷åñêîé ëóïå áûëî äîêàçàíî ïîçæå â

ñîâìåñòíîé ðàáîòå Ìàêñà Àéçèêîâè÷à è åãî ó÷åíèêà è ñîàâòîðà Àëåêñàíäðà

Ìèõàéëîâè÷à Øåëåõîâà (Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò).

Îáå óêàçàííûå ðàáîòû Ì.À.Àêèâèñà îòêðûëè íîâóþ ýðó â ðàçâèòèè

òåîðèè òêàíåé è ëîêàëüíûõ àíàëèòè÷åñêèõ ëóï è ñòàëè îñíîâîé ýòèõ òåîðèé.

Èäåè, ñîäåðæàùèåñÿ â ýòèõ ðàáîòàõ, åùå íå èñ÷åðïàëè ñåáÿ è ïðîäîëæàþò

áûòü èñòî÷íèêîì íîâûõ èíòåðåñíûõ ðåçóëüòàòîâ.
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Îäíà èç íàèáîëåå èíòåðåñíûõ èäåé ñîñòîèò â òîì, òåîðèÿ ìíîãîìåðíûõ

òðè-òêàíåé è ãëàäêèõ ëóï àíàëîãè÷íà òåîðèè ãðóïï Ëè è ÿâëÿåòñÿ

îáîáùåíèåì ïîñëåäíåé. Ïîýòîìó åñòåñòâåííî êëàññèôèöèðîâàòü ýòè

îáúåêòû ïî ñòåïåíè èõ áëèçîñòè ê ãðóïïàì Ëè. Ðàçâèâàÿ ýòîò ïîäõîä,

Àêèâèñ ïðèõîäèò ê ïîíÿòèþ çàìêíóòîé G-ñòðóêòóðû ïîðÿäêà k, êîòîðîå

îêàçûâàåòñÿ âàæíûì íå òîëüêî äëÿ òåîðèè òêàíåé, íî è äëÿ îáùåé òåîðèè

G-ñòðóêòóð. Â 1975 ã. Ì.À.Àêèâèñ ââîäèò çàìêíóòûå G-ñòðóêòóðû êàê

G-ñòðóêòóðû, îïðåäåëÿåìûå ôîðìàëüíî âïîëíå èíòåãðèðóåìîé ñèñòåìîé

âíåøíèõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèìåðàìè çàìêíóòûõ ñòðóêòóð

ÿâëÿþòñÿ ãðóïïû Ëè, ñèììåòðè÷åñêèå ïðîñòðàíñòâà è íåêîòîðûå èõ

îáîáùåíèÿ, ìíîãèå èçâåñòíûå êëàññû òðè-òêàíåé è íåêîòîðûå äðóãèå

îáúåêòû. Ïîðÿäîê k óêàçûâàåò, íàñêîëüêî çàìêíóòàÿ G-ñòðóêòóðà áëèçêà

ê ãðóïïå Ëè, äëÿ êîòîðîé k = 2.

Â ýòîò æå ïåðèîä Ì.À.Àêèâèñ ôîðìóëèðóåò ðÿä íîâûõ ïðîáëåì è

ïðåäïîëîæåíèé, êîòîðûå îêàçûâàþò ðåøàþùåå âëèÿíèå íà äàëüíåéøåå

ðàçâèòèå òåîðèè òêàíåé. Ìû óêàæåì òîëüêî äâå èç íèõ, êîòîðûå ïîçäíåå

áûëè ðåøåíû À.Øåëåõîâûì: 1) âûÿñíèòü, ÿâëÿåòñÿ ëè çàìêíóòîé G-

ñòðóêòóðà, îïðåäåëÿåìàÿ øåñòèóãîëüíîé òðè-òêàíüþ; 2) äîêàçàòü, ÷òî G-

ñòðóêòóðà, îïðåäåëÿåìàÿ ìíîãîìåðíîé òðè-òêàíüþ, áóäåò çàìêíóòîé G-

ñòðóêòóðîé ïîðÿäêà k òîãäà è òîëüêî òîãäà, êîãäà êàíîíè÷åñêîå ðàçëîæåíèå

êîîðäèíàòíûõ ëóï ýòîé òêàíè âïîëíå îïðåäåëÿåòñÿ äæåòîì k-òîãî ïîðÿäêà.

Ì.À.Àêèâèñ íàõîäèò èíôèíèòåçèìàëüíûé àíàëîã çàìêíóòîé G-ñòðóêòóðû.

Ýòî òàê íàçûâàåìàÿ W -àëãåáðà (W îò àíãëèéñêîãî web � òêàíü),

îáîáùàþùàÿ ïîíÿòèå òðîéíûõ ñèñòåì Ëè. W -àëãåáðû è èõ îáîáùåíèÿ, Wk

-àëãåáðû (ââåä¼ííûå Àêèâèñîì è Øåëåõîâûì â 1985 ã.) èãðàþò â òåîðèè

òêàíåé ñ çàìêíóòîé G-ñòðóêòóðîé òàêóþ æå ðîëü, êàê è àëãåáðû Ëè â òåîðèè

ãðóïï Ëè. Ïîçäíåå, â 1986, Êàðë Õîôìàíí è Êàðë Øòðàìáàõ ðàçâèëè

òåîðèþ àáñòðàêòíûõ W -àëãåáð è íàçâàëè èõ àëãåáðàìè Àêèâèñà.

Â 1973-74 Ìàêñ Àéçèêîâè÷ ââåë äâà íîâûõ êëàññà òðè-òêàíåé:

èçîêëèííûå òêàíè è èõ ÷àñòíûé ñëó÷àé, ãðàññìàíîâû òêàíè, êîòîðûå

îäíîâðåìåííî ÿâëÿþòñÿ èçîêëèííî-ãåîäåçè÷åñêèìè è êîòîðûå îïðåäåëåíû

íà ãðàññìàíîâîì ìíîãîîáðàçèè ïðÿìûõ ïðîåêòèâíîãî ïðîñòðàíñòâà ñ

ïîìîùüþ òðîéêè ãèïåðïîâåðõíîñòåé.

Òðóäíî ïåðåîöåíèòü âàæíîñòü ãðàññìàíîâûõ òêàíåé äëÿ îáùåé òåîðèè

òêàíåé. Âî-ïåðâûõ, ãðàññìàíîâû òêàíè î÷åíü ïðîñòî îïèñûâàþòñÿ

ãåîìåòðè÷åñêè, è, âûáèðàÿ îïðåäåëÿþùèå èõ ãèïåðïîâåðõíîñòè

ñïåöèàëüíûì îáðàçîì, ìîæíî êîíñòðóèðîâàòü òêàíè ñ íàïåðåä çàäàííûìè
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ñâîéñòâàìè. Âî-âòîðûõ, Ìàêñ Àéçèêîâè÷ äîêàçàë, ÷òî âñÿêàÿ èçîêëèííàÿ

òðàíñâåðñàëüíî-ãåîäåçè÷åñêàÿ òðè-òêàíü ýêâèâàëåíòíà ãðàññìàíîâîé

òðè-òêàíè, à âñÿêàÿ èçîêëèííàÿ øåñòèóãîëüíàÿ òðè-òêàíü ýêâèâàëåíòíà

òàêîé ãðàññìàíîâîé òðè-òêàíè, îïðåäåëÿþùèå ãèïåðïîâåðõíîñòè êîòîðîé

ïðèíàäëåæàò îäíîé è òîé æå ãèïåðêóáèêå (òàêèå òêàíè ïîçäíåå áûëè

íàçâàíû àëãåáðàè÷åñêèìè). Êîãäà â 1978 Ñ.Ñ.×åðí è Ôèëëèï À. Ãðèôôèòñ

ôîðìóëèðîâàëè ïðîáëåìû ãðàññìàíèçóåìîñòè è àëãåáðàèçóåìîñòè d-

òêàíåé, îíè íå çíàëè, ÷òî â 1973-75 ýòè ïðîáëåìû áûëè ðåøåíû

Ì.À.Àêèâèñîì è Âëàäèñëàâîì Âèêòîðîâè÷åì Ãîëüäáåðãîì äëÿ d = 3, 4 è

d = n + 1. À ïîëíîå ðåøåíèå ýòèõ ïðîáëåì áûëî äàíî Ì.À.Àêèâèñîì â

åãî ðàáîòàõ 1980 è 1983 ãîäîâ. Îòìåòèì, ÷òî â ýòî æå âðåìÿ ìåòîäû

òåîðèè òêàíåé áûëè èñïîëüçîâàíû äëÿ ðåøåíèÿ âàæíîé ïðîáëåìû

àëãåáðàè÷åñêîé ãåîìåòðèè: íàéòè íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå

òîãî, ÷òî d ïîäìíîãîîáðàçèé ðàçìåðíîñòè r ïðèíàäëåæàò îäíîìó è òîìó

æå àëãåáðàè÷åñêîìó ïîäìíîãîîáðàçèþ ðàçìåðíîñòè r è ñòåïåíè d.

Â ðåøåíèè ïðîáëåì ãðàññìàíèçóåìîñòè è àëãåáðàèçóåìîñòè d-

òêàíåé ïîíÿòèå ïî÷òè ãðàññìàíîâîé ñòðóêòóðû, êîòîðàÿ åñòåñòâåííûì

îáðàçîì âîçíèêàåò íà òêàíè, èãðàåò ñóùåñòâåííóþ ðîëü. Ì.À.Àêèâèñ

îïðåäåëèë ïî÷òè ãðàññìàíîâó ñòðóêòóðó êàê ðàññëîåíèå êîíóñîâ Ñåãðå íà

ìíîãîîáðàçèè, è ýòî îïðåäåëåíèå èñïîëüçîâàëè â èíòåãðàëüíîé ãåîìåòðèè

È.Ì.Ãåëüôàíä, Ñ.Ã.Ãèíäèêèí è äðóãèå àâòîðû.

Âñå ýòè è äðóãèå íå óïîìÿíóòûå çäåñü ðåçóëüòàòû Ì.À.Àêèâèñà áûëè

ñîáðàíû â îáçîðíûõ ñòàòüÿõ, äåïîíèðîâàííûõ ðóêîïèñÿõ è ìîíîãðàôèè Ge-

ometry and Algebra of multidimensional three-webs (Kluwer Academic Pub-

lishers, 1992), íàïèñàííîé èì âìåñòå ñ À.Ì.Øåëåõîâûì. Ïîçäíåå ýòà êíèãà

áûëà ïåðåèçäàíà ñ íåêîòîðûìè èçìåíåíèÿìè ïîä íàçâàíèåì Ìíîãîìåðíûå

òðè-òêàíè è èõ ïðèëîæåíèÿ (Òâåðü, 2010).

Â 1993 Ì.À.Àêèâèñ âìåñòå ñ Áîðèñîì Àáðàìîâè÷åì Ðîçåíôåëüäîì

ñîñòàâèëè íàó÷íóþ áèîãðàôèþ Ýëè Êàðòàíà (1869 - 1951), êîòîðàÿ áûëà

îïóáëèêîâàíà â âèäå êíèãè Àìåðèêàíñêèì ìàòåìàòè÷åñêèì îáùåñòâîì. Â

2007 ýòà êíèãà áûëà èçäàíà íà ðóññêîì ÿçûêå.

Â 1994 Ì.À.Àêèâèñ óåçæàåò â Èçðàèëü, ÷òîáû ñîåäèíèòñÿ ñ äî÷åðüþ

è âíóêàìè. Çäåñü îí ïîëó÷àåò ñòèïåíäèþ Øàïèðî, êîòîðàÿ ïðèñóæäàåòñÿ

ó÷åíûì, àêòèâíî çàíèìàþùèìñÿ íàó÷íîé ðàáîòîé. Îí ïðîäîëæèë ñâîè

èññëåäîâàíèÿ ñíà÷àëà â óíèâåðñèòåòå Áåí Ãóðèîíà â Íåãåâå, à ñ 1997 ãîäà �

â Èåðóñàëèìñêîì âûñøåì Òåõíîëîãè÷åñêîì êîëëåäæå (JCT). Ïîñëå ñâîåãî

ïåðååçäà â Èçðàèëü Ì.À.Àêèâèñ î÷åíü àêòèâíî ñîòðóäíè÷àåò ñî ñâîèì



Ïàìÿòè Ìàêñà Àéçèêîâè÷à Àêèâèñà 13

ïîæèçíåííûì ñîàâòîðîì Âëàäèñëàâîì Ãîëüäáåðãîì (New Jersey Institute of

Technology, ÑØÀ).

Â òå÷åíèå 1994-96 ãîäîâ Àêèâèñ è Ãîëüäáåðã ðàáîòàþò íàä

ìîíîãðàôèåé Conformal di�erential geometry and its generalizations

(John Wiley Sons, 1996). Â ýòîé êíèãå àâòîðû ñèñòåìàòè÷åñêè èçó÷àþò

äèôôåðåíöèàëüíóþ ãåîìåòðèþ êîíôîðìíîãî è ïñåâäîêîíôîðìíîãî

ïðîñòðàíñòâ è ïîäìíîãîîáðàçèé â ýòèõ ïðîñòðàíñòâàõ; ìíîãîîáðàçèÿ,

ñíàáæåííûå êîíôîðìíîé è ïñåâäîêîíôîðìíîé ñòðóêòóðîé; ãðàññìàíèàíû è

ìíîãîîáðàçèÿ ñ ãðàññìàíîâîé ñòðóêòóðîé. Òàê êàê ãðàññìàíîâû ñòðóêòóðû

èìåþòñÿ íà ìíîãîìåðíûõ òêàíÿõ, àâòîðû èçó÷àþò òàêæå ñ ýòîé òî÷êè

çðåíèÿ è òêàíè. Â èõ êíèãå ñóììèðîâàíû èññëåäîâàíèÿ àâòîðîâ ïî äàííîé

òåìàòèêå çà ìíîãèå ãîäû. Êíèãà èìåëà áîëüøîé óñïåõ, 6 âñåìèðíî èçâåñòíûõ

ìàòåìàòèêîâ îïóáëèêîâàëè íà íåå áëåñòÿùèå ðåöåíçèè. Ïåðâîå èçäàíèå

áûëî ðàñïðîäàíî ïîëíîñòüþ. Â äîïîëíåíèå ê ýòîé ìîíîãðàôèè â 1993 �

2008 ãã. Ì.À.Àêèâèñ îïóáëèêîâàë áîëåå 40 ðàáîò ïî ðàçëè÷íûì ïðîáëåìàì

äèôôåðåíöèàëüíîé ãåîìåòðèè. Íèæå ìû ïðèâîäèì èõ êðàòêîå ñîäåðæàíèå.

Êîíôîðìíàÿ äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ.

• Èçó÷àëàñü âåùåñòâåííàÿ ãåîìåòðèÿ 4-ìåðíûõ ìíîãîîáðàçèé

ñ êîíôîðìíîé ñòðóêòóðîé ðàçëè÷íîé ñèãíàòóðû. Ðàññìàòðèâàëèñü

èçîòðîïíûå α- è β-ñëîåíèÿ íà ýòèõ ìíîãîîáðàçèÿõ è áûëè íàéäåíû

óñëîâèÿ èíòåãðèðóåìîñòè è ïîëóèíòåãðèðóåìîñòè òàêèõ ñòðóêòóð. Ýòè

èññëåäîâàíèÿ ñâÿçàíû ñ òåîðèåé òâèñòîðîâ Ïåíðîóçà è òåîðèåé ïðîñòðàíñòâ

Ýéíøòåéíà â îáùåé òåîðèè îòíîñèòåëüíîñòè.

• Àêèâèñ è Ãîëüäáåðã ðàçâèâàþò è äîïîëíÿþò íåêîòîðûå ðåçóëüòàòû,

ïîëó÷åííûå â óïîìÿíóòîé âûøå ìîíîãðàôèè. Â ÷àñòíîñòè, îíè

äîêàçûâàþò êîíôîðìíóþ èíâàðèàíòíîñòü èçîòðîïíûõ ãåîäåçè÷åñêèõ

ïñåâäîêîíôîðìíûõ ïðîñòðàíñòâ è ïîêàçûâàþò, ÷òî ëèíèè êðèâèçíû

÷åòûðåõìåðíûõ ìíîãîîáðàçèé, ñíàáæåííûõ êîíôîðìíîé ñòðóêòóðîé

ëîðåíöåâîé ñèãíàòóðû, ÿâëÿþòñÿ èçîòðîïíûìè ãåîäåçè÷åñêèìè. Îíè

ñâÿçûâàþò ýòè ðåçóëüòàòû ñ êëàññèôèêàöèåé Ïåòðîâà ýéíøòåéíîâûõ

ïðîñòðàíñòâ.

• Àêèâèñ è Ãîëüäáåðã ââîäÿò íîâûé êîíôîðìíûé äèôôåðåíöèàëüíûé

èíâàðèàíò ãèïåðïîâåðõíîñòè â (ïñåâäî)êîíôîðìíîì ïðîñòðàíñòâå.

Îíè äîêàçûâàþò, ÷òî äâå ãèïåðïîâåðõíîñòè, íàõîäÿùèåñÿ âî âçàèìíî

îäíîçíà÷íîì ñîîòâåòñòâèè, êîíôîðìíî ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà,

êîãäà ñîîòâåòñòâèå ñîõðàíÿåò ýòîò èíâàðèàíò.
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• Â ñåðèè ñòàòåé ýòè æå àâòîðû èçó÷àþò ãåîìåòðèþ ñâåòîïîäîáíûõ

ãèïåðïîâåðõíîñòåé â ïðîñòðàíñòâå äå Ñèòòåðà è îòîáðàæåíèå Äàðáó

êàíàëîâûõ ïîâåðõíîñòåé â êîíôîðìíîì ïðîñòðàíñòâå.

• Îíè èçó÷àþò êîíôîðìíûå è ïî÷òè ãðàññìàíîâû ñòðóêòóðû è èõ

èíòåãðèðóåìîñòü è ïîëóèíòåãðèðóåìîñòü áîëåå äåòàëüíî, ÷åì â ìîíîãðàôèè.

Òåîðèÿ òêàíåé è ëîêàëüíûõ äèôôåðåíöèðóåìûõ êâàçèãðóïï.

• Â ñâîåé ñîâìåñòíîé ðàáîòå Àêèâèñ è Øåëåõîâ èçëîæèëè òåîðèþ òêàíåé

â òåðìèíàõ òåîðèè âåêòîðíûõ ïîëåé è äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Ýòîò

ìåòîä äóàëåí ìåòîäó âíåøíèõ ôîðì, è èìåííî îí ÷àùå âñåãî èñïîëüçóåòñÿ

â òåîðåòè÷åñêîé ôèçèêå, ãäå òåîðèÿ êâàçèãðóïï äàâíî øèðîêî ïðèìåíÿåòñÿ.

• Õîðîøî èçâåñòíî, ÷òî ëóïû Áîëà òåñíî ñâÿçàíû ñ òåîðèåé

ñèììåòðè÷åñêèõ ïðîñòðàíñòâ. Ãåîìåòðè÷åñêè ýòà ñâÿçü íàèáîëåå

âèçóàëèçèðîâàíà äëÿ ðèìàíîâûõ ìåòðèê ïîñòîÿííîé êðèâèçíû. Àêèâèñ â

ñâîèõ ðàáîòàõ âûÿâèë ñâÿçü òðè-òêàíåé Áîëà ñ íååâêëèäîâûìè ãåîìåòðèÿìè.

• Àêèâèñ è Ãîëüäáåðã íàïèñàëè áîëüøîé îáçîð (133 ñòð.) äëÿ

ñáîðíèêà Handbook of di�erential geometry (Elsevier Science B.V., 1999),

â êîòîðîì äåòàëüíî îïèñàëè ðàáîòû ïî òåîðèè òêàíåé è ëîêàëüíûõ

äèôôåðåíöèðóåìûõ êâàçèãðóïï. Ýòà ðàáîòà îðãàíèçîâàíà òàêèì îáðàçîì,

÷òî ìîæåò áûòü èñïîëüçîâàíà è êàê ââåäåíèå â òåîðèþ, è êàê ýíöèêëîïåäèÿ.

Â íåé èçëîæåíà èñòîðèÿ èññëåäîâàíèé ïî òåîðèè òêàíåé, óêàçàíû

íàèáîëåå èíòåðåñíûå íàïðàâëåíèÿ òåîðèè è ïîëó÷åííûå ðåçóëüòàòû,

ñôîðìóëèðîâàíû íåêîòîðûå îòêðûòûå ïðîáëåìû. Êðîìå òîãî, ââåäåíû èëè

óòî÷íåíû íåêîòîðûå ïîíÿòèÿ.

(1) Âìåñòî òåðìèíà "àáñòðàêòíàÿ òêàíü" àâòîðû ïðåäëàãàþò

èñïîëüçîâàòü òåðìèí "ïîëíàÿ òêàíü", êîòîðûé â îïðåäåëåííîì ñìûñëå

ïðîòèâîïîëîæåí òåðìèíó "ëîêàëüíàÿ òêàíü" è êîòîðûé áîëåå òî÷åí.

(2) Îíè ïðåäëîæèëè óòî÷íèòü òåðìèí "àëãåáðàè÷åñêèå òêàíè",

ðàçëè÷àÿ àëãåáðàèçóåìîñòü â óçêîì ñìûñëå (â ñìûñëå ×åðíà è

Ãðèôôèòñà) è â øèðîêîì ñìûñëå. Ïîñëåäíåå îòíîñèòñÿ ê òêàíÿì, êîòîðûå

îïðåäåëåíû ñ ïîìîùüþ àëãåáðàè÷åñêèõ ìíîãîîáðàçèé, íî íå ÿâëÿþòñÿ

ãðàññìàíèçóåìûìè, è ïîýòîìó íå ÿâëÿþòñÿ àëãåáðàèçóåìûìè â ñìûñëå

×åðíà è Ãðèôôèòñà. Â îáçîðå àâòîðû èçëàãàþò òåîðèþ çàìêíóòûõ

G-ñòðóêòóð ïðèìåíèòåëüíî ê òåîðèè òêàíåé (òàêèå ñòðóêòóðû âïîëíå

îïðåäåëÿþòñÿ ýëåìåíòàìè äèôôåðåíöèàëüíîé îêðåñòíîñòè íåêîòîðîãî

êîíå÷íîãî ïîðÿäêà) è ïîä÷åðêèâàþò ñâÿçü ìåæäó àëãåáðàèçóåìûìè òêàíÿìè

è òêàíÿìè, àññîöèèðîâàííûìè ñ ïî÷òè ãðàññìàíîâîé ñòðóêòóðîé.



Ïàìÿòè Ìàêñà Àéçèêîâè÷à Àêèâèñà 15

• Â äðóãîì îáçîðå 2000 ãîäà Àêèâèñ è Ãîëüäáåðã îáñóæäàþò

ñâÿçü ìåæäó ëîêàëüíûìè ñâîéñòâàìè ýêâèâàëåíòíûõ êëàññîâ òêàíåé

è ñâîéñòâàìè èçîòîïèè êëàññîâ ñîîòâåòñòâóþùèõ êîîðäèíàòíûõ ëóï.

Ýòà ñâÿçü íàèáîëåå âûïóêëî ðåàëèçóåòñÿ â âèäå ñîîòâåòñòâèÿ ìåæäó

ôèãóðàìè çàìûêàíèÿ íà òêàíè è òîæäåñòâàìè â êîîðäèíàòíûõ ëóïàõ;

ìåæäó ñïåöèàëüíûìè êëàññàìè ëîêàëüíûõ äèôôåðåíöèðóåìûõ ëóï è

ñîîòâåòñòâóþùèìè áèíàðíî-òåðíàðíûìè àëãåáðàìè Àêèâèñà; ìåæäó (n+1)-

òêàíÿìè è ëîêàëüíûìè n-êâàçèãðóïïàìè: ìåæäó ñïåöèàëüíûìè êëàññàìè

4-òêàíåé è ñîîòâåòñòâóþùèìè àëãåáðàè÷åñêèìè óñëîâèÿìè.

• Â 2001 Àêèâèñ è Ãîëüäáåðã ðåøèëè èçâåñòíóþ ïðîáëåìó Âàëåíòèíà

Äàíèëîâè÷à Áåëîóñîâà, ñêîíñòðóèðîâàâ ñåðèþ ïðèìåðîâ íåïðèâîäèìûõ n-

êâàçèãðóïï äëÿ ëþáîãî n > 3.

• Â 2004 îíè âìåñòå ñ Âàëåíòèíîì Âàñèëüåâè÷åì Ëû÷àãèíûì íàøëè

óñëîâèÿ ëèíåàðèçóåìîñòè äëÿ ïëîñêèõ d-òêàíåé ïðè d > 3. Ýòî ðåøåíèå

èçâåñòíîé ïðîáëåìû Áëÿøêå èç åãî êíèãè Ââåäåíèå â ãåîìåòðèþ òêàíåé

(ïåðåâîä êîòîðîé áûë ñäåëàí Àêèâèñîì, ñì. âûøå).

• Â 2006 ã. â îäíîì èç íàèáîëåå ïðåñòèæíûõ ìàòåìàòè÷åñêèõ æóðíàëîâ,

Bulletin of the American Mathematical Society, áûëà îïóáëèêîâàíà ñîâìåñòíàÿ

ñòàòüÿ Àêèâèñà è Ãîëüäáåðãà "Ëîêàëüíûå àëãåáðû äèôôåðåíöèðóåìîé

êâàçèãðóïïû", â êîòîðîé àâòîðû ñóììèðóþò èññëåäîâàíèÿ ïî òåîðèè

äèôôåðåíöèðóåìûõ êâàçèãðóïï è èõ ëîêàëüíûõ àëãåáð, óêàçûâàþò ñâÿçü

ýòèõ èññëåäîâàíèé ñ íåêîòîðûìè ïîñëåäíèìè ðàáîòàìè ïî ýòîé òåìàòèêå.

• Â îäíîé èç ñâîèõ ïîñëåäíèõ ðàáîò î òêàíÿõ Âåðîíåçå è Ëàãðàíæà

Àêèâèñ è Ãîëüäáåðã äîêàçàëè, ÷òî íåïàðàëëåëèçóåìàÿ òêàíü Âåðîíåçå

V LWt(n, r) ñóùåñòâóåò òîëüêî ïðè n = 3, r = 1 è ïðè n = 2, r �

ïðîèçâîëüíîå; íåïàðàëëåëèçóåìàÿ òêàíü Ëàãðàíæà LLWt(n, r) ñóùåñòâóåò

òîëüêî ïðè n = 2, r � ïðîèçâîëüíîå. Ïðè ýòîì êëàññû V LWt(2, r)

è LLWt(2, r) ñîâïàäàþò è îáðàçîâàíû èçîêëèííûìè ïîäìíîãîîáðàçèÿìè

íåêîòîðîé èçîêëèííîé òðè-òêàíè W (3, 2, r).

Â 2004 Àêèâèñ è Ãîëüäáåðã ïðîäîëæèëè ðàáîòó íàä êíèãîé ïî

ïðîåêòèâíîé äèôôåðåíöèàëüíîé ãåîìåòðèè. Îíè íàïèñàëè ñåðèþ ñòàòåé ïî

ìíîãîîáðàçèÿì ñ âûðîæäåííûì ãàóññîâûì îòîáðàæåíèåì. Ýòè èññëåäîâàíèÿ

áûëè ñóììèðîâàíû â ìîíîãðàôèè Di�erential geometry of varieties with

degenerate Gauss map ( Springer-Verlag, 2004). Âîò íàèáîëåå âàæíûå

ðåçóëüòàòû â ýòîì íàïðàâëåíèè.

• Ïîêàçàíî, ÷òî ïðåäïîëîæåíèå Ãðèôôèòñà-Õàððèñà î ñòðóêòóðå

ìíîãîîáðàçèÿ ñ âûðîæäåííûì ãàóññîâûì îòîáðàæåíèåì íåïîëíî. Êàê
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äîêàçàëè (â ñòàòüÿõ è â êíèãå) Àêèâèñ è Ãîëüäáåðã, îñíîâíûå òèïû

óêàçàííûõ ìíîãîîáðàçèé âêëþ÷àþò â ñåáÿ íå òîëüêî êîíóñû è òîðñû,

íî è äîñòàòî÷íî øèðîêèé êëàññ ãèïåðïîâåðõíîñòåé, êîòîðûå íå ÿâëÿþòñÿ

êîíóñàìè èëè òîðñàìè.

• Â ñâîèõ äîêàçàòåëüñòâàõ Àêèâèñ è Ãîëüäáåðã ñèñòåìàòè÷åñêè

èñïîëüçîâàëè ôîêàëüíûå îáðàçû (ôîêàëüíûå ãèïåðïîâåðõíîñòè è

ôîêàëüíûå êîíóñû), àññîöèèðîâàííûå ñ ìíîãîîáðàçèåì ñ âûðîæäåííûì

ãàóññîâûì îòîáðàæåíèåì. Ýòî ïîçâîëèëî îïèñàòü ãåîìåòðèþ òàêèõ

ìíîãîîáðàçèé è ïðîâåñòè èõ íîâóþ êëàññèôèêàöèþ.

• Èçó÷åíû ñèíãóëÿðíîñòè ìíîãîîáðàçèé ñ âûðîæäåííûì ãàóññîâûì

îòîáðàæåíèåì è íàéäåíû íåêîòîðûå èõ íîâûå ñâîéñòâà, â ÷àñòíîñòè,

1) äîêàçàíî, ÷òî ãèïåðïîâåðõíîñòè Ñàêñòåäåðà (Sacksteder) è

Áóðãåéíà (Bourgain) ñîâïàäàþò;

2) íàéäåíû àôôèííûå àíàëîãè "öèëèíäðè÷åñêèõ òåîðåì" Õàðòìàíà-

Íèðåíáåðãà;

3) óñòàíîâëåíà ñâÿçü ìåæäó ãëàäêèìè êðèâûìè ïðîåêòèâíîé

ïëîñêîñòè íàä äâóìåðíûìè àëãåáðàìè è ìíîãîîáðàçèÿìè ñ âûðîæäåííûì

ãàóññîâûì îòîáðàæåíèåì;

4) îïèñàíû íîâûå êëàññû ìíîãîîáðàçèé ñ âûðîæäåííûì ãàóññîâûì

îòîáðàæåíèåì (ñêðó÷åííûå êîíóñû).

• Â ñòàòüÿõ è êíèãå Àêèâèñ è Ãîëüäáåðã ðàññìîòðåëè î÷åíü ìíîãî

ïðèìåðîâ, ÷àñòü êîòîðûõ (òàêèå, êàê ñêðó÷åííûå êîíóñû è íåêîòîðûå

àëãåáðàè÷åñêèå ïîâåðõíîñòè â P 4) îòêðûòû èìè âïåðâûå, äðóãèå (òàêèå, êàê

êóáè÷åñêèé ñèììåòðîèä â P 5 è åãî ïðîåêöèÿ â P 4) áûëè èçâåñòíû ðàíåå, íî

àâòîðû ðàññìîòðåëè èõ ñ íîâîé òî÷êè çðåíèÿ.

Áûëî ðàññìîòðåíî ïðèëîæåíèå ìíîãîîáðàçèé ñ âûðîæäåííûì

ãàóññîâûì îòîáðàæåíèåì ê òåîðèè ñâåòîïîäîáíûõ ïîâåðõíîñòåé â

ïðîñòðàíñòâå äå Ñèòòåðà; ñâÿçü òåîðèè ìíîãîîáðàçèé ñ âûðîæäåííûì

ãàóññîâûì îòîáðàæåíèåì ñ òåîðèåé êîíãðóýíöèé è ïñåâäîêîíãðóýíöèé

èñïîëüçîâàëàñü äëÿ êîíñòðóèðîâàíèÿ èíäóöèðîâàííîé ñâÿçíîñòè íà

ïîäìíîãîîáðàçèÿõ ïðîåêòèâíûõ ïðîñòðàíñòâ è äðóãèõ ïðîñòðàíñòâ,

ñíàáæåííûõ ïðîåêòèâíîé ñòðóêòóðîé; óñòàíîâëåíà ñâÿçü ìåæäó òåîðèåé

ìíîãîîáðàçèé ñ âûðîæäåííûì ãàóññîâûì îòîáðàæåíèåì ñ òåîðèåé ãëàäêèõ

êðèâûõ íà ïðîåêòèâíîé ïëîñêîñòè íàä ïîëíîé ìàòðè÷íîé àëãåáðîé ïîðÿäêà

2, íàä àëãåáðàìè êîìïëåêñíûõ, äóàëüíûõ è äâîéíûõ ÷èñåë.

Â 1993 - 2007 ãîäàõ Àêèâèñ è Ãîëüäáåðã ïðåäñòàâëÿëè ïåðå÷èñëåííûå

âûøå ðåçóëüòàòû íà ìíîãî÷èñëåííûõ êîíôåðåíöèÿõ: 7 ìåæäóíàðîäíàÿ
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êîíôåðåíöèÿ ïî ãåîìåòðèè (Èçðàèëü, 1995); Îáúåäèíåííîå çàñåäàíèå

Àìåðèêàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà è èçðàèëüñêîãî ìàòåìàòè÷åñêîãî

ñîþçà (UMI, Èçðàèëü, 1995); 6, 7 è 10 Ìåæäóíàðîäíûå êîíôåðåíöèè ïî

äèôôåðåíöèàëüíîé ãåîìåòðèè è åå ïðèëîæåíèÿì (×åøñêàÿ Ðåñïóáëèêà,

1995, 1998, 2007); ìåæäóíàðîäíàÿ ãåîìåòðè÷åñêàÿ êîíôåðåíöèÿ (Âåíãðèÿ,

1996); Åæåãîäíàÿ âñòðå÷à UMI (Èçðàèëü, 1997); 3 Ìåæäóíàðîäíàÿ

êîíôåðåíöèÿ ïî ãåîìåòðèè (Áîëãàðèÿ, 1997); Ìåæäóíàðîäíûé Êîíãðåññ

ïî ãåîìåòðèè â ÷åñòü Ïàñêóàëå Êàëàïñî (Èòàëèÿ, 1998); Mile High

êîíôåðåíöèÿ ïî êâàçèãðóïïàì, ëóïàì è íåàññîöèàòèâíûì ñèñòåìàì

(Äåíâåðñêèé óíèâåðñèòåò, ÑØÀ, 2005); 7 è 9 Ìåæäóíàðîäíûå êîíôåðåíöèè

ïî ãåîìåòðèè (Èçðàèëü, 1999, 2007); Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî

ãåîìåòðèè "Îäåññà-2007". Ðàáîòàÿ â Ìîñêîâñêîì èíñòèòóòå ñòàëè è ñïëàâîâ,

Ìàêñ Àéçèêîâè÷ ïðî÷èòàë ìíîãî ðàçëè÷íûõ ñïåöèàëüíûõ êóðñîâ. Â

òå÷åíèå âñåãî ýòîãî ïåðèîäà îí âåë íàó÷íûé ñåìèíàð ïî òåîðèè òêàíåé,

íà êîòîðîì ðîññèéñêèìè è çàðóáåæíûìè ìàòåìàòèêàìè äîêëàäûâàëèñü

íàèáîëåå âàæíûå ðåçóëüòàòû, ïîëó÷åííûå â òåîðèè òêàíåé è â ñìåæíûõ

îáëàñòÿõ. Ðàáîòàÿ â JCT â 1997-2004 ãã., îí ïðî÷åë ìíîãî íîâûõ ñïåöêóðñîâ

è âåë ñåìèíàð äëÿ ñòóäåíòîâ è ïðåïîäàâàòåëåé JCT. Ó÷åáíèê Òåíçîðíîå

èñ÷èñëåíèå, íàïèñàííûé Ì.À.Àêèâèñîì è Â.Â.Ãîëüäáåðãîì â 1969 ã., áûë

ïåðåèçäàí â Ðîññèè â 1972 è â 2003 ãã.. Ïåðåâîä ïåðâûõ ÷åòûðåõ ãëàâ

ýòîé êíèãè áûë èçäàí â ÑØÀ â 1972 ã. (Prentice Hall) è ïåðåèçäàí â

1977 ã. (Dover Publications). Â 2003 âñÿ êíèãà áûëà ïîëíîñòüþ ïåðåâåäåíà

íà àíãëèéñêèé Ãîëüäáåðãîì è èçäàíà â World Scienti�c. Ýòà êíèãà ñòàëà

íàñòîëüíûì ó÷åáíèêîì è ýíöèêëîïåäèåé äëÿ ìíîãèõ èíæåíåðîâ, ïîëó÷èëà

ìåæäóíàðîäíîå ïðèçíàíèå è öèòèðóåòñÿ âî ìíîãèõ ðàáîòàõ.

Èñïîëüçóÿ èäåè è ðåçóëüòàòû Ìàêñà Àéçèêîâè÷à, åãî ó÷åíèêè è

êîëëåãè ðåøèëè ðÿä êðóïíûõ ïðîáëåì â òåîðèè òêàíåé; âîò ëèøü

íåêîòîðûå èç íèõ. Åãî äðóã è ñîàâòîð Â.Â.Ãîëüäáåðã ñîçäàë òåîðèþ

(n + 1)-òêàíåé è ðåøèë ðÿä ñëîæíåéøèõ çàäà÷, îòíîñÿùèõñÿ ê ïðîáëåìå

ðàíãà òêàíè. Âìåñòå ñ Âàëåíòèíîì Âàñèëüåâè÷åì Ëû÷àãèíûì îíè

íàøëè óñëîâèÿ ëèíåàðèçàöèè êðèâîëèíåéíîé òðè-òêàíè â òåðìèíàõ

äèôôåðåíöèàëüíûõ èíâàðèàíòîâ òêàíè, ðåøèâ òàê íàçûâàåìóþ "ïðîáëåìó

àíàìîðôîçû", âîçíèêøóþ åùå íà ðóáåæå 19-20 âåêîâ. À.Ä. Èâàíîâ

îïèñàë âñå ÷åòûðåõìåðíûå òêàíè Áîëà. Â.È.Áû÷åê, Â.Á.Ëàçàðåâà,

Â.Ê.Äðàãóíîâ è À.À.Óòêèí îïèñàëè êîîðäèíàòíûå òðè-òêàíè íà

ïîâåðõíîñòÿõ â ïðîñòðàíñòâàõ ñ òåì èëè èíûì êóáè÷åñêèì àáñîëþòîì.

