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Muxaiino Jleounigosuu I'aBpuiibieHKO.
o 80-piudg 31 JHA HAPOIKEHHH

Muxaiino Jleonimosuu laBpuiabuernko Hapomwsced 25 ciuug 1935 poky B po-
aui censn c. ITapkanui PosaiibasacbKoro paiiony na Opemuni. B 1954 poui
BiH cTaB CTYJIeHTOM (hi3uKOo-MaTeMaTuIHOro (haxkynaprery OmecbKoro aep:raBHO-
ro yuiBepcurery iMm. L.I.MeunnkoBa, micisa 3akiHYeHHS AKOrO HOMY 3aIPOIOHY-
BaJIM TIPOJIOBXKUTH HABYAHHS B acmipanTypi mo kadeapi reomerpil i1 HayKOBUM
kepiBaunreoM Toai e pounenta Cuntokosa M.C.

3 1961 poky Momoauii BYEHHWi MPAIIOBAB ACUCTEHTOM Kadeapu anredpu i
reoMeTpii, gdKka B HACJIIOK peopramizarii yuiBepcurery 24 tpaHa 1963 poky

posainmnacs wa agi (kadeapy aarebpu i Teopii uncen ta kadenpy reomerpii i



rorosiorii) i M.JI. TaBpuIbIeHKO TPOIOBKUB CBOIO HAYKOBO-HABYAIBHY JIisliTh-

HICTBH B2KE CTAPIIUM BUKJIamadeM Kadeapu reomerpii i Tomosorii.

VY 1967 pomi M.JI. l'aBpunbienko B M. XapKOBi 3aXUCTUB KAHAUJATCHKY -
cepramito Ha Temy «CremniajabHi HECKIHYEHHO MaJii 3THHAHHS MOBEPXOHBbY», OIMO-
menramu Kol Oynu npodecopu .I1. Baank ta JI.A. Illop, a mpoBigHOI0O Opra-
Hizarieo — XapKiBCbKuUil IHCTUTYT HU3bKUX TEMIEPATYP, Biamim reomeTpil axumit
ouomioBas nipocdecop [loropenos O.B. ¥ rpyani 1972 poky orpuMaHo BYeHe 3Ba-
HHS JTOTIEHTA..

V 70-x pokax Muxaiino Jleonimosuu Oys cexperapem CreriamizoBanol Bue-
HOI pajy /Ut 3aXUCTy JAUCEPTAaliil HA 37400yTTS HAYKOBOI'O CTYIEHS KAHIUIA-
Ta (pizuKO-MaTEeMATHIHNX HAYK 3a CHeIanbHicTIo «/IndepeHtianbai piBHIHHI >
(ronosoro paau 6yB Toai npodecop Taspuios M.1.), a 3rogom 3a crerjajabHICTIO

«Jludepenuiaibui piBasinas 1 reomerpisi» nig rojoBysanusim Cuniokosa M.C.

I[lerTpanbHOIO TEMOIO HAYKOBUX JOCHIIKEHBb € 33/a4a MPO TeOJe3WdHi me-
dopwmarii TinepmoBepxoHb PIMAHOBHX IPOCTOPIB 3a HAABHOCTI Pi3HOMAHITHHUX
MPUIYINEHb IK PO TiePHIOBEpXHIO, TakK i mpo medopmyioue nose. PesyabraTn
JIOCJIi/IZKEHD OMOBIIAJINCh HA PIZHOMAHITHUX MiKHAPOIHWX HAYKOBUX KOHQE-
penuisx, 3okpema, laspusibaenko M.JI. yuacuuk ycix pokis (2004 — 2014) kon-
depenrii «[eomerpis B Omecis.

Bagaga copmymmoBasacs y 70-x pokax i mepiror0 1eTaIbHOI0 MyOITiKAIiEo 3a
nanoto remarukoro € pobora «Differential Geometry and Its Application» (Brno,
Czchoslovakia, 1989, World Scientific, Singapore).