Â.Â.Òèìîøåíêî îïèñàë òðè-òêàíè íàä êîììóòàòèâíûìè àññîöèàòèâíûìè
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àëãåáðàìè; Â.Ï.Áîöó � âñå ÷åòûðåõìåðíûå øåñòèóãîëüíûå òðè-òêàíè;

Ñ.À.Ãåðàñèìåíêî � ìíîãîìåðíûå (n + 1)-òêàíè Áîëà; Ì.À.Àíäèêÿí

� òðè-òêàíè íà êàñàòåëüíûõ ðàññëîåíèÿõ. Í.Â.Ãâîçäîâè÷ îïèñàë

èíôèíèòåçèìàëüíûå àâòîìîðôèçìû òðè-òêàíåé, Ã.À.Êëåêîâêèí èçó÷èë

ãåîìåòðèþ ÷åòûðåõìåðíûõ òðè-òêàíåé, Â.Ê. Âîñêàíÿí � ãåîìåòðèþ

êðèâîëèíåéíûõ (n + 1)-òêàíåé íà n-ìåðíîì ìíîãîîáðàçèè. Ñ.Í.Áîãäàíîâ

èçó÷àë ðèìàíîâû ìåòðèêè è ñèìïëåêòè÷åñêèå ñòðóêòóðû, àññîöèèðîâàííûå

ñ ìíîãîìåðíûìè òðè-òêàíÿìè. Ë.Ì.Ïèäæàêîâà ðàññìîòðåëà òêàíè ñ

ïîñòîÿííî êîâàðèàíòíûì òåíçîðîì êðèâèçíû, À.À.Äóþíîâà � òêàíè,

îïðåäåëÿåìûå ñèñòåìàìè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â.Á.Ëàçàðåâà è À.Ì.Øåëåõîâ îïèñàëè âñå ðåãóëÿðíûå òðè-òêàíè èç ïó÷êîâ

îêðóæíîñòåé (ïðîáëåìà Â.Áëÿøêå, 1950 ã.). Øåëåõîâ ïîëîæèòåëüíî ðåøèë

ïðîáëåìó Ãðîíâîëà, ñôîðìóëèðîâàííóþ åùå â 1912 ã.: âñÿêèé ëîêàëüíûé

äèôôåîìîðôèçì, ïåðåâîäÿùèé ïðÿìîëèíåéíóþ íåðåãóëÿðíóþ òðè-òêàíü

â òàêóþ æå, ÿâëÿåòñÿ ïðîåêòèâíûì ïðåîáðàçîâàíèåì. Ã.À.Òîëñòèõèíà

ðàññìîòðåëà èäåìïîòåíòíûå êâàçèãðóïïû, ñâÿçàííûå ñ òðè-òêàíÿìè. Îíà

æå ñóùåñòâåííî ïðîäâèíóëà òåîðèþ òêàíåé, îáðàçîâàííûõ ñëîåíèÿìè

ðàçíûõ ðàçìåðíîñòåé, îñíîâû êîòîðîé áûëè çàëîæåíû â ðàáîòàõ Àêèâèñà

è Ãîëüäáåðãà.

Ìàêñ Àéçèêîâè÷ áûë íåîáûêíîâåííî âåëèêîäóøíûì è

äîáðîæåëàòåëüíûì ÷åëîâåêîì. Åãî îãðîìíàÿ ýðóäèöèÿ, âíèìàòåëüíîñòü

è äåëèêàòíîå îòíîøåíèå ê ó÷åíèêàì è êîëëåãàì, ãîòîâíîñòü îáñóæäàòü

ëþáûå ìàòåìàòè÷åñêèå ïðîáëåìû äåëàëè îáùåíèå è ñîòðóäíè÷åñòâî ñ íèì

ïðèÿòíûì è ïðîäóêòèâíûì; ëþäè âñåõ âîçðàñòîâ òÿíóëèñü ê íåìó. Îí áûë

áëåñòÿùèé ó÷èòåëü, ïîäãîòîâèâøèé ìíîæåñòâî äèïëîìíèêîâ è àñïèðàíòîâ.

Ïîä åãî ðóêîâîäñòâîì 28 àñïèðàíòîâ çàùèòèëè êàíäèäàòñêèå äèññåðòàöèè,

÷åòâåðî � äîêòîðñêèå. Îí ïî-îòå÷åñêè çàáîòèëñÿ î ñâîèõ àñïèðàíòàõ. Äëÿ

íèõ îí áûë îáðàçöîì äîñòîèíñòâà, ÷åñòíîñòè, óïîðñòâà è ïðèâèâàë èì

ëþáîâü ê íàóêå. Ñ âîëíåíèåì è âîñõèùåíèåì ìû íàáëþäàëè, êàê ïîä

åãî ðóêîâîäñòâîì ìîëîäûå ëþäè ñòàíîâèëèñü êëàññíûìè ñïåöèàëèñòàìè,

êîòîðûå ñàìîîòâåðæåííî ëþáèëè ïðåêðàñíóþ íàóêó � ãåîìåòðèþ.

Ìû èñïîëüçîâàëè â ýòîé çàìåòêå íåêîòîðûå òåêñòû èç þáèëåéíûõ ñòàòåé,

ïîñâÿùåííûõ Ìàêñó Àéçèêîâè÷ó:

1. Ìàêñ Àéçèêîâè÷ Àêèâèñ. Óñïåõè ìàòåìàòè÷åñêèõ íàóê, 48 (1993), �

3, 213-216.

2. À.Ò. Ôîìåíêî, Â.Â. Ãîëüäáåðã, Â.Ô. Êèðè÷åíêî, Â.Â. Ðûæêîâ,

À.Ì. Øåëåõîâ. Maks Aizikovich Akivis (ê 70-ëåòèþ è 50-ëåòèþ íàó÷íîé
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äåÿòåëüíîñòè). Webs and Quasigroups, 1993, Tver, Tver State University, 4�

8 (Àíãë.).

3. À.Ò. Ôîìåíêî, ß. Ôðèäìàí, Â.Â. Ãîëüäáåðã, Â.Ô. Êèðè÷åíêî,

À.Ì. Øåëåõîâ. Maks Aizikovich Akivis (ê 75-ëåòèþ è 55-ëåòèþ íàó÷íîé

äåÿòåëüíîñòè). Webs and Quasigroups, 1993, Tver, Tver State University, 7�

11 (Àíãë.).

4. À.Ò. Ôîìåíêî, Â.Â. Ãîëüäáåðã, Â.Ô. Êèðè÷åíêî, Â.Â. Ëû÷àãèí, À.Ì.

Øåëåõîâ. Maks A. Akivis (ê 85-ëåòèþ è 65-ëåòèþ íàó÷íîé äåÿòåëüíîñòè).

Òåçèñû äîêëàäîâ ìåæäóíàðîäíîé êîíôåðåíöèè "Ãåîìåòðèÿ â Îäåññå-2008",

Îäåññà, 2008, 7�16 (Àíãë.).

5. À.Ò. Ôîìåíêî, Â.Â. Ãîëüäáåðã, Â.Ô. Êèðè÷åíêî, Â.Â. Ëû÷àãèí,

À.Ì. Øåëåõîâ. Ìàêñ Àéçèêîâè÷ Àêèâèñ (ê 90-ëåòèþ è 70-ëåòèþ íàó÷íîé

äåÿòåëüíîñòè). Îò ìåæäóíàðîäíîãî ãåîìåòðè÷åñêîãî öåíòðà. Òåçèñû

äîêëàäîâ ìåæäóíàðîäíîé êîíôåðåíöèè "Ãåîìåòðèÿ â Îäåññå-2013", Îäåññà,

2008, 6�8.

Â òðåòüåé èç ýòèõ ñòàòåé èìååòñÿ ñïèñîê òðóäîâ Ì.À. Àêèâèñà ïî 1999

ãîä è ñïèñîê äèññåðòàöèé, çàùèùåííûõ ïîä åãî ðóêîâîäñòâîì. Â íàïèñàíèè

þáèëåéíûõ ñòàòåé íàèáîëåå àêòèâíîå ó÷àñòèå ïðèíèìàë Â.Â. Ãîëüäáåðã,

ñêîí÷àâøèéñÿ â 2011 ãîäó.

Ïðèâîäèì ïîñëåäíèå ðàáîòûÌàêñà Àéçèêîâè÷à, êîòîðûå, âîçìîæíî, åùå

íå èçâåñòíû ÷èòàòåëþ.

1. Ïðîåêòèâíûé àíàëîã ïðåîáðàçîâàíèé Åãîðîâà. Ôóíäàìåíòàëüíàÿ è

ïðèêëàäíàÿ ìàòåìàòèêà, 16:1 (2010), 3-12.

2. Çàìêíóòûå G-ñòðóêòóðû, îïðåäåëÿåìûå òðè-òêàíÿìè. Òåîðèÿ

îòíîñèòåëüíîñòè, ãðàâèòàöèÿ è ãåîìåòðèÿ. Òðóäû ìåæäóíàðîäíîé êîíô.

�Petrov 2010 Anniversary Symposium on General Relativity and Gravitation�,

1-6 íîÿáðÿ 2010, Êàçàíü. Êàçàíñêèé óí-ò, 2010, ñ. 267-273 (ñîâìåñòíî ñ À.Ì.

Øåëåõîâûì). (Àíãë. ïåðåâîä: Closed G-structures de�ned by three-webs.

Kazan Gos. Univ., Uchen. Zap., Ser. Fiz-Mat. Nauki, 2011, v. 153, book 3, pp.

22-28.)

3. Ìåòîä Êàðòàíà-Ëàïòåâà â òåîðèè ìíîãîìåðíûõ òðè-òêàíåé

//Ôóíäàìåíò. è ïðèêë. ìàòåì., 2010, 16:1, 13�38 (ñîâìåñòíî ñ À.Ì.

Øåëåõîâûì). (Àíãë. ïåðåâîä: Cartan-Laptev method in the theory of mul-

tidimensional three-webs. J. of Math. Sciences, Sept. 2011, v. 177. n. 4, pp.

522-540.)

Âñå ìû, ïðÿìî èëè êîñâåííî, � ó÷åíèêè Ìàêñà Àéçèêîâè÷à. Ïàìÿòü î

íåì, íàøåì äðóãå è ó÷èòåëå, íàâñåãäà îñòàíåòñÿ â íàøèõ ñåðäöàõ.
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À.Ò. Ôîìåíêî, Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Â.Ô. Êèðè÷åíêî, Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò

À.Ã. Êóøíåð, èí-ò ïðîáëåì óïðàâëåíèÿ ÐÀÍ

Â.Â. Ëû÷àãèí, Óíèâåðñèòåò Òðîìñå, Íîðâåãèÿ

À.Ì. Øåëåõîâ, Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò
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7 æîâòíÿ 2014 ð. ó âiöi 65 ðîêiâ ïiøîâ iç æèòòÿ âèäàòíèé ìàòåìàòèê i

òàëàíîâèòèé â÷èòåëü Âîëîäèìèð Âàñèëüîâè÷ Øàðêî.

Âií íàðîäèâñÿ 25 âåðåñíÿ 1949 ð. ó ñìò. Îòèíÿ, òåïåð Îòèíiÿ

Êîëîìèéñüêîãî ðàéîíó Iâàíî-Ôðàíêiâñüêî¨ îáë. â ñiì'¨ ñëóæáîâöiâ. Â

1959 ð. áàòüêè ïåðå¨õàëè äî ì. Ñòàíèñëàâiâ (íèíi Iâàíî-Ôðàíêiâñüê). Ïiä ¨õ

âïëèâîì çàõîïëåííÿ ìàòåìàòèêîþ ôîðìóâàëèñÿ ó Âîëîäèìèðà Âàñèëüîâè÷à

ç ðàííüîãî äèòèíñòâà. Âåëèêó ðîëü ó öüîìó çiãðàëî òå, ùî éîãî áàòüêî,

Âàñèëü Iâàíîâè÷ Øàðêî, äî äðóãî¨ ñâiòîâî¨ âiéíè áóâ â÷èòåëåì ìàòåìàòèêè

â ñòàðøèõ êëàñàõ ñåðåäíüî¨ øêîëè â ì. Içþì (Õàðêiâñüêà îáë.).

Ïiñëÿ çàêií÷åííÿ ñåðåäíüî¨ øêîëè �5 â ì.Iâàíî-Ôðàíêiâñüêó âií âñòóïèâ

äî Êè¨âñüêîãî äåðæàâíîãî óíiâåðñèòåòó iì. Òàðàñà Øåâ÷åíêà. Â 1973 ðîöi

ïiñëÿ çàâåðøåííÿ íàâ÷àííÿ íà ìåõàíiêî-ìàòåìàòè÷íîìó ôàêóëüòåòi áóâ

ïðèéíÿòèé äî àñïiðàíòóðè Iíñòèòóòó ìàòåìàòèêè Àêàäåìi¨ Íàóê ÓÐÑÐ.

Éîãî íàóêîâèì êåðiâíèêîì áóâ ïðîôåñîð Þðié Þðiéîâè÷ Òðîõèì÷óê.

Â 1976 ðîöi â Iíñòèòóòi ìàòåìàòèêè ÀÍ ÓÐÑÐ çàõèñòèâ êàíäèäàòñüêó

äèñåðòàöiþ, à â 1987 ð. ó Ìàòåìàòè÷íîìó iíñòèòóòi iì. Â.À. Ñòåêëîâà ÀÍ

ÑÐÑÐ � äîêòîðñüêó äèñåðòàöiþ çà ñïåöiàëüíiñòþ ãåîìåòðiÿ i òîïîëîãiÿ.

Ç 1976 ð. æèòòÿ Âîëîäèìèðà Âàñèëüîâè÷à áóëî íåðîçðèâíî çâ'ÿçàíå ç

Iíñòèòóòîì ìàòåìàòèêè ÍÀÍ Óêðà¨íè. Â 2001 ðîöi â Iíñòèòóòi ìàòåìàòèêè

áóâ ñòâîðåíèé âiääië òîïîëîãi¨ i Â.Â. Øàðêî áóâ îáðàíèé çàâiäóâà÷åì öüîãî

âiääiëó, à â 2007 ð. âií áóâ ïðèçíà÷åíèé íà ïîñàäó çàñòóïíèêà äèðåêòîðà ç

íàóêîâî¨ ðîáîòè Iíñòèòóòó ìàòåìàòèêè.

Â. Â. Øàðêî áóâ ïðîâiäíèì ñïåöiàëiñòîì â îáëàñòi òîïîëîãi¨ òà ¨¨

çàñòîñóâàíü. Éîãî ïåðó íàëåæàòü áiëÿ 100 íàóêîâèõ ðîáiò ñåðåä ÿêèõ äâi

ìîíîãðàôi¨ ç òîïîëîãi¨. 20 éîãî ó÷íiâ çàõèñòèëè êàíäèäàòñüêi äèñåðòàöi¨,

òðî¹ ç íèõ òàêîæ ñòàëè äîêòîðàìè íàóê.

Â ñâî¨ ïåðøèõ ðîáîòàõ Â. Â. Øàðêî ñóòò¹âî ðîçâèíóâ òåîðiþ Ìîðñà

ïîáóäóâàâøè íîâi iíâàðiàíòè ëàíöþãîâèõ êîìïëåêñiâ i çàñòîñóâàâøè ¨õ äî

âèâ÷åííÿ àëãåáðà¨÷íî¨ ïðèðîäè íåîäíîçâ'ÿçíèõ ìíîãîâèäiâ. Çîêðåìà âií

îòðèìàâ íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ìiíiìàëüíèõ ëàíöþãîâèõ

êîìïëåêñiâ â ãîìîòîïi÷íîìó òèïi, à òàêîæ îïèñàâ êîìïîíåíòè çâ'ÿçíîñòi

ïðîñòîðiâ òî÷íèõ ôóíêöié Ìîðñà íà íåîäíîçâ'ÿçíèõ ìíîãîâèäàõ.

Ïîäàëüøi iíòåðåñè Âîëîäèìèðà Âàñèëüîâè÷à âiäíîñèëèñü äî òåîði¨

äèíàìi÷íèõ ñèñòåì. Â ñïiëüíèõ ïðàöÿõ ç àêàäåìiêîì ÐÀÍ À. Ò. Ôîìåíêî

íèì áóëî çíàéäåíî îöiíêè äëÿ ÷èñëà çàìêíåíèõ îðáiò ãàìiëüòîíîâèõ ñèñòåì

íà ìíîãîâèäàõ. Êðiì òîãî Â. Â.Øàðêî äåòàëüíî äîñëiäèâ ñòðóêòóðó ãëàäêèõ

ôóíêöié òà âåêòîðíèõ ïîëiâ ç içîëüîâàíèìè îñîáëèâîñòÿìè íà ïîâåðõíÿõ i
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îòðèìàâ óìîâè ¨õ òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi, à òàêîæ îòðèìàâ íåçàëåæíå

äîâåäåííÿ êëàñèôiêàöi¨ êîìïîíåíò çâ'ÿçíîñòi ïðîñòîðiâ ôóíêöié Ìîðñà íà

êîìïàêòíèõ ïîâåðõíÿõ.

Â îñòàííi ðîêè îñíîâíó óâàãó âií ïðèäiëÿâ çàñòîñóâàííþ ìåòîäiâ

íåêîìóòàòèâíî¨ ãåîìåòði¨ äî àëãåáðà¨÷íî¨ òîïîëîãi¨ òà ÿêiñíî¨ òåîði¨

âåêòîðíèõ ïîëiâ íà ìíîãîâèäàõ. Çîêðåìà, Â. Â. Øàðêî ïîáóäóâàâ íîâi

L2-iíâàðiàíòè ãiëüáåðòîâèõ êîìïëåêñiâ i ç ¨õ äîïîìîãîþ îòðèìàâ òî÷íi

çíà÷åííÿ ìiíiìàëüíî ìîæëèâîãî ÷èñëà çàìêíåíèõ îðáiò âiäïîâiäíîãî iíäåêñó

ó öüîãî êëàñó âåêòîðíèõ ïîëiâ, à òàêîæ äîâiâ, ùî öi ÷èñëà ¹ ãîìîòîïi÷íèìè

iíâàðiàíòàìè ìíîãîâèäó.

Çà ñâî¨ âèäàòíi íàóêîâi äîñÿãíåííÿ Â.Â. Øàðêî áóâ íàãîðîäæåíèé

ïðåìi¹þ iì. Ìèêîëè Îñòðîãðàäñüêîãî (1980 ð.), ïðåìiÿìè Êðèëîâà i

Ëàâð¹íòü¹âà Íàöiîíàëüíî¨ Àêàäåìi¨ Íàóê Óêðà¨íè (â 2005 ð. òà 2010 ð.,

âiäïîâiäíî), Äåðæàâíîþ ïðåìi¹þ Óêðà¨íè ó ãàëóçi íàóêè i òåõíîëîãi¨ (2006

ð.). 6 òðàâíÿ 2006 ðîêó íà Çàãàëüíèõ çáîðàõ Íàöiîíàëüíî¨ Àêàäåìi¨ Íàóê

Óêðà¨íè Â.Â. Øàðêî áóâ îáðàíèé ÷ëåíîì-êîðåñïîíäåíòîì ÍÀÍ Óêðà¨íè.

Âîëîäèìèð Âàñèëüîâè÷ áóâ äóæå åíåðãiéíîþ ëþäèíîþ i çðîáèâ

áàãàòî äëÿ ðîçâèòêó ìàòåìàòèêè â Óêðà¨íi òà çà ¨¨ ìåæàìè. Ç 1987

ðîêó âií ïðàöþâàâ ïðîôåñîðîì Êè¨âñüêîãî Íàöiîíàëüíîãî Óíiâåðñèòåòó

iì. Òàðàñà Øåâ÷åíêà. Âií òàêîæ áóâ çàñòóïíèêîì àêàäåìiêà-ñåêðåòàðÿ

ñåêöi¨ ìàòåìàòèêè Íàöiîíàëüíî¨ Àêàäåìi¨ Íàóê Óêðà¨íè, ÷ëåíîì

Êè¨âñüêîãî òà Àìåðèêàíñüêîãî ìàòåìàòè÷íèõ òîâàðèñòâ, çàñòóïíèêîì

ãîëîâíîãî ðåäàêòîðà Óêðà¨íñüêîãî ìàòåìàòè÷íîãî æóðíàëó, ÷ëåíîì

ðåäàêöiéíî¨ êîëåãi¨ �Ìåòîäiâ ôóíêöiîíàëüíîãî àíàëiçó i çàñòîñóâàíü�, ïðàöü

Ìiæíàðîäíîãî ãåîìåòðè÷íîãî öåíòðó, à òàêîæ Ìàòåìàòè÷íîãî áþëåòåíÿ

Íàóêîâîãî òîâàðèñòâà Øåâ÷åíêà.

Íàâiòü â îñòàííié äåíü æèòòÿ âií êåðóâàâ çàñiäàííÿì ñïåöiàëiçîâàíî¨

â÷åíî¨ ðàäè, íà ÿêîìó âiäáóâñÿ çàõèñò äâîõ êàíäèäàòñüêèõ äèñåðòàöié.

Ïàì'ÿòü ïðî Âîëîäèìèðà Âàñèëüîâè÷à áóäå çàâæäè æèòè â ñåðöÿõ âñiõ,

õòî éîãî çíàâ i ëþáèâ.

Ðåäàêöiéíà êîëåãiÿ,

Êè¨âñüêå ìàòåìàòè÷íå òîâàðèñòâî,

Êîëåêòèâ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè
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Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè äâó-
ìåðíûõ îäíîðîäíûõ âíóòðåííèõ îòîáðàæåíèé

Èãîðü Þðüåâè÷ Âëàñåíêî

Àííîòàöèÿ Â íàñòîÿùåå âðåìÿ â çàäà÷å îïèñàíèÿ òîïîëîãè÷åñêîãî ñòðî-

åíèÿ è òîïîëîãè÷åñêîé êëàññèôèêàöèè ïîëó÷åíî ìíîãî ðåçóëüòàòîâ, îòíî-

ñÿùèõñÿ ê ðàçëè÷íûì êëàññàì îáðàòèìûõ îòîáðàæåíèé� ãîìåîìîðôèçìîâ

è äèôôåîìîðôèçìîâ. Â òî æå âðåìÿ íåîáðàòèìûå àâòîìîðôèçìû, ïî ñðàâ-

íåíèþ ñ îáðàòèìûìè, ñðàâíèòåëüíî íå èçó÷åíû. Îòîáðàæåíèÿ, îòëè÷íûå

îò ãîëîìîðôíûõ, è íåêîòîðûõ äðóãèõ ñïåöèàëüíûõ êëàññîâ íåîáðàòèìûõ

îòîáðàæåíèé, òàêèõ, êàê îäíîìåðíûå îòîáðàæåíèÿ îòðåçêà, êàê ïðàâèëî,

ïðåäñòàâëÿþò ñîáîé �terra incognita� äëÿ çàäà÷ òîïîëîãè÷åñêîé êëàññèôè-

êàöèè. Ãîëîìîðôíûå îòîáðàæåíèÿ îäíîé êîìïëåêñíîé ïåðåìåííîé ÿâëÿþò-

ñÿ íà ñåãîäíÿøíèé äåíü îäíèì èç ñàìûõ èçó÷åííûõ êëàññîâ íåîáðàòèìûõ

âíóòðåííèõ îòîáðàæåíèé. Îäíàêî è äëÿ íèõ êëàññèôèêàöèÿ äàæå ïîëèíî-

ìîâ âòîðîãî ïîðÿäêà z2 + c ÿâëÿåòñÿ íåïðîñòîé çàäà÷åé.

Â äàííîé ðàáîòå îïèñàíû íåêîòîðûå òîïîëîãè÷åñêèå ñâîéñòâà è äàí

êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè äëÿ íåêîòîðîãî êëàññà ðàçâåòâ-

ëåííûõ íàêðûòèé äâóìåðíîé ñôåðû, êîòîðûé ÿâëÿåòñÿ åñòåñòâåííûì

îáîáùåíèåì êëàññà âíóòðåííèõ îòîáðàæåíèé, ó êîòîðûõ êîîðäèíàòíûå

ôóíêöèè ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè ïðîèçâîëüíîé ñòåïåíè äâóõ

äåéñòâèòåëüíûõ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà âíóòðåííèå îòîáðàæåíèÿ, êëàññû òîïîëîãè÷åñêîé ñîïðÿ-

æåííîñòè, îäíîðîäíûå îòîáðàæåíèÿ, öèëèíäð
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ÓÄÊ 517.938.5

Îòîáðàæåíèÿ èç îäíîãî ïðîñòðàíñòâà â äðóãîå òîïîëîãè÷åñêè êëàññèôè-

öèðóþòñÿ êàê êëàññû òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè, ò. å. çàìåíû êîîð-

äèíàò ãîìåîìîðôèçìàìè â îáðàçå è ïðîîáðàçå. Â ñëó÷àå, êîãäà îòîáðàæå-

íèå îòîáðàæàåò ïðîñòðàíñòâî â ñåáÿ, ñóùåñòâóþò è äðóãèå, áîëåå äåòàëüíûå

ñïîñîáû êëàññèôèêàöèè, äîïîëíèòåëüíî ïîäðàçäåëÿþùèå êëàññû òîïîëîãè-

÷åñêîé ýêâèâàëåíòíîñòè, ýòî êëàññèôèêàöèÿ ñ òî÷íîñòüþ äî ëåâîãî èëè ïðà-

âîãî äåéñòâèÿ ãîìåîìîðôèçìîì è êëàññèôèêàöèÿ ñ òî÷íîñòüþ äî òîïîëîãè-

÷åñêîé ñîïðÿæåííîñòè (ò. å. îïèñàíèÿ ñâîéñòâ, èíâàðèàíòíûõ îòíîñèòåëüíî

ñîïðÿæåííîñòè ãîìåîìîðôèçìîì1).

Äëÿ êëàññèôèêàöèè ñ òî÷íîñòüþ äî òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïî-

ëó÷åíî ìíîãî ðåçóëüòàòîâ, îòíîñÿùèõñÿ ê ðàçëè÷íûì êëàññàì îáðàòèìûõ

îòîáðàæåíèé� ãîìåîìîðôèçìîâ è äèôôåîìîðôèçìîâ. Â òî æå âðåìÿ íåîá-

ðàòèìûå àâòîìîðôèçìû, ïî ñðàâíåíèþ ñ îáðàòèìûìè, ñðàâíèòåëüíî íå èçó-

÷åíû. Îòîáðàæåíèÿ, îòëè÷íûå îò ãîëîìîðôíûõ, è íåêîòîðûõ äðóãèõ ñïåöè-

àëüíûõ êëàññîâ íåîáðàòèìûõ îòîáðàæåíèé, òàêèõ, êàê îäíîìåðíûå îòîáðà-

æåíèÿ îòðåçêà, êàê ïðàâèëî, ïðåäñòàâëÿþò ñîáîé �terra incognita� äëÿ çàäà÷

òîïîëîãè÷åñêîé êëàññèôèêàöèè.

Ãîëîìîðôíûå îòîáðàæåíèÿ îäíîé êîìïëåêñíîé ïåðåìåííîé ÿâëÿþòñÿ íà

ñåãîäíÿøíèé äåíü îäíèì èç ñàìûõ èçó÷åííûõ êëàññîâ íåîáðàòèìûõ âíóò-

ðåííèõ îòîáðàæåíèé. Îäíàêî è äëÿ íèõ êëàññèôèêàöèÿ äàæå ïîëèíîìîâ

âòîðîãî ïîðÿäêà z2 + c ÿâëÿåòñÿ íåïðîñòîé çàäà÷åé (ñì. [2]).

Â ýòîé ðàáîòå äëÿ íåêîòîðîãî êëàññà ðàçâåòâëåííûõ íàêðûòèé äâóìåð-

íîé ñôåðû Ĉ (è ïðè ýòîì íåðàçâåòâëåííûõ íàêðûòèé âëîæåííîãî öèëèíäðà

R2 \ {0} ⊂ Ĉ), êîòîðûé ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì êëàññà âíóòðåí-

íèõ îòîáðàæåíèé, ó êîòîðûõ êîîðäèíàòíûå ôóíêöèè ÿâëÿþòñÿ îäíîðîäíû-

ìè ìíîãî÷ëåíàìè ïðîèçâîëüíîé ñòåïåíè äâóõ äåéñòâèòåëüíûõ ïåðåìåííûõ,

áûëè èçó÷åíû íåêîòîðûå òîïîëîãè÷åñêèå èíâàðèàíòû ñîïðÿæåííîñòè, îïè-

ñàíû èõ ñâîéñòâà è äàí êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Âíóòðåííèì îòîáðàæåíèåì áóäåì íàçûâàòü íåïðåðûâíûé îòêðûòûé (îá-

ðàç ëþáîãî îòêðûòîãî ìíîæåñòâà îòêðûò) êîíå÷íîêðàòíûé (ó êàæäîé òî÷êè

÷èñëî ïðîîáðàçîâ êîíå÷íî) ýïèìîðôèçì. Ïîäðîáíåå î âíóòðåííèõ îòîáðàæå-

íèÿõ ñì. [6].

1 f è g òîïîëîãè÷åñêè ñîïðÿæåíû, åñëè ∃ ãîìåîìîðôèçì h: fh = hg. Ïîäðîáíåå ñì. [4].
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Îòîáðàæåíèå f : Rn → Rn íàçîâåì îäíîðîäíûì ïîðÿäêà k, åñëè ∀t ≥ 0

∀x ∈ Rn f(tkx) = tkf(x).

Ïóñòü Ĉ�äâóìåðíàÿ ñôåðà, ÿâëÿþùàÿñÿ çàìûêàíèåì äâóìåðíîãî öè-

ëèíäðà R2 \ {0} òî÷êàìè 0 è ∞, è f : Ĉ→ Ĉ� åãî âíóòðåííåå è îäíîðîäíîå

ïîðÿäêà k > 1 íåîáðàòèìîå îòîáðàæåíèå, íå èìåþùåå â öèëèíäðå R2 \ {0}
îñîáûõ òî÷åê, ñ òî÷êàìè âåòâëåíèÿ 0 è ∞.

Çàìåòèì, ÷òî íå âñÿêîå îäíîðîäíîå îòîáðàæåíèå ÿâëÿåòñÿ âíóòðåííèì.

Íàïðèìåð, îäíîðîäíîå ïîðÿäêà 2 îòîáðàæåíèå (x, y) 7→ (x2, y2) ñêëàäûâàåò

áëèí÷èêîì îêðåñòíîñòü òî÷êè 0 è âíóòðåííèì íå ÿâëÿåòñÿ.

Îáîçíà÷èì ÷åðåç O+
f (x) ïîëîæèòåëüíóþ ïîëóòðàåêòîðèþ òî÷êè x, ò. å.

ìíîæåñòâî {fn(x)| n ≥ 0}. Îáîçíà÷èì ÷åðåç O−f (x) îòðèöàòåëüíóþ ïîëóòðà-

åêòîðèþ òî÷êè x, ò. å. ìíîæåñòâî {fn(x)| n < 0}. Øèðîêîé òðàåêòîðèåé

Of (x) òî÷êè x íàçîâåì ìíîæåñòâî ∪y∈O+
f (x)O

−
f (y).

Òàê êàê f � êîíå÷íîêðàòíûé ýïèìîðôèçì, òî åñòåñòâåííî ýòè òðàåêòî-

ðèè âîñïðèíèìàòü êàê íàáîðû èç îòäåëüíûõ òî÷åê.

Â îòëè÷èå îò ãîìåîìîðôèçìîâ, äëÿ êîòîðûõ òðàåêòîðèÿ òî÷êè â òî÷-

íîñòè ñîñòîèò èç åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé ïîëóòðàåêòîðèé, ó

âíóòðåííèõ îòîáðàæåíèé øèðîêàÿ òðàåêòîðèÿ òî÷êè èìååò è äðóãèå òî÷-

êè. Ââåäåì åùå îäíî åñòåñòâåííîå ïîäìíîæåñòâî øèðîêîé òðàåêòîðèè òî÷-

êè, êîòîðîå íå íèãäå íå ïåðåñåêàåòñÿ ñ åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé

ïîëóòðàåêòîðèÿìè, êðîìå êàê â ñàìîé òî÷êå.

Îïðåäåëåíèå 1 Íåéòðàëüíûì ñå÷åíèåì òðàåêòîðèè òî÷êè x íàçîâåì

ìíîæåñòâî {f−n (fn(x)) | n ≥ 0}. Îáîçíà÷èì åå ÷åðåç O⊥f (x).

Êàê ëåãêî âèäåòü èç îïðåäåëåíèÿ, åñëè ñðåäè îáðàçîâ x íåò ïåðèîäè÷å-

ñêîé òî÷êè, à f èìååò â òî÷êàõ îðáèòû áîëüøå îäíîãî ïðîîáðàçà, òî øèðîêàÿ

òðàåêòîðèÿ òî÷êè x ðàñïàäàåòñÿ íà áåñêîíå÷íîå ÷èñëî íåéòðàëüíûõ ñå÷åíèé,

ïðè÷åì êàæäîå íåéòðàëüíîå ñå÷åíèå ñîñòîèò èç áåñêîíå÷íîãî ÷èñëà òî÷åê.

Îïðåäåëåíèå 2 Òî÷êà x íàçûâàåòñÿ áëóæäàþùåé òî÷êîé f , åñëè íàéäåò-

ñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî fm(U) ∩ U = ∅ äëÿ âñåõ m ∈ Z.

Îáùèå îïðåäåëåíèÿ ñóïåðáëóæäàþùèõ è ðàâíîìåðíî ñóïåðáëóæäàþùèõ

äàíû â [3]. Äëÿ êðàòêîñòè èçëîæåíèÿ äàäèì çäåñü óïðîùåííîå îïðåäåëåíèå,

èñïîëüçóÿ òîò ôàêò, ÷òî â ïîñòðîåííûõ ïðèìåðàõ áëóæäàþùåå ìíîæåñòâî

äâóñâÿçíî è ãîìåîìîðôíî öèëèíäðó, à ñóæåíèå ðàññìàòðèâàåìûõ îòîáðàæå-

íèé íà ýòîò öèëèíäð ÿâëÿåòñÿ ëîêàëüíûì ãîìåîìîðôèçìîì.
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Îïðåäåëåíèå 3 Òî÷êà x íàçûâàåòñÿ íåéòðàëüíî áëóæäàþùåé òî÷êîé f ,

åñëè íàéäåòñÿ òàêàÿ åå ñâÿçíàÿ îêðåñòíîñòü U , ÷òî ∀n ≥ 0 îòêðû-

òîå ìíîæåñòâî f−n(fn(U)) ðàñïàäàåòñÿ íà êîìïîíåíòû ñâÿçíîñòè òàêèå,

÷òî ñóæåíèå f íà êàæäóþ êîìïîíåíòó ñâÿçíîñòè ÿâëÿåòñÿ ãîìåîìîðôèç-

ìîì è êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ñîäåðæèò â òî÷íîñòè îäíó òî÷êó

èç ìíîæåñòâà {f−n (fn(x))}.

Îïðåäåëåíèå 4 Òî÷êà x íàçûâàåòñÿ ñóïåðáëóæäàþùåé òî÷êîé f , åñëè

îíà áëóæäàþùàÿ è íåéòðàëüíî áëóæäàþùàÿ.

Îáîçíà÷èì ÷åðåç Ω ìíîæåñòâî íåáëóæäàþùèõ (íå ÿâëÿþùèõñÿ áëóæ-

äàþùèìè) òî÷åê. Îáîçíà÷èì ÷åðåç Ω⊥ ìíîæåñòâî íåéòðàëüíî íåáëóæäàþ-

ùèõ (íå ÿâëÿþùèõñÿ íåéòðàëüíî áëóæäàþùèìè) òî÷åê. Çàìåòèì, ÷òî ýòî

çàìêíóòûå ìíîæåñòâà.

Îïðåäåëåíèå 5 Áëóæäàþùàÿ òî÷êà x íàçûâàåòñÿ ðåãóëÿðíîé, åñëè ∀ε >
0 ∃δ(x) � δ-îêðåñòíîñòü òî÷êè x, è ∃N > 0 òàêîå, ÷òî ∀k > N è ∀k < −N
fk(δ(x)) ⊂ ε(Ω), ãäå ε(Ω) � ε-îêðåñòíîñòü ìíîæåñòâà Ω, fk(δ(x)) � îáðàç

δ(x) ïðè îòîáðàæåíèè fk.

Ìíîæåñòâî ðåãóëÿðíûõ òî÷åê îòêðûòî.

Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè äâóìåðíûõ

îäíîðîäíûõ âíóòðåííèõ îòîáðàæåíèé.

Íàïîìíèì, ÷òî f : Ĉ → Ĉ� âíóòðåííåå è îäíîðîäíîå ïîðÿäêà k > 1

íåîáðàòèìîå (ñòåïåíè >1) îòîáðàæåíèå, íå èìåþùåå â öèëèíäðå R2 \ {0}
îñîáûõ òî÷åê, ñ òî÷êàìè âåòâëåíèÿ 0 è ∞.

Ëåììà 1 ∀x ∈ R2 \ {0}, ∀t > 0, íåéòðàëüíûå ñå÷åíèÿ O⊥(x) è O⊥(tx)

ïîäîáíû ñ öåíòðîì ïîäîáèÿ â 0.

Äîêàçàòåëüñòâî Äîñòàòî÷íî ïîêàçàòü, ÷òî ∀t > 0 ∀ y ∈ O⊥(x) ty ∈ O⊥(tx),
Ðàññìîòðèì y ∈ O⊥(x). Ïî îïðåäåëåíèþ, ∃n ≥ 0 y ∈ f−n(fn(x)). Îáî-

çíà÷èì z = fn(x). Íî â òî æå âðåìÿ z = fn(y). Èç-çà îäíîðîäíîñòè,

fn(tx) = tknfn(tx) = tknz. Íî ïî òîé æå ïðè÷èíå fn(ty) = tknfn(ty) = tknz.

Èç ýòîãî ñëåäóåò, ÷òî fn(ty) = fn(tx) è, ñëåäîâàòåëüíî, ty ∈ f−n(fn(tx)) è
ty ∈ O⊥(tx). Ëåììà äîêàçàíà.

Ëåììà 2 Ó îòîáðàæåíèÿ f òî÷êè 0 è ∞ îáëàäàþò îòêðûòûìè áàññåé-

íàìè ïðèòÿæåíèÿ.



28

DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.49278

È.Þ. Âëàñåíêî

Äîêàçàòåëüñòâî Ðàññìîòðèì îáðàç äèñêà Dr, îãðàíè÷åííîãî îêðóæíîñòüþ

Sr âîêðóã öåíòðà êîîðäèíàò ðàäèóñà r ïîä äåéñòâèåì îòîáðàæåíèÿ f . Òî÷êà

0 � íåïîäâèæíàÿ, ïðèíàäëåæèò âíóòðåííîñòè äèñêà Dr, à îòîáðàæåíèå f �

âíóòðåííåå. Ïîýòîìó åå îáðàç òî÷êà 0 òîæå ëåæèò âî âíóòðåííîñòè îáðàçà

äèñêà Dr. Ãðàíèöà îáðàçà äèñêà Dr ëåæèò â îáðàçå îêðóæíîñòè Sr.

Ðàññìîòðèì îáðàç îêðóæíîñòè S1. Îáîçíà÷èì dmin1 = min ρ(O, f(S1)),

dmax1 = max ρ(O, f(S1)), ãäå ρ � ýâêëèäîâà ìåòðèêà. Òîãäà dmax1 ≥ dmin1 > 0,

òàê êàê f(S1) � êîìïàêòíàÿ êðèâàÿ, íå ïðîõîäÿùàÿ ÷åðåç òî÷êó 0.

Äëÿ f(Sr) â ñèëó ïîäîáèÿ

dminr = min ρ(O, f(Sr)) = rkdmin1 ,

dmaxr = max ρ(O, f(Sr)) = rkdmax1 .

Òîãäà äëÿ r < 1/dmax1 dmaxr < r, à äëÿ r > 1/dmin1 dminr > r, ÷òî è äàåò

óòâåðæäåíèå ëåììû.

Ëåììà 3 Íà êàæäîì ëó÷å, èñõîäÿùåì èç öåíòðà êîîðäèíàò, ëåæèò ðîâ-

íî îäíà òî÷êà, íå ïðèíàäëåæàùàÿ áàññåéíàì ïðèòÿæåíèÿ òî÷åê 0 è ∞.

Äîêàçàòåëüñòâî Ðàññìîòðèì ïðîèçâîëüíûé ëó÷, èñõîäÿùèé èç öåíòðà êî-

îðäèíàò. áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞� îòêðûòûå ìíîæåñòâà, ëó÷ �

ëèíåéíî ñâÿçíîå ìíîæåñòâî, ïîýòîìó ìíîæåñòâî òî÷åê ëó÷à, íå âõîäÿùèõ â

áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞, íåïóñòî.

Ïðåäïîëîæèì, ÷òî â ýòîì ìíîæåñòâå íàéäåòñÿ äâå ðàçëè÷íûõ òî÷êè p1

è p2 6= p1. Ïîñêîëüêó ýòè òî÷êè íàõîäÿòñÿ íà îäíîì ëó÷å, òî èõ êîîðäèíàòû

ïðîïîðöèîíàëüíû: p2 = tp1, t > 0, t 6= 1. Ðàññìîòðèì fn(p1), n > 0. Òàê

êàê p1 íå âõîäèò â áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞, òî íîðìà ||fn(p1)||
îãðàíè÷åíà: ∃C1, C2 > 0: C2 > ||fn(p1)|| > C1.

Ðàññìîòðèì fn(p2), n > 0. ||fn(p2)|| = ||tknfn(p1)|| = tkn||fn(p1)||. Òîãäà
tknC2 > ||fn(p2)|| > tknC2. Íî, ïîñêîëüêó t 6= 1, îòñþäà ñëåäóåò, ÷òî â

çàâèñèìîñòè îò òîãî, ÷òî âåëè÷èíà t áîëüøå èëè ìåíüøå 1, fn(p2) ñòðåìèòñÿ

ê 0 ëèáî ê ∞ ïðè n→∞.

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ëåììó.

Ëåììà 4 ìíîæåñòâî òî÷åê, íå ïðèíàäëåæàùèõ áàññåéíàì ïðèòÿæåíèÿ

òî÷åê 0 è∞, îáðàçóåò ãîìåîìîðôíóþ îêðóæíîñòè æîðäàíîâó êðèâóþ, ðàç-

äåëÿþùóþ áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞.

Äîêàçàòåëüñòâî Îáîçíà÷èì ìíîæåñòâî òî÷åê, íå ïðèíàäëåæàùèõ áàññåé-

íàì ïðèòÿæåíèÿ òî÷åê 0 è ∞ ÷åðåç γ1. Áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞
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ïî îïðåäåëåíèþ ïðåäñòàâëÿþò ñîáîé îòêðûòûå íåïåðåñåêàþùèåñÿ ìíîæå-

ñòâà. Ñîîòâåòñòâåííî, ìíîæåñòâî γ1, çàìêíóòî, ÿâëÿåòñÿ ïåðåãîðîäêîé ìåæ-

äó ýòèìè áàññåéíàìè ïðèòÿæåíèÿ â R2, è, êàê ñëåäóåò èç äîêàçàòåëüñòâà

ëåììû 2, îãðàíè÷åíî. Ñëåäîâàòåëüíî, ìíîæåñòâî γ1 � êîìïàêò.

Ñîãëàñíî ëåììå 3, íà êàæäîì ëó÷å, èñõîäÿùåì èç öåíòðà êîîðäèíàò, ëå-

æèò ðîâíî îäíà òî÷êà, íå ïðèíàäëåæàùàÿ áàññåéíàì ïðèòÿæåíèÿ òî÷åê 0

è ∞. Ñëåäîâàòåëüíî, òî÷êè èç γ1 íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñî-

îòâåòñòâèè ñ ëó÷àìè, èñõîäÿùèìè èç öåíòðà êîîðäèíàò. Ïîêàæåì, ÷òî ýòà

áèåêöèÿ íåïðåðûâíà, òàê êàê áëèçêèå òî÷êè íàõîäÿòñÿ íà áëèçêèõ ëó÷àõ.

Äëÿ ýòîãî çàäàäèì íåïðåðûâíîå îòîáðàæåíèå p : R2 \ {0} → S1 ôîðìóëîé (â

êîìïëåêñíûõ êîîðäèíàòàõ) p(z) = z
|z| . Òîãäà åãî ñóæåíèå q = p|γ1 : γ1 → S1

ïî îïðåäåëåíèþ íåïðåðûâíî è ÿâëÿåòñÿ èñêîìîé áèåêöèåé.

Çàìåòèì, ÷òî ìíîæåñòâî ëó÷åé, èñõîäÿùèõ èç öåíòðà êîîðäèíàò, ãîìåî-

ìîðôíî îêðóæíîñòè è ÿâëÿåòñÿ êîìïàêòîì. Íî íåïðåðûâíàÿ áèåêöèÿ êîì-

ïàêòîâ ÿâëÿåòñÿ ãîìåîìîðôèçìîì (ñì. íàïðèìåð, [1]). Îòñþäà è ñëåäóåò

óòâåðæäåíèå ëåììû.

Ëåììà 5 Æîðäàíîâà êðèâàÿ γ1, ðàçäåëÿþùàÿ áàññåéíû ïðèòÿæåíèÿ òî-

÷åê 0 è ∞, íåéòðàëüíî èíâàðèàíòíà (ò. å. ñ êàæäîé ñâîåé òî÷êîé ñîäåð-

æèò åå íåéòðàëüíîå ñå÷åíèå).

Äîêàçàòåëüñòâî Ïðîèçâîëüíûé àòòðàêòîð â îáúåäèíåíèè ñî ñâîèì áàññåé-

íîì ïðèòÿæåíèÿ ìîæíî çàïèñàòü â âèäå ∪nf−n(U), ãäå U � ñòðîãî ïðèòÿãè-

âàþùàÿ îêðåñòíîñòü àòòðàêòîðà (f(U) ⊂ U). Èç òàêîé çàïèñè î÷åâèäíî, ÷òî
ëþáîé àòòðàêòîð â îáúåäèíåíèè ñî ñâîèì áàññåéíîì ïðèòÿæåíèÿ ÿâëÿåòñÿ

íåéòðàëüíî èíâàðèàíòíûì ìíîæåñòâîì.

Ïîñêîëüêó γ1 ÿâëÿåòñÿ äîïîëíåíèåì ê äâóì íåéòðàëüíî èíâàðèàíòíûì

ìíîæåñòâàì, òî îíà ñàìà òàêæå ÿâëÿåòñÿ íåéòðàëüíî èíâàðèàíòíûì ìíî-

æåñòâîì.

Âîçüìåì íåêîòîðûé ëó÷, âûõîäÿùèé èç öåíòðà êîîðäèíàò. Îáîçíà÷èì

òî÷êó ïåðåñå÷åíèÿ ýòîãî ëó÷à è γ1 ÷åðåç p1. Òîãäà òî÷êè ëó÷à ìîæíî ïðåä-

ñòàâèòü êàê pt = tp1, t > 0. Èñïîëüçóÿ t êàê êîýôôèöèåíò ïîäîáèÿ, ïîñòðîèì

íàáîð êðèâûõ γt, t > 0, ÿâëÿþùèõñÿ ãîìîòåòèÿìè êðèâîé γ1 îòíîñèòåëüíî

íà÷àëà êîîðäèíàò. Ïî ïîñòðîåíèþ ýòî íåêîòîðîå ñëîåíèå öèëèíäðà R2 \ {0}.
Èç ëåìì 1 è 4 ñëåäóåò, ÷òî ýòî ñëîåíèå íåéòðàëüíî èíâàðèàíòíî.

Îáîçíà÷èì ÷åðåç Sφ ãîìåîìîðôíîå îêðóæíîñòè ìíîæåñòâî ëó÷åé, èñ-

õîäÿùèõ èç íà÷àëà êîîðäèíàò, ãäå ðàññòîÿíèå ìåæäó äâóìÿ ëó÷àìè ðàâíî
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a) b)

Ðèñ. 1 γ1 è γ0.75 äëÿ (x2 + 0.5xy − y2,−2xy) (a) è (x2 − y2,−4xy) (b).

óãëó ìåæäó íèìè, èçìåðåííîìó ïðîòèâ ÷àñîâîé ñòðåëêè. Òîãäà f èíäóöè-

ðóåò íà Sφ íåîáðàòèìîå âíóòðåííåå îòîáðàæåíèå fφ áåç îñîáûõ òî÷åê, ò. å.

íàêðûòèå.

Â [3] îïèñàí ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò íàêðûòèé îêðóæíîñòè, è

äàí êðèòåðèé èõ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè: äâà íàêðûòèÿ îêðóæíîñòè

îäíîé è òîé æå ñòåïåíè òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà,

êîãäà èõ òàì îïðåäåëåííûå òîïîëîãè÷åñêèå èíâàðèàíòû ýêâèâàëåíòíû.

Òåîðåìà 1 (Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè) Ïóñòü f è

g� âíóòðåííèå è îäíîðîäíûå ïîðÿäêà k > 1 íåîáðàòèìûå îòîáðàæåíèÿ,

íå èìåþùèå â öèëèíäðå R2 \ {0} îñîáûõ òî÷åê, ñ òî÷êàìè âåòâëåíèÿ 0

è ∞, è fφ, gφ : Sφ → Sφ �èíäóöèðîâàííûå èìè âíóòðåííèå îòîáðàæåíèÿ

ìíîæåñòâà Sφ. f è g òîïîëîãè÷åñêè ñîïðÿæåíû ⇐⇒ fφ è gφ òîïîëîãè÷å-

ñêè ñîïðÿæåíû.

Äîêàçàòåëüñòâî Çàìåòèì, ÷òî fφ : S1 → S1 ìîæíî çàäàòü ôîðìóëîé

fφ = q ◦ f ◦ q−1, ãäå q� ãîìåîìîðôèçì èç äîêàçàòåëüñòâà ëåììû 4. Îòñþäà

ñëåäóåò, ÷òî åñëè f è g òîïîëîãè÷åñêè ñîïðÿæåíû, òî fφ è gφ òîïîëîãè÷åñêè

ñîïðÿæåíû. Ïîêàæåì, ÷òî âåðíî è îáðàòíîå.

Ïî æîðäàíîâîé êðèâîé γ1(f) íà öèëèíäðå R2\{0} ñòðîèòñÿ ñëîåíèå γt(f),
t > 0, íà ãîìîòåòè÷íûå îáðàçû êðèâîé γ1(f) îòíîñèòåëüíî íà÷àëà êîîðäèíàò.

Àíàëîãè÷íî ñòðîèòñÿ ñëîåíèå γt(g).

Çàìåòèì, ÷òî îòîáðàæåíèå-ãîìîòåòèÿ ñ êðèâîé γp(f) íà γq(f)� ýòî â òî÷-

íîñòè ïîêîîðäèíàòíîå óìíîæåíèå íà ñêàëÿð q
p . Ýòî æå îòîáðàæåíèå ÿâëÿåò-

ñÿ è ãîìîòåòèåé ñ êðèâîé γp(g) íà γq(g). Îáîçíà÷èì ïîêîîðäèíàòíîå óìíî-

æåíèå íà ñêàëÿð q
p ÷åðåç Hp,q. Çàìåòèì, ÷òî Hp,q ◦Hq,p = Id (ñîîòíîøåíèå

1).
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Ïîñêîëüêó fφ è gφ òîïîëîãè÷åñêè ñîïðÿæåíû, íàéäåòñÿ ãîìåîìîðôèçì

hφ : Sφ → Sφ, òàêîé, ÷òî hφgφ = fφhφ. Ëó÷è èç ìíîæåñòâà Sφ íàõîäÿòñÿ âî

âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ òî÷êàìè æîðäàíîâîé êðèâîé γ1(f), ðàç-

äåëÿþùåé áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞ îòîáðàæåíèÿ f , è âî âçàèìíî

îäíîçíà÷íîì ñîîòâåòñòâèè ñ òî÷êàìè æîðäàíîâîé êðèâîé γ1(g), ðàçäåëÿþ-

ùåé áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞ îòîáðàæåíèÿ g. Òîãäà hφ èíäóöèðó-

åò ãîìåîìîðôèçì ýòèõ æîðäàíîâûõ êðèâûõ h1 : γ1(f) → γ1(g), òàêîé, ÷òî â

ñóæåíèè íà íèõ èìååì h1g = fh1 (ñîîòíîøåíèå 2).

Ïðîäîëæèì ýòîò ãîìåîìîðôèçì íà öèëèíäð R2 \ {0}. Îïðåäåëèì

hp : γp(f)→ γp(g) êàê hp = H1,p ◦h1 ◦Hp,1. Îïðåäåëèì h : R2 \{0} → R2 \{0}
ñëåäóþùèì îáðàçîì: åñëè x ∈ γp(f), òî h(x) = hp(x). Ýòî îïðåäåëåíèå êîð-

ðåêòíî, òàê êàê ïðè ðàçíûõ t êðèâûå γt(f) íå ïåðåñåêàþòñÿ. Ïîëó÷åííîå

îòîáðàæåíèå h âçàèìíî îäíîçíà÷íî è íåïðåðûâíî ïî ïîñòðîåíèþ, è ïî íåïðå-

ðûâíîñòè ïðîäîëæàåòñÿ íà òî÷êè 0 è ∞: h(0) = 0 è h(∞) = ∞. Çàìåòèì,

÷òî ïî òåîðåìå Òèõîíîâà íåïðåðûâíàÿ áèåêöèÿ ìåæäó êîìïàêòàìè ÿâëÿåòñÿ

ãîìåîìîðôèçìîì. Òàêèì îáðàçîì, òàê ïîñòðîåííîå îòîáðàæåíèå h : Ĉ → Ĉ
ÿâëÿåòñÿ ãîìåîìîðôèçìîì Ĉ.

Ïðîâåðèì, ÷òî h�èñêîìûé ñîïðÿãàþùèé ãîìåîìîðôèçì. Äîñòàòî÷íî

ïðîâåðèòü íà R2 \ {0}.
Ïóñòü x ∈ γp(f). Òîãäà ∃x1 ∈ γ1(f): x = px1 = H1,p(x1). Çàìåòèì,

÷òî h êîììóòèðóåò ñ ãîìîòåòèÿìè Hp,q ïî ïîñòðîåíèþ, à f è g êîììó-

òèðóþò ñ Hp,q, ïîñêîëüêó îíè îäíîðîäíûå, à Hp,q � óìíîæåíèå íà ñêà-

ëÿð. Èñïîëüçóÿ ýòó êîììóòàòèâíîñòü, à òàêæå ñîîòíîøåíèÿ (1) è (2) âû-

øå, ïîëó÷èì h(f(x)) = hp(f(x)) = hp(f(H
1,p(x1))) = hp(H

1,p(f(x1))) =

H1,p(h1(H
p,1(H1,p(f(x1))))) = H1,p(h1(f(x1))) = H1,p(g(h1(x1))) =

g(H1,p(h1(H
p,1(x)))) = g(hp(x)) = g(h(x)).

Òàêèì îáðàçîì, h(f(x)) = g(h(x)) è f è g òîïîëîãè÷åñêè ñîïðÿæåíû ñ

ïîìîùüþ h. Òåîðåìà äîêàçàíà.

Òîïîëîãè÷åñêèå ñâîéñòâà äâóìåðíûõ îäíîðîäíûõ âíóòðåííèõ

îòîáðàæåíèé.

Ðàññìîòðèì âíóòðåííåå îòîáðàæåíèå fφ : Sφ → Sφ. Äëÿ fφ âîçíèêàåò

ñëåäóþùàÿ äèõîòîìèÿ: ëèáî Ω⊥(fφ) = Sφ, ëèáî Ω
⊥(fφ) 6= Sφ.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà Ω⊥(fφ) = Sφ. Ïóñòü d � ñòåïåíü îòîá-

ðàæåíèé f è fφ. Ñîãëàñíî ðåçóëüòàòàì èç [3], â ýòîì ñëó÷àå fφ òîïîëîãè-

÷åñêè ñîïðÿæåíî ñòàíäàðòíîìó ðàñòÿãèâàþùåìó îòîáðàæåíèþ Ed = d · ϕ
(mod 2π), ó êîòîðîãî íåéòðàëüíîå ñå÷åíèå êàæäîé òî÷êè âñþäó ïëîòíî â

Sφ.
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Èñïîëüçóÿ [3] è òåîðåìó è ëåììû âûøå, ñðàçó ïîëó÷èì ñëåäóþùåå.

Ñëåäñòâèå 1 Åñëè ó èíäóöèðîâàííîãî îòîáðàæåíèåì f íà Sφ âíóòðåííåãî

îòîáðàæåíèÿ fφ âûïîëíåíî Ω⊥(fφ) = Sφ, òî

1. æîðäàíîâà êðèâàÿ, êîòîðàÿ ðàçäåëÿåò áàññåéíû ïðèòÿæåíèÿ òî÷åê 0

è ∞, ñîñòîèò èç íåéòðàëüíî íåáëóæäàþùèõ íåáëóæäàþùèõ òî÷åê;

2. çàìûêàíèÿ íåéòðàëüíûõ ñå÷åíèé òî÷åê öèëèíäðà R2 \ {0} ÿâëÿþòñÿ

çàìêíóòûìè æîðäàíîâûìè êðèâûìè, êîòîðûå îáðàçóþò åñòåñòâåííîå

ñëîåíèå öèëèíäðà R2 \ {0};
3. òî÷êè, ïðèòÿãèâàþùèåñÿ ê 0 è ∞, ÿâëÿþòñÿ íåéòðàëüíî íåáëóæäàþ-

ùèìè áëóæäàþùèìè òî÷êàìè;

4. áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞ îáëàäàþò ôóíäàìåíòàëüíûìè

îêðåñòíîñòÿìè II ðîäà (îïðåäåëåíèå 4.91 èç [3]);

5. Ïóñòü îòîáðàæåíèå f ñîõðàíÿåò îðèåíòàöèþ. Òîãäà îòîáðàæåíèå f

òîïîëîãè÷åñêè ñîïðÿæåíî ãîëîìîðôíîìó îòîáðàæåíèþ zd;

6. Ïóñòü îòîáðàæåíèå f îáðàùàåò îðèåíòàöèþ. Òîãäà îòîáðàæåíèå f

òîïîëîãè÷åñêè ñîïðÿæåíî àíòèãîëîìîðôíîìó îòîáðàæåíèþ zd.

Ðàññìîòðèì îñòàâøèéñÿ ñëó÷àé, êîãäà Ω⊥(fφ) 6= Sφ. Æîðäàíîâà êðè-

âàÿ, êîòîðàÿ ðàçäåëÿåò áàññåéíû ïðèòÿæåíèÿ òî÷åê 0 è ∞, â ýòîì ñëó÷àå

ìîæåò ñîäåðæàòü è áëóæäàþùèå òî÷êè, êîòîðûå, îäíàêî, ïî îïðåäåëåíèþ

íå áóäóò ðåãóëÿðíûìè. Òàêæå, â ýòîì ñëó÷àå ó îòîáðàæåíèÿ f ïîÿâÿòñÿ ñó-

ïåðáëóæäàþùèå òî÷êè: ñîãëàñíî ëåììå 1, òî÷êè, ïðèòÿãèâàþùèåñÿ ê 0 è

∞, ÿâëÿþòñÿ íåéòðàëüíî íåáëóæäàþùèìè áëóæäàþùèìè òî÷êàìè, åñëè èõ

ëó÷ ïðèíàäëåæèò Ω⊥(fφ), è ñóïåðáëóæäàþùèìè â äðóãîì ñëó÷àå.
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Ïñåâäîñôåðè÷åñêàÿ ïîâåðõíîñòü â R4 íå äîïóñ-
êàåò äâóõ ðàçëè÷íûõ ïðåîáðàçîâàíèé Áüÿíêè

Â. À. Ãîðüêàâûé Å. Í. Íåâìåðæèöêàÿ

Àííîòàöèÿ Äîêàçàíî, ÷òî åñëè ïñåâäîñôåðè÷åñêàÿ ïîâåðõíîñòü â ÷åòû-

ðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå R4, íå ëåæàùàÿ íè â êàêîì R3 ⊂ R4,

äîïóñêàåò ïðåîáðàçîâàíèå Áüÿíêè, òî ýòî ïðåîáðàçîâàíèå Áüÿíêè åäèí-

ñòâåííî.

Êëþ÷åâûå ñëîâà Ïñåâäîñôåðè÷åñêàÿ ïîâåðõíîñòü, ïðåîáðàçîâàíèå Áüÿí-

êè, îðèöèêëè÷åñêèå êîîðäèíàòû, ñîïðÿæåííàÿ ñåòü

ÓÄÊ 514

1 Ââåäåíèå

Äàííàÿ ðàáîòà ïîñâÿùåíà ïðîáëåìàòèêå îáîáùåíèÿ êëàññè÷åñêîé òåîðèè

äâóìåðíûõ ïðåîáðàçîâàíèé Áüÿíêè-Áåêëóíäà ïñåâäîñôåðè÷åñêèõ ïîâåðõíî-

ñòåé â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå R3 íà ñëó÷àé äâóìåðíûõ ïî-

âåðõíîñòåé â ìíîãîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rn, n ≥ 4. Óêàçàííàÿ

òåìàòèêà áûëà èíèöèèðîâàíà ðàáîòàìè Þ.À. Àìèíîâà è À. Ñûìà [1]-[2], à

çàòåì ïîëó÷èëà ðàçâèòèå â ðàáîòàõ àâòîðîâ, ñì., íàïðèìåð, [6]-[11], è îá-

çîð [12]. Ïðîâåäåííûå èññëåäîâàíèÿ ïîêàçàëè, ÷òî, ñ îäíîé ñòîðîíû, ÷àñòü

êëàññè÷åñêèõ ðåçóëüòàòîâ óñïåøíî ïåðåíîñèòñÿ íà ñëó÷àé ïîâåðõíîñòåé â

Rn, n ≥ 4, òîãäà êàê, ñ äðóãîé ñòîðîíû, íåêîòîðûå ðåçóëüòàòû óæå ïåðåñòà-

þò áûòü âåðíûìè, ÷åì è îáúÿñíÿåòñÿ èíòåðåñ ê ýòîìó íàïðàâëåíèþ.

Ñ àíàëèòè÷åñêîé òî÷êè çðåíèÿ, ïñåâäîñôåðè÷åñêèå ïîâåðõíîñòè â R3

è èõ ãåîìåòðè÷åñêèå ïðåîáðàçîâàíèÿ Áüÿíêè-Áåêëóíäà èíòåðïðåòèðóþòñÿ
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â òåðìèíàõ ðåøåíèé óðàâíåíèÿ ñèíóñ-Ãîðäîíà è èõ ñïåöèàëüíûõ ïðåîáðà-

çîâàíèé, òàêæå íàçûâàåìûõ ïðåîáðàçîâàíèÿìè Áüÿíêè-Áåêëóíäà, ñì. [13].

Ïîýòîìó îáîáùåíèå ðàññìàòðèâàåìîé òåîðèè íà ñëó÷àé ïñåâäîñôåðè÷åñêèõ

ïîâåðõíîñòåé â Rn, n ≥ 4, ïðè ñîîòâåòñòâóþùåé àíàëèòè÷åñêîé èíòåðïðå-

òàöèè, ìîæåò ïðèâåñòè ê íàõîæäåíèþ àíàëîãîâ óðàâíåíèÿ ñèíóñ-Ãîðäîíà,

÷òî âûçûâàåò äîïîëíèòåëüíûé èíòåðåñ ñ òî÷êè çðåíèÿ ñîâðåìåííîé òåîðèè

èíòåãðèðóåìûõ ñèñòåì.

Â ðàçâèâàåìîì íàìè ïîäõîäå îáîáùåíèå ïîíÿòèÿ ïðåîáðàçîâàíèÿ Áüÿíêè

äëÿ äâóìåðíûõ ïîâåðõíîñòåé â R4 íîñèò ãåîìåòðè÷åñêèé õàðàêòåð è îïèðà-

åòñÿ íà ñëåäóþùåå îïðåäåëåíèå, äîñëîâíî âîñïðîèçâîäÿùåå ñîîòâåòñòâóþ-

ùåå îïðåäåëåíèå èç êëàññè÷åñêîé òåîðèè äëÿ ïîâåðõíîñòåé â R3 [13], [14].

Îïðåäåëåíèå 1. Äèôôåîìîðôèçì ïîâåðõíîñòåé ψ : F 2 → F̃ 2 â R4 íà-

çûâàåòñÿ ïðåîáðàçîâàíèåì Áüÿíêè-Áåêëóíäà, åñëè îí óäîâëåòâîðÿåò òðåì

ñâîéñòâàì:

(B1) ïðÿìûå â R4, ñîåäèíÿþùèå ñîîòâåòñòâóþùèå òî÷êè íà F 2 è F̃ 2,

êàñàþòñÿ îáåèõ ïîâåðõíîñòåé;

(B2) ðàññòîÿíèå ìåæäó ñîîòâåòñòâóþùèìè òî÷êàìè íà F 2 è F̃ 2 ïîñòîÿí-

íî è ðàâíî l0;

(B3) êàñàòåëüíûå ïëîñêîñòè ïîâåðõíîñòåé F 2 è F̃ 2 â ñîîòâåòñòâóþùèõ

òî÷êàõ îðòîãîíàëüíû.1

Ðàíåå áûëî óñòàíîâëåíî, ÷òî, êàê è â êëàññè÷åñêîì òðåõìåðíîì ñëó÷àå,

åñëè äâå ïîâåðõíîñòè â R4 ñîåäèíåíû ïðåîáðàçîâàíèåì Áüÿíêè, òî òîãäà îáå

ïîâåðõíîñòè ÿâëÿþòñÿ ïñåâäîñôåðè÷åñêèìè, ò.å. èìåþò ïîñòîÿííûå îòðèöà-

òåëüíûå ãàóññîâû êðèâèçíû K = K̃ = −1/l20 [6]. Êðîìå òîãî, ïðåîáðàçîâàíèå
Áüÿíêè ïñåâäîñôåðè÷åñêèõ ïîâåðõíîñòåé â R4, êàê è â R3, äîïóñêàåò ïðî-

ñòîå îïèñàíèå ñ ïðèìåíåíèåì îðèöèêëè÷åñêèõ êîîðäèíàò [7], ñð. [1], [3].

Ñ äðóãîé ñòîðîíû, ìåæäó ïîâåäåíèåì ïîâåðõíîñòåé â R3 è â R4, ñ òî÷êè

çðåíèÿ ïðåîáðàçîâàíèé Áüÿíêè, èìååòñÿ è ñóùåñòâåííîå ðàçëè÷èå. Òàê, êàæ-

äàÿ ïñåâäîñôåðè÷åñêàÿ ïîâåðõíîñòü â R3 äîïóñêàåò íåïðåðûâíîå îäíîïàðà-

ìåòðè÷åñêîå ñåìåéñòâî ðàçëè÷íûõ ïðåîáðàçîâàíèé Áüÿíêè. Â òî æå âðåìÿ

ïñåâäîñôåðè÷åñêèå ïîâåðõíîñòè â R4 â ñèòóàöèè îáùåãî ïîëîæåíèÿ âîîáùå

íå äîïóñêàþò ïðåîáðàçîâàíèé Áüÿíêè [1], [6]-[7]. Ïñåâäîñôåðè÷åñêèå ïîâåðõ-

íîñòè â R4, äîïóñêàþùèå ïðåîáðàçîâàíèÿ Áüÿíêè è íå ëåæàùèå â R3 ⊂ R4,

îáðàçóþò î÷åíü ñïåöèàëüíûé êëàññ ïñåâäîñôåðè÷åñêèõ ïîâåðõíîñòåé â R4 �

1 Â áîëåå îáùåì ñëó÷àå, êîãäà ðå÷ü èäåò î ïðåîáðàçîâàíèè Áåêëóíäà, óñëîâèå îðòî-
ãîíàëüíîñòè â (B3) çàìåíÿåòñÿ íà óñëîâèå ïîñòîÿíñòâà óãëà ω ∈ (0, π/2] ìåæäó êàñà-

òåëüíûìè ïëîñêîñòÿìè ïîâåðõíîñòåé F 2 è F̃ 2 â ñîîòâåòñòâóþùèõ ïî äèôôåîìîðôèçìó
ψ : F 2 → F̃ 2 òî÷êàõ.



36

DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.50150

Â.À. Ãîðüêàâûé, Å.Í. Íåâìåðæèöêàÿ

â [7] äàíî ïîëíîå îïèñàíèå òàêèõ ïîâåðõíîñòåé è èõ ïðåîáðàçîâàíèé Áüÿíêè

â òåðìèíàõ ðåøåíèé íåêîòîðîé ñïåöèàëüíîé ñèñòåìû íåëèíåéíûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Íåïîñðåäñòâåííî â äàííîé ðàáîòå ìû ðàññìàòðèâàåì âîïðîñ î òîì,

ñêîëüêî èìåííî ðàçëè÷íûõ ïðåîáðàçîâàíèé Áüÿíêè ìîæåò äîïóñêàòü ïðîèç-

âîëüíàÿ ïñåâäîñôåðè÷åñêàÿ ïîâåðõíîñòü â ÷åòûðåõìåðíîì åâêëèäîâîì ïðî-

ñòðàíñòâå R4. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà 1 Ïóñòü F 2 � ðåãóëÿðíàÿ êëàññà Ck, k ≥ 6, ïîâåðõíîñòü â R4, íå

ëåæàùàÿ íè â êàêîì R3 ⊂ R4. Òîãäà F 2 äîïóñêàåò íå áîëåå îäíîãî ïðåîá-

ðàçîâàíèÿ Áüÿíêè.

Èç äîêàçàííîãî óòâåðæäåíèÿ âûòåêàåò êîððåêòíîñòü ïîíÿòèÿ ïàðà ïñåâ-

äîñôåðè÷åñêèõ ïîâåðõíîñòåé â R4, ñâÿçàííûõ èíâîëþòèâíûì ïðåîáðàçîâà-

íèåì Áüÿíêè. Àíàëîãè÷íàÿ ñèòóàöèÿ èìååò ìåñòî, íàïðèìåð, äëÿ ïàð èçî-

òåðìè÷åñêèõ ïîâåðõíîñòåé â R3, ñâÿçàííûõ ïðåîáðàçîâàíèåì Êðèñòîôôå-

ëÿ. Àíàëèòè÷åñêîå îáúÿñíåíèå ïîäîáíîãî ôåíîìåíà äëÿ èçîòåðìè÷åñêèõ ïî-

âåðõíîñòåé áûëî ïðåäëîæåíî â ðàìêàõ ñîâðåìåííîé òåîðèè èíòåãðèðóåìûõ

ñèñòåì [5]. Áûëî áû èíòåðåñíûì ðåàëèçîâàòü àíàëîãè÷íûé ïîäõîä, ñ ïðè-

ìåíåíèåì èíòåãðèðóåìûõ ñèñòåì, è äëÿ êàðòàíîâûõ ïñåâäîñôåðè÷åñêèõ ïî-

âåðõíîñòåé â R4.

Äàëåå ìû ïðåäñòàâèì äîêàçàòåëüñòâî ïðèâåäåííîãî óòâåðæäåíèÿ, ðàñ-

ñìîòðåíèå íîñèò ëîêàëüíûé õàðàêòåð.

2 Ïðåîáðàçîâàíèå Áüÿíêè è âíóòðåííÿÿ ãåîìåòðèÿ

Ïóñòü F 2 � ðåãóëÿðíàÿ ïîâåðõíîñòü â R4, çàäàííàÿ ðàäèóñ-âåêòîðîì r =

r(u, v). Îáîçíà÷èì ÷åðåç g = 〈dr, dr〉 = gijdu
iduj ïåðâóþ ôóíäàìåíòàëüíóþ

ôîðìó ïîâåðõíîñòè, Γ kij � ñèìâîëû Êðèñòîôôåëÿ, n1 è n2 � îðòîíîðìèðî-

âàííûé áàçèñ íîðìàëåé íà F 2, Lσ = 〈d2r, nσ〉 = Lσijdu
iduj � ñîîòâåòñòâóþ-

ùèå âòîðûå ôóíäàìåíòàëüíûå ôîðìû, µ1 = 〈∂un1, n2〉 è µ2 = 〈∂vn1, n2〉 �
êîýôôèöèåíòû êðó÷åíèÿ.

Â ñèëó òåîðåìû Àëëåíäîðôåðà î ñíèæåíèè êîðàçìåðíîñòè, ïîâåðõíîñòü

ñ íåíóëåâîé êðèâèçíîé â R4 ïðèíàäëåæèò íåêîòîðîìó R3 ⊂ R4 òîãäà, è

òîëüêî òîãäà, êîãäà åå òî÷å÷íàÿ êîðàçìåðíîñòü íå ïðåâîñõîäèò 1. Ïîýòîìó

â äàëüíåéøåì ìû áóäåì ïðåäïîëàãàòü, ÷òî òî÷å÷íàÿ êîðàçìåðíîñòü ïîâåðõ-

íîñòè ðàâíà 2, ò.å.

rank

(
L1
11 L

1
12 L

1
22

L2
11 L

2
12 L

2
22

)
≡ 2, (1)
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ýòî â òî÷íîñòè îçíà÷àåò, ÷òî F 2 íå ëåæèò íè â êàêîì R3 ⊂ R4.

Åñëè ïîâåðõíîñòü F 2 äîïóñêàåò ïðåîáðàçîâàíèå ψ : F 2 → F̃ 2, óäîâëåòâî-

ðÿþùåå óñëîâèþ (B1), òî òîãäà F 2 ÿâëÿåòñÿ ëèáî ëèíåé÷àòîé, ëèáî êàðòà-

íîâîé, ñì. [6]-[7], [13]. Ëèíåé÷àòûå ïîâåðõíîñòè â R4 áûëè ðàññìîòðåíû â [8],

íèêàêàÿ èç òàêèõ ïîâåðõíîñòåé íå äîïóñêàåò ïðåîáðàçîâàíèé, óäîâëåòâîðÿ-

þùèõ âìåñòå ñ (B1) è óñëîâèÿì (B2)-(B3). Ïîýòîìó ïîâåðõíîñòü F
2 îáÿçàíà

áûòü êàðòàíîâîé, ò.å., ïî îïðåäåëåíèþ, èìååò òî÷å÷íóþ êîðàçìåðíîñòü ν ≡ 2

è íåñåò íà ñåáå ñîïðÿæåííóþ ñåòü. Îáðàòèì âíèìàíèå, ÷òî óïîìÿíóòàÿ ñî-

ïðÿæåííàÿ ñåòü íà F 2 îïðåäåëåíà îäíîçíà÷íî2, ïîñêîëüêó ñîïðÿæåííîñòü

êîîðäèíàòíûõ ëèíèé ñåòè ïîäðàçóìåâàåò èõ îäíîâðåìåííóþ ñîïðÿæåííîñòü

îòíîñèòåëüíî îáåèõ âòîðûõ ôóíäàìåíòàëüíûõ ôîðì L1 è L2, ëèíåéíî íåçà-

âèñèìûõ â ñèëó óñëîâèÿ (1).

Íå óìåíüøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî ëîêàëüíûå êîîðäèíàòû (u,

v) íà F 2 ñïåöèàëèçèðîâàíû òàêèì îáðàçîì, ÷òî êîîðäèíàòíûå ëèíèè u =

const è v = const êàê ðàç è îáðàçóþò ñîïðÿæåííóþ ñåòü. Ýòî îçíà÷àåò, ÷òî

â ðàññìàòðèâàåìîé ïàðàìåòðèçàöèè îáå âòîðûå ôóíäàìåíòàëüíûå ôîðìû

ÿâëÿþòñÿ äèàãîíàëüíûìè

L1
12 ≡ 0, L2

12 ≡ 0. (2)

Îòìåòèì, ÷òî ïàðàìåòðèçàöèÿ r(u, v) ïîâåðõíîñòè F 2 ñîïðÿæåííûìè êîîð-

äèíàòàìè (u, v) ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, óæå ãëàäêîé êëàññà Ck−1. Ïðè

ýòîì îñòàåòñÿ ñâîáîäà â âûáîðå øêàëèðóþùåé çàìåíû êîîðäèíàò û = f(u),

v̂ = h(v), î÷åâèäíî ñîõðàíÿþùåé ñîïðÿæåííóþ ñåòü êîîðäèíàòíûõ ëèíèé.