Y 1997 porui 3a pe3ynabraTamMu AOCTiIKeHb BuaaHo Monorpadino «leone3u-
gui Binobpazkenns i gedpopmartii pimanosux npocropis» (Oxeca, Omomoyn), axa,
CTaJIa, HACTIJIbHOIO KHUI'OIO 0AararbOX CTY/EHTIB, ACHIPAHTIB Ta MOJIOJUX HAYKOB-
IiB.

V pizni poku Muxaitno JleoninoBud umras 3araibHi Kypcu - «AHamiTudHa
reoMerpisa Ta JjiHifiHa anrebpay, «OcHoBu reomerpiiy, «PimanoBa reomerpisy,
«pynu Jlis, « AnamiTuana reomerpist», «Audepenniaaprua reomerpisi», «eome-
TPis MOBEPXOHDb i I'PYHHU MMEPETBOPEHb» Ta CIENKypcu — «Teopis HeCKiHIEHHO
MaJMX 3ruHaHby, « OcHOBH Teopii BigHocHOCTI (reomMerpuynumii acnekr)y, «Ilura-
HHsT AudepeHIiaabHol reoMerpii «B miioMys, « TeH30pHe YnCIeHHS».

ABTOpD YMCIIEHHUX METOIUYHUX PO3POOOK, CEPEl SKUX XOUEThCST BHOKPEMUTH
HaBYAMbHUI MociOHmK «l'eomerpis MOBEPXOHDb i rpynu mepeTBopeHb». Bomomap
6araTbOX TPAMOT Ta BiJ3HAK PI3HOTO ATYHKY CEpel sIKUX MMOYEeCHUN HATPYIHUN
snak MinicrepcTBa BuIol i cepeannoi ocsitn CPCP, modecuHa rpamora OmechKoi

micbkoi Pagu (2012 pik), i sik nigrBepazkenHs nearoriaaol MaiicrepHocTi Ta Bu-



Muxatino Jleoninosny 'aBpuipdenko. /lo 80-piddg 31 AHA HapoIKeHHI 9

COKOTO DiBHS OCBITHROI Mi/IFTOTOBKY CTYIEHTIB - rpaMoTa y HOoMiHaIil « Bukmagaa
POKY O4YMMa CTYJ/IEHTiB>.

BaranbHuil cTaxk pobotn Ha Kadeapi — 52 pokwu.

HayxoBe ToBapucTBO, KOJIETH, YIHI IMITUPO i cepAevHo BiTaioTh Muxaiina Jleo-
migosrya [aBpuiibaenka 3 10BijieeM i 3mgars fToMy MIITHOTO 3/10POB’s1, JOBTOJIITTS,

HATXHEHHH Ta PaocTi!
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Properties of vacuum and brane spectrum of Type
1IB string theory

T.V. Obikhod

Abstract F-theory has been receiving more attention in the past few years
because its rich structure allows to solve many problems of the Standard
Model and Grand Unification Theory. This theory is also important because
of the necessity to solve the problem of vacuum stability. A simpler solution of
F-theory is used to describe the Type IIB string theory. For the classification
of D-brane charges in superstring theory of Type IIB is applied K-theory. This
approach provides an access to gauge fields connected with vector bundles,
classified by K-theory. This technique implements the resolution of issues related
to the structure of scales and hierarchies, the gauge group and charged matter

content.

Keywords F-theory - Vacuum stability - Type IIB string theory - gauge fields
- K-theory

VK 539.12
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1 Introduction

One of the most pressing issues of modern theoretical high energy physics is the
question of the origin of the Universe and the subsequent adequate treatment of
problems of the physics of elementary particles in the light of recent experimen-
tal data at the LHC. Most modern theoretical studies tend to come from Big
Bang as a mechanism for further formation of our universe when all four of the
known interactions were merged into one in the early stages. But we deal with
the cosmological constant problem, or more accurately with the vacuum energy
problem, because energy density of vacuum receives a nonzero contribution from
symmetry breaking: the scale A would be typically of the order of 100 GeV in
the case of the electroweak (EW) gauge symmetry breaking or 1 TeV in the case
of supersymmetry breaking, but from [1] we have

A <107 m, ~ 10 eV.