Äëÿ ïîâåðõíîñòè F 2 ïîñòðîèì ïðåîáðàçîâàíèÿ ψ1 : F 2 → F̃ 2
1 è ψ−1 :

F 2 → F̃ 2
−1, çàäàâàåìûå ôîðìóëàìè

r̃ = r − 1

Γ 2
12

∂ur (3)

è

r̃ = r − 1

Γ 1
12

∂vr. (4)

ñîîòâåòñòâåííî. Ñëåäóÿ êëàññè÷åñêîé òåðìèíîëîãèè, ïðåîáðàçîâàíèÿ ψ1 è

ψ−1 íàçûâàþòñÿ ïåðâûì ïðåîáðàçîâàíèåì Ëàïëàñà è ìèíóñ ïåðâûì ïðåîáðà-

çîâàíèåì Ëàïëàñà ïîâåðõíîñòè F 2. Îáà ýòèõ ïðåîáðàçîâàíèÿ óäîâëåòâîðÿ-

þò óñëîâèþ äâîéíîãî êàñàíèÿ (B1), ÷òî ïðîâåðÿåòñÿ äèôôåðåíöèðîâàíèåì

2 Ýòèì ïîâåðõíîñòè â R4 ñóùåñòâåííî îòëè÷àþòñÿ îò ïîâåðõíîñòåé â R3, ïîñêîëüêó
êàæäàÿ ïîâåðõíîñòü â R3 íåñåò íà ñåáå ìíîæåñòâî ðàçëè÷íûõ ñîïðÿæåííûõ ñåòåé.
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(3)-(4) ñ ïðèìåíåíèåì ôîðìóë Âåéíãàðòåíà è ñ ó÷åòîì óñëîâèÿ ñîïðÿæåí-

íîñòè êîîðäèíàòíûõ ëèíèé (2). Áîëåå òîãî, åñëè êàêîå-ëèáî ïðåîáðàçîâàíèå

ðàññìàòðèâàåìîé ïîâåðõíîñòè F 2 óäîâëåòâîðÿåò óñëîâèþ (B1), òî òîãäà ýòî

ïðåîáðàçîâàíèå îïèñûâàåòñÿ ëèáî â âèäå (3), ëèáî â âèäå (4), ñì. [13], [6]-[7].

Ðàññìîòðèì ïàðó ïîâåðõíîñòåé F 2, F̃ 2
1 è ñâÿçûâàþùåå èõ ïðåîáðàçîâà-

íèå ψ1, çàäàííîå ôîðìóëîé (3). Êàê îòìå÷àëîñü, óêàçàííîå ïðåîáðàçîâàíèå

óäîâëåòâîðÿåò óñëîâèþ (B1), ïðîàíàëèçèðóåì âûïîëíèìîñòü óñëîâèé (B2) è

(B3). Äëÿ ðàññòîÿíèÿ l ìåæäó ñîîòâåòñòâóþùèìè òî÷êàìè F 2 è F̃ 2
1 ïîëó÷à-

åì èç (3) ñëåäóþùåå ýëåìåíòàðíîå âûðàæåíèå:

l2 =
g11

(γ212)
2
. (5)

Òàê æå ëåãêî ïîêàçàòü, ÷òî äëÿ óãëà ω ìåæäó TPF
2 è TP̃ F̃

2
1 èìååò ìåñòî

ôîðìóëà3

cosω =
Γ 2
11√

(Γ 2
11)

2 +
g11

g11g22 − g212

∑
σ

(Lσ11)
2

(6)

Ïîýòîìó óñëîâèå (B2) çàïèñûâàåòñÿ â âèäå

l20
(
Γ 2
12

)2
= g11. (7)

à óñëîâèå (B3) � â âèäå

Γ 2
11 ≡ 0. (8)

Àíàëîãè÷íî, ðàññìàòðèâàÿ ïðåîáðàçîâàíèå ψ−1, çàäàííîå ôîðìóëîé (4),

ïîëó÷àåì, ÷òî óñëîâèÿ (B2)-(B3) äëÿ ψ−1 ïðèíèìàþò âèä

l20
(
Γ 1
12

)2
= g22, (9)

Γ 1
22 ≡ 0. (10)

Ïîäâîäÿ èòîã, ìîæåì ñäåëàòü ñëåäóþùèé ïðîìåæóòî÷íûé âûâîä. Åñëè

ðàññìàòðèâàåìàÿ êàðòàíîâà ïîâåðõíîñòü F 2 â R4, ïàðàìåòðèçîâàííàÿ ñîïðÿ-

æåííûìè êîîðäèíàòàìè, óäîâëåòâîðÿåò îáå ïàðû óñëîâèé (7)-(8) è (9)-(10),

3 Âçàèìíîå ðàñïîëîæåíèå ïàðû äâóìåðíûõ ïîäïðîñòðàíñòâ â R4 îïðåäåëÿåòñÿ äâóìÿ
óãëàìè � ñòàöèîíàðíûìè çíà÷åíèÿìè óãëîâ ìåæäó âåêòîðàìè èç îäíîãî è äðóãîãî ïîä-
ïðîñòðàíñòâ [3], [4]. Ïîñêîëüêó, áëàãîäàðÿ âûïîëíåíèþ óñëîâèÿ äâîéíîãî êàñàíèÿ B1,

ïëîñêîñòè TPF
2 è TP̃ F̃

2
1 ïåðåñåêàþòñÿ ïî ïðÿìîé, ñîåäèíÿþùåé òî÷êè P è P̃ , îäèí èç

äâóõ ñòàöèîíàðíûõ óãëîâ ìåæäó ýòèìè ïëîñêîñòÿìè ðàâåí íóëþ, à âòîðîé ñòàöèîíàð-
íûé óãîë � ýòî è åñòü ω, îí îïðåäåëÿåòñÿ êàê óãîë ìåæäó âåêòîðàìè â TPF

2 è TP̃ F̃
2
1 ,

îðòîãîíàëüíûìè ê ïðÿìîé PP̃ .
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òî òîãäà F 2 äîïóñêàåò â òî÷íîñòè äâà ðàçëè÷íûõ ïðåîáðàçîâàíèÿ Áüÿíêè,

è ýòè ïðåîáðàçîâàíèÿ çàäàþòñÿ â âèäå (3)-(4). Åñëè âûïîëíåíà òîëüêî îä-

íà èç ïàð óñëîâèé (7)-(8) èëè (9)-(10), òî F 2 äîïóñêàåò â òî÷íîñòè îäíî

ïðåîáðàçîâàíèå Áüÿíêè, è ýòî ïðåîáðàçîâàíèå çàäàåòñÿ â âèäå (3) èëè (4)

ñîîòâåòñòâåííî. Åñëè æå íå âûïîëíåíà íè îäíà èç ïàð óñëîâèé (7)-(8) è

(9)-(10), òî òîãäà F 2 íå äîïóñêàåò ïðåîáðàçîâàíèé Áüÿíêè.

Óñëîâèÿ (7)-(10) èìåþò âíóòðåííå-ãåîìåòðè÷åñêèé ñìûñë è íàêëàäûâàþò

îïðåäåëåííûå îãðàíè÷åíèÿ íà ñîïðÿæåííóþ ñåòü êîîðäèíàòíûõ ëèíèé u, v

íà F 2 è, êàê ñëåäñòâèå, íà ñàìó ïîâåðõíîñòü F 2.

Ëåììà 1 Ïîâåðõíîñòü F 2 ⊂ R4 óäîâëåòâîðÿåò óñëîâèÿì (7)-(10) òîãäà,

è òîëüêî òîãäà, êîãäà, ñ òî÷íîñòüþ äî øêàëèðóþùåãî ïðåîáðàçîâàíèÿ ñî-

ïðÿæåííûõ êîîðäèíàò û = f(u), v̂ = h(v), ìåòðèêà ïîâåðõíîñòè F 2 èìååò

âèä

ds2 =
l20

u2v2(uv + 2)2
(
v2(du)2 − 2uv(uv + 1)dudv + u2(dv)2

)
. (11)

Äîêàçàòåëüñòâî Óñëîâèå (8) â òåðìèíàõ êîýôôèöèåíòîâ gij èìååò âèä:

g11 · ∂ug12 −
1

2
g11 · ∂vg11 −

1

2
g12 · ∂ug11 = 0,

òî åñòü,

∂u
g12√
g11

= ∂v
√
g11.

Êàê ñëåäñòâèå, ñóùåñòâóåò ôóíêöèÿ ϕ(u, v) òàêàÿ, ÷òî
√
g11 = ∂uϕ è

g12√
g11

= ∂vϕ, ò.e.

g11 = (∂uϕ)
2, g12 = ∂uϕ∂vϕ. (12)

Óñëîâèå (7) â òåðìèíàõ gij çàïèñûâàåòñÿ â âèäå

−1

2
g12 · ∂vg11 +

1

2
g11 · ∂ug22 = (g11g22 − g212)

√
g11

1

l0
. (13)

Ïîäñòàâëÿÿ (12) â (13), ïîëó÷àåì:

1

2
∂ug22 − ∂uvϕ∂vϕ = (g22 − (∂vϕ)

2) ∂uϕ
1

l0
,

òî åñòü,

∂u(g22 − (∂vϕ)
2) = 2(g22 − (∂vϕ)

2)∂uϕ
1

l0
.
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Ïîëó÷åííîå ðàâåíñòâî èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò

ôóíêöèÿ f(v) òàêàÿ, ÷òî

g22 = (∂vϕ)
2 + e2

ϕ
l0 f2(v).

Ìû ìîæåì èçáàâèòüñÿ îò f(v), ñäåëàâ øêàëèðóþùåå ïðåîáðàçîâàíèå v → ṽ

òàêîå, ÷òî dṽ = ±f(v)dv. Ïîýòîìó, íå óìåíüøàÿ îáùíîñòè, ìîæåì ñðàçó

ïîëîæèòü f(v) = 1.

Êàê ñëåäñòâèå, ìåòðèêà ðàññìàòðèâàåìîé êàðòàíîâîé ïîâåðõíîñòè F 2 áó-

äåò èìåòü âèä

g11 = (∂uϕ)
2, g12 = ∂uϕ∂vϕ, g22 = (∂uϕ)

2 + e2
ϕ
l0 , (14)

ò.å. ïîëó÷àåì ìåòðèêó ïëîñêîñòè Ëîáà÷åâñêîãî ds2 = (dϕ)2 + e2
ϕ
l0 (dv)2

êðèâèçíû K ≡ − 1
l20

â îðèöèêëè÷åñêèõ êîîðäèíàòàõ: êîîðäèíàòíûå ëèíèè

v = const ÿâëÿþòñÿ ïàðàëëåëüíûìè ãåîäåçè÷åñêèìè, à èõ îðòîãîíàëüíûå

òðàåêòîðèè ϕ = const ÿâëÿþòñÿ îðèöèêëàìè.

Ïîäñòàâëÿÿ â (9)-(10) íàéäåííûå âûøå âûðàæåíèÿ (14) äëÿ gij , ïîëó÷àåì

ñëåäóþùèå óðàâíåíèÿ äëÿ ôóíêöèè ϕ(u, v):

l20 (∂uvϕ)
2 − 2l0 ∂uvϕ∂uϕ∂vϕ− (∂uϕ)

2e2
ϕ
l0 = 0, (15)

l0∂vvϕ− 2(∂vϕ)
2 − e2

ϕ
l0 = 0. (16)

Óðàâíåíèå (16) ìîæíî ïåðåïèñàòü â âèäå

∂vve
−2 ϕ

l0 + 2
1

l20
= 0,

à åãî ðåøåíèåì áóäåò ôóíêöèÿ

ϕ = − l0
2
ln(

h1(u)− (v + h2(u))
2

l20
), (17)

ãäå h1(u) > 0 è h2(u) � ïðîèçâîëüíûå ôóíêöèè. Ïîäñòàâèì ïîëó÷åííîå âû-

ðàæåíèå äëÿ ϕ â îñòàâøååñÿ óðàâíåíèå (15):

(h′1)
2 − 4(h′2)

2h1 = 0.

Ðåøåíèå ìîæíî çàïèñàòü â âèäå h1 = (h2 + C)2, ãäå C � êîíñòàíòà èíòå-

ãðèðîâàíèÿ, îò êîòîðîé ìîæíî èçáàâèòüñÿ ñ ïîìîùüþ çàìåíû v → v − C.
Ïîäñòàâëÿÿ h1 = (h2)

2 â (17), íàõîäèì:

ϕ = − l0
2
ln

(
h2(u)

2 − (v + h2(u)
2

l20

)
. (18)
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Âîçâðàùàÿñü ê ôîðìóëàì (14), ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿì äëÿ êî-

ýôôèöèåíòîâ ìåòðèêè ðàññìàòðèâàåìîé ïîâåðõíîñòè F 2:

g11 = l20
(h′2)

2

(v + 2h2)2
, g12 = l20

h′2(v + h2)

(v + 2h2)2
, g22 = l20

h22
v2(v + 2h2)2

.

Ëåãêî çàìåòèòü, ÷òî ôóíêöèÿ h2(u) îòâå÷àåò ñâîáîäå â âûáîðå øêàëèðóþ-

ùåãî ïðåîáðàçîâàíèÿ u = u(ũ), ñîõðàíÿþùåãî ñîïðÿæåííîñòü êîîðäèíàò u è

v. Óäîáíî ïîëîæèòü h2 = 1/u. Òîãäà êîýôôèöèåíòû gij ïðèìóò ñëåäóþùèé

ñèììåòðè÷íûé âèä, êîòîðûé è óêàçàí â ôîðìóëèðîâêå ëåììû:

g11 =
l20

u2(uv + 2)2
, g12 = − l20(uv + 1)

uv(uv + 2)2
, g12 =

l20
v2(uv + 2)2

. (19)

Îáðàòíî, åñëè êîýôôèöèåíòû gij ïåðâîé ôóíäàìåíòàëüíîé ôîðìû ïîâåðõ-

íîñòè F 2 çàäàíû âûðàæåíèÿìè (19), òî òîãäà íåïîñðåäñòâåííûì âû÷èñëåíè-

åì ñèìâîëîâ Êðèñòîôôåëÿ ìîæíî óáåäèòüñÿ â âûïîëíåíèè óñëîâèé (7)-(10).

Ëåììà äîêàçàíà.

Çàìåòèì, ÷òî èç ïðåäñòàâëåííîãî äîêàçàòåëüñòâà âûòåêàåò ñëåäóþùåå

î÷åâèäíîå

Ñëåäñòâèå 1 Ïîâåðõíîñòü F 2 ⊂ R4 óäîâëåòâîðÿåò (7)-(10) òîãäà, è

òîëüêî òîãäà, êîãäà F 2 èìååò ïîñòîÿííóþ îòðèöàòåëüíóþ ãàóññîâó êðè-

âèçíó K ≡ − 1
l20
, à ñåìåéñòâà êîîðäèíàòíûõ ëèíèé u = const è v = const

ñîïðÿæåííîé ñåòè íà F 2 ïðåäñòàâëåíû ñåìåéñòâàìè ïàðàëëåëüíûõ ãåîäå-

çè÷åñêèõ íà F 2.

Îáðàòèì âíèìàíèå, ÷òî â õîäå äîêàçàòåëüñòâà Ëåììû 1 ìû âîñïîëüçîâà-

ëèñü óïîìÿíóòîé ðàíåå ñâîáîäîé â âûáîðå øêàëèðóþùåãî ïðåîáðàçîâàíèÿ

ñîïðÿæåííûõ êîîðäèíàò íà F 2. Ïðè ýòîì ïàðàìåòðèçàöèÿ ïîâåðõíîñòè ñî-

ïðÿæåííûìè êîîðäèíàòàìè ïîñëå òàêîãî øêàëèðîâàíèÿ áóäåò óæå, âîîáùå

ãîâîðÿ, ãëàäêîé êëàññà Ck−2.

3 Ôóíäàìåíòàëüíûå óðàâíåíèÿ òåîðèè ïîâåðõíîñòåé

Ïðåäïîëîæèì òåïåðü, ÷òî ïîâåðõíîñòü F 2 äîïóñêàåò äâà ðàçëè÷íûõ ïðåîá-

ðàçîâàíèÿ Áüÿíêè. Êàê îòìå÷àëîñü âûøå, ýòî ýêâèâàëåíòíî òîìó, ÷òî F 2

äîïóñêàåò ïàðàìåòðèçàöèþ ñîïðÿæåííûìè êîîðäèíàòàìè òàê, ÷òî âûïîë-

íåíû óñëîâèÿ (7)-(10). Â ñèëó Ëåììû 1 ýòî îçíà÷àåò, ÷òî ïîâåðõíîñòü F 2

ìîæåò áûòü ïàðàìåòðèçîâàíà ñîïðÿæåííûìè êîîðäèíàòàìè (u, v) òàê, ÷òî

åå ìåòðèêà ïðèìåò âèä (11).
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Äåòåðìèíàíò ìàòðèöû êîýôôèöèåíòîâ ïåðâîé êâàäðàòè÷íîé ôîðìû ïî-

âåðõíîñòè F 2 ðàâåí

detg = − l40
uv(uv + 2)3

, (20)

ïîýòîìó îáëàñòü îïðåäåëåíèÿ Ω ñîïðÿæåííûõ êîîðäèíàò (u, v) ïðèíàäëå-

æèò îäíî èç äâóõ ñëåäóþùèõ îáëàñòåé, ïåðåâîäÿùèõñÿ äðóã â äðóãà ïðåîá-

ðàçîâàíèåì u→ −u, v → −v:

Ω1 =
{
(u, v) ∈ R2|u > 0, v < 0, uv + 2 > 0

}
,

Ω2 =
{
(u, v) ∈ R2|u < 0, v > 0, uv + 2 > 0

}
.

Â äàëüíåéøåì, íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî Ω ⊂ Ω1.

Çàïèøåì ôóíäàìåíòàëüíûå óðàâíåíèÿ äëÿ ïîâåðõíîñòè F 2 â óêàçàííîé

ïàðàìåòðèçàöèè ñ ó÷åòîì (1), (2), (11):

óðàâíåíèå Ãàóññà

L1
11L

1
22 + L2

11L
2
22 =

l20
uv(uv + 2)3

, (21)

óðàâíåíèÿ Êîäàööè

v(uv + 2)
(
L2
11µ2 − ∂vL1

11

)
+ L1

11 = 0, (22)

v(uv + 2)
(
L1
11µ2 + ∂vL

2
11

)
− L2

11 = 0, (23)

u(uv + 2)
(
L2
22µ1 − ∂uL1

22

)
+ L1

22 = 0, (24)

u(uv + 2)
(
L1
22µ1 + ∂uL

2
22

)
+ L2

22 = 0, (25)

óðàâíåíèå Ðè÷÷è

l20 (∂vµ1 − ∂uµ2) + (uv + 1)(uv + 2)
(
L1
11L

2
22 − L1

22L
2
11

)
= 0. (26)

Åñëè ñëîæèòü óðàâíåíèå (22), óìíîæåííîå íà −L1
11, ñ óðàâíåíèåì (23),

óìíîæåííûì íà L2
11, òî ïîëó÷èì

∂v
(
(L1

11)
2 + (L2

11)
2
)
=

2

v(uv + 2)

(
(L1

11)
2 + (L2

11)
2
)
, (27)

îòêóäà ñëåäóåò, ÷òî èìååò ìåñòî ïðåäñòàâëåíèå

(L1
11)

2 + (L2
11)

2 = −l20
v

uv + 2
(p1(u))

2, (28)
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ãäå p1(u) � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ, ãëàäêàÿ êëàññà Ck−4.

Àíàëîãè÷íûì îáðàçîì èç óðàâíåíèé (24)-(25) âûòåêàåò, ÷òî

(L1
22)

2 + (L2
22)

2 = l20
u

uv + 2
(p2(v))

2, (29)

ãäå p2(v) � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ, ãëàäêàÿ êëàññà Ck−4.

Êàê ñëåäñòâèå ðàâåíñòâ (28)-(29), ìû ìîæåì çàïèñàòü ñëåäóþùåå ïðåäñòàâ-

ëåíèå äëÿ êîýôôèöèåíòîâ âòîðûõ êâàäðàòè÷íûõ ôîðì ïîâåðõíîñòè F 2:

L1
11 = l0

√
−v√

uv + 2
p1 cosα, L2

11 = l0

√
−v√

uv + 2
p1 sin α; (30)

L1
22 = l0

√
u√

uv + 2
p2 cosβ, L2

22 = l0

√
u√

uv + 2
p2 sinβ, (31)

ãäå α(u, v) è β(u, v) � ïðîèçâîëüíûå ôóíêöèè, ãëàäêèå êëàññà Ck−4. Â âèäó

ôîðìóë (30)-(31), óðàâíåíèÿ Êîäàööè ñâåäóòñÿ ê äâóì óðàâíåíèÿì

µ1 = −∂uβ, µ2 = −∂vα, (32)

êîòîðûå ìû ìîæåì ðàññìàòðèâàòü êàê âûðàæåíèÿ äëÿ îïðåäåëåíèÿ êîýô-

ôèöèåíòîâ êðó÷åíèÿ µ1 è µ2.

Â ðåçóëüòàòå îñòàþòñÿ óðàâíåíèå Ãàóññà è óðàâíåíèå Ðè÷÷è, êîòîðûå

ìîæíî çàïèñàòü, èñïîëüçóÿ ôóíêöèþ ω = α− β, â ñëåäóþùåì âèäå:

cosω = − 1

p1p2(uv + 2)2(
√
u)3(
√
−v)3

, (33)

∂uvω − p1p2
√
u
√
−v(uv + 1) sinω = 0. (34)

Ëåììà 2 Ó ñèñòåìû (33)-(34) íå ñóùåñòâóåò ãëàäêîãî êëàññà C2 ðåøåíèÿ

ω(u, v), p1(u) > 0, p2(v) > 0.

Äîêàçàòåëüñòâî Âûðàæàÿ ω(u, v) èç (33) è ïîäñòàâëÿÿ â (34), ïîñëå ðÿäà

ãðîìîçäêèõ âû÷èñëåíèé ïîëó÷àåì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå

äëÿ ôóíêöèé q1(u) = (p1(u))
2, q2(v) = (p2(v))

2:

dq1
du

dq2
dv

u3v3(uv + 2)6 +

+
dq1
du

q2 u
3v2(7uv + 6)(uv + 2)5 +

dq2
dv

q1 u
2v3(7uv + 6)(uv + 2)5 +

+ q1 q2 u
2v2(49u2v2 + 68uv + 36)(uv + 2)4 − 16 = 0. (35)



44

DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.50150

Â.À. Ãîðüêàâûé, Å.Í. Íåâìåðæèöêàÿ

Äèôôåðåíöèðóÿ (35) îòäåëüíî ïî u è ïî v, ïîëó÷èì äâà óðàâíåíèÿ

d2q1
du2

u3v2(uv + 2)5
(
dq2
dv

v(uv + 2) + (7uv + 6)q2

)
+ ... = 0, (36)

d2q2
dv2

u2v3(uv + 2)5
(
dq1
du

u(uv + 2) + (7uv + 6)q1

)
+ ... = 0, (37)

ãäå òðîåòî÷èÿìè îáîçíà÷åíû ïîëèíîìû îò u, v, q1, q2,
dq1
du

,
dq2
dv

.

Äèôôåðåíöèðóÿ (35) ïî u è çàòåì ïî v, ïîëó÷èì óðàâíåíèå âèäà

A
d2q1
du2

d2q2
dv2

+ B
d2q1
du2

+ C
d2q2
dv2

+ D = 0, (38)

ãäå A, B, C, D � ïîëèíîìû îò u, v, q1, q2,
dq1
du

,
dq2
dv

.

Åñëè

dq2
dv

v(uv + 2) + (7uv + 6)q2 6= 0,
dq1
du

u(uv + 2) + (7uv + 6)q1 6= 0

â êàêîé-òî òî÷êå èç Ω, òî â îêðåñòíîñòè ýòîé òî÷êè ìû ìîæåì íàéòè
d2q1
du2

è
d2q2
dv2

èç (36)-(37), à çàòåì ïîäñòàâèòü íàéäåííûå âûðàæåíèÿ â (38). Îêà-

çûâàåòñÿ, ÷òî ýòî ïðèâîäèò ê ñîîòíîøåíèþ(
dq2
dv

v(uv + 2) + (7uv + 6)q2

)(
dq1
du

u(uv + 2) + (7uv + 6)q1

)
= 0, (39)

÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ. Ïîýòîìó õîòÿ áû îäèí èç ìíîæèòåëåé â

(39) îáÿçàí îáðàùàòüñÿ â íîëü òîæäåñòâåííî â Ω.

Ïðåäïîëîæèì, íàïðèìåð, ÷òî

dq2
dv

v(uv + 2) + q2(7uv + 6) ≡ 0.

Çàïèñûâàÿ ýòî ñîîòíîøåíèå êàê ëèíåéíûé ïîëèíîì ïî u è ïðèðàâíèâàÿ ê

íóëþ êîýôôèöèåíòû ýòîãî ïîëèíîìà, ïîëó÷àåì:

dq2
dv

v2 + 7vq2 ≡ 0,

dq2
dv

2v + 6q2 ≡ 0.

Êàê ñëåäñòâèå, q2 ≡ 0, ÷òî ïðîòèâîðå÷èò òðåáîâàíèþ q2 > 0. Ëåììà äîêàçà-

íà.
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Òàêèì îáðàçîì, ìû ïîëó÷àåì, ÷òî åñëè ðàññìàòðèâàåìàÿ ïîâåðõíîñòü F 2

äîïóñêàåò äâà ðàçëè÷íûõ ïðåîáðàçîâàíèÿ Áüÿíêè, òî åé îáÿçàòåëüíî îòâå÷à-

åò ãëàäêîå êëàññà C2 ðåøåíèå ω(u, v), p1(u) > 0, p2(v) > 0 ñèñòåìû (33)-(34).

Ñ äðóãîé ñòîðîíû, â âèäó Ëåììû 2, òàêîãî ðåøåíèÿ ó ñèñòåìû (33)-(34) íå

ñóùåñòâóåò. Ïîëó÷åííîå ïðîòèâîðå÷èå è çàâåðøàåò äîêàçàòåëüñòâî Òåîðå-

ìû.

Ñïèñîê ëèòåðàòóðû

1. Aminov Yu.A., Sym A., On Bianchi and Backlund transformations of two-dimensional

surfaces in E4, Math. Phys., An., Geom., 3, 75-89, (2000)

2. Aminov Yu.A., Sym A., On Bianchi and Backlund transformations of two dimensional

surfaces in four dimensional Euclidean space, Backlund and Darboux transformations,
The geometry of solitons, AARMS-CRM Workshop, Halifax, NS, 1999, Canada, June
4-9, (publ. by) Amer. Math. Soc., 91-93 (2001)

3. Aminov Yu.A., Geometry of Submanifolds , Gordon and Breach Science Publ.,
Amsterdam, (2001)

4. Áîðèñåíêî À.À., Íèêîëàåâñêèé Þ.À., Ìíîãîîáðàçèÿ Ãðàññìàíà è ãðàññìàíîâ îáðàç

ïîäìíîãîîáðàçèé, Óñïåõè ìàòåìàòè÷åñêèõ íàóê, 46:2, 41-83, (1991)

5. Cieslinski J., Goldstein P., Sym A., Isothermic surfaces in E3 as soliton surfaces, Phys.
Lett., A 205, 1, 37-43, (1995).

6. Gorkavyy V., On pseudo-spherical congruencies in E4, Ìàòåìàòè÷åñêàÿ ôèçèêà, àíà-
ëèç, ãåîìåòðèÿ, 10:4, 498-504, (2003)

7. Ãîðüêàâûé Â.À., Êîíãðóýíöèè Áüÿíêè äâóìåðíûõ ïîâåðõíîñòåé â 4, Ìàòåìàòè÷å-
ñêèé ñáîðíèê, 196:10, 79-102, (2005)

8. Gorkavyy V.O, Nevmerzhytska O.M., Ruled surfaces as ðseudo-sðherical congruencies,
Æóðíàë ìàòåìàòè÷åñêîé ôèçèêè, àíàëèçà, ãåîìåòðèè, 5:3, 359-374, (2009)

9. Ãîðüêàâûé Â.À., Íåâìåðæèöêàÿ Å.Í., Àíàëîã ïðåîáðàçîâàíèÿ Áüÿíêè äëÿ äâóìåð-

íûõ ïîâåðõíîñòåé â ïðîñòðàíñòâå S3xR1, Ìàòåìàòè÷åñêèå çàìåòêè, 89:6, 833-845,
(2011)

10. Gorkavyy V., Nevmerzhitska O., Pseudo-spherical submanifolds with degenerate Bianchi
transformation, Results in Mathematics, 60:1, 103-116, (2011)

11. Gorkavyy V., An example of Bianchi transformation in E4, Æóðíàë ìàòåìàòè÷åñêîé
ôèçèêè, àíàëèçà, ãåîìåòðèè, 8:3, 240-247, (2012)

12. Ãîðüêàâûé Â.À., Îáîáùåíèå ïðåîáðàçîâàíèÿ Áüÿíêè-Áýêëóíäà ïñåâäîñôåðè÷åñêèõ

ïîâåðõíîñòåé, Èòîãè íàóêè è òåõíèêè. Ñîâðåìåííàÿ ìàòåìàòèêà è åå ïðèëîæåíèÿ.
Òåìàòè÷åñêèå îáçîðû, ò.126 (2014), ñ.191-218

13. Tenenblat K., Transformations of manifolds and applications to di�erential equations,
Pitman Monographs and Surveys in Pure Appl. Math, V.93, Longman Sci. Techn.,
Harlow, Essex; Wiley, New York, (1998)

14. Tenenblat K., Terng C.-L., Backlund's theorem for n-dimensional submanifolds of

R2n−1, Annals of Mathematics, 111, 477-490, (1980)



46

DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.50150

Â.À. Ãîðüêàâûé, Å.Í. Íåâìåðæèöêàÿ

Â. À. Ãîðüêàâûé

ÔÒÈÍÒ èì.Á.È. Âåðêèíà ÍÀÍ Óêðàèíû, Õàðüêîâ, Óêðàèíà

E-mail: gorkaviy@ilt.kharkov.ua

Å. Í. Íåâìåðæèöêàÿ

ÕÍÓ èì. Â.Í. Êàðàçèíà, Õàðüêîâ, Óêðàèíà

E-mail: ennev@ukr.net

Vasyl Gorkavyy, Olena Nevmerzhitska

A pseudo-spherical surface in R4 does not admit two di�erent

Bianchi transformations

It is proved that if a pseudo-spherical surface in four-dimensional Euclidean

space R4, which does not belong to R3 ⊂ R4, admits a Bianchi transformation,

then this Bianchi transformation is unique.
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Î ÷èñëå òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ
ôóíêöèé ñ îäíîé âûðîæäåííîé êðèòè÷åñêîé
òî÷êîé òèïà ñåäëî íà äâóìåðíîé ñôåðå, II

Àëåêñàíäð Àíàòîëüåâè÷ Êàäóáîâñêèé

Àííîòàöèÿ Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ãëàäêèõ ôóíêöèé ñ òðåìÿ

êðèòè÷åñêèìè çíà÷åíèÿìè íà äâóìåðíîé ñôåðå S2, ó êîòîðûõ êðîìå M

ëîêàëüíûõ ìàêñèìóìîâ è m ëîêàëüíûõ ìèíèìóìîâ òîëüêî îäíà êðèòè÷å-

ñêàÿ òî÷êà òèïà ñåäëî. Äëÿ ôóíêöèé èç óêàçàííîãî êëàññà ïðåäñòàâëåí

ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò, ñ ïîìîùüþ êîòîðîãî äëÿ ïðîèçâîëüíûõ

íàòóðàëüíûõ M è m óñòàíîâëåíû ÿâíûå ôîðìóëû äëÿ ïîäñ÷åòà ÷èñëà òî-

ïîëîãè÷åñêè íåýêâèâàëåíòíûõ (â äâóõ ðàçëè÷íûõ àñïåêòàõ) òàêèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà smooth function, saddle critical point, surface, topological

classi�cation, 2-color chord diagram, non-crossing partition, Narayana number.

ÓÄÊ 517.938.5 + 519.514.17

Ïîñâÿùàåòñÿ ïàìÿòè

ìîåãî íàó÷íîãî ðóêîâîäèòåëÿ

Âëàäèìèðà Âàñèëüåâè÷à Øàðêî

Ââåäåíèå

Ïðåäñòàâëåííàÿ ñòàòüÿ ÿâëÿåòñÿ ëîãè÷åñêèì çàâåðøåíèåì öèêëà àâòîðñêèõ

ðàáîò [14]�[17], ïîñâÿùåííûõ ïîëó÷åíèþ ÿâíûõ ôîðìóë äëÿ ïîäñ÷åòà òî÷-

íîãî ÷èñëà òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ (â äâóõ ðàçëè÷íûõ àñïåêòàõ)

ãëàäêèõ ôóíêöèé îïðåäåëåííîãî êëàññà íà äâóìåðíîé ñôåðå S2.
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Ïóñòü (N, ∂N) � ãëàäêàÿ ïîâåðõíîñòü ñ êðàåì ∂N (∂N ìîæåò áûòü ).

Îáîçíà÷èì ÷åðåç C∞(N) ïðîñòðàíñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ

ôóíêöèé íà N c êðàåì ∂N = ∂−N
⋃
∂+N , âñå êðèòè÷åñêèå òî÷êè êîòîðûõ

èçîëèðîâàíû è ëåæàò âî âíóòðåííîñòè N íà îäíîé ëèíèè óðîâíÿ, à íà êîì-

ïîíåíòàõ ñâÿçíîñòè êðàÿ ∂−N (∂+N) îíè ïðèíèìàþò îäèíàêîâîå çíà÷åíèå

a (b).

Ôóíêöèè f è g èç C∞(N) íàçûâàþò òîïîëîãè÷åñêè ýêâèâàëåíòíûìè,

åñëè ñóùåñòâóþò ãîìåîìîðôèçìû h : N → N è l : R1 → R1 (l ñîõðàíÿåò

îðèåíòàöèþ), òàêèå ÷òî g = l ◦ f ◦h−1. Åñëè h ñîõðàíÿåò îðèåíòàöèþ, ôóíê-
öèè f è g áóäåì íàçûâàòü O-òîïîëîãè÷åñêè ýêâèâàëåíòíûìè. Â äàëüíåéøåì

òàêæå áóäåì ïîëàãàòü, ÷òî N � çàìêíóòàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü.

Ïóñòü f ∈ C∞(N), à x0 ∈ N � åå èçîëèðîâàííàÿ êðèòè÷åñêàÿ òî÷êà,

íå ÿâëÿþùàÿñÿ ëîêàëüíûì ýêñòðåìóìîì. Åñëè òîïîëîãè÷åñêèé òèï ëèíèé

óðîâíÿ ïðè ïåðåõîäå ÷åðåç x0 ìåíÿåòñÿ (íå ìåíÿåòñÿ), òî òàêóþ òî÷êó x0

(ñëåäóÿ [18], [11]) íàçûâàþò ñóùåñòâåííî (ñîîòâåòñòâåííî íåñóùåñòâåííîé)

êðèòè÷åñêîé òî÷êîé.

Õîðîøî èçâåñòíî [5], ÷òî â íåêîòîðîé îêðåñòíîñòè ñâîåé ñóùåñòâåííî

êðèòè÷åñêîé òî÷êè x0 ôóíêöèÿ f òîïîëîãè÷åñêè ýêâèâàëåíòíà ôóíêöèè

fn(x; y) = Re(x+ iy)n + cn, ïðè÷åì n ≥ 2 (íåïðåðûâíîé çàìåíîé êîîðäèíàò

ïðèâîäèòñÿ ê âèäó fn = Rezn + cn). Áîëåå òîãî, ëîêàëüíî, ôóíêöèè êëàññè-

ôèöèðóþòñÿ öåëûì ÷èñëîì � èíäåêñîì Ïóàíêàðå. Íàïîìíèì, ÷òî èíäåêñîì

Ïóàíêàðå indf (x0) êðèòè÷åñêîé òî÷êè x0 ôóíêöèè f íàçûâàþò èíäåêñ Ïó-

àíêàðå åå ïîëÿ ãðàäèåíòà gradf äëÿ íåêîòîðîé ðèìàíîâîé ìåòðèêè. Òàêæå

èçâåñòíî, ÷òî äëÿ ôóíêöèè f = Rezn èíäåêñ Ïóàíêàðå ðàâåí indf (0) = 1−n,
à äëÿ êàæäîé êðèòè÷åñêîé òî÷êè íà ïîâåðõíîñòè indf (x0) ≤ 1 [5].

×èñëî k ñóùåñòâåííî êðèòè÷åñêèõ òî÷åê xj ôóíêöèè f âìåñòå ñî çíà-

÷åíèÿìè nj (ïîêàçàòåëÿìè â ïðåäñòàâëåíèÿõ f â âèäå fj = Reznj + cnj
â

îêðåñòíîñòÿõ xj) íàçûâàþò òîïîëîãè÷åñêèì ñèíãóëÿðíûì òèïîì ôóíêöèè f .

Â ðàáîòå Â.Â.Øàðêî [18] èçó÷åí âîïðîñ òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè

ôóíêöèé èç êëàññà C∞(N). Íèì óñòàíîâëåíî, ÷òî ñóùåñòâóåò ëèøü êîíå÷íîå

÷èñëî òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé ñ ôèêñèðîâàííûì ñèíãó-

ëÿðíûì òèïîì, ðàâíîå ÷èñëó íåèçîìîðôíûõ öâåòíûõ ñïèí-ãðàôîâ, ðàñøè-

ðåíèÿ êîòîðûõ ãîìåîìîðôíû ïîâåðõíîñòè N . Îäíàêî íåèçâåñòíî ñêîëüêî

òàêèõ êëàññîâ ýêâèâàëåíòíîñòè. Â îáùåì ñëó÷àå ýòà çàäà÷à îêàçàëàñü î÷åíü

ñëîæíîé è îñòàåòñÿ íåðåøåííîé ê ýòîìó âðåìåíè ïðîáëåìîé.
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1 Ïîñòàíîâêà çàäà÷è

Åñëè æå îãðàíè÷èòüñÿ ðàññìîòðåíèåì êëàññà ôóíêöèé CM,m(Ng) ñ òðåìÿ

êðèòè÷åñêèìè çíà÷åíèÿìè íà çàìêíóòîé îðèåíòèðóåìîé ïîâåðõíîñòè Ng

(ðîäà g ≥ 0), ó êîòîðûõ êðîìå M ëîêàëüíûõ ìàêñèìóìîâ è m ëîêàëüíûõ

ìèíèìóìîâ òîëüêî îäíà ñóùåñòâåííî êðèòè÷åñêàÿ òî÷êà x0 (â äàëüíåéøåì

� âûðîæäåííàÿ êðèòè÷åñêàÿ òî÷êà òèïà ñåäëî), òî óïîìÿíóòàÿ âûøå çàäà÷à

íåñêîëüêî óïðîùàåòñÿ.

À èìåííî, êàê ñëåäóåò èç ðàáîòû [4], äëÿ ôóíêöèé èç êëàññà CM,m(Ng)

òîïîëîãè÷åñêèì èíâàðèàíòîì ÿâëÿåòñÿ èíäåêñ Ïóàíêàðå åäèíñòâåííîé êðè-

òè÷åñêîé òî÷êè x0 òèïà ñåäëî, êîòîðûé ðàâåí

indf (x0) = 2− 2g −M −m.

Ïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì äëÿ ôóíêöèé èç êëàññà CM,m(Ng)

ÿâëÿåòñÿ, òàê íàçûâàåìàÿ, 2-öâåòíàÿ O-äèàãðàììà ñ

n = 2g − 1 +M +m

õîðäàìè, êîòîðàÿ ñîäåðæèò M ÷åðíûõ (áåëûõ) è m áåëûõ (÷åðíûõ) öèêëîâ.

Êðîìå òîãî, â ðàáîòàõ àâòîðà [11], [12] ïîëíîñòüþ ðåøåíà çàäà÷à î ïîäñ÷åòå

÷èñëà O-òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç êëàññà C1,1(Ng), g ≥ 1.

Îäíàêî, â îáùåì ñëó÷àå (äëÿ ïðîèçâîëüíûõ íàòóðàëüíûõ M , m è

g ≥ 0), ïîäñ÷åò ÷èñëà òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç êëàñ-

ñà CM,m(Ng) òàêæå îêàçàëñÿ äîñòàòî÷íî ñëîæíîé êîìáèíàòîðíîé çàäà÷åé.

Äàæå äëÿ ôóíêöèé íà äâóìåðíîé ñôåðå S2 âîïðîñ îñòàâàëñÿ îòêðûòûì.

Ôîðìóëû (â ÿâíîì âèäå) äëÿ ïîäñ÷åòà ÷èñëà O-òîïîëîãè÷åñêè íåýêâè-

âàëåíòíûõ ôóíêöèé èç êëàññà CM,m(S2) ðàííåå áûëè èçâåñòíû òîëüêî äëÿ

íà÷àëüíûõ M è ïðîèçâîëüíûõ n ≥ M (èëè, ÷òî òîæå, äëÿ íà÷àëüíûõ M è

íàòóðàëüíûõ m = n+ 1−M), à èìåííî:

äëÿ M = 1, 2, 3, 4 è ∀n ≥M ôîðìóëû áûëè ïîëó÷åíû â ðàáîòå [14];

äëÿ M = 5, 6 è ∀n ≥M � â ðàáîòå [15];

äëÿ M = 7, 8 è ∀n ≥M � â ðàáîòå [16];

äëÿ M = 9 è ∀n ≥M � â ðàáîòå [17].

Ìîäåðíèçàöèè ïîëíîãî òîïîëîãè÷åñêîãî èíâàðèàíòà äëÿ ôóíêöèé èç

êëàññà CM,m(S2), âîçìîæíûì åãî èíòåðïðåòàöèÿì, à òàêæå ïîëó÷åíèþ ôîð-

ìóë äëÿ ïîäñ÷åòà òî÷íîãî ÷èñëà O-òîïîëîãè÷åñêè (òîïîëîãè÷åñêè) íåýêâè-

âàëåíòíûõ òàêèõ ôóíêöèé äëÿ ïðîèçâîëüíûõ M,m ∈ N è ïîñâÿùåíà äàííàÿ

ñòàòüÿ.
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2 2-öâåòíûå õîðäîâûå äèàãðàììû: îñíîâíûå ïîíÿòèÿ è

îïðåäåëåíèÿ

Íàïîìíèì (íàïð. [3]), ÷òî õîðäîâîé äèàãðàììîé ïîðÿäêà n èëè, êîðîòêî, n-

äèàãðàììîé íàçûâàþò êîíôèãóðàöèþ íà ïëîñêîñòè, ñîñòîÿùóþ èç îêðóæ-

íîñòè, 2n òî÷åê íà íåé (ÿâëÿþùèõñÿ âåðøèíàìè ïðàâèëüíîãî 2n-óãîëüíèêà)

è n õîðä, ñîåäèíÿþùèõ óêàçàííûå òî÷êè. Õîðäîâûå äèàãðàììû íàçûâàþò

èçîìîðôíûìè, åñëè îäíó ìîæíî ïîëó÷èòü èç äðóãîé â ðåçóëüòàòå ïîâîðîòà.

Äèàãðàììû íàçûâàþò ýêâèâàëåíòíûìè, åñëè èõ ìîæíî ñîâìåñòèòü â ðåçóëü-

òàòå ïîâîðîòà, çåðêàëüíîé ñèììåòðèè, èëè æå èõ êîìïîçèöèè.

Îïðåäåëåíèå 1 Îêðóæíîñòü ñ 2n òî÷êàìè íà íåé (ÿâëÿþùèõñÿ âåðøè-

íàìè ïðàâèëüíîãî 2n-óãîëüíèêà), äóãè êîòîðîé ïîî÷åðåäíî ðàñêðàøåíû â

äâà öâåòà (÷åðíûé è áåëûé) è ôèêñèðîâàííîé íóìåðàöèåé óêàçàííûõ âåð-

øèí (÷èñëàìè îò 1 äî 2n ïî ÷àñîâîé ñòðåëêå) áóäåì íàçûâàòü 2-öâåòíûì

2n-øàáëîíîì � ðèñ. 1 a).

2-öâåòíîé n-äèàãðàììîé áóäåì íàçûâàòü õîðäîâóþ n-äèàãðàììó, ïî-

ñòðîåííóþ íà îñíîâå 2-öâåòíîãî 2n-øàáëîíà.

  

 

 

 

 
a  b  c  d  

 
 
 
 

Ðèñ. 1
a) 2-öâåòíûé 20-øàáëîí;
b) N-äèàãðàììà (ñ 10 õîðäàìè), ó êîòîðîé 7 áåëûõ è 3 ÷åðíûõ öèêëîâ;
c) O-äèàãðàììà (ñ 10 õîðäàìè), ó êîòîðîé 6 áåëûõ è 3 ÷åðíûõ öèêëîâ;
d) ïëàíàðíàÿ O-äèàãðàììà (ñ 10 õîðäàìè), ó êîòîðîé 7 áåëûõ è 4 ÷åðíûõ öèêëîâ

Îïðåäåëåíèå 2 2-öâåòíóþ n-äèàãðàììó, êîòîðàÿ íå ñîäåðæèò (ñîäåð-

æèò) õîðä, ñîåäèíÿþùèõ âåðøèíû ñ íîìåðàìè îäèíàêîâîé ÷åòíîñòè, áó-

äåì íàçûâàòü O-äèàãðàììîé (N -äèàãðàììîé) � ðèñ. 1 b), c). Ìíîæåñòâî

2-öâåòíûõ O-äèàãðàìì ñ n õîðäàìè îáîçíà÷èì ÷åðåç =On .

Îïðåäåëåíèå 3 b-öèêëîì (w-öèêëîì) äèàãðàììû èç êëàññà =On áóäåì íà-

çûâàòü ÷åðåäóþùóþñÿ ïîñëåäîâàòåëüíîñòü õîðä è ÷åðíûõ (ñîîòâåòñòâåí-

íî áåëûõ) äóã, êîòîðûå îáðàçóþò ãîììåîìîðôíûé îáðàç (îðèåíòèðîâàííîé)

îêðóæíîñòè � ðèñ. 1 b)− d).
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Ïóñòü λ � ÷èñëî ÷åðíûõ è áåëûõ öèêëîâ äèàãðàììû èç =On . Òîãäà ðîäîì

äèàãðàììû ñëåäóåò ñ÷èòàòü (íàïð. [3], [13]) öåëîå ÷èñëî g, îïðåäåëÿåìîå

ñîîòíîøåíèåì

g =
n− λ+ 1

2
. (1)

Îïðåäåëåíèå 4 Äèàãðàììó èç êëàññà =On , ðîä êîòîðîé ðàâåí íóëþ, áóäåì

íàçûâàòü äèàãðàììîé ìèíèìàëüíîãî ðîäà èëè, êîðîòêî, ïëàíàðíîé äèàã-

ðàììîé � ðèñ. 1 d). Ïîäìíîæåñòâî ïëàíàðíûõ äèàãðàìì èç êëàññà =On ,
êîòîðûå ñîäåðæàò òî÷íî k (1 ≤ k ≤ n) ÷åðíûõ (èëè, ÷òî òîæå, n− k+1

áåëûõ) öèêëîâ îáîçíà÷èì =k,n.

Õîðîøî èçâåñòíî (íàïð. èç [3], [2]), ÷òî n-äèàãðàììà (ïî ñóòè èç =On )
ÿâëÿåòñÿ ïëàíàðíîé òîãäà è òîëüêî òîãäà, êîãäà îíà íå ñîäåðæèò ïåðåñåêà-

þùèõñÿ õîðä.

Îïðåäåëåíèå 5 Êàê è â ñëó÷àå (íåðàñêðàøåííûõ) õîðäîâûõ n-äèàãðàìì,

2-öâåòíûå äèàãðàììû áóäåì íàçûâàòü

èçîìîðôíûìè, åñëè èõ ìîæíî ñîâìåñòèòü â ðåçóëüòàòå ïîâîðîòà

(ïî ÷àñîâîé ñòðåëêå) îêîëî îáùåãî öåíòðà;

ýêâèâàëåíòíûìè, åñëè èõ ìîæíî ñîâìåñòèòü â ðåçóëüòàòå çåðêàëü-

íîé ñèììåòðèè è/èëè ïîâîðîòà îêîëî îáùåãî öåíòðà.

Èçâåñòíî (íàïð. èç [3], [11]), ÷òî n-äèàãðàììó (â òîì ÷èñëå èç =On ) ìîæ-
íî îòîæäåñòâèòü ñ åå ¾ñêëåéêîé¿ � ïîäñòàíîâêîé-èíâîëþöèåé α, ñòîëáöû

êîòîðîé � ñóòü íîìåðà âåðøèí, èíöèäåíòíûõ îäíîé õîðäå. Òàê, íàïðèìåð,

äèàãðàììå íà ðèñ. 1 d) ñîîòâåòñòâóåò ïîäñòàíîâêà

α =

(
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

4 3 2 1 20 7 6 19 18 11 10 13 12 17 16 15 14 9 8 5

)
.

Áîëåå òîãî, êàê ñëåäóåò èç ðàáîò [3], [11], öèêëè÷åñêàÿ ãðóïïà C∗2n ïî-

ðÿäêà n, ïîðîæäåííàÿ ïåðåñòàíîâêîé

σ =

(
1 2 3 ... 2n− 2 2n− 1 2n

3 4 5 ... 2n 1 2

)
,

äåéñòâóåò íà ìíîæåñòâå ñêëååê äèàãðàìì èç =On êàê ñîïðÿæåíèå, à èìåííî:

äèàãðàììû D1(α1) è D2(α2) èçîìîðôíû òîãäà è òîëüêî òîãäà, êîãäà ñó-

ùåñòâóåò γ ∈ C∗2n òàêàÿ, ÷òî α1 = γ−1 ◦ α2 ◦ γ.
Ñ äåéñòâèåì äèýäðàëüíîé ãðóïïû íà ðàçëè÷íûõ êëàññàõ õîðäîâûõ n-

äèàãðàìì (íà êëàññàõ ñîîòâåòñòâóþùèõ ñêëååê) ìîæíî îçíàêîìèòüñÿ, íà-

ïðèìåð, â ðàáîòàõ [3], [13], [2].
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3 Èñ÷èñëåíèå òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé c îäíîé

âûðîæäåííîé êðèòè÷åñêîé òî÷êîé òèïà ñåäëî íà 2-ñôåðå

Êàê áûëî îòìå÷åíî ðàíåå, äëÿ ôóíêöèé èç êëàññà CM,m(Ng) ïîëíûì òîïîëî-

ãè÷åñêèì èíâàðèàíòîì ÿâëÿåòñÿ 2-öâåòíàÿ O-äèàãðàììà ñ n = 2g−1+M+m

õîðäàìè, êîòîðàÿ ñîäåðæèò M ÷åðíûõ (áåëûõ) è m áåëûõ (÷åðíûõ) öèêëîâ.

Îáîçíà÷èì ÷åðåç =nM,m êëàññ 2-öâåòíûõ äèàãðàìì óêàçàííîãî òèïà.

Òîãäà, êàê ñëåäóåò èç ðàáîò [4] è [11], èìåþò ìåñòî óòâåðæäåíèÿ

Òåîðåìà A ×èñëî O-òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç êëàññà

CM,m(Ng) ðàâíî ÷èñëó íåèçîìîðôíûõ äèàãðàìì èç êëàññà =nM,m.

Òåîðåìà B ×èñëî òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç êëàññà

CM,m(Ng) ðàâíî ÷èñëó íåýêâèâàëåíòíûõ äèàãðàìì èç êëàññà =nM,m.

Î÷åâèäíî, ÷òî äëÿ ôóíêöèé èç êëàññà CM,m(S2) (íà äâóìåðíîé ñôåðå

S2) ïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì ÿâëÿåòñÿ 2-öâåòíàÿ O-äèàãðàììà

ñ n = M + m − 1 õîðäàìè, êîòîðàÿ ñîäåðæèò òî÷íî M ÷åðíûõ (áåëûõ) è

m áåëûõ (÷åðíûõ) öèêëîâ. Ñ ó÷åòîì ôîðìóëû (1), ðîä òàêîé äèàãðàììû

ðàâåí íóëþ. Ïîýòîìó ôóíêöèÿì èç êëàññà CM,m(S2) ñîîòâåòñòâóþ èìåííî

ïëàíàðíûå 2-öâåòíûå O-äèàãðàììû.

Òàêèì îáðàçîì, åñëè ÷åðåç Ck,n−k+1(S
2) îáîçíà÷èòü êëàññ ãëàäêèõ ôóíê-

öèé íà 2-ñôåðå, ó êîòîðûõ êðîìå k ëîêàëüíûõ ìàêñèìóìîâ è n − k + 1

ëîêàëüíûõ ìèíèìóìîâ òîëüêî îäíà âûðîæäåííàÿ êðèòè÷åñêàÿ òî÷êà òèïà

ñåäëî (èíäåêñ Ïóàíêàðå êîòîðîé ðàâåí 1− n), òî èìåþò ìåñòî óòâåðæäåíèÿ

Ïðåäëîæåíèå 1 ×èñëî O-òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç

êëàññà Ck,n−k+1(S
2) ðàâíî ÷èñëó íåèçîìîðôíûõ äèàãðàìì èç êëàññà =k,n.

Ïðåäëîæåíèå 2 ×èñëî òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç

êëàññà Ck,n−k+1(S
2) ðàâíî ÷èñëó íåýêâèâàëåíòíûõ äèàãðàìì èç êëàññà =k,n.

Ïðèìåð 1 Ñðåäè íåèçîìîðôíûõ äèàãðàìì, ïðèâåäåííûõ íà ðèñ. 2:

1 èç êëàññà =1,4, 2 èç êëàññà =2,4, 2 èç êëàññà =3,4, 1 èç êëàññà =4,4.

1 2 3 4 5 6

Ðèñ. 2 âñå íåèçîìîðôíûå (íåýêâèâàëåíòíûå) 2-öâåòíûå ïëàíàðíûå äèàãðàììû n = 4

Òàêèì îáðàçîì, ñóùåñòâóåò 2 òîïîëîãè÷åñêè íåýêâèâàëåíòíûå ôóíêöèè

èç êëàññà C2,3(S
2), 2 � èç êëàññà C3,2(S

2), 1 èç C1,4(S
2) è 1 èç C4,1(S

2).
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4 Äèàãðàììû èç êëàññà =k,n è ¾non-crossing partition¿

Îïðåäåëåíèå 6 Ðàçáèåíèåì πk,n ìíîæåñòâà [n] = {1, 2, ..., n−1, n} (parti-
tion of [n] with k blocks) íàçûâàþò ñîâîêóïíîñòü k íåïóñòûõ, ïîïàðíî íå

ïåðåñåêàþùèõñÿ ïîäìíîæåñòâ π1, π2, ...πk ìíîæåñòâà [n], îáúåäèíåíèå êî-

òîðûõ åñòü [n]. Ïîäìíîæåñòâà πi ïðèíÿòî íàçûâàòü áëîêàìè πk,n.

Ðàçáèåíèå πk,n çà÷àñòóþ ïðåäñòàâëÿþò â âèäå π = π1/π2/.../πk. Ïðè÷åì,

ïðèíÿòî ñ÷èòàòü, ÷òî âíóòðè êàæäîãî áëîêà ýëåìåíòû ðàñïîëîæåíû â ïî-

ðÿäêå âîçðàñòàíèÿ, à ñàìè áëîêè ðàñïîëîæåíû â ïîðÿäêå âîçðàñòàíèÿ èõ

ìèíèìàëüíûõ ýëåìåíòîâ (íàïð. [7]).

Îïðåäåëåíèå 7 Ðàçáèåíèå íàçûâàþò ¾áåç ñàìîïåðåñå÷åíèé¿ (non-crossing

partition) èëè æå, êîðîòêî, ïëàíàðíûì, åñëè íå ñóùåñòâóåò ýëåìåíòîâ

a < b < c < d òàêèõ, ÷òî a è c ñîäåðæàòñÿ â îäíîì, à b è d â äðóãîì áëîêå.

Ìíîæåñòâî âñåõ òàêèõ ðàçáèåíèé îáîçíà÷èì êàê NCP (n), à ïîäìíîæå-

ñòâî ðàçáèåíèé, ñîäåðæàùèõ òî÷íî k áëîêîâ, � ÷åðåç NCPk,n.

 

   
       a       b  

 
 
 

1 
2  3  4  

5  
6  

7  

8  

9  

10  
11 

12  13  14  
15  

16  

17  

18  

19  

20  
1'  

2'  
3'  

4'  

5 '  

6 '  

7 '  
8 '  

9 '  

10 '  

Ðèñ. 3 a) ïðåäñòàâëåíèå ïëàíàðíîãî ðàçáèåíèÿ π = (1, 2)(3, 4, 10)(5, 6, 7, 9)(8) â âèäå êðó-
ãîâîé äèàãðàììû ñ 10 âåðøèíàìè; b) 2-öâåòíàÿ O-äèàãðàììà ðîäà 0 (ïîñòðîåííàÿ íà
2-öâåòíîì 2n-øàáëîíå, n = 10), ñîîòâåòñòâóþùàÿ ðàçáèåíèþ π

Â âèäó áèåêòèâíîñòè, êîòîðàÿ î÷åâèäíûì îáðàçîì âîçíèêàåò ìåæäó ðàç-

áèåíèÿìè èç ìíîæåñòâà NCPk,n è äèàãðàììàìè èç êëàññà =k,n, 2-öâåòíóþ
ïëàíàðíóþ äèàãðàììó è ñîîòâåòñòâóþùåå åé ðàçáèåíèå â äàëüíåéøåì áóäåì

îòîæäåñòâëÿòü.

Áîëåå òîãî, ÷èñëî íåèçîìîðôíûõ (à òàêæå íåýêâèâàëåíòíûõ) äèàãðàìì

èç êëàññà =k,n ðàâíî ÷èñëó íåèçîìîðôíûõ (ñîîòâåòñòâåííî íåýêâèâàëåíò-

íûõ) êðóãîâûõ äèàãðàìì, îòâå÷àþùèõ ðàçáèåíèÿì èç ìíîæåñòâà NCPk,n.

Ïðè÷åì â ïîíÿòèå èçîìîðôíîñòè (ýêâèâàëåíòíîñòè) ïîñëåäíèõ âêëàäûâàåò-

ñÿ òàêîé æå ñìûñë êàê è äëÿ 2-öâåòíûõ äèàãðàìì (íàïð. [2]).
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5 Ïåðå÷èñëåíèå äèàãðàìì èç êëàññà =k,n

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

P (n; k) � ÷èñëî äèàãðàìì èç êëàññà =k,n, òî åñòü P (n; k) = |=k,n| = |NCPk,n|;
P ∗(n; k) � ÷èñëî íåèçîìîðôíûõ äèàãðàìì èç êëàññà =k,n;
P ∗∗(n; k) � ÷èñëî íåýêâèâàëåíòíûõ äèàãðàìì èç êëàññà =k,n.

Èçâåñòíî, íàïðèìåð èç [8], ÷òî |NCPk,n| ðàâíà ÷èñëó Íàðàÿíà N(n; k)

(¾Narayana number¿), êîòîðîå îïðåäåëÿåòñÿ ïî ôîðìóëå

N(n; k) =
1

n
Ckn · Ck−1n . (2)

Òàê êàê ∀n ∈ N ñïðàâåäëèâî ðàâåíñòâî N (n; 1) = N (n;n) = 1, òî

P ∗ (n; 1) = P ∗ (n;n) = 1, (3)

P ∗∗ (n; 1) = P ∗∗ (n;n) = 1. (4)

Áîëåå òîãî, òàê êàê

N (n; k) =
1

n
Ckn · Ck−1n =

1

n
Cn−k+1
n · Cn−kn = N (n;n− k + 1) , (5)

òî äëÿ íàòóðàëüíûõ n ≥ k ≥ 2 èìåþò ìåñòî è ñîîòíîøåíèÿ

P ∗ (n; k) = P ∗ (n;n− k + 1) , (6)

P ∗∗ (n; k) = P ∗∗ (n;n− k + 1) . (7)

5.1 ×èñëî íåèçîìîðôíûõ äèàãðàìì èç êëàññà =k,n

Ëåììà 1 Äëÿ íàòóðàëüíûõ n ≥ k ≥ 2 ÷èñëî íåèçîìîðôíûõ (íåýêâèâàëåí-

òíûõ îòíîñèòåëüíî äåéñòâèÿ öèêëè÷åñêîé ãðóïïû ïîðÿäêà n) äèàãðàìì

èç êëàññà =k,n ìîæíî âû÷èñëèòü ñ ïîìîùüþ ñîîòíîøåíèÿ

P ∗ (n; k) =
1

n

 1

n
Ckn · Ck−1n +

∑
j|(n;k),j 6=1

ϕ(j)

(
n− k
j

+ 1

)
1
n
j

C
k
j
n
j
C

k
j−1
n
j

+

+
∑

j|(n;k−1),j 6=1

ϕ (j)

(
k − 1

j
+ 1

)
1
n
j

C
k−1
j +1

n
j

C
k−1
j

n
j

 , (8)

ãäå ϕ (q) � ôóíêöèÿ Ýéëåðà (êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõî-

äÿùèõ q è âçàèìíî ïðîñòûõ ñ íèì); (s; t) � íàèáîëüøèé îáùèé äåëèòåëü

÷èñåë s è t; à ñóììèðîâàíèå âî âòîðîì è òðåòüåì ñëàãàåìûõ âåäåòñÿ ïî

âñåì äåëèòåëÿì (èñêëþ÷àÿ 1-öó) ÷èñåë (n; k) è (n; k − 1) ñîîòâåòñòâåííî.
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Çàìå÷àíèå 1 Ó÷èòûâàÿ (5), ñîîòíîøåíèå (8) ìîæíî ïðåäñòàâèòü â âèäå

P ∗ (n; k) =
1

n

N (n; k) +
∑

j|(n;k),j 6=1

ϕ (j)

(
n− k
j

+ 1

)
·N
(
n

j
;
n− k
j

+ 1

)
+

+
∑

j|(n;k−1),j 6=1

ϕ (j)

(
k − 1

j
+ 1

)
·N
(
n

j
;
k − 1

j
+ 1

) . (9)

Äîêàçàòåëüñòâî Âñå äèàãðàììû èç êëàññà =k,n, êîòîðûå èíâàðèàíòíû îò-

íîñèòåëüíî ïîâîðîòà íà íåêîòîðûé óãîë ωj =
2π
j , j 6= 1 (¾ñàìîñîâìåùàþòñÿ¿

ïðè ïîâîðîòå îêîëî öåíòðà øàáëîíà íà óãîë ωj â íàïðàâëåíèè äâèæåíèÿ ÷à-

ñîâîé ñòðåëêè) ðàçîáüåì íà äèàãðàììû äâóõ òèïîâ.

 

 

)a  )b  

 

2

j
j

π
ω =  

2

j
j

π
ω =  

Ðèñ. 4 a) ïëàíàðíàÿ 16-äèàãðàììà I òèïà; b) ïëàíàðíàÿ 16-äèàãðàììà II òèïà

I òèïà � òå, êîòîðûå íå ñîäåðæàò ÷åðíîãî öèêëà (¾÷åðíîãî ïîëèãîíà¿),

èíâàðèàíòíîãî îòíîñèòåëüíî ïîâîðîòà íà íåêîòîðûé óãîë. Î÷åâèäíî, ÷òî â

ýòîì ñëó÷àå ÷èñëî j äîëæíî áûòü îáùèì äåëèòåëåì ÷èñåë n è k � ðèñ. 1 a).

II òèïà � òå, êîòîðûå ñîäåðæàò ÷åðíûé öèêë (¾÷åðíûé ïîëèãîí¿), èíâà-

ðèàíòíûé îòíîñèòåëüíî ïîâîðîòà íà íåêîòîðûé óãîë. Î÷åâèäíî, ÷òî â ýòîì

ñëó÷àå ÷èñëî j äîëæíî áûòü îáùèì äåëèòåëåì ÷èñåë n è k − 1 � ðèñ. 1 b).

Òîãäà, ïðèìåíÿÿ ëåììó Áåðíñàéäà, âåëè÷èíó P ∗ (n; k) ìîæíî ïðåäñòà-

âèòü â âèäå

P ∗ (n; k) =

=
1

n

N (n; k) +
∑

j|(n;k),
j 6=1

ϕ (j) ρ1 (n; k; j) +
∑

j|(n;k−1),
j 6=1

ϕ (j) ρ2 (n; k; j)

 , (10)
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ãäå ρ1 (n; k; j), ρ2 (n; k; j) � ÷èñëî äèàãðàìì I è II òèïà ñîîòâåòñòâåííî,

êîòîðûå èíâàðèàíòíû îòíîñèòåëüíî ïîâîðîòà íà óãîë ωj (j 6= 1).

Òàê êàê N (n; k) = N (n;n− k + 1), P ∗ (n; k) = P ∗ (n;n− k + 1), òî ñ ó÷å-

òîì òîãî ôàêòà, ÷òî äëÿ ïðîèçâîëüíûõ íàòóðàëüíûõ a > b ñïðàâåäëèâî

ðàâåíñòâî (a; b) = (a; a− b), èìååì
n · P ∗ (n; k) = N (n; k)+

+

 ∑
j|(n;k),j 6=1

φ (j) ρ1 (n; k; j) +
∑

j|(n;k−1),j 6=1

φ (j) ρ2 (n; k; j)

 = (11)

= n · P ∗ (n;n− k + 1) = N (n;n− k + 1)+

+

 ∑
j|(n;n−k+1),

j 6=1

ϕ (j) ρ1 (n;n− k + 1; j) +
∑

j|(n;n−k),
j 6=1

ϕ (j) ρ2 (n;n− k + 1; j)

 =

= N (n; k)+

 ∑
j|(n;k−1),

j 6=1

ϕ (j) ρ1 (n;n− k + 1; j) +
∑

j|(n;k),
j 6=1

ϕ (j) ρ2 (n;n− k + 1; j)


(12)

Èç ñîîòíîøåíèé (11) è (12) ïîëó÷àåì ðàâåíñòâî∑
j|(n;k),

j 6=1

ϕ (j) ρ1 (n; k; j) +
∑

j|(n;k−1),
j 6=1

ϕ (j) ρ2 (n; k; j) =

=
∑

j|(n;k),
j 6=1

ϕ (j) ρ2 (n;n− k + 1; j) +
∑

j|(n;k−1),
j 6=1

ϕ (j) ρ1 (n;n− k + 1; j), (13)

êîòîðîå ïîçâîëÿåò âûäâèíóòü ãèïîòåçó î òîì, ÷òî ïðè (äîïóñòèìûõ) ôèêñè-

ðîâàííûõ n, k, j âåëè÷èíû ρ1 (n; k; j) è ρ2 (n;n− k + 1; j), à òàêæå ρ2 (n; k; j)

è ρ1 (n;n− k + 1; j) ñîâïàäàþò.

Óáåäèìñÿ â ñïðàâåäëèâîñòè âûäâèíóòîé ãèïîòåçû.

Ñ ó÷åòîì ââåäåííîé òåðìèíîëîãèè è îáîçíà÷åíèé, âåëè÷èíà ρ1 (n; k; j)

îïðåäåëÿåò ÷èñëî âñåõ òåõ äèàãðàìì (èç êëàññà =k,n), êîòîðûå èíâàðèàíò-
íû îòíîñèòåëüíî ïîâîðîòà íà óãîë ωj = 2π

j è íå ñîäåðæàò ÷åðíîãî öèêëà

(¾÷åðíîãî ïîëèãîíà¿), èíâàðèàíòíîãî îòíîñèòåëüíî ïîâîðîòà íà óãîë ωj .

Íî òîãäà êàæäàÿ òàêàÿ äèàãðàììà (ñ k ÷åðíûìè è n− k+ 1 áåëûìè öèêëà-

ìè) ñîäåðæèò áåëûé öèêë (¾áåëûé ïîëèãîí¿), èíâàðèàíòíûé îòíîñèòåëüíî

ïîâîðîòà íà óãîë ωj .

Åñëè ÷åðíûå äóãè ïåðåêðàñèòü â áåëûé öâåò, à áåëûå äóãè � â ÷åðíûé

öâåò, òî êàæäàÿ èç óïîìÿíóòûõ âûøå äèàãðàìì áóäåò
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� èíâàðèàíòíîé îòíîñèòåëüíî ïîâîðîòà íà òàêîé æå óãîë ωj ;

� ñîäåðæàòü n− k+1 ÷åðíûõ öèêëîâ, ñðåäè êîòîðûõ îäèí ÷åðíûé öèêë

(¾÷åðíûé ïîëèãîí¿), èíâàðèàíòíûé îòíîñèòåëüíî ïîâîðîòà íà óãîë ωj .

Òîãäà î÷åâèäíî, ÷òî ïðè ôèêñèðîâàííûõ n, k, j âûïîëíÿåòñÿ ðàâåíñòâî

ρ1 (n; k; j) = ρ2 (n;n− k + 1; j) , (14)

à, ñ ó÷åòîì (13), � è ðàâåíñòâî

ρ2 (n; k; j) = ρ1 (n;n− k + 1; j) . (15)

Òàêèì îáðàçîì, åñëè ρ1 (n; k; j) îáîçíà÷èòü êàê ρ (n; k; j), òî, ñ ó÷åòîì

(14) è (15), èìååò ìåñòî ðàâåíñòâî

ρ2 (n; k; j) = ρ (n;n− k + 1; j) . (16)

È ïîýòîìó äîêàçàòåëüñòâî ëåììû ñâîäèòñÿ ê äîêàçàòåëüñòâó òîãî ôàêòà,

÷òî ÷èñëî ρ1 (n; k; j) (âñåõ) äèàãðàìì I òèïà, èíâàðèàíòíûõ îòíîñèòåëüíî ïî-

âîðîòà íà óãîë ωj (íåïîäâèæíûõ îòíîñèòåëüíî äåéñòâèÿ ñîîòâåòñòâóþùåãî

ýëåìåíòà öèêëè÷åñêîé ãðóïïû), ìîæíî âû÷èñëèòü ïî ôîðìóëå

ρ1 (n; k; j) =

(
n− k
j

+ 1

)
1
n
j

C
k
j
n
j
C

k
j−1
n
j

. (17)

Â ðàáîòå [10] (Theorem 7.2) óñòàíîâëåíî, ÷òî ïðè j ≥ 2 ÷èñëî [N (n; k′)]

ðàçáèåíèé èç êëàññà NCPk,n, êîòîðûå èìåþò ðàíã k′ (â íàøèõ òåðìèíàõ

k = n − k′ áëîêîâ) è ÿâëÿþòñÿ èíâàðèàíòíûìè îòíîñèòåëüíî ïîâîðîòà íà

óãîë ωj =
2π
j , ìîæíî âû÷èñëèòü ïî ôîðìóëå

[N (n; k′)] =
n− k′

n
·
(
C

k′
j
n
j

)2

. (18)

Ïîýòîìó

ρ1 (n; k; j) = [N (n;n− k)] = n− (n− k)
n

·
(
C

n−k
j

n
j

)2

=
k

n
· C

n−k
j

n
j
· C

n−k
j

n
j

=

=
k

n
· C

k
j
n
j
· C

k
j
n
j
=
k

n
· C

k
j
n
j
·
n−k
j + 1
k
j

· C
k
j−1
n
j

=

(
n− k
j

+ 1

)
· 1n
j

C
k
j
n
j
C

k
j−1
n
j

.

Ñëåäñòâèå 1 Äëÿ ïðîèçâîëüíîãî ïðîñòîãî n ÷èñëî íåèçîìîðôíûõ äèàã-

ðàìì èç êëàññà =k,n ìîæíî âû÷èñëèòü ïîñðåäñòâîì ñîîòíîøåíèé

P ∗(n, k) =

{
1
n2C

k
nC

k−1
n + n−1

n , k = 1;n
1
n2C

k
nC

k−1
n , k 6= 1;n.

(19)
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Çàìå÷àíèå 2 Ñëåäóåò îòìåòèòü, ÷òî íà÷àëüíûå çíà÷åíèÿ âåëè÷èíû

P ∗(n, k) äëÿ íàòóðàëüíûõ 1 ≤ k ≤ n ≤ 9 ñîâïàäàþò ñ ÷ëåíàìè ïîñëåäîâà-

òåëüíîñòè A209805 (¾Triangle read by rows: T (n, k) is the number of k-block

noncrossing partitions of n-set up to rotations¿) [10], ïîëó÷åííûõ àâòîðîì

(Tilman Piesk, March 10 2012) ïðîãðàììíûì ïóòåì.

Êðîìå òîãî, ñ ó÷åòîì ðåçóëüòàòîâ ðàáîòû [2], èìååò ìåñòî ðàâåíñòâî

n∑
k=1

P ∗(n, k) = p∗n =
1

n

 1

n+ 1
Cn2n +

∑
1≤i<n,

i|n

ϕ
(n
i

)
Ci2i

 , (20)

ãäå p∗n � ÷èñëî íåèçîìîðôíûõ ðàçáèåíèé èç êëàññà NCP (n), èëè, ÷òî òîæå,

� ÷èñëî íåèçîìîðôíûõ 2-öâåòíûõ ïëàíàðíûõ n-äèàãðàìì.

5.2 ×èñëî íåýêâèâàëåíòíûõ äèàãðàìì èç êëàññà =k,n

Ïðèìåíÿÿ ëåììó Áåðíñàéäà, ÷èñëî íåýêâèâàëåíòíûõ äèàãðàìì èç êëàññà

=k,n ìîæíî âû÷èñëèòü ñ ïîìîùüþ ñîîòíîøåíèÿ

P ∗∗(n, k) =
1

2

(
P ∗(n, k) +

1

n
· P simn,k

)
, (21)

ãäå P simn,k � ÷èñëî òåõ äèàãðàìì èç êëàññà =k,n, êîòîðûå ÿâëÿþòñÿ ñèì-

ìåòðè÷íûìè îòíîñèòåëüíî õîòÿ áû îäíîé èç n ðàçëè÷íûõ îñåé ñèììåòðèè

2-öâåòíîãî 2n-øàáëîíà. Ïðè÷åì

P simn,k =

{
n · p0(n, k), n = 2m± 1
n
2 · (p1(n, k) + p2(n, k)) , n = 2m,

ãäå p0(n, k) � ÷èñëî äèàãðàìì èç =k,n, ñèììåòðè÷íûõ îòíîñèòåëüíî ôèê-

ñèðîâàííîé îñè ñèììåòðèè, ïðîõîäÿùåé ÷åðåç ñåðåäèíû äèàìåòðàëüíî-

ïðîòèâîïîëîæíûõ ÷åðíîé è áåëîé äóã 2-öâåòíîãî 2n-øàáëîíà;

p1(n, k) (p2(n, k)) � ÷èñëî äèàãðàìì èç =k,n, ñèììåòðè÷íûõ îòíîñèòåëüíî

ôèêñèðîâàííîé îñè ñèììåòðèè, ïðîõîäÿùåé ÷åðåç ñåðåäèíû äèàìåòðàëüíî-

ïðîòèâîïîëîæíûõ ÷åðíûõ (ñîîòâåòñòâåííî áåëûõ) äóã 2n-øàáëîíà.

Õîðîøî èçâåñòíî (íàïð. èç [8]), ÷òî ñóùåñòâóåò áèåêòèâíîå ñîîòâåòñòâèå

ìåæäó ýëåìåíòàìè ìíîæåñòâà NCPk,n (à ïîòîìó è =k,n) è ýëåìåíòàìè ìíî-
æåñòâà, èçâåñòíûìè êàê ¾Dyck n-paths with exactly k peaks¿. Êàê ñëåäóåò

èç ðàáîò [1] è [2], âåëè÷èíà T (n, k) = 1
n · P

sim
n,k ñîâïàäàåò ñ ÷èñëîì îáúåê-

òîâ, èìåíóåìûõ êàê ¾symmetric Dyck paths of semi-length n with k peaks¿
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(ïîñëåäîâàòåëüíîñòü A088855 â [10]). Áîëåå òîãî, â ðàáîòå [1] (Example 37)

ïîêàçàíî, ÷òî

T (n, k) = C
[ k−1

2 ]
[n−1

2 ]
· Cd

k−1
2 e

dn−1
2 e

, (22)

ãäå [q] � öåëàÿ ÷àñòü ÷èñëà q (îïðåäåëÿåìàÿ êàê íàèáîëüøåå öåëîå, ìåíüøåå

èëè ðàâíîå q); dqe � ôóíêöèÿ ¾ïîòîëîê¿, îïðåäåëÿåìàÿ êàê íàèìåíüøåå

öåëîå, áîëüøåå èëè ðàâíîå q.

Ñ ó÷åòîì ñîîòíîøåíèé (21) è (22), èìååò ìåñòî

Ëåììà 2 Äëÿ íàòóðàëüíûõ n ≥ k ≥ 2 ÷èñëî íåýêâèâàëåíòíûõ (îòíîñè-

òåëüíî äåéñòâèÿ äèýäðàëüíîé ãðóïïû ïîðÿäêà 2n) äèàãðàìì èç êëàññà =k,n
ìîæíî âû÷èñëèòü ñ ïîìîùüþ ñîîòíîøåíèÿ

P ∗∗(n, k) =
1

2

(
P ∗(n, k) + C

b k−1
2 c

bn−1
2 c
· Cd

k−1
2 e

dn−1
2 e

)
, (23)

ãäå bqc = max{n ∈ Z|n ≤ q}, dqe = min{n ∈ Z|n ≥ q}, à P ∗(n, k) îïðåäåëÿ-
åòñÿ ïî ôîðìóëå (8).

Çàìåòèì, ÷òî íà÷àëüíûå çíà÷åíèÿ âåëè÷èíû P ∗∗(n, k) ñîâïàäàþò ñ ÷ëåíàìè

ïîñëåäîâàòåëüíîñòè A209612 [10].

Ðåçóëüòàòû è âûâîäû

Íà îñíîâàíèè Ïðåäëîæåíèé 1 è 2, Ëåììû 1 è Ëåììû 2 èìåþò ìåñòî îñíîâ-

íûå ðåçóëüòàòû ðàáîòû

Òåîðåìà 1 Äëÿ íàòóðàëüíûõ n ≥ k ≥ 2 ÷èñëî O-òîïîëîãè÷åñêè íåýêâè-

âàëåíòíûõ ôóíêöèé èç êëàññà Ck,n−k+1(S
2) ìîæíî âû÷èñëèòü ñ ïîìîùüþ

ôîðìóëû (8).

Òåîðåìà 2 Äëÿ íàòóðàëüíûõ n ≥ k ≥ 2 ÷èñëî òîïîëîãè÷åñêè íåýêâèâà-

ëåíòíûõ ôóíêöèé èç êëàññà Ck,n−k+1(S
2) ìîæíî âû÷èñëèòü ñ ïîìîùüþ

ôîðìóëû (23).

Íà÷àëüíûå çíà÷åíèÿ ÷èñëà O-òîïîëîãè÷åñêè è òîïîëîãè÷åñêè íåýêâèâà-

ëåíòíûõ ôóíêöèé èç êëàññà Ck,n−k+1(S
2) äëÿ íàòóðàëüíûõ 2 ≤ k ≤ n ≤ 18

ïðèâåäåíû â òàáëèöàõ 1 è 2 ñîîòâåòñòâåííî.

Êðîìå òîãî, â ïðåäñòàâëåííîé ñòàòüå âïåðâûå ïðèâîäèòñÿ ðåøåíèå çàäà-

÷è (áîëåå èçâåñòíîé ïîä íàçâàíèåì) ¾Enumeration of non-crossing partitions

of [n] with k blocks under rotation and re�ection¿, ðåçóëüòàòû êîòîðîé áûëè

àíîíñèðîâàíû â ìàòåðèàëàõ ¾XV ìåæäóíàðîäíîé íàó÷íîé êîíôåðåíöèè èì.

àêàäåìèêà Ìèõàèëà Êðàâ÷óêà¿ è ìåæäóíàðîäíîé êîíôåðåíöèè ¾Ãåîìåòðèÿ

â Îäåññå � 2014¿.
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On the number of topologically non-equivalent functions with

one degenerate saddle critical point on two-dimensional sphere,

II

In this paper we consider the smooth functions with three critical values on two-

dimensional sphere S2, that possess only one (degenerate) saddle critical point

in addition to M local maxima and m local minima. For any natural M and m

we calculate the number of topologically non-equivalent such functions.
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4-êâàçèïëàíàðíûå îòîáðàæåíèÿ ïî÷òè êâàòåð-
íèîííûõ è ïîëóêâàòåðíèîííûõ ìíîãîîáðàçèé

Èðèíà Íèêîëàåâíà Êóðáàòîâà

Àííîòàöèÿ Ìû èññëåäóåì ñïåöèàëüíûé òèï îòîáðàæåíèé ðèìàíîâûõ

ïðîñòðàíñòâ ñ ïî÷òè è ïîëóêâàòåðíèîííîé ñòðóêòóðîé.

Êëþ÷åâûå ñëîâà Êåëåðîâî ïðîñòðàíñòâî, êâàòåðíèîííàÿ ñòðóêòóðà.

ÓÄÊ 517.764

1 Ââåäåíèå.

Â ñîâðåìåííîé äèôôåðåíöèàëüíîé ãåîìåòðèè èíòåíñèâíî èçó÷àþòñÿ ðàç-

ëè÷íûå îáîáùåíèÿ òåîðèè ãåîäåçè÷åñêèõ îòîáðàæåíèé àôôèííîñâÿçíûõ

è ðèìàíîâûõ ïðîñòðàíñòâ è ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé ïî÷òè

êîìïëåêñíûõ ìíîãîîáðàçèé.

Íàïîìíèì, ÷òî ãåîäåçè÷åñêîå îòîáðàæåíèå îäíîãî ïðîñòðàíñòâà àôôèí-

íîé ñâÿçíîñòè An íà äðóãîå An îïðåäåëÿåòñÿ êàê âçàèìíî îäíîçíà÷íîå ñî-

îòâåòñòâèå ìåæäó èõ òî÷êàìè, ïðè êîòîðîì îáðàçîì êàæäîé ãåîäåçè÷åñêîé

ëèíèè An ÿâëÿåòñÿ ãåîäåçè÷åñêàÿ ëèíèÿ An.

Åñëè íà ðèìàíîâîì ïðîñòðàíñòâå îïðåäåëåíà êîâàðèàíòíî ïîñòîÿííàÿ

ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà, ñîãëàñîâàííàÿ ñ ìåòðèêîé , åãî íàçûâà-

þò êåëåðîâûì [1]. Òåîðåìà ßíî-Âåñòëåéêà [2] óòâåðæäàåò, ÷òî ãåîäåçè÷å-

ñêîå îòîáðàæåíèå êåëåðîâà ïðîñòðàíñòâà íà êåëåðîâî ñ ñîõðàíåíèåì êîì-

ïëåêñíîé ñòðóêòóðû ÿâëÿåòñÿ òðèâèàëüíûì. Ïîýòîìó äëÿ êåëåðîâûõ ïðî-

ñòðàíñòâ ââîäÿò áîëåå îáùèå, òàê íàçûâàåìûå ãîëîìîðôíî ïðîåêòèâíûå

îòîáðàæåíèÿ, ââåäåííûå Ò.Îöóêè è ß.Òàñèðî [3]. Îáñòîÿòåëüíîå èçëîæå-

íèå ðåçóëüòàòîâ, ïîëó÷åííûõ â òåîðèè ãåîäåçè÷åñêèõ è ãîëîìîðôíî ïðî-
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åêòèâíûõ îòîáðàæåíèé, ñîäåðæèòñÿ â [2],[4]. Åùå îäíî èç íàïðàâëåíèé

ñîâðåìåííîé äèôôåðåíöèàëüíîé ãåîìåòðèè - òåîðèÿ äèôôåðåíöèðóåìûõ

ìíîãîîáðàçèé, ñíàáæåííûõ ðàçëè÷íûìè ãåîìåòðè÷åñêèìè ñòðóêòóðàìè, â

÷àñòíîñòè, àëãåáðàè÷åñêèìè, òî åñòü èçîìîðôíî ïðåäñòàëÿþùèìè íåêîòî-

ðóþ àëãåáðó [5],[6]. Îáúåäèíÿåò ýòè íàïðàâëåíèÿ òåîðèÿ äèôôåîìîðôèç-

ìîâ ìíîãîîáðàçèé ñ ðàçëè÷íûìè àôôèíîðíûìè ñòðóêòóðàìè, òàêèõ, íà-

ïðèìåð, êàê êâàçè-ãåîäåçè÷åñêèå, ïî÷òè ãåîäåçè÷åñêèå, òðèãåîäåçè÷åñêèå,

p-ãåîäåçè÷åñêèå îòîáðàæåíèÿ àôôèííîñâÿçíûõ è ðèìàíîâûõ ïðîñòðàíñòâ.

Â [7] Ñèíþêîâûì Í.Ñ. è É.Ìèêåøåì áûëè ââåäåíû â ðàññìîòðåíèå êâà-

çèïëàíàðíûå îòîáðàæåíèÿ, ïðåäñòàâëÿþùèå ñîáîé âåñüìà øèðîêîå îáîá-

ùåíèå ãåîäåçè÷åñêèõ è ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé ïðîñòðàíñòâ

àôôèííîé ñâÿçíîñòè áåç êðó÷åíèÿ ñ ïðîèçâîëüíîé àôôèíîðíîé ñòðóêòóðîé.

Îòìåòèì, ÷òî âî âñåõ âûøåóêàçàííûõ îòîáðàæåíèÿõ ìíîãîîáðàçèÿ áûëè

íàäåëåíû ëèøü îäíîé àôôèíîðíîé ñòðóêòóðîé îïðåäåëåííîãî òèïà.

Ìû èññëåäóåì îòîáðàæåíèÿ ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòè áåç êðó-

÷åíèÿ ñ ïî÷òè è ïîëóêâàòåðíèîííîé ñòðóêòóðîé, êîòîðûå íàçûâàåì 4-

êâàçèïëàíàðíûìè [8].

Êàê èçâåñòíî, ïî÷òè êâàòåðíèîííûì ïðîñòðàíñòâîì [1] íàçûâàåòñÿ äèô-

ôåðåíöèðóåìîå ìíîãîîáðàçèå Xn ñ çàäàííûìè íà íåì ïî÷òè êîìïëåêñíûìè

ñòðóêòóðàìè
1

F è
2

F , êîòîðûå íàðÿäó ñ

1

Fαi

1

Fhα = −δhi ,
2

Fαi

2

Fhα = −δhi (1)

óäîâëåòâîðÿþò óñëîâèÿì

1

Fαi

2

Fhα +
2

Fαi

1

Fhα = 0. (2)

Î÷åâèäíî, ÷òî òåíçîð
3

Fhi =
1

Fαi

2

Fhα ,

òàêæå îïðåäåëÿåò ïî÷òè êîìïëåêñíóþ ñòðóêòóðó. Ïðè ýòîì ñâÿçü ìåæäó
1

F ,
2

F ,
3

F èìååò âèä:
1

Fαi

2

Fhα = −
2

Fαi

1

Fhα =
3

Fhi ,

2

Fαi

3

Fhα = −
3

Fαi

2

Fhα =
1

Fhi , (3)

3

Fαi

1

Fhα = −
1

Fαi

3

Fhα =
2

Fhi .

Ëþáûå äâå èç òðåõ îïðåäåëÿþò èñõîäíóþ ïî÷òè êâàòåðíèîííóþ ñòðóê-

òóðó íà Xn.
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Ïî÷òè êâàòåðíèîííàÿ ñòðóêòóðà íà ïðîñòðàíñòâå àôôèííîé ñâÿçíîñòè

An c îáúåêòîì ñâÿçíîñòè Γ íàçûâàåòñÿ êåëåðîâîé [1], åñëè êàæäàÿ èç îáðà-

çóþùèõ àôôèíîðíûõ ñòðóêòóð - êåëåðîâà, òî åñòü

s

Fhi,j = 0, s = 1, 2, 3,

ãäå <,> - çíàê êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè Γ .

Ïî÷òè êâàòåðíèîííóþ ñòðóêòóðó íà ðèìàíîâîì ïðîñòðàíñòâå Vn ñ ìåò-

ðè÷åñêèì òåíçîðîì gij ÷àùå âñåãî ñîãëàñîâûâàþò â âèäå

gαβ
s

Fαi

s

F βj = gij , s = 1, 2, 3, (4)

èëè, ÷òî òî æå,

giα
s

Fαj = −gjα
s

Fαi , s = 1, 2, 3. (5)

2 4-êâàçèïëàíàðíûå îòîáðàæåíèÿ ïðîñòðàíñòâ àôôèííîé

ñâÿçíîñòè ñ ïî÷òè êâàòåðíèîííîé ñòðóêòóðîé.

1◦. Ðàññìîòðèì ïàðó ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòè áåç êðó÷åíèÿ An,

An ñ îáúåêòàìè ñâÿçíîñòè Γ , Γ è ïî÷òè êâàòåðíèîííûìè ñòðóêòóðàìè

(
1

F ,
2

F ), (
1

F ,
2

F ), ñîîòâåòñòâåííî.

Íàçîâåì 4-êâàçèïëàíàðíûì îòîáðàæåíèåì f : An → An (4ÊÏÎ), ñî-

õðàíÿþùèì ïî÷òè êâàòåðíèîííóþ ñòðóêòóðó [8], âçàèìíî îäíîçíà÷íîå

îòîáðàæåíèå ìåæäó èõ òî÷êàìè, ïðè êîòîðîì â îáùåé ïî îòîáðàæåíèþ ñè-

ñòåìå êîîðäèíàò x1, x2, . . . , xn èìååò ìåñòî çàâèñèìîñòü

Γ
h

ij(x) = Γhij(x) +

3∑
s=0

s
q(i(x)

s

Fhj)(x), (6)

ãäå
◦
Fhi = δhi ,

3

Fhi =
1

Fαi

2

Fhα ,
s

Fhi (x) =

s

F
h

i (x),

s
qi(x) - íåêîòîðûå êîâåêòîðû. Íåòðóäíî âèäåòü, ÷òî ïðè îòîáðàæåíèÿõ (6)

ñîõðàíÿþòñÿ êðèâûå âèäà

xh = xh(t), h = 1, 2, . . . n,

âäîëü êîòîðûõ âûïîëíÿþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ

λh,αλ
α = λα

3∑
s=0

s
a(t)

s

Fhα ,
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λh =
dxh

dt
,

ãäå
s
a(t) - íåêîòîðûå ôóíêöèè ïàðàìåòðà t, <,> - çíàê êîâàðèàíòíîé ïðî-

èçâîäíîé ïî ñâÿçíîñòè Γ . Ýòè êðèâûå ïðåäñòàâëÿþò ñîáîé àíàëîã ãåîäåçè-

÷åñêèõ ëèíèé ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòè è àíàëèòè÷åñêè ïëàíàðíûõ

êðèâûõ ïî÷òè êîìïëåêñíûõ ìíîãîîáðàçèé.

2◦. Ðàññìîòðèì ïàðó ðèìàíîâûõ ïî÷òè êâàòåðíèîííûõ ïðîñòðàíñòâ

(Vn, gij), (V n, gij), íàõîäÿùèõñÿ â 4ÊÏÎ, ñîõðàíÿþùåì ïî÷òè êâàòåðíèîí-

íóþ ñòðóêòóðó. Ïðåäïîëîæèì, ÷òî ëèøü îäíà èç ïî÷òè êîìïëåêñíûõ ñòðóê-

òóð, ñêàæåì
1

F , àáñîëþòíî ïàðàëëåëüíà â (V n, gij), òî åñòü

1

Fhi|j = 0,

ãäå < | > - çíàê êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè Γ .

Èç (6) ñëåäóåò, ÷òî â ýòîì ñëó÷àå

1

Fhi,j + δhj (
◦
qα

1

Fαi +
1
qi) +

1

Fhj (
1
qα

1

Fαi −
◦
qi) +

2

Fhj (
2
qα

1

Fαi −
3
qi)+

+
3

Fhj (
3
qα

1

Fαi +
2
qi)− 2

3
qj

2

Fhi + 2
2
qj

3

Fhi = 0.

(7)

Îïóñêàÿ çäåñü èíäåêñ h â Vn è ñèììåòðèðóÿ ïî èíäåêñàì h, i, ïîëó÷àåì

gj(h(
◦
q|α|

1

Fαi) +
1
qi))−

1

Fj(h(
1
q|α|

1

Fαi) −
◦
qi))−

−
2

Fj(h(
2
q|α|

1

Fαi) −
3
qi))−

3

Fj(h(
3
q|α|

1

Fαi) +
2
qi)) = 0.

(8)

Ïîñëå ñâåðòûâàíèÿ ýòèõ ñîîòíîøåíèé ñ ghj ïî èíäåêñàì h, j îêàçûâàåòñÿ,

÷òî
◦
qα

1

Fαi +
1
qi = 0. (9)

Òîãäà èç (8) ñ ó÷åòîì (9), (1), (3), (5) èìååì

2
qα

1

Fαi −
3
qi = 0. (10)

Òàêèì îáðàçîì, èç (9), (10), (7) ñëåäóåò, ÷òî åñëè ïðè 4ÊÏÎ ðèìàíîâûõ

ïðîñòðàíñòâ Vn, V n ñ ñîõðàíåíèåì ïî÷òè êâàòåðíèîííîé ñòðóêòóðû àôôè-

íîð
1

F â V n îïðåäåëÿåò êåëåðîâó ñòðóêòóðó, òî â Vn íà íåãî âîçíèêàþò

óñëîâèÿ äèôôåðåíöèàëüíîãî õàðàêòåðà âèäà

1

Fhi,j = 2
3
qj

2

Fhi − 2
2
qj

3

Fhi .
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Îòñþäà ëåãêî âèäåòü, ÷òî åñëè âVn àôôèíîð
1

F òàêæå àáñîëþòíî ïàðàëëå-

ëåí, òî ïî íåîáõîäèìîñòè
3
qj =

2
qj = 0.

Â ýòîì ñëó÷àå 4ÊÏÎ (6) âûðîæäàåòñÿ â
1

F -ïëàíàðíîå [7]:

Γ
h

ij(x) = Γhij(x) +

1∑
s=0

s
q(i(x)

s

Fhj)(x).

Åñëè ê òîìó æå ïîòðåáîâàòü, ÷òîáû
2

F ( à ñëåäîâàòåëüíî è
3

F ) áûëî êîâà-

ðèàíòíî ïîñòîÿííî â Vn è V n, òî ðàññóæäåíèÿ, àíàëîãè÷íûå ïðåäûäóùèì,

äàäóò íàì
◦
qj =

1
qj =

2
qj =

3
qj = 0,

ò.å. 4ÊÏÎ êåëåðîâûõ êâàòåðíèîííûõ ìíîãîîáðàçèé âûðîäèòñÿ â àôôèííîå

Γ
h

ij(x) = Γhij(x).

Ëîãè÷íî ñ÷èòàòü âñå ýòè âàðèàíòû òðèâèàëüíûìè ñ òî÷êè çðåíèÿ 4ÊÏÎ

ïî÷òè êâàòåðíèîííûõ ìíîãîîáðàçèé.

Èòàê, íàìè äîêàçàíà

Òåîðåìà 1 4ÊÏÎ ïî÷òè êâàòåðíèîííûõ ïðîñòðàíñòâ Vn −→ V n c ñî-

õðàíåíèåì ñòðóêòóðû ïðè óñëîâèè àáñîëþòíîé ïàðàëëåëüíîñòè õîòÿ áû

îäíîãî èç ñòðóêòóðíûõ àôôèíîðîâ
s

F , s = 1, 2, 3, â Vn è V n òðèâèàëüíî.

Â ñèëó äîêàçàííîé òåîðåìû, ïðè èçó÷åíèè 4ÊÏÎ èìååò ñìûñë ðàññìàò-

ðèâàòü äèôôåðåíöèàëüíûå óñëîâèÿ áîëåå îáùåãî õàðàêòåðà, ÷åì êîâàðèàíò-

íîå ïîñòîÿíñòâî àôôèíîðîâ ïî÷òè êâàòåðíèîííîé ñòðóêòóðû. Â [8], [9] ìû

ïîøëè ïî ýòîìó ïóòè è èññëåäîâàëè 4ÊÏÎ òàê íàçûâàåìûõ Q∗-ïðîñòðàíñòâ.

3 Ïîíÿòèå ïîëóêâàòåðíèîííîé ñòðóêòóðû.

Ââåäåì â ðàññìîòðåíèå ñòðóêòóðó, êîòîðàÿ ïîðîæäàåòñÿ ïàðîé ïî÷òè êîì-

ïëåêñíûõ ñòðóêòóð, êîììóòèðóþùèõ ìåæäó ñîáîé. Íàçîâåì åå ïîëóêâàòåð-

íèîííîé. Ñîîòâåòñòâåííî, íàçîâåì ïî÷òè ïîëóêâàòåðíèîííûì ðèìàíîâî

ïðîñòðàíñòâî Vn c çàäàííûìè íà íåì ïî÷òè êîìïëåêñíûìè ñòðóêòóðàìè
1

F

è
2

F , êîòîðûå íàðÿäó ñ

1

Fαi

1

Fhα = −δhi ,
2

Fαi

2

Fhα = −δhi (11)
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óäîâëåòâîðÿþò óñëîâèÿì

1

Fαi

2

Fhα −
2

Fαi

1

Fhα = 0. (12)

Òåíçîð
3

Fhi =
1

Fαi

2

Fhα ,

î÷åâèäíî, îïðåäåëÿåò ñòðóêòóðó ïî÷òè ïðîèçâåäåíèÿ [4]:

3

Fαi

3

Fhα = δhi . (13)

Ñâÿçü ìåæäó
1

F ,
2

F ,
3

F èìååò âèä:

1

Fαi

2

Fhα =
2

Fαi

1

Fhα =
3

Fhi ,

2

Fαi

3

Fhα = −
3

Fαi

2

Fhα = −
1

Fhi , (14)
3

Fαi

1

Fhα =
1

Fαi

3

Fhα = −
2

Fhi .

Â êà÷åñòâå ïðèìåðà òàêîé ñòðóêòóðû ìîæåò ñëóæèòü òðîéêà àôôèíîðîâ ñ

êîìïîíåíòàìè

(
1

Fαi ) =


0 0 −Ek 0

0 0 0 −Ek
Ek 0 0 0

0 Ek 0 0

 , (
2

Fαi ) =


0 0 0 Ek

0 0 Ek 0

0 −Ek 0 0

−Ek 0 0 0

 ,

(
3

Fαi ) =


0 Ek 0 0

Ek 0 0 0

0 0 0 Ek

0 0 Ek 0

 ,

Â äàëüíåéøåì ïîëàãàåì, ÷òî àôôèíîðû
1

F è
2

F íà Vn îïðåäåëÿþò ïî÷òè

ýðìèòîâó ñòðóêòóðó [1], òî åñòü

1

Fij = −
1

Fji,
2

Fij = −
2

Fji,
1

Fij = giα
1

Fαj ,
2

Fij = giα
2

Fαj . (15)

Òîãäà èç (14) ïî íåîáõîäèìîñòè ñëåäóåò

3

Fij =
3

Fji,
3

Fij = giα
3

Fαj . (16)

Êàê îáû÷íî, ïîä êåëåðîâîé áóäåì ïîíèìàòü ïîëóêâàòåðíèîííóþ ñòðóê-

òóðó íà Vn, äëÿ êîòîðîé
s

Fhi,j = 0, s = 1, 2, 3.
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4 4ÊÏÎ ïîëóêâàòåðíèîííûõ êåëåðîâûõ ïðîñòðàíñòâ.

Ðàññìîòðèì (ïñåâäî-)ðèìàíîâû ïðîñòðàíñòâà (Vn, gij) è (V n, gij) c ïîëóê-

âàòåðíèîííûìè êåëåðîâûìè ñòðóêòóðàìè
s

F ,
s

F , s = 1, 2, 3, íàõîäÿùèåñÿ â

4ÊÏÎ, ñîõðàíÿþùåì ñòðóêòóðó. Òîãäà â îáùåé ïî îòîáðàæåíèþ ñèñòåìå

êîîðäèíàò (xi) èìåþò ìåñòî (6) ïðè óñëîâèÿõ (11)-(16). Êðîìå òîãî, â Vn è

V n âûïîëíÿþòñÿ ñîîòíîøåíèÿ

s

Fhi,j = 0,
s

Fhi|j = 0, s = 1, 2, 3. (17)

Èç çàâèñèìîñòè ìåæäó êîâàðèàíòíûìè ïðîèçâîäíûìè
s

F â Vn è V n ñ

ó÷åòîì (6) è (11)-(17) àíàëîãè÷íî òîìó, êàê ýòî äåëàëîñü âûøå, íàõîäèì :

◦
qi =

1
qα

1

Fαi =
2
qα

2

Fαi =
3
qα

3

Fαi . (18)

ïðè
3

Fαα 6= ±n.

Çàìåòèì, ÷òî
3

Fαα = ±n ñîîòâåòñòâóåò
3

Fhi = ±δhi è, ñëåäîâàòåëüíî,
1

Fhi =

±
2

Fhi . Òàêèì îáðàçîì, ïðè
3

Fαα = ±n ïîëóêâàòåðíèîííàÿ êåëåðîâà ñòðóêòóðà

âûðîæäàåòñÿ â êëàññè÷åñêóþ êåëåðîâó [1].

5 Ñòðóêòóðíûå îñîáåííîñòè 4ÊÏÎ ïîëóêâàòåðíèîííûõ

êåëåðîâûõ ïðîñòðàíñòâ.

1◦. Ââèäó
3

Fhi,j = 0 àôôèíîðíàÿ ñòðóêòóðà
3

Fhi èíòåãðèðóåìà [4],ïîýòîìó

â ðàññìàòðèâàåìîé îêðåñòíîñòè ìîæíî âûáðàòü òàêóþ ñèñòåìó êîîðäèíàò,

íàçûâàåìóþ àäàïòèðîâàííîé (ê àôôèíîðó), â êîòîðîé àôôèíîð ïðèâîäèòñÿ

ê âèäó:

(
3

Fhi ) =

(
Em 0

0 −En−m

)
, (19)

òî åñòü
3

F ab = δab ,
3

FAB = δAB ,
3

FAb =
3

F aB = 0, (20)

a, b = 1, 2, . . . ,m;A,B = m+ 1,m+ 2, . . . , n.

Â àäàïòèðîâàííîé ñèñòåìå êîîðäèíàò ââèäó (16) ïðèîáðåòàåò ñïåöèôèêó

è ìàòðèöà ìåòðè÷åñêîãî òåíçîðà:

G =

(
G1 0

0 G2

)
,
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ãäå G1 = G1
T , G2 = G2

T ,òî åñòü

gab(x) = gba(x); gAB(x) = gBA(x); gaB(x) = 0.

Èç (17) ñëåäóåò, ÷òî â àäàïòèðîâàííîé ñèñòåìå êîîðäèíàò äëÿ ñèìâîëîâ

Êðèñòîôôåëÿ âòîðîãî ðîäà èìååì:

ΓAbc = ΓABc = Γ aBC = Γ aBc = 0.

Ýòî, â ñâîþ î÷åðåäü, ïðèâîäèò ê òîìó, ÷òî

gab = gab(x
c); gAB = gAB(x

C); gaB(x) = 0, (21)

òî åñòü Vn - ïðèâîäèìî [4].

Íàìè äîêàçàíà

Òåîðåìà 2 Ïîëóêâàòåðíèîííîå êåëåðîâî ïðîñòðàíñòâî ïî íåîáõîäèìîñòè

ïðèâîäèìî.

2◦. Íåòðóäíî âèäåòü, ÷òî âñëåäñòâèå (17) îáðàç ïîëóêâàòåðíèîííîãî

êåëåðîâà ïðîñòðàíñòâà ïðè 4ÊÏÎ òàêæå ïðèâîäèì è â àäàïòèðîâàííîé ñè-

ñòåìå êîîðäèíàò, îáùåé ïî îòîáðàæåíèþ,

gab = gab(x
c); gAB = gAB(x

C); gaB(x) = 0.

Ñîîòíîøåíèÿ (14),(15),(18), çàïèñàííûå â àäàïòèðîâàííîé ñèñòåìå êîîð-

äèíàò, äàþò íàì

1

F aB =
1

FAb = 0,
2

F aB =
2

FAb = 0,
2

F ab = −
1

F ab ,
2

FAB =
1

FAB , (22)

(
1
qa,

1
qA) = (− ◦qb

1

F ba ,
◦
qB

1

FBA ), (
2
qa,

2
qA) = (

◦
qb

1

F ba ,−
◦
qB

1

FBA ), (23)

âñëåäñòâèå ÷åãî èç îñíîâíûõ óðàâíåíèé 4ÊÏÎ (6) íàõîäèì:

ΓAbc = ΓABc = Γ aBc = Γ aBC = 0 Γ
A

bc = Γ
A

Bc = Γ
a

Bc = Γ
a

BC = 0 (24)

Γ
a

bc = Γ abc + 2
◦
q(bδ

a
c) + 2

1
q(b

1

F ac), (25)

Γ
A

BC = ΓABC + 2
◦
q(Bδ

A
C) + 2

1
q(B

1

FAC) (26)

Íåñëîæíî ïðîâåðèòü, ÷òî èç (25),(17),(21),(22) ñëåäóåò

◦
qb =

◦
qb(x

a),
◦
qB =

◦
qB(x

A),
1

F ba =
1

F ba(x
c),

1

FBA =
1

FBA (xC)
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Ýòî îçíà÷àåò, ÷òî ïîëóêâàòåðíèîííûå êåëåðîâû ïðîñòðàíñòâà Vn è V n,

íàõîäÿùèåñÿ â 4ÊÏÎ, ïðåäñòàâëÿþò ñîáîé ïðîèçâåäåíèå Vn = Vm × Vn−m,
V n = V m × V n−m, ïðè÷åì Vm(xa) è V m(xa) ÿâëÿþòñÿ êåëåðîâûìè îò-

íîñèòåëüíî àôôèíîðà
1

F ab (x
c) è 4ÊÏÎ f : Vn −→ V n èíäóöèðóåò HP-

îòîáðàæåíèå f1 : Vm −→ V m ñ ñîõðàíåíèåì êîìïëåêñíîé ñòðóêòóðû
1

F ab ,

ñîîòâåòñòâóþùåå âåêòîðó 2
◦
qb(x

a) [2].

Àíàëîãè÷íî Vn−m(xA) è V n−m(xA) ÿâëÿþòñÿ êåëåðîâûìè îòíîñèòåëü-

íî àôôèíîðà
1

FBA (xC) è 4ÊÏÎ f : Vn −→ V n èíäóöèðóåò HP-îòîáðàæåíèå

f2 : Vn−m −→ V n−m ñ ñîõðàíåíèåì êîìïëåêñíîé ñòðóêòóðû
1

FBA , ñîîòâåò-

ñòâóþùåå âåêòîðó 2
◦
qB(x

A).

3◦. Ïîêàæåì, êàê ìîæíî ñêîíñòðóèðîâàòü 4ÊÏÎ.

Ðàññìòðèì äâå ïàðû êåëåðîâûõ ïðîñòðàíñòâ. Ïåðâàÿ - (Vm, gab, F
a
b ) è

(V m, gab, F
a

b ), íàõîäÿùèåñÿ â ÍÐ-îòîáðàæåíèè f1 : Vm −→ V m ñ ñîõðàíå-

íèåì êîìïëåêñíîé ñòðóêòóðû. Òîãäà â îáùåé ïî îòîáðàæåíèþ f1 ñèñòåìå

êîîðäèíàò (xc), a, b, c = 1, 2, . . .m îñíîâíûå óðàâíåíèÿ ýòîãî îòîáðàæåíèÿ

èìåþò âèä:

Γ
a

bc(x
d) = Γ abc(x

d) + ψ(b(x
d)δac) + ϕ(b(x

d)F ac)(x
d), (27)

ãäå Γ, Γ - îáúåêòû ðèìàíîâîé ñâÿçíîñòè Vm, V m, ñîîòâåòñòâåííî; ψa, ϕa -

íåêîòîðûå êîâåêòîðû, ïðè÷åì F ac = F
a

c ,

F ac F
c
b = −δab , gacF

c
b = −gbcF ca , F ab,c = F ab|c = 0, ϕa = −ψcF ca . (28)

Âòîðàÿ ïàðà - êåëåðîâû (Vn−m, gAB , F
A
B ) è (V n−m, gAB , F

A

B), íàõîäÿùè-

åñÿ â ÍÐ-îòîáðàæåíèè f2 : Vn−m −→ V n−m ñ ñîõðàíåíèåì êîìïëåêñíîé

ñòðóêòóðû. Òîãäà â îáùåé ïî îòîáðàæåíèþ f2 ñèñòåìå êîîðäèíàò (xC),

A,B,C = m + 1,m + 2, . . . n îñíîâíûå óðàâíåíèÿ ýòîãî îòîáðàæåíèÿ èìå-

þò âèä:

Γ
A

BC(x
D) = ΓABC(x

D) + ψ(B(x
D)δAC) + ϕ(B(x

D)FAC)(x
D), (29)

ãäå Γ, Γ - îáúåêòû ðèìàíîâîé ñâÿçíîñòè Vn−m, V n−m, ñîîòâåòñòâåííî; ψA, ϕA
- íåêîòîðûå êîâåêòîðû, ïðè÷åì FAC = F

A

C ,

FAC F
C
B = −δAB , gACF

C
B = −gBCFCA , FAB,C = FAB|C = 0, ϕA = −ψCFCA .

(30)

Ïîñòðîèì Vn = Vm×Vn−m è V n = V m×V n−m ñ ìåòðè÷åñêèìè òåíçîðàìè

(gij(x
k)) =

(
gab 0

0 gAB

)
, (gij(x

k)) =

(
gab 0

0 gAB

)
,



72

DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.50160

È.Í. Êóðáàòîâà

i, j, k = 1, 2, . . . n.

Íåòðóäíî ïðîâåðèòü, ÷òî ñ ó÷åòîì (27) - (30) çàâèñèìîñòü ìåæäó êîìïî-

íåíòàìè îáúåêòîâ ðèìàíîâîé ñâÿçíîñòè Vn è V n áóäåò èìåòü âèä (6), ãäå

(
1

Fhi ) =

(
−F ab 0

0 FAB

)
, (

2

Fhi ) =

(
F ab 0

0 FAB

)
, (

3

Fhi ) =

(
Em 0

0 −En−m

)
,

(
◦
qi) = (

◦
qa,

◦
qA) = (

1

2
ψa(x

c),
1

2
ψA(x

C)),
◦
qi =

1
qα

1

Fαi =
2
qα

2

Fαi =
3
qα

3

Fαi .

Ïðè ýòîì âûïîëíÿþòñÿ (11) - (17).

Èòàê, ìû ïîëó÷èëè 4ÊÏÎ êåëåðîâûõ ïîëóêâàòåðíèîííûõ ïðîñòðàíñòâ

f : (Vn, gij ,
s

Fhi ) −→ (V n, gij ,
s

Fhi ) ñ ñîõðàíåíèåì ñòðóêòóðû.

Ó÷èòûâàÿ òîò ôàêò, ÷òî â òåîðèè HP-îòîáðàæåíèé êåëåðîâûõ ïðî-

ñòðàíñòâ èçâåñòíî äîñòàòî÷íî ìíîãî êëàññîâ êåëåðîâûõ ïðîñòðàíñòâ, äî-

ïóñêàþùèõ íåòðèâèàëüíûå HP-îòîáðàæåíèÿ, ìû ïîëó÷àåì ýôôåêòèâíûé

ñïîñîá êîíñòðóèðîâàíèÿ ïîëóêâàòåðíèîííûõ êåëåðîâûõ ïðîñòðàíñòâ è èõ

4-êâàçèïëàíàðíûõ îòîáðàæåíèé.
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Êâàçèãåîäåçè÷åñêèå îòîáðàæåíèÿ ðåêóððåíòíî-
ïàðàáîëè÷åñêèõ ïðîñòðàíñòâ

Èðèíà Íèêîëàåâíà Êóðáàòîâà, Îëüãà Òàðàñîâíà Ñèñþê

Àííîòàöèÿ Ìû èññëåäóåì ñïåöèàëüíûé òèï îòîáðàæåíèé ìåæäó ðèìàíî-

âûìè ïðîñòðàíñòâàìè ñ ðåêóððåíòíî-ïàðàáîëè÷åñêîé ñòðóêòóðîé.

Êëþ÷åâûå ñëîâà Ðèìàíîâî ïðîñòðàíñòâî, ïàðàáîëè÷åñêàÿ ñòðóêòóðà.

ÓÄÊ 517.764

1 Ââåäåíèå.

1◦. Â 1968 ãîäó, èññëåäóÿ ïðîáëåìó ìîäåëèðîâàíèÿ (â ñìûñëå ïîâåäåíèÿ

ïðîáíûõ ÷àñòèö) ôèçè÷åñêèõ ïîëåé, àêàäåìèê À.Ç. Ïåòðîâ ïðèøåë ê çàäà÷å

êâàçè-ãåîäåçè÷åñêîãî îòîáðàæåíèÿ (ÊÃÎ) ðèìàíîâûõ ïðîñòðàíñòâ V4 ñèãíà-

òóðû Ìèíêîâñêîãî [1].Ïðè ýòîì äâèæåíèå ñâîáîäíîé ÷àñòèöû â îäíîì ïîëå

(ïðè îäíîì ýíåðãåòè÷åñêîì ðåæèìå) ìîäåëèðóåòñÿ äâèæåíèåì ÷àñòèöû â

äðóãîì ïîëå (ïðè äðóãîì ýíåðãåòè÷åñêîì ðåæèìå) ïîä äåéñòâèåì íåêîòîðîé

âíåøíåé ñèëû òèïà Ëîðåíöà, òî åñòü ãåîäåçè÷åñêèå ëèíèè ïðîñòðàíñòâà V4

ïåðåõîäÿò â òàê íàçûâàåìûå êâàçè-ãåîäåçè÷åñêèå ëèíèè äðóãîãî ïðîñòðàí-

ñòâà V 4, â ðåçóëüòàòå ÷åãî, ïî âûðàæåíèþ À.Ç. Ïåòðîâà, ¾ïðîèñõîäèò ïåðå-

êà÷êà ýíåðãèè â ñèëó¿. Èì áûëè ïîëó÷åíû è â íåêîòîðîé ìåðå èññëåäîâàíû

îñíîâíûå óðàâíåíèÿ ÊÃÎ, êîòîðûå â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîð-

äèíàò èìåþò âèä:

Γ
h

ij(x) = Γhij(x) + ψ(i(x)δ
h
j) + ϕ(i(x)F

h
j)(x)

F (ij)(x) = 0, F ij(x) = Fαj (x)gαi(x),
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ãäå Γ
h

ij , Γ
h
ij êîìïîíåíòû îáúåêòîâ ñâÿçíîñòè ïðîñòðàíñòâ V 4 è V4 ñ ìåòðè÷å-

ñêèìè òåíçîðàìè gij è gij , ñîîòâåòñòâåííî; ψi, ϕi - êîâåêòîðû; F
h
i - àôôèíîð;

êðóãëûìè ñêîáêàìè îáîçíà÷åíî ñèììåòðèðîâàíèå.

ÊÃÎ ïðåäñòàâëÿþò ñîáîé øèðîêîå îáîáùåíèå ïîíÿòèÿ ãåîäåçè÷åñêèõ

îòîáðàæåíèé [2], òåîðèÿ êîòîðûõ óæå äàâíî ÿâëÿåòñÿ êëàññè÷åñêèì ðàç-

äåëîì ñîâðåìåííîé äèôôåðåíöèàëüíîé ãåîìåòðèè, è èìåþò ñóùåñòâåí-

íîå ïåðåñå÷åíèå ñ äðóãèìè èçâåñòíûìè åå îáîáùåíèÿìè, òàêèìè êàê ÍÐ-

îòîáðàæåíèÿ ïî÷òè êîìïëåêñíûõ ìíîãîîáðàçèé [3], îòîáðàæåíèÿ àôôèííî-

ñâÿçíûõ è ðèìàíîâûõ ïðîñòðàíñòâ ñ ñîõðàíåíèåì êîìïëåêñà ãåîäåçè÷åñêèõ

[4], ïî÷òè ãåîäåçè÷åñêèå îòîáðàæåíèÿ àôôèííîñâÿçíûõ è ðèìàíîâûõ ïðî-

ñòðàíñòâ [2], F-ïëàíàðíûå îòîáðàæåíèÿ ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòè

[5].

Èçó÷åíèþ ÊÃÎ ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ ïîñâÿùåíû ðà-

áîòû [6]-[8]. Ïðè÷åì òàì óæå ïîíÿòèå ÊÃÎ îáîáùàåòñÿ íà ñëó÷àé ðèìàíî-

âûõ ïðîñòðàíñòâ ïðîèçâîëüíîé ñèãíàòóðû è ðàçìåðíîñòè, à òàêæå èç îïðåäå-

ëåííûõ ãåîìåòðè÷åñêèõ ñîîáðàæåíèé íàêëàäûâåòñÿ òðåáîâàíèå, ÷òîáû ÊÃÎ

f : Vn → V n óäîâëåòâîðÿëî óñëîâèþ âçàèìíîñòè, ò.å. îáðàòíîå îòîáðàæåíèå

f−1 : V n → Vn òàêæå áûëî êâàçè-ãåîäåçè÷åñêèì, ñîîòâåòñòâóþùèì òîìó æå

àôôèíîðó Fhi (x).

2◦. Äëÿ ñîêðàùåíèÿ âûêëàäîê óñëîâèìñÿ îïåðàöèþ ñâåðòûâàíèÿ ñ àô-

ôèíîðîì íàçûâàòü ñîïðÿæåíèåì ïî ñîîòâåòñòâóþùåìó èíäåêñó è îáîçíà-

÷àòü ñëåäóùèì îáðàçîì:

A...
i...

= A...α...F
α
i , Ai...... = Aα...... F

i
α.

3◦. Íàïîìíèì, ÷òî Xn ñ÷èòàåòñÿ íàäåëåííûì e-ñòðóêòóðîé [2], åñëè

â íåì çàäàíà àôôèíîðíàÿ ñòðóêòóðà Fhi (x), óäîâëåòâîðÿþùàÿ óñëîâèÿì

Fαi F
h
α = eδhi ,

ãäå e = −1, 1 èëè 0. Ïðè e = 1 åå íàçûâàþò ñòðóêòóðîé ïî÷òè ïðîèçâåäåíèÿ

(ãèïåðáîëè÷åñêîé); ïðè e = −1 - ïî÷òè êîìïëåêñíîé (ýëëèïòè÷åñêîé); ïðè

e = 0 - ïî÷òè êàñàòåëüíîé (ïàðàáîëè÷åñêîé).

Â òåîðèè ïî÷òè êîìïëåêñíûõ ìíîãîîáðàçèé (ïðè e = −1 ) àôôèíîðíóþ

ñòðóêòóðó, îïðåäåëåííóþ íà ðèìàíîâîì ïðîñòðàíñòâå (Vn, gij), íàçûâàþò

ïî÷òè ýðìèòîâîé [7], åñëè îíà ñîãëàñîâàíà ñ ìåòðèêîé â âèäå

gij = gij .
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Â çàâèñèìîñòè îò òîãî, êàêèå óñëîâèÿ äèôôåðåíöèàëüíîãî õàðàêòåðà

íàêëàäûâàþòñÿ íà àôôèíîð â ðèìàíîâîì ïðîñòðàíñòâå ñ e-ñòðóêòóðîé, âû-

äåëÿþò ñëåäóþùèå êëàññû ïðîñòðàíñòâ [7]: êåëåðîâî - ïðè Fhi,j = 0, ãäå ¾,¿

- çíàê êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè Vn; K-ïðîñòðàíñòâî � ïðè

Fhi,j +F
h
j,i = 0; H-ïðîñòðàíñòâî - ïðè Fhi,j +Fij,h+Fjh,i = 0, ãäå Fhi = ghαF

α
i

è äð.

Ïðåäìåòîì íàøåãî èññëåäîâàíèÿ áóäóò ÊÃÎ f : Vn → V n îïðåäåëåííîãî

òèïà â ïðåäïîëîæåíèè, ÷òî Fhi ïîðîæäàåò íà Vn è V n ñòðóêòóðó, êîòîðóþ

ìû íàçâàëè ðåêóððåíòíî-ïàðàáîëè÷åñêîé.

2 Ïîíÿòèå ðåêóððåíòíî-ïàðàáîëè÷åñêîé ñòðóêòóðû

1◦. Íàçîâåì ðåêóððåíòíî-ïàðàáîëè÷åñêîé çàäàííóþ íà(ïñåâäî)ðèìàíîâîì

ïðîñòðàíñòâå Vn àôôèíîðíóþ ñòðóêòóðó Fhi (x), êîòîðàÿ óäîâëåòâîðÿåò

óñëîâèÿì:

Fαi F
h
α = 0, F(ij) = 0, Fij = Fαj gαi, (1)

Fhi,j = ρj(x)F
h
i (x) (2)

ãäå êðóãëûìè ñêîáêàìè îáîçíà÷åíà îïåðàöèÿ ñèììåòðèðîâàíèÿ áåç ìíîæè-

òåëÿ; ¾,¿ - çíàê êîâàðèàíòíîé ïðîèçâîäíîé â ïðîñòðàíñòâå Vn; ρj - êîâà-

ðèàíòíûé âåêòîð. Ñàìî Vn ïðè ýòîì òàêæå áóäåì íàçûâàòü ðåêóððåíòíî-

ïàðàáîëè÷åñêèì.

Ââèäó (1) è (2) äëÿ òåíçîðà Ðèìàíà Vn âîçíèêàþò äîïîëíèòåëüíûå ñâîé-

ñòâà. Äåéñòâèòåëüíî, ïðèìåíèâ òîæäåñòâî Ðè÷÷è ê àôôèíîðó Fhi (x), íà îñ-

íîâàíèè (2) èìååì:

ρ[j,k]F
h
i = Rhijk −Rhijk (3)

Íàïîìíèì [2], ÷òî îäíèì èç êðèòåðèåâ èíòåãðèðóåìîñòè e-ñòðóêòóðû ÿâ-

ëÿåòñÿ îáðàùåíèå â 0 åãî òåíçîðà Íåéåíõåéñà:

Nh
ij = Fh

i,j
− Fh

j,i
+ Fh

i,j
− Fh

j,i

Èç (2) íà îñíîâàíèè (1) ñëåäóåò, ÷òî Fh
i,j

= 0, ïîýòîìó òåíçîð Íåéåíõåéñà

ðåêóððåíòíî-ïàðàáîëè÷åñêîé ñòðóêòóðû ïðåäñòàâèòñÿ â âèäå

Nh
ij = Fh

i,j
− Fh

j,i

èëè, ñ ó÷åòîì (2),

Nh
ij = ρjF

h
i − ρiF

h
j .
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Áóäåì ïîëàãàòü, ÷òî àôôèíîðíàÿ ñòðóêòóðà Fhi (x) èíòåãðèðóåìà, òîãäà

èç ïîñëåäíèõ ñîîòíîøåíèé ñëåäóåò:

ρjF
h
i − ρiF

h
j = 0.

Åñëè çäåñü îïóñòèòü èíäåêñ h â Vn, çàòåì ïðîöèêëèðîâàòü ïî i, j, h è

ñðàâíèòü ðåçóëüòàò ñ èñõîäíûìè ðàâåíñòâàìè, òî âñëåäñòâèå (1) ïîëó÷èì

ρiFjh = 0, òî åñòü:

ρi = 0. (4)

2◦. Òàê êàê íàøà ïàðàáîëè÷åñêàÿ ñòðóêòóðà Fhi ÿâëÿåòñÿ èíòåãðèðóå-

ìîé, â ðàññìàòðèâàåìîé îêðåñòíîñòè ìîæíî âûáðàòü òàêóþ ñèñòåìó êîîðäè-

íàò, (åå íàçûâàþò àäàïòèðîâàííîé ê àôôèíîðó), â êîòîðîé àôôèíîð èìååò

ñëåäóþùèé âèä:

(Fhi ) =

(
0 0

Em 0

)
,

òî åñòü:

F a+mb = δab , F a+mb+m = F ab = F ab+m = 0

a, b = 1, 2, . . . ,m = n
2 .

Ââåäåì âñïîìîãàòåëüíûé òåíçîð Bhi , òàêîé ÷òî:

BhαB
α
i = 0, FhαB

α
i +BhαF

α
i = δhi . (5)

Ïðè ýòîì, î÷åâèäíî, ïî íåîáõîäèìîñòè

F βαB
α
β = m.

Ýòîò òåíçîð îïðåäåëÿåòñÿ ñ áîëüøèì ïðîèçâîëîì. Â ÷àñòíîñòè, â àäàïòèðî-

âàííîé ê àôôèíîðó Fhi ñèñòåìå êîîðäèíàò îí ïðåäñòàâëÿåòñÿ â âèäå

(Bhi ) =

(
P Em

−P 2 −P

)
,

ãäå P�ïðîèçâîëüíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà m.

3 ÊÃÎ ðåêóððåíòíî-ïàðàáîëè÷åñêèõ ïðîñòðàíñòâ

1◦. Ðàññìîòðèì ïàðó ðèìàíîâûõ ïðîñòðàíñòâ (Vn, gij) è (V n, gij), íàõî-

äÿùèõñÿ â ÊÃÎ, ñîîòâåòñòâóþùåì àôôèíîðó Fhi , óäîâëåòâîðÿþùåì óñëî-

âèþ âçàèìíîñòè. Â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò (xi) îñíîâíûå

óðàâíåíèÿ ÊÃÎ ïðåäñòàâëÿþòñÿ â âèäå:

Γ
h

ij(x) = Γhij(x) + ψ(i(x)δ
h
j) + ϕ(i(x)F

h
j)(x) (6)
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F (ij)(x) = 0, F ij(x) = Fαj (x)gαi(x),

ãäå Γ
h

ij , Γ
h
ij êîìïîíåíòû îáúåêòîâ ñâÿçíîñòè ïðîñòðàíñòâ V n è Vn ñ ìåòðè÷å-

ñêèìè òåíçîðàìè gij è gij , ñîîòâåòñòâåííî; ψi, ϕi - êîâåêòîðû; F
h
i - àôôèíîð.

Ïóñòü Vn ÿâëÿåòñÿ ðåêóððåíòíî-ïàðàáîëè÷åñêèì. Íàéäåì ñâÿçü ìåæäó êî-

âàðèàíòíûìè ïðîèçâîäíûìè Fhi â ïðîñòðàíñòâàõ V n è Vn , èñïîëüçóÿ (6),

(1) è (2):

Fhi|j = ρjF
h
i + ψiδ

h
j + ϕiF

h
j − ψiFhj (7)

Ïðè ñâåðòûâàíèè ñ Bhj ïî h,j c ó÷åòîì (5) îòñþäà íàõîäèì

ϕi = ψi

Òîãäà èç (7) ñëåäóåò:

Fhi|j = ρjF
h
i ,

ò.å. â ðèìàíîâîì ïðîñòðàíñòâå V n àôôèíîð Fhi òàêæå ÿâëÿåòñÿ ðåêóððåíò-

íûì, ïðè÷åì ñ òåì æå âåêòîðîì ðåêóððåíòíîñòè ρj .

Íàìè äîêàçàíà

Òåîðåìà 1 Îáðàç ðåêóððåíòíî-ïàðàáîëè÷åñêîãî ïðîñòðàíñòâà ïðè ÊÃÎ ïî

íåîáõîäèìîñòè òàêæå ïàðàáîëè÷åñêè-ðåêóððåíòåí.

2◦. Çàìåòèì, ÷òî ïðè ñâåðòûâàíèè (6) ïî h, j ñ ó÷åòîì ϕi = ψi èìååì

Γ
α

iα = Γαiα + (n+ 2)ψi,

÷òî ãîâîðèò î ãðàäèåíòíîñòè âåêòîðà ψi.

4 ÊÃÎ ðåêóððåíòíî-ïàðàáîëè÷åñêîãî ïðîñòðàíñòâà Vn íà ïëîñêîå

V n.

1◦. Ðàññìîòðèì ÊÃÎ ðåêóððåíòíî-ïàðàáîëè÷åñêîãî ïðîñòðàíñòâà Vn íà

ïëîñêîå V n. Äëÿ íà÷àëà íàéäåì çàâèñèìîñòü ìåæäó òåíçîðàìè Ðèìàíà ïðî-

ñòðàíñòâ Vn è V n, íàõîäÿùèõñÿ â êâàçè-ãåîäåçè÷åñêîì îòîáðàæåíèè. Íà îñ-

íîâàíèè óðàâíåíèé (6), (1) è (2) ïîëó÷èì:

R
h

ijk = Rhijk +Aijδ
h
k −Aikδ

h
j +AijF

h
k −AikFhj +A[kj]F

h
i

ãäå ìû îáîçíà÷èëè Aik = ϕi,k + ϕiρk − ϕkϕi − ϕiϕk.
Ïóñòü ðèìàíîâî ïðîñòðàíñòâî V n - ïëîñêîå, òî åñòü R

h

ijk = 0, òîãäà

Rhijk +Aijδ
h
k −Aikδ

h
j +AijF

h
k −AikFhj +A[kj]F

h
i = 0 (8)
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Îòñþäà ïîñëå ñâåðòûâàíèÿ ïî èíäåêñàì h, k íàéäåì:

Rij + nAij −Aij −Aji = 0, (9)

ãäå Rij - òåíçîð Ðè÷÷è ïðîñòðàíñòâà Vn. Aëüòåðíèðóÿ ýòî âûðàæåíèå ïî

èíäåêñàì i, j, èìååì:

Aij = Aji (10)

è, ñëåäîâàòåëüíî,

Aij = 0.

Â ñâÿçè ñ ýòèì (9) äàþò íàì Rij = 0.

Îïóñòèì â ñîîòíîøåíèÿõ (8) èíäåêñ h â Vn:

Rhijk +Aijghk −Aikghj +AijFhk −AikFhj +A[kj]Fhi = 0

Ïðîèçâåäåì çäåñü ñîïðÿæåíèå ñ àôôèíîðîì ïîî÷åðåäíî ïî èíäåêñàì k è j

è ñëîæèì ïîëó÷åííûå ðàâåíñòâà. Â ðåçóëüòàòå âèäèì, ÷òî

(Aij +Aij)Fhk − (Aik +Aik)Fhj + (Akj +Akj)Fhi = 0

Ïîäíèìåì çäåñü èíäåêñ h â ïðîñòðàíñòâå Vn, à çàòåì ñâåðíåì ïîëó÷åííîå

ñîîòíîøåíèå ñ Bkh ïî èíäåêñàì h, k ñ ó÷åòîì (5):

m(Aij +Aij)− (Aij +Aij) + (Aij −Aji) = 0

Àëüòåðíèðóÿ äàííûå ðàâåíñòâà ïî èíäåêñàì i, j, è ïðèíèìàÿ âî âíèìàíèå

(10), îáíàðóæèâàåì, ÷òî:

Aij = Aji (11)

Ñëåäîâàòåëüíî, ïðåäûäóùèå ðàâåíñòâà ïðèâîäÿò íàñ ïðè n 6= 2 ê

Aij = −Aji. (12)

Òîãäà èç (9) ñëåäóåò

Rij = −(n+ 1)Aij . (13)

Âåðíåìñÿ ê âûðàæåíèÿì (8) è ñâåðíåì èõ ñ òåíçîðîì gij :

Rhk + ghkAαβg
αβ + FhkAαβg

αβ + 2Ahk = 0

Ïðîèçâîäÿ çäåñü ñîïðÿæåíèå ïî èíäåêñó h , ïîëó÷èì

Aαβg
αβ = 0,



80

DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.50164

È.Í. Êóðáàòîâà, Î.Ò. Ñèñþê

à àëüòåðíèðóÿ ïî èíäåêñàì h, k, ñîîòâåòñòâåííî,

Aαβg
αβ = 0.

Â ðåçóëüòàòå ïîñëåäíèå ðàâåíñòâà ïðèíèìàþò âèä:

Rhk + 2Ahk = 0

Âû÷èòàÿ èç ýòîãî âûðàæåíèå ðàâåíñòâî (13), îáíàðóæèâàåì, ÷òî:

Ahk = 0,

è, çíà÷èò, Rhk = 0, òî åñòü íàøå ïðîñòðàíñòâî ïî íåîáõîäèìîñòè � Ðè÷÷è-

ïëîñêîå.

Ñ ó÷åòîì âûøåñêàçàííîãî èç (8) ñëåäóåò:

Rhijk +AijF
h
k −AikFhj +A[kj]F

h
i = 0,

èëè, ÷òî òî æå,

Rhijk +AijFhk −AikFhj +A[kj]Fhi = 0

Çàìåíèì çäåñü èíäåêñû h íà k, i íà j, à ðåçóëüòàò âû÷òåì èç èñõîäíûõ

ðàâåíñòâ:

(Aji +Aij)Fhk −AikFhj +AjhFki +A[kj]Fhi −A[hi]Fkj = 0 (14)

Ïîäíèìàÿ çäåñü èíäåêñ h â Vn è ñâåðòûâàÿ ðåçóëüòàò ñ B
k
h ïî èíäåêñàì h, k,

ââèäó (5) íàõîäèì:

Aij = −Aji

Âñëåäñòâèå ýòîãî (14) ïðèíèìàþò âèä:

AjhFki −AikFhj + 2AkjFhi − 2AhiFkj = 0

Åñëè çäåñü ïðîñèììåòðèðîâàòü ïî h, i, çàòåì ïîìåíÿòü èíäåêñû h, j ìåñòàìè

è ðåçóëüòàò ñëîæèòü ñ èñõîäíûì ðàâåíñòâîì, ïîëó÷èì

AkjFhi −AhiFkj = 0

Ñâåðòûâàíèå ïîëó÷åííûõ ñîîòíîøåíèé ñ gkαBjα ïî èíäåêñàì j, k äàåò íàì:

Ahi =
1

m
FhiAαβg

αγBβγ

Â ðåçóëüòàòå (8) çàïèøóòñÿ â âèäå:

Rhijk = C(FhkFij − FhjFik + 2FhiFkj) (15)
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ãäå C = − 1
mAαβg

αγBβγ - èíâàðèàíò, âîîáùå ãîâîðÿ, íå ÿâëÿþùèéñÿ êîíñòàí-

òîé.

2◦. Ïîêàæåì, ÷òî ïðîñòðàíñòâî, â êîòîðîì âûïîëíÿþòñÿ (15), ÿâëÿåò-

ñÿ ñèììåòðè÷åñêèì. Äëÿ ýòîãî íàéäåì êîâàðèàíòíóþ ïðîèçâîäíóþ òåíçîðà

Ðèìàíà â ïðîñòðàíñòâå Vn, ó÷èòûâàÿ (2):

Rhijk,l = Kl(FhkFij − FhjFik + 2FhiFkj) (16)

ãäå

Kl = C,l + 2Cρl.

Ïðîöèêëèðóåì ïîëó÷åííûå ñîîòíîøåíèÿ ïî èíäåêñàì j, k, l , à çàòåì ïîä-

íèìåì â íèõ èíäåêñ h â ïðîñòðàíñòâå Vn:

Kl(F
h
k Fij − Fhj Fik + 2Fhi Fkj) +Kj(F

h
l Fik − Fhk Fil + 2Fhi Flk)+

+Kk(F
h
j Fil − Fhl Fij + 2Fhi Fjl) = 0.

Ñâåðíåì ýòî ðàâåíñòâî ñ Bkh ïî èíäåêñàì h è k:

mKlFij −mKjFik + 2KiFkj = 0.

Â ðåçóëüòàòå öèêëèðîâàíèÿ ïî èíäåêñàì i, j, l îòñþäà ïîëó÷àåì:

(2m+ 2)(KlFij +KiFjl +KjFli) = 0,

÷òî âìåñòå ñ ïðåäûäóùèì ðàâåíñòâîì äàåò íàì KiFjl = 0 è, ñëåäîâàòåëüíî,

Ki = C,i + 2Cρi = 0.

Òîãäà èç (16) ñëåäóåò

Rhijk,l = 0

è, çíà÷èò, ðèìàíîâî ïðîñòðàíñòâî Vn, äîïóñêàþùåå íåòðèâèàëüíîå ÊÃÎ íà

ïëîñêîå ïðîñòðàíñòâî V n, ÿâëÿåòñÿ ñèììåòðè÷åñêèì.

3◦. Çàìåòèì, ÷òî ââèäó (15) èç (3) âûòåêàåò ãðàäèåíòíîñòü âåêòîðà ρi,

òî åñòü

ρi =
∂ρ(x)

∂xi
.

Ïîýòîìó èç

Ki = C,i + 2Cρi = 0

äëÿ èíâàðèàíòà C â (15) èìååò ìåñòî ïðåäñòàâëåíèå

C = C1e
−ρ(x),

ãäå C1 - íåêîòîðàÿ êîíñòàíòà. Â ðåçóëüòàòå (15) ïðèíèìàþò âèä

Rhijk = C1e
−ρ(x)(FhkFij − FhjFik + 2FhiFkj) (17)

Íàìè äîêàçàíà
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Òåîðåìà 2 Åñëè ïàðàáîëè÷åñêè-ðåêóððåíòíîå ïðîñòðàíñòâî Vn ïðè n 6= 2

äîïóñêàåò íåòðèâèàëüíîå ÊÃÎ íà ïëîñêîå V n = En, òî îíî ïî íåîáõîäè-

ìîñòè ÿâëÿåòñÿ Ðè÷÷è-ïëîñêèì, à åãî òåíçîð Ðèìàíà èìååò ñòðóêòóðó

(17) ïðè íåêîòîðîé êîíñòàíèå C1.

5 Ìåòðèêè ðåêóððåíòíî-ïàðàáîëè÷åñêèõ ïðîñòðàíñòâ,

äîïóñêàþùèõ íåòðèâèàëüíîå ÊÃÎ íà ïëîñêîå ïðîñòðàíñòâî

Âîñïîëüçóåìñÿ ôîðìóëîé À.Ï.Øèðîêîâà äëÿ ñèììåòðè÷åñêèõ ðèìàíîâûõ

ïðîñòðàíñòâ, ïîçâîëÿþùåé âîññòàíîâèòü ìåòðè÷åñêèé òåíçîð â îêðåñòíîñòè

íåêîòîðîé òî÷êè M(x0) â Vn:

gij =
◦
gij +

1

2

∞∑
s=1

(−1)s2s

(2s+ 2)!

s
mij

Çäåñü
1
mij = mij ,

k+1
m ij =

k
mαimβj

◦
g
αβ

mij =
◦
Riαjβy

αyβ ,

◦
gij ,

◦
g
αβ

- çíà÷åíèÿ êîìïîíåíò ìåòðè÷åñêîãî è îáðàòíîãî åìó òåíçîðîâ

â òî÷êå M(x0) ,
◦
Riαjβ- çíà÷åíèå êîìïîíåíò òåíçîðà Ðèìàíà â M(x0), (y

h)-

ðèìàíîâû êîîðäèíàòû ñ íà÷àëîì â òî÷êå M(x0).

Èç (15) ñ ó÷åòîì (1) ëåãêî âèäåòü, ÷òî

k
mij = 0

ïðè k > 1.

Òàêèì îáðàçîì, âûðàæåíèå äëÿ ìåòðè÷åñêîãî òåíçîðà ïàðàáîëè÷åñêè-

ðåêêóðåíòíîãî ïðîñòðàíñòâà Vn, äîïóñêàþùåãî íåòðèâèàëüíîå ÊÃÎ íà ïëîñ-

êîå ïðîñòðàíñòâî V n , èìååò âèä:

gij =
◦
gij +

C1e
−

◦
ρ

8
yα
◦
Fαiy

β
◦
F βj ,

ãäå
◦
gij ,

◦
F ij ,

◦
ρ - êîìïîíåíòû òåíçîðîâ gij , Fij è èíâàðèàíòà ρ(x) â òî÷êå

x0, y
h - ðèìàíîâû êîîðäèíàòû ñ íà÷àëîì â òî÷êå M(x0), C1 � íåêîòîðàÿ

êîíñòàíòà.



DOI: http://dx.doi.org/10.15673/2072-9812.1/2015.50164

Êâàçèãåîäåçè÷åñêèå îòîáðàæåíèÿ ðåêóððåíòíî-ïàðàáîëè÷åñêèõ ïðîñòðàíñòâ 83

Ñïèñîê ëèòåðàòóðû

1. Ïåòðîâ À.Ç. Ìîäåëèðîâàíèå ôèçè÷åñêèõ ïîëåé // Ãðàâèòàöèÿ è òåîðèÿ îòíîñèòåëü-
íîñòè, 1968, âûï.4-5. Èçä. Êàçàíñê. óí-òà. Ñ. 7�21.

2. Í. Ñ. Ñèíþêîâ. Ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ // Ì.: Íàóêà,
Ìîñêâà, 1979. 256 ñ.

3. J. Mikes, A. Vanzurova, I. Hinterleitner. Geodesic Mappings and Some Generalizations
// Palacky University, Olomouc, Faculty of Science. Olomouc, 2009.

4. Â. Ì. ×åðíûøåíêî. Ïðîñòðàíñòâà àôôèííîé ñâÿçíîñòè ñ ñîîòâåòñòâóþùèì êîì-
ïëåêñîì ãåîäåçè÷åñêèõ // Ñá. ðàáîò ìåõ.-ìàò. êàôåäðû Äíåïðîïåòð., óí-òà, âûï.6.
Ñ.105-118.

5. É. Ìèêåø, Í. Ñ. Ñèíþêîâ. Î êâàçèïëàíàðíûõ îòîáðàæåíèÿõ ïðîñòðàíñòâ àôôèííîé
ñâÿçíîñòè // Èçâåñòèÿ ÂÓÇîâ. Ìàòåìàòèêà. �1, 1983 55�61.

6. È. Í. Êóðáàòîâà. Êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ //
Äèññ. íà ñîèñê. ó÷åí. ñòåï. ê. ô.-ì. í. Îäåñ. ÎÃÓ, 1979 99 ñ.

7. È. Í. Êóðáàòîâà. Êàíîíè÷åñêèå êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ïàðàáîëè÷åñêè
êåëåðîâûõ ïðîñòðàíñòâ //Proc. Intern. Geom. Center. Vol.7, No.1, 2014. P.53-64.

8. È. Í. Êóðáàòîâà. Î çàêîíîìåðíîñòÿõ êàíîíè÷åñêèõ êâàçè-ãåîäåçè÷åñêèõ îòîáðàæå-
íèé ïàðàáîëè÷åñêè êåëåðîâûõ ïðîñòðàíñòâ //Proc. Intern. Geom. Center. Vol.7, No.2,
2014. P.26-35.

Èðèíà Íèêîëàåâíà Êóðáàòîâà, Îëüãà Òàðàñîâíà Ñèñþê

ÎÍÓ, Îäåññà, Óêðàèíà

E-mail: irina.kurbatova27@gmail.com, olia-sisiuk@list.ru

Irina N. Kurbatova, Olga T. Sisyuk

Quasigeodesic mappings of recurrent-parabolic spaces

We investigate special type of mappings between Riemannian spaces with

recurrent-parabolic structure.



http://dx.doi.org/10.15673/2072-9812.1/2015.50167
Proc. Intern. Geom. Center 2015 8(1) 84�92 dω

Ôóíêòîðè ñêií÷åííîãî ñòåïåíÿ ó àñèìïòîòè÷íèõ
êàòåãîðiÿõ

Ì. Ì. Çàði÷íèé Ì. Ì. Ðîìàíñüêèé Î. Ã. Ñàâ÷åíêî

Àíîòàöiÿ Ðîçãëÿíóòî ôóíêòîðè ó àñèìïòîòè÷íié êàòåãîði¨, ïîðîäæåíi äåÿ-

êèìè ôóíêòîðàìè ñêií÷åííîãî ñòåïåíÿ ó êàòåãîði¨ êîìïàêòiâ. Âñòàíîâëåíî

äåÿêi ãåîìåòðè÷íi âëàñòèâîñòi öèõ ôóíêòîðiâ.

Êëþ÷îâi ñëîâà Àñèìïòîòè÷íà êàòåãîðiÿ, ôóíêòîð, ñèìåòðè÷íèé ñòåïiíü,

ïðîåêòèâíèé ñòåïiíü

ÓÄÊ 515.12

1 Âñòóï

Òåîðiÿ êîâàðiàíòíèõ ôóíêòîðiâ ñêií÷åííîãî ñòåïåíÿ ó òîïîëîãi÷íèõ êàòå-

ãîðiÿõ, çîêðåìà, êàòåãîði¨ êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ òà êàòåãîði¨

ìåòðèçîâíèõ ïðîñòîðiâ, çíàõîäèòü ðiçíîìàíiòíi çàñòîñóâàííÿ â ãåîìåòðè÷-

íié òîïîëîãi¨ (äèâ., íàïðèêëàä, [8], [4]). Ñåðåä ðiçíîìàíiòíèõ ðåçóëüòàòiâ ó

öüîìó íàïðÿìêó âiäçíà÷èìî çáåðåæåííÿ ôóíêòîðiàëüíèìè êîíñòðóêöiÿìè

ñêií÷åííîâèìiðíèõ ìíîãîâèäiâ ([4]).

Ó öié ñòàòòi ìè ðîçãëÿäà¹ìî äåÿêi àíàëîãè äîâåäåíèõ ó öèòîâàíèõ êíèãàõ

ðåçóëüòàòiâ äëÿ àñèìïòîòè÷íî¨ êàòåãîði¨ A, ÿêó çàïðîâàäèâ Äðàíiøíèêîâ [5]
(îçíà÷åííÿ äèâ. íèæ÷å). Íàø ïiäõiä äî îçíà÷åííÿ ôóíêòîðiâ òóò àíàëîãi÷-

íèé äî çàïðîïîíîâàíîãî À. Äðàíiøíèêîâèì ó [5] � âií äåùî âiäðiçíÿ¹òüñÿ

âiä òîãî, ÿêèé ðîçãëÿäàëà Î. Øóêåëü â [9].
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2 Ïîïåðåäíi âiäîìîñòi

Íàãàäà¹ìî, ùî îá'¹êòàìè àñèìïòîòè÷íî¨ êàòåãîði¨ A ¹ âëàñíi ìåòðè÷íi ïðî-

ñòîðè, à ìîðôiçìàìè � âëàñíi àñèìïòîòè÷íî ëiïøèöåâi âiäîáðàæåííÿ.

Ìåòðè÷íèé ïðîñòið (X, d) íàçèâà¹ìî âëàñíèì, ÿêùî êîæíà çàìêíåíà êó-

ëÿ â X êîìïàêòíà.

Âiäîáðàæåííÿ f : X → Y íàçèâàþòü âëàñíèì, ÿêùî ïðîîáðàç êîæíî¨

êîìïàêòíî¨ ìíîæèíè ¹ êîìïàêòíèì.

Âiäîáðàæåííÿ f : (X, d)→ (Y, ρ) íàçèâà¹òüñÿ àñèìïòîòè÷íî ëiïøèöåâèì,

ÿêùî iñíóþòü äâà òàêèõ ÷èñëà, λ i s (λ > 0, s ≥ 0), ùî ρ(f(x), f(y)) ≤
λd(x, y) + s, x, y ∈ X.

Íåõàé d � ìåòðèêà íà ìíîæèíi X i ∼ � âiäíîøåííÿ åêâiâàëåíòíîñòi íà

X. Ôàêòîð-ìåòðèêà % íà ìíîæèíi X/ ∼ çàäà¹òüñÿ òàê: ÿêùî [x], [y] ∈ X/ ∼,
òî %([x], [y]) � öå iíôiìóì ñóì âèãëÿäó

∑n
i=1 d(ai, bi), äå x ∼ a1, bn ∼ y,

ai+1 ∼ bi, i = 1, . . . , n−1. Âçàãàëi êàæó÷è, ôóíêöiÿ % ¹ ëèøå ïñåâäîìåòðèêîþ,
îäíàê ó òèõ âèïàäêàõ, ùî ìè ðîçãëÿäà¹ìî, âîíà ¹ ìåòðèêîþ.

Êîíóñ Cone(X) íàä êîìïàêòíèì ìåòðè÷íèì ïðîñòîðîì (X, d) � öå ôàê-

òîðïðîñòið äîáóòêó (X×R+)/ ∼, äå âiäíîøåííÿ åêâiâàëåíòíîñòi ∼ çàäà¹òüñÿ

óìîâîþ (x, 0) ∼ (y, 0), x, y ∈ X. Ó ëiòåðàòóði çóñòði÷àþòüñÿ ðiçíi ìåòðèçà-

öi¨ êîíóñiâ. Çîêðåìà, ÿêùî X ⊂ Sn ⊂ Rn+1, òî êîíóñ Cone(X) ïðèðîäíî

îòîòîæíþ¹òüñÿ ç ïiäïðîñòîðîì {tx | x ∈ X, t ∈ R+} i ìåòðèêà íà íüîìó

iíäóêó¹òüñÿ ç Rn+1. ßêùî æ (X, d) � ìåòðè÷íèé ïðîñòið i diam(X) ≤ 2, òî

ìåòðèêà d̃ íà Cone(X) çàäà¹òüñÿ ôîðìóëîþ:

d̃((x, t), (y, s)) = min{t, s}d(x, y) + |t− s|.

Êîíñòðóêöiÿ êîíóñà ôóíêòîðiàëüíà. ßêùî çàäàíî âiäîáðàæåííÿ f : X →
Y ìåòðè÷íèõ êîìïàêòiâ, òî âiäîáðàæåííÿ Cone(f) : Cone(X) → Cone(Y )

îçíà÷ó¹òüñÿ ôîðìóëîþ Cone(f)(x, t) = (f(x), t). Ïðîòå âiäîìî, ùî íåçàëåæ-

íî âiä âèáîðó ìåòðèêè, ôóíêòîð êîíóñà çáåðiãà¹ âëàñòèâiñòü ëiïøèöåâîñòi

âiäîáðàæåíü.

Ëåìà 1 Íåõàé f : X → Y � ëiïøèöåâå âiäîáðàæåííÿ ìåòðè÷íèõ êîìïàê-

òiâ. Òîäi âiäîáðàæåííÿ Cone(f) : Cone(X)→ Cone(Y ) (àñèìïòîòè÷íî) ëiï-

øèöåâå.

Içîìîðôiçìàìè â êàòåãîði¨ A ¹ ãîìåîìîðôiçìè f : X → Y òàêi, ùî f i

f−1 � àñèìïòîòè÷íî ëiïøèöåâi.

Ó ñòàòòi [5] À. Äðàíiøíèêîâ îçíà÷èâ àñèìïòîòè÷íèé äîáóòîê

X×̃Y (x0, y0) = {(x, y)|dX(x0, x) = dY (y0, y), x ∈ X, y ∈ Y },
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äå x0, y0 � ôiêñîâàíi òî÷êè â ìåòðè÷íèõ ïðîñòîðàõ X òà Y âiäïîâiäíî. Â

äóñi öüîãî îçíà÷åííÿ ìè ðîçãëÿäàòèìåìî äåÿêi ôóíêòîðè ó êàòåãîði¨ A.
Íàäàëi â åâêëiäîâîìó ïðîñòîði Rn âiäìi÷åíîþ ââàæà¹òüñÿ òî÷êà 0.

3 Ôóíêòîðè â àñèìïòîòè÷íèõ êàòåãîðiÿõ

Íèæ÷å ìè ðîçãëÿäà¹ìî äåÿêi ôóíêòîðè ó êàòåãîði¨ A, ïîðîäæåíi ôóíêòîðà-
ìè ñêií÷åííîãî ñòåïåíÿ ó êàòåãîði¨ êîìïàêòiâ.

3.1 Ñèìåòðè÷íi ñòåïåíi

Íåõàé ∼ � âiäíîøåííÿ åêâiâàëåíòíîñòi íà ñòåïåíi Xn ìåòðè÷íîãî ïðîñòîðó

X, ùî çàäà¹òüñÿ óìîâîþ: (x1, . . . , xn) ∼ (y1, . . . , yn) òîäi é òiëüêè òîäi, êîëè

iñíó¹ ïåðåñòàíîâêà σ ìíîæèíè {1, . . . , n} òàêà ùî xi = yσ(i) äëÿ êîæíîãî i =

1, . . . , n. Ôàêòîðïðîñòið ïðîñòîðó Xn çà òàêèì âiäíîøåííÿì åêâiâàëåíòíîñòi

íàçèâàþòü ñèìåòðè÷íèì ñòåïåíåì ïðîñòîðó X â êàòåãîði¨ A i ïîçíà÷àþòü

SPn(X).

Êëàñ åêâiâàëåíòíîñòi âiäíîøåííÿ ∼, ùî ìiñòèòü òî÷êó (x1, . . . , xn), ïî-

çíà÷àþòü [x1, . . . , xn]. ßêùî x0 ∈ X � âiäìi÷åíà òî÷êà, òî ïðèéìåìî

S̃P
n
(X) = {[x1, . . . , xn] ∈ SPn(X) | d(xi, x0) = d(xj , x0), i, j = 1, . . . , n}.

Ìåòðèêó d̂ íà S̃P
n
(X) çàäàþòü ôîðìóëîþ

d̂([x1, . . . , xn], [y1, . . . , yn]) = min
σ

max
i
d(xi, yσ(i)).

Íåõàé M � ëèñò Ìåáióñà â R3, çàäàíèé ñòàíäàðòíèìè ïàðàìåòðè÷-

íèìè ðiâíÿííÿìè: x(u, v) = (1 + (v/2) cos(u/2)) cosu, y(u, v) = (1 +

(v/2) cos(u/2)) sinu, z(u, v) = (v/2) sin(u/2), äå 0 ≤ u < 2π i −1 ≤ v ≤ 1.

Ïðîïîçèöiÿ 1 Â àñèìïòîòè÷íié êàòåãîði¨ A, äðóãèé ñèìåòðè÷íèé ñòå-

ïiíü S̃P
2
(R2) içîìîðôíèé êîíóñó Cone(M).

Äîâåäåííÿ 1 Çîáðàçèìî êîëî S1 ÿê ôàêòîðïðîñòið âiäðiçêà [0, 1]/ ∼, äå
0 ∼ 1. Êîæíié íåâïîðÿäêîâàíié ïàði [x, y] ∈ SP 2([0, 1]) ñòàâèìî ó âiäïîâiä-

íiñòü ïàðó

(min{x, y},max{x, y}) ∈ ∆2 = {(s, t) ∈ [0, 1]× [0, 1] | s ≥ t}.

Öå ïîðîäæó¹ ïðèðîäíå âiäîáðàæåííÿ SP 2(S1) = SP 2([0, 1]/ ∼) â ∆2/ ∼, äå
∼ � âiäíîøåííÿ åêâiâàëåíòíîñòi íà ∆2, çàäàíå óìîâàìè: (x, 0) ∼ (1, x).

Íåñêëàäíî ïåðåêîíàòèñÿ, ùî öå âiäîáðàæåííÿ ëiïøèöåâå.
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Íàñòóïíèì êðîêîì ¹ âiäîáðàçèòè áiëiïøèöåâî ïðîñòið ∆2/ ∼ íà M .

Íåñêëàäíî çðîáèòè öå òàê, ùî îáðàçîì ñåðåäíüî¨ ëiíi¨ y = x − 1
2 â ∆2/ ∼

¹ ñåðåäíÿ ëiíiÿ v = 0 íà ëèñòi Ìåáióñà. Âiäïîâiäíî, ïàðàëåëüíi äî ñåðåäíüî¨

ëiíi¨ ïåðåõîäÿòü ó ïàðàëåëüíi äî ñåðåäíüî¨ ëiíi¨ íà M . Âêàçàíå âiäîáðàæåí-

íÿ íåñêëàäíî çðîáèòè áiëiïøèöåâèì.

Íàðåøòi, ñêîðèñòàâøèñü ëåìîþ 1, áóäó¹ìî øóêàíå âiäîáðàæåííÿ

S̃P
2
(R2) = Cone(SP 2(S1))→ Cone(M).

Ïðîïîçèöiÿ 2 Ñèìåòðè÷íèé êâàäðàò S̃P
2
(R2

+) â àñèìïòîòè÷íié êàòå-

ãîði¨ A içîìîðôíèé R3
+.

Äîâåäåííÿ 2 Äîâåäåìî, ùî S̃P
2
(R2

+) içîìîðôíèé ïðîñòîðîâi X =

{(x, y, z)|x ≥ 0, y ≥ 0, z < x}, ÿêèé, ó ñâîþ ÷åðãó, içîìîðôíèé ïðîñòîðîâi

R3
+ (äèâ., íàïðèêëàä [5]).

Îçíà÷èìî âiäîáðàæåííÿ f : S̃P
2
(R2

+)→ X ôîðìóëîþ

f ([(a cosα1, a sinα1), (a cosα2, a sinα2)]) = (a cos
α1

2
, a sin

α1

2
, α2a), α1 ≥ α2.

Äîâåäåìî, ùî âiäîáðàæåííÿ f−1 ëiïøèöåâå. Íå âòðà÷àþ÷è çàãàëüíîñòi,

ïðèïóñêà¹ìî, ùî b > a. Òîäi

d̂([(a cosα1, a sinα1), (a cosα2, a sinα2)], [(b cosβ1, b sinβ1), (b cosβ2, b sinβ2)]) =

= max{d((a cosα1, a sinα1), (b cosβ1, b sinβ1)), d((a cosα2, a sinα2), (b cosβ2, b sinβ2))} ≤

≤ d((a cosα1, a sinα1), (b cosβ1, b sinβ1)) + |α2a− β2b| <

< 4ρ

(
(a cos

α1

2
, a sin

α1

2
, α2a), (b cos

β1
2
, b sin

β1
2
, β2b)

)
.

Äîâåäåìî òåïåð, ùî âiäîáðàæåííÿ f ëiïøèöåâå. Ñïðàâäi,

ρ

(
(a cos

α1

2
, a sin

α1

2
, α2a), (b cos

β1
2
, b sin

β1
2
, β2b)

)
≤

≤ 2d((a cosα1, a sinα1), (b cosβ1, b sinβ1)) + |α2a− β2b| ≤

≤ 3max{d((a cosα1, a sinα1), (b cosβ1, b sinβ1)), d((a cosα2, a sinα2), (b cosβ2, b sinβ2))} =

= 3d̂([(a cosα1, a sinα1), (a cosα2, a sinα2)], [(b cosβ1, b sinβ1), (b cosβ2, b sinβ2)]).
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3.2 Ãiïåðñèìåòðè÷íi ñòåïåíi i òåîðåìà Áîòòà

Íåõàé (X, d) � ìåòðè÷íèé ïðîñòið ç âiäìi÷åíîþ òî÷êîþ x0. Ïîçíà÷èìî ÷åðåç

expn(X) ìíîæèíó âñiõ íåïîðîæíiõ ïiäìíîæèí ó X ïîòóæíîñòi ≤ n (ãiïåð-

ñèìåòðè÷íèé ñòåïiíü ïðîñòîðó X). Ïðèéìåìî

ẽxpn(X) = {A ∈ expn(X) | ‖x‖ = ‖y‖ äëÿ âñiõ x, y ∈ A}.

Òåîðåìà 1 Ïðîñòið ẽxp3(R2) içîìîðôíèé R4 â êàòåãîði¨ A.

Öåé ðåçóëüòàò ¹ àíàëîãîì òåîðåìè Ð. Áîòòà [3], ÿêà ñòâåðäæó¹, ùî exp3 S
1

ãîìåîìîðôíå S3. Íà àíàëiçi äîâåäåííÿ Áîòòà áàçó¹òüñÿ äîâåäåííÿ òåîðåìè 1.

Íåõàé S1 = [0, 1]/ ∼, äå 0 ∼ 1. Íåõàé∆3 = {(x, y, z) ∈ R3 | 0 ≤ x ≤ y ≤ z ≤ 1}
i ∼ � âiäíîøåííÿ åêâiâàëåíòíîñòi íà ∆3, çàäàíå óìîâàìè: (0, x, y) ∼ (x, y, 1),

(x, x, y) ∼ (x, y, y).

Ãðîìiçäêèìè, àëå áåçïîñåðåäíiìè îá÷èñëåííÿìè ìîæíà ïîêàçàòè, ùî ãî-

ìåîìîðôiçì exp3(S
1) = exp3([0, 1]/ ∼) i ∆3/ ∼ (îñòàííÿ ìíîæèíà íàäiëÿ¹òü-

ñÿ ôàêòîð-ìåòðèêîþ, ïîðîäæåíîþ åâêëiäîâîþ ìåòðèêîþ) ¹ áiëiïøèöåâèì.

Ó äîâåäåííi Áîòòà ãîìåîìîðôiçì ìiæ ∆3/ ∼ i S3 çäiéñíþ¹òüñÿ çà äîïîìî-

ãîþ çîáðàæåííÿ ñôåðè ÿê îá'¹äíàííÿ äâîõ çàïîâíåíèõ òîðiâ. Çíîâó æ òàêè,

àíàëiç çâóæåíü ãîìåîìîðôiçìiâ íà öèõ çàïîâíåíèõ òîðàõ òà ¨õ ñêëåþâàí-

íÿ ïîêàçó¹ áiëiïøèöåâiñòü ðåçóëüòóþ÷îãî ãîìåîìîðôiçìó f : exp3 S
1 → S3.

Òîäi âiäîáðàæåííÿ

Cone(f) : Cone(exp3 S
1) = ẽxp3(R2)→ Cone(S3) ' R4

¹ içîìîðôiçìîì ó êàòåãîði¨ A.

3.3 Éìîâiðíiñíi ìiðè

Äëÿ êîæíîãî íàòóðàëüíîãî n ÷åðåç Pn(X) ïîçíà÷à¹ìî ìíîæèíó âñiõ éìî-

âiðíiñíèõ ìið íà ìíîæèíi X, íîñi¨ ÿêèõ ìàþòü íå áiëüøå íiæ n åëåìåíòiâ.

Êîæåí åëåìåíò ç Pn(X) ìà¹ âèãëÿä µ =
∑n
i=1 αiδxi , äå αi ≥ 0, i = 1, . . . , n,

i
∑n
i=1 αi = 1. ßêùî d � ìåòðèêà íà ìíîæèíi X, òî íà ìíîæèíi Pn(X)

ìîæíà çàäàòè ìåòðèêó Êàíòîðîâè÷à-Ðóáiíøòåéíà. Íåõàé µ =
∑n
i=1 αiδxi ,

ν =
∑n
i=1 βiδyi , òîäi

dKR(µ, ν) = inf


n∑

i,j=1

γijd(xi, yj) | γij ≥ 0,

n∑
i=1

γij = βj ,

n∑
j=1

γij = αi

 .
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Ïðîïîçèöiÿ 3 Âiäîáðàæåííÿ g : SPn(X) → Pn(X), çàäàíå ôîðìóëîþ

g([x1, . . . , xn]) =
1
n

∑n
i=1 δxi

, � áiëiïøèöåâå âêëàäåííÿ.

Äîâåäåííÿ 3 Íåõàé x = [x1, . . . , xn], y = [y1, . . . , yn] ∈ SPn(X) i d̂(x, y) ≤ c,
äëÿ äåÿêîãî c > 0. Òîäi iñíó¹ ïåðåñòàíîâêà σ òàêà, ùî d(xi, yσ(i)) ≤ c äëÿ

êîæíîãî i = 1, . . . , n. Íåõàé µ = g(x), ν = g(y). Ïðèéìåìî ó ôîðìóëi äëÿ

âiäñòàíi Êàíòîðîâè÷à-Ðóáiíøòåéíà γiσ(i) = 1
n i γij = 0 äëÿ ðåøòè i, j.

Òîäi ìà¹ìî dKR(µ, ν) ≤ d̂(x, y).
Êðiì òîãî, î÷åâèäíî, ùî d̂(x, y) ≤ ndKR(µ, ν).

ßêùî x0 ∈ X � âiäìi÷åíà òî÷êà, òî ïðèéìåìî

P̃n(X) =

{
µ =

n∑
i=1

αiδxi
∈ P (X) | d(xi, x0) = d(xj , x0), i, j = 1, . . . , n

}
.

Òåîðåìà 2 Ïðîñòið P̃2(R2) içîìîðôíèé R4 ó êàòåãîði¨ A.

Äîâåäåííÿ öüîãî ôàêòó áàçó¹òüñÿ íà ãîìåîìîðôiçìi ïðîñòîðiâ P2(S
1) òà S3.

3.4 Ïðîåêòèâíi ñòåïåíi

Ó ñòàòòi [5] À. Äðàíiøíèêîâ îçíà÷èâ íàäáóäîâó
∑
X ïðîñòîðó X çà äîïîìî-

ãîþ ôîðìóëè
∑
X = X×̃R2

+/i±(X), äå âêëàäåííÿ i± : X → X×̃R2
+ âèçíà÷à-

þòüñÿ ôîðìóëîþ i±(x) = J−1(x,±‖x‖); òóò âiäîáðàæåííÿ J : X×̃R2
+ → X×R

çàäà¹òüñÿ ôîðìóëîþ J(x, (s, t)) = (x, s), x ∈ X, t ∈ R+, s ∈ R.
Ïîíÿòòÿ ïðîåêòèâíîãî ñòåïåíÿ îçíà÷èâ À. Øàíêîâñüêèé [11]. Òî÷êà

y ∈ Y íàçèâà¹òüñÿ iñòîòíîþ êîîðäèíàòîþ òî÷êè (y1, . . . , yn), ÿêùî ìíîæè-

íà {j | yj = y} ñêëàäà¹òüñÿ ç íåïàðíîãî ÷èñëà åëåìåíòiâ. Îçíà÷ó¹ìî n-é

ïðîåêòèâíèé ñòåïiíü ïðîñòîðó X ÿê ôàêòîðïðîñòið Xn/ ∼, äå âiäíîøåí-

íÿ íåêâiâàëåíòíîñòi ∼ îçíà÷åíå óìîâîþ: (x1, . . . , xn) ∼ (y1, . . . , yn), ÿêùî

(x1, . . . , xn) i (y1, . . . , yn) ìàþòü îäíàêîâó ìíîæèíó iñòîòíèõ êîîðäèíàò. Ïî-

çíà÷åííÿ: Prn(X).

Íåñêií÷åííèé ïðîåêòèâíèé ïðîñòið ðîçãëÿäàëè Äîëüä i Òîì [12].

Çàóâàæèìî, ùî öåé ïðîåêòèâíèé ïðîñòið ìîæå áóòè îïèñàíèé òàêîæ ÿê

ôàêòîðïðîñòið ñèìåòðè÷íîãî äîáóòêó SPn(X). Ðîçãëÿíåìî êîæíó òî÷êó ñè-

ìåòðè÷íîãî äîáóòêó ÿê ôîðìàëüíó ñóìó
∑
nixi, äå ni � íåâiä'¹ìíi öiëi ÷èñ-

ëà,
∑
ni = n, i òî÷êè xi ïîïàðíî ðiçíi.

Îçíà÷èìî ïðîñòið P̃n(X) ÿê ôàêòîðïðîñòið ñèìåòðè÷íîãî ñòåïåíÿ

S̃P
n
(X) çà âiäíîøåííÿì åêâiâàëåíòíîñòi:

∑
nixi ∼

∑
mixi òîäi i ëèøå òîäi,

êîëè ni ≡ mi mod 2 äëÿ êîæíîãî i.
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Ïðîïîçèöiÿ 4 Ïðîåêòèâíèé êâàäðàò Pr2(R) içîìîðôíèé íàäáóäîâi
∑

R+.

Äîâåäåííÿ 4 Äëÿ ïðîñòîòè
∑

R+ îòîòîæíèìî ç ìíîæèíîþ Y =

J (
∑

R+). Îçíà÷èìî âiäîáðàæåííÿ ϕ : Y → Pr2(R) ôîðìóëîþ

ϕ ((r cosα, r sinα)) =
[
r cos

(
2α− π

4

)
, r sin

(
2α− π

4

)]
.

Òîäi äëÿ îáåðíåíîãî âiäîáðàæåííÿ îäåðæó¹ìî

ϕ−1 ([r cosα, r sinα]) =
(
r cos

(α
2
+
π

8

)
, r sin

(α
2
+
π

8

))
.

Íåâàæêî ïîáà÷èòè, ùî âiäîáðàæåííÿ ϕ ëiïøèöåâå ç λ = 2, à ϕ−1 ëiïøèöåâå

ç λ = 1.

Ç äåÿêèõ ðåçóëüòàòiâ àñèìïòîòè÷íî¨ òîïîëîãi¨ âèïëèâà¹, ùî àíàëîãîì

ñôåðè Sn ó àñèìïòîòè÷íié êàòåãîði¨ A ¹ åâêëiäîâèé ïðîñòið Rn+1. Àíàëîãîì

ïðîåêòèâíîãî ïðîñòîðó RPn ¹ ôàêòîðïðîñòið Rn+1/±.

Òåîðåìà 3 Ó êàòåãîði¨ A ïðîñòîðè P̃n(R2/±) òà Rn+1/± içîìîðôíi.

Äîâåäåííÿ öüîãî ðåçóëüòàòó áàçó¹òüñÿ íà ðåçóëüòàòi Øàíêîâñüêîãî [11]

ïðî ãîìåîìîðôiçì ïðîñòîðiâ Prn(S1) = Prn(RP 1) òà RPn.

3.5 Ñóïåððîçøèðåííÿ λ3(X)

Ïîíÿòòÿ ñóïåððîçøèðåííÿ λ(X) òîïîëîãi÷íîãî ïðîñòîðó X çàïðîâàäèâ É.

äå Ãðîîò (äèâ. íåîáõiäíó iíôîðìàöiþ â [8]). Íèæ÷å íàì çíàäîáèòüñÿ àëüòåð-

íàòèâíèé îïèñ ïiäìíîæèíè λ3(X) ⊂ λ(X), ùî ñêëàäà¹òüñÿ ç ìàêñèìàëüíèõ

ç÷åïëåíèõ ñèñòåì â X, íîñi¨ ÿêèõ ìàþòü ïîòóæíiñòü ≤ 3.

Íåõàé x, y, z ∈ X. Ïîçíà÷èìî ÷åðåç [x, y, z] ñiì'þ çàìêíåíèõ ïiäìíîæèí

A ⊂ X, ùî ìàþòü âëàñòèâiñòü: A ìiñòèòü ïðèíàéìíi îäíó ç òðüîõ ìíîæèí

{x, y}, {x, z}, {y, z}. Íîñi¹ì åëåìåíòà [x, y, z] íàçèâà¹ìî ìíîæèíó:

1) {x, y, z}, ÿêùî âñi òðè òî÷êè x, y, z ïîïàðíî ðiçíi;

2) {t}, ÿêùî t çóñòði÷à¹òüñÿ ùîíàéìåíøå äâi÷i ó ïîñëiäîâíîñòi x, y, z.

Ïîçíà÷åííÿ: supp([x, y, z]).

Íåõàé d � ìåòðèêà íà ìíîæèíi X. Òîäi íà ìíîæèíi λ3(X) = {[x, y, z] |
x, y, z ∈ X} ìîæíà îçíà÷èòè ìåòðèêó dV :

dV ([x1, y1, z1], [x2, y2, z2]) = inf{ε > 0 | ε− îêië êîæíîãî åëåìåíòà ç [x1, y1, z1]

ìiñòèòü åëåìåíò ç [x2, y2, z2]}

(äèâ [8]).
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Â [1] äîâåäåíî, ùî ïðîñòið λ3(S1) ãîìåîìîðôíèé S3.

Àíàëîãi÷íî äî ðîçãëÿíóòîãî âèùå, äëÿ êîæíîãî âëàñíîãî ìåòðè÷íîãî

ïðîñòîðó (X, d) ç âiäìi÷åíîþ òî÷êîþ x0 ∈ X îçíà÷èìî λ̃3(X) ÿê ïiäìíî-

æèíó â λ3(X), óòâîðåíó åëåìåíòàìè [x, y, z], òàêèìè, ùî ôóíêöiÿ ‖ · ‖ ñòàëà
íà ìíîæèíi supp([x, y, z]).

Íàâîäèìî áåç äîâåäåííÿ òàêèé ðåçóëüòàò.

Òåîðåìà 4 Ïðîñòið λ̃3(R2) içîìîðôíèé R4 â êàòåãîði¨ A.
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Functors of �nite degree in the asymptotic category

We consider functors in the asymptotic category generated by some functors of

�nite degree in the category of compacta. Some geometric properties of these

functors are established
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Abstract In the paper we go on our work on application of the chaos theory

and non-linear analysis technique to studying chaotic features of di�erent

nature systems. Here there are presented the results of using an advanced

chaos-geometric approach to treating chaotic dynamics in de�niete hydroe-
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the advanced mutual information scheme, Grrasberger-Procachi algorythm,

Lyapunov exponent's analysis etc.
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1. Introduction

In this paper we go on our work on application of the chaos theory and non-

linear analysis technique to studying chaotic features of di�erent nature systems

(see, for example [1,2]). The theoretical basis's of the chaos-geometric combined

approach to treating of chaotic behaviour of complex dynamical systems are in

details in series of ref. [1-10]. Generally, an approach combines together applica-

tion of the advanced mutual information scheme, Grassberger-Procachi algory-

thm, Lyapunov exponent's analysis etc. It is important to note that this approch

has been successfully applied to studying dynamics not only mathmeatical and

physical systems. Very impressive application is the investigated dynamics of the

atmospheric pollutants concentrations and forecasting their temporal evolution.
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Besides, in Ref [2] it has been numerically vstudied a chaotic dynamics of the

pollutants concentration in some hydroecological, namely, water system. The

successful application of new chaos-geometrical approach to studying dynamics

of the di�erent nature systems demonstrates its universal character. Here we

present the improved numerical results of using an advanced chaos-geometric

approach to treating chaotic dynamics in the de�nite hydroecological system:

water basins of some rivers. It has been estimated an e�ect of anthropogenic

contamination for a number of basins of the Small Carpathian by some pollu-

tants (nitrates and sulphates) with revealing the chaos elements in the temporary

sets of the nitrates and sulphates concentrations. At �rst it has been realized am

e�ective model of the short-terminal forecast for concentrations of pollutants on

the example of forecasting the nitrates and sulphates concentrations evolution

in a number of basins of the Small Carpathian.

2. An advanced chaos-geometrical approach to hydroecological system

dynamics: Short description

Following to [1-10], further we formally consider scalar measurements s(n) =

s(t0+ n∆t) = s(n), where t0 is a start time, ∆t is time step, and n is number

of the measurements. In a general case, s(n) is any time series (f.e. atmospheric

pollutants concentration). As processes resulting in a chaotic behaviour are fun-

damentally multivariate, one needs to reconstruct phase space using as well as

possible information contained in s(n). Such reconstruction results in set of d -

dimensional vectors y(n) replacing scalar measurements. The main idea is that

direct use of lagged variables s(n + τ), where τ is some integer to be de�ned,

results in a coordinate system where a structure of orbits in phase space can

be captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

Let us remind that following to [2,10], the choice of proper time lag is important

for the subsequent reconstruction of phase space. If τ is chosen too small, then

the coordinates s(n + j τ), s(n +(j +1 )τ) are so close to each other in numerical

value that they cannot be distinguished from each other. If τ is too large, then

s(n+j τ), s(n+(j +1 )τ) are completely independent of each other in a statistical

sense. If τ is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position

between above cases. First approach is to compute the linear autocorrelation
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function CL(δ) and to look for that time lag where CL(δ) �rst passes through

0. This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ)

are linearly independent. It's better to use approach with a nonlinear concept

of independence, e.g. an average mutual information. The mutual information I

of two measurements ai and bk is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between

any value ai from system A and bk from B is the average over all possible

measurements of I AB (ai , bk ). In ref. [4] it is suggested, as a prescription, that

it is necessary to choose that τ where the �rst minimum of I (τ) occurs.

In [1,10] it has been stated that an aim of the embedding dimension determina-

tion is to reconstruct a Euclidean space Rd large enough so that the set of points

dA can be unfolded without ambiguity. The embedding dimension, dE , must be

greater, or at least equal, than a dimension of attractor, dA, i.e. dE > dA. In

other words, we can choose a fortiori large dimension dE , e.g. 10 or 15, since

the previous analysis provides us prospects that the dynamics of our system

is probably chaotic. The correlation integral analysis is one of the widely used

techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C (r) is related

to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

The fundamental problem of theory of any dynamical system is in predicting

the evolutionary dynamics of a chaotic system. Let us remind following to [1-

,2,10] that the cited predictability can be estimated by the Kolmogorov entropy,

which is proportional to a sum of positive LE. As usually, the spectrum of LE

is one of dynamical invariants for non-linear system with chaotic behaviour.

The limited predictability of the chaos is quanti�ed by the local and global

LE, which can be determined from measurements. The LE are related to the

eigenvalues of the linearized dynamics across the attractor. Negative values show

stable behaviour while positive values show local unstable behaviour. For chaotic

systems, being both stable and unstable, LE indicate the complexity of the

dynamics. The largest positive value determines some average prediction limit.

Since the LE are de�ned as asymptotic average rates, they are independent of

the initial conditions, and hence the choice of trajectory, and they do comprise

an invariant measure of the attractor. An estimate of this measure is a sum

of the positive LE. The estimate of the attractor dimension is provided by the

conjecture dL and the LE are taken in descending order. The dimension dL gives

values close to the dimension estimates discussed earlier and is preferable when

estimating high dimensions. To compute LE, we use a method with linear �tted
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map, although the maps with higher order polynomials can be used too. Non-

linear model of chaotic processes is based on the concept of compact geometric

attractor on which observations evolve. Since an orbit is continually folded back

on itself by dissipative forces and the non-linear part of dynamics, some orbit

points [1,10] yr (k), r = 1 , 2 , ..,N B can be found in the neighbourhood of any

orbit point y(k), at that the points yr (k) arrive in the neighbourhood of y(k) at

quite di�erent times than k . One can then choose some interpolation functions,

which account for whole neighbourhoods of phase space and how they evolve

from near y(k) to whole set of points near y(k + 1 ). The implementation of this

concept is to build parameterized non-linear functions F(x, a) which take y(k)

into y(k + 1 ) = F(y(k), a) and use various criteria to determine parameters

a. Since one has the notion of local neighbourhoods, one can build up one's

model of the process neighbourhood by neighbourhood and, by piecing together

these local models, produce a global non-linear model that capture much of the

structure in an attractor itself.

3. The numerical results and conclusions

We continued the investigation of the pollution dynamics of the hydrological

systems, in particular, variations of the nitrates concentrations in the river's

water reservoirs in the Earthen Slovakia by using the non-linear prediction ap-

proaches and chaos theory method (in versions) [1-10]. As in Ref. [2] the initial

data had been taken from empirical observations on a number of the water-

sheds in the region of the Small Carpathians, carried out by coworkers of the

Institute of Hydrology of the Slovak Academy of Sciences [11]. The temporal

changes in the concentrations of nitrates in the catchment areas are listed in

[11]. In Ref. 2 we have listed data on values of the autocorrelation function CL ,

the �rst minimum of mutual information Imin1 , the correlation dimension (d2),

embedding dimension (dE), Kaplan-Yorke dimension (dL), and average limit of

predictability (Prmax, hours) for time series of the concentration of nitrates in

some watersheds of the Small Carpathians, namely, Manelo, Ondava, Gidra,

Vydric. Here we have maken a numerical analysis of time series for other four

watersheds, namely, Blatina,Parna, Ladomirka, Babie.

As usually, the �rst step is in computing the values of the autocorrelation func-

tion CL , the �rst minimum of mutual information Imin1 for the concentration

of nitrates in four another watersheds (Blatina,Parna, Ladomirka, Babie). The

values, where the autocorrelation function �rst crosses 0.1, can be chosen as τ ,

but in [6,9] it's showed that an attractor cannot be adequately reconstructed

for very large values of τ . So, before making up �nal decision we calculate the
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dimension of attractor for all values. The large values of τ result in impos-

sibility to determine both the correlation exponents and attractor dimensions

using Grassberger-Procaccia method [1,16]. Here the outcome is explained not

only inappropriate values of τ but also shortcomings of correlation dimension

method. If algorithm [14] is used, then a percentages of false nearest neighbours

are comparatively large in a case of large τ . If time lags determined by average

mutual information are used, then algorithm of false nearest neighbours provides

dE = 6 for all water pollutants.

Table 1 shows the correlation dimension (d2), embedding dimension (dE),

Kaplan-Yorke dimension (dL), and average limit of predictability (Prmax, hours)

for time series of the concentration of nitrates in the watershed of the Small

Carpathians.

Table 1. The Time lag (τ), correlation dimension (d2), embedding dimen-

sion (dE), Kaplan-Yorke dimension (dL), and average limit of predictability

(Prmax, hours) for time series of the concentration of nitrates in the watershed

of the Small Carpathians.

Blatina Parna Ladomirka Babie

τ 18 18 10 8

(d2) 4.91 4.17 3.88 4.89

(dE) 5 5 4 5

dL 5.02 4.83 3.12 4.46

Prmax 13 12 7 8

As usually, the sum of the positive LE determines the Kolmogorov entropy, which

is inversely proportional to the limit of predictability (Prmax. Let us remind

[1,2] since the conversion rate of the sphere into an ellipsoid along di�erent axes

is determined by the LE, it is clear that the smaller the amount of positive

dimensions, the more stable is a dynamic system. Consequently, it increases the

predictability of it. As the numerical calculation shows the presence of the two

(from six) positive λi suggests the system broadens in the line of two axes and

converges along four axes that in the six-dimensional space. The time series of

concentrations at the site of the Blatina watershed have the highest predictability

than other time series.

Therefore, we have presented the further results of an e�ective application of

an advanced chaos-geometric approach to treating of non-linear dynamics of the

complex nature, namely, hydroecological systems. The chaotic features in the

time series of the nitrates concentrations in four new river's water reservoirs in
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the Earthen Slovakia ate numerically analyzed and an availability of the middle-

D chaos has been proven.
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Chaos-Geometric approach to analysis of chaotic
attractor dynamics for the one-ring �bre laser

G.P. Prepelitsa

Abstract Earlier we have developed new chaos-geometric approach to mod-

elling and analysis of nonlinear processes dynamics of the complex systems

systems. It combines together application of the advanced mutual information

approach, correlation integral analysis, Lyapunov exponent's analysis etc. Here

we present the results of its application to studying low-and high-D attractor

dynamics of the one-ring �bre laser

Keywords geometry of chaos, non-linear analysis, laser system

Mathematics Subject Classi�cation: (2000) 55R01-55B13

1. Introduction

Earlier [1]�[8] we have developed a new, chaos-geometrical combined ap-

proach to treating of chaotic low- and high-D attractor dynamics of complex

dynamical systems and forecasting its temporal evolution. Here we use this ap-

proach to carry out an analysis of nonlinear processes dynamics in the one-ring

�bre laser. Such systems has a great practicalk interest and is used in di�er-

ent technical applications. Our approach combines together application of a few

techniques, namely, an advanced mutual information approach, correlation in-

tegral analysis, Lyapunov exponent's analysis etc. Let us remind that during

the last two decades, many studies in various �elds of science have appeared, in

which chaos theory was applied to a great number of dynamical systems, includ-

ing those are originated from nature [5]�[16]. The outcomes of such studies are

very encouraging, as they reported very good predictions using such an approach

for di�erent systems.
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2. Chaos-geometrical approach to the one-ring �bre laser attractor

dynamics

In this work we study low-and high-D ttractor dynamics of the the one-ring

�bre laser. To speak more exactly, we make a detailes analysis of the output

voltage temporal variations series with two controlling parameters (the modu-

lation frequency f and dc bias voltage of the electro-optical modulator) and as

an analysis technique use the non-linear prediction approache and chaos theory

method (in versions) [1]�[8]. The output voltage temporal variations series for

the the one-ring �bre laser are described and listed in [9].

The fundamental aspects of our chaos-geometric approach version have been

in details presented earlier. So, below, we will give only ashort description of

the fundamental sapects, following to our papers [1]�[8]. As usually, one should

formally consider scalar measurements s(n) = s(t0+ n∆t) = s(n), where

t0 is a start time, ∆t is time step, and n is number of the measurements. In

a general case, s(n) is any time series (f.e. atmospheric pollutants concentra-

tion). As processes resulting in a chaotic behaviour are fundamentally multi-

variate, one needs to reconstruct phase space using as well as possible infor-

mation contained in s(n). Such reconstruction results in set of d -dimensional

vectors y(n) replacing scalar measurements. The main idea is that direct use

of lagged variables s(n + τ), where τ is some integer to be de�ned, results

in a coordinate system where a structure of orbits in phase space can be

captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

Let us remind that following to [1]�[8], the choice of proper time lag is important

for the subsequent reconstruction of phase space. If τ is chosen too small, then

the coordinates s(n + j τ), s(n +(j +1 )τ) are so close to each other in numerical

value that they cannot be distinguished from each other. If τ is too large, then

s(n+j τ), s(n+(j +1 )τ) are completely independent of each other in a statistical

sense. If τ is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position

between above cases. First approach is to compute the linear autocorrelation

function CL(δ) and to look for that time lag where CL(δ) �rst passes through

0. This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ)

are linearly independent. It's better to use approach with a nonlinear concept
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of independence, e.g. an average mutual information. The mutual information I

of two measurements ai and bk is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between

any value ai from system A and bk from B is the average over all possible

measurements of I AB (ai , bk ). Earlier it was suggested, as a prescription, that

it is necessary to choose that τ where the �rst minimum of I (τ) occurs.

In [5]�[6] it has been stated that an aim of the embedding dimension determina-

tion is to reconstruct a Euclidean space Rd large enough so that the set of points

dA can be unfolded without ambiguity. The embedding dimension, dE , must be

greater, or at least equal, than a dimension of attractor, dA, i.e. dE > dA. In

other words, we can choose a fortiori large dimension dE , e.g. 10 or 15, since

the previous analysis provides us prospects that the dynamics of our system

is probably chaotic. The correlation integral analysis is one of the widely used

techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C (r) is related

to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

3. Conclusions

As input data we have used detailed numerical data for time series of the output

voltage temporal variations series in depedence of with two controlling parame-

ters: the modulation frequency f and dc bias voltage of the electro-optical mod-

ulator [9]. In depending upon f and dc bias voltage V values there are realized

1-period (f = 75MHz, V = 10V and f = 60MHz, V = 4V), 2-period (f = 68

MHz, V = 10V or f = 60MHz, V = 6V), chaotic (f = 64MHz, V = 10 V and f

= 60MHz, V = 10V) regimes in dynamics of the system. We are interested by a

chaotic regime, when there is realized chaotic attractor.

It table 1 we list the values of the autocorrelation function CL and the �rst

minimum of mutual information Imin1 for the output voltage amplitude of the

one-ring �ber laser system. Itis analyszed the time series of the output voltage

amplitude when the controlling parameter, namely frequency f of the electro-

optical modulator is changing (correspondingly, the dc bias voltage parameter

is constant). We call this regime as the chaos 1 one.

Table 1. Time lags (hours) subject to di�erent values of CL, and �rst minima

of average mutual information,Imin1, (time series of output voltage amplitude

of the one-ring �ber laser system).
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Series 1 Series 2 Series 3 Series 4

CL=0.1 78 96 124 138

CL=0.5 11 13 9 22

Imin1 14 16 18 230

The values, where the autocorrelation function �rst crosses 0.1, can be chosen

as τ , but in [10]�[12] it's showed that an attractor cannot be adequately re-

constructed for very large values of τ . So, before making up �nal decision we

calculate the dimension of attractor for all values in Table 1. The large values of

τ result in impossibility to determine both the correlation exponents and attrac-

tor dimensions using Grassberger-Procaccia method [12]. Here the outcome is

explained not only inappropriate values of τ but also shortcomings of correlation

dimension method. If algorithm [4] is used, then a percentages of false nearest

neighbours are comparatively large in a case of large τ . If time lags determined by

average mutual information are used, then algorithm of false nearest neighbours

provides dE = 6 .

Table 2 shows the correlation dimension (d2), embedding dimension (dE),

Kaplan-Yorke dimension (dL), and average limit of predictability (Prmax, hours)

for time series of the output voltage amplitude in dependence of changing the

frequency f (dc bias voltage of the electro-optical modulator is �xed; chaos 1

regime) and changing dc bias voltage of the electro-optical modulator (frequency

f is constant; chaos 2 regime).

Table 2. The Time lag (τ), correlation dimension (d2), embedding dimen-

sion (dE), Kaplan-Yorke dimension (dL) for time series of the output voltage

amplitude in dependence of changing the frequency f (dc bias voltage of the

electro-optical modulator is �xed; chaos 1 regime) and changing dc bias voltage

of the electro-optical modulator (frequency f is constant; chaos 2 regime).

Chaos 1 Chaos 2

τ 6 6

(d2) 3.0 3.1

(dE) 4 4

dL 2.85 2.88

Further the numerical calculation give the following positive values results for

two Lyapunov's exponents (LE) λi , namely, one LE pair for chaos 1 regime:

0.168 and 0.0212 and for chaos 2 regime: 0.172 and 0.0215). It is obvious that the

positive con�rm a chaotic feature of the system dynamics. Besides, we have found

that the time series of the output voltage amplitude in the chaos regimes have
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acceptable predictability than other time series, for example, in the hyperchaos

one.

So, in this paper we �rst have considered an application of an advanced chaos-

geometrical approach (combinatin of the advanced mutual information approach,

correlation integral analysis, Lyapunov exponent's analysis etc) to numerical

modelling and analysis of an attractor dynamics of the one-ring �bre laser phase

space.
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