Therefore, the solution of this problem could be connected with the inclusion
of gravity and supersymmetry in the theory of supergravity. The "gap" between
the weak scale and the Planck scale, that is presented in Fig.1, is one of the
major motivating factors behind trying to search for a quantum gravity theory
in general, and string theory in particular as natural extensions of the Standard
Model which solve the hierarchy problem. Many physicists would like a single
theory that could be applied at all scales.

Electio—weak
Symmetry Masses
of W' W, and Z°

- -"Energy Deser” ———— =
Supersh
YT Grand Phlltﬁ(
s Unificatwn Ivhas
Hachon
Mazzes
Fermilab
Ny Uuﬁ_e Hadron
Molacuios Muclai 0 T
Graviton |
Photon
E.Le-:tmn
eutmm
_ | ] — 4 1 e ] L._‘r
10° 10° 10'% 10" 10" 10°° 0 10 10 107 (av)
Mazs/Energy Scale

Fig.1. Energy scale of four interactions

The theory, which implements these ideas is F-theory. F-theory description is
12-dimensional theory, because in addition to three space dimensions plus one
time, we have eight small dimensions. This is an example of a common theme
in the development of string theory; more and more of the theory’s details, such

as what particles exist and how they interact, or what branes live where, can be
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described simply in terms of the geometry of the extra dimensions. F-theory has
been receiving more attention in the past few years because its rich structure
allows solutions that reproduce many of the phenomena of the Standard Model
(SM) and Grand Unification Theory (GUT).

2 F-theory and effective potential of unstable vacuum

Vafa noticed that certain complicated solutions of Type IIB string theory [2]
could be described in terms of a simpler solution of F-theory with 12 dimen-
sions, up from the 10 dimensions of superstrings or the 11 dimensions of M-
theory. One no longer spoke of different theories, but rather different solutions
of some master theory. The space of these solutions is called the Moduli Space of
Supersymmetric Vacua. String/M theory appears to describe a very large num-
ber of four dimensional vacua with inequivalent physics, most of which clearly
do not describe our universe. However the continuum of solutions in the su-
permoduli-space are all supersymmetric with vanishing cosmological constant.
Furthermore they all have massless scalar particles, the moduli themselves. May
be none of these vacua can be our world. As the expansion of the Universe is
accelerating, the simplest explanation is a small but non-zero cosmological con-
stant. Evidently we have to expand our thinking about vacua to include states
with non—zero vacuum energy. If we call the space of all string theory vacua the
landscape, the supermoduli—space is a special part of the landscape where the
vacua are supersymmetric and the potential V(&) is exactly zero. These vacua
are marginally stable and can be excited by giving the moduli arbitrarily small
time derivatives. Once we move off the plain, supersymmetry is broken [3]. There
is the picture with such vacua in Fig.2. The de Sitter vacuum occurs at the point
® = @y . However, the absolute minimum of the potential occurs not at &g but

at @ = oo. )

@ 9, o

Fig.2. Effective potential of unstable vacuum with respect to tunneling to other

vacua.
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3 Minimization of Type IIB string potential

In [5] was emphasized that for Type IIB theories, the corresponding vacua are
realized as compactifications of F-theory on Calabi-Yau fourfolds. When Type
IIB strings are compactified on a Calabi-Yau manifold, under the assumption
that the special Kadhler moduli space of complex structures of the Calabi-Yau
has a symplectic basis, it was shown that the potential could be minimized [4].
It should be noted that the N = 0 supersymmetric minima are below the N
= 2 minima. So we can talk about the particle spectrum of the string Type
IIB and about the instability of the vacuum associated with this string. As
explained in [6], realizing the primary ingredients of GUT models requires, that
the singularity type, connected with the compactification of Type IIB string
theory, should correspond to a subgroup of the exceptional group Eg . Because
the Standard Model gauge group has rank four, SU(5) is the only available
GUT group. After implementation of a higher-dimensional breaking mechanism
to obtain four-dimensional models, we can receive the minimal four-dimensional
supersymmetric SU(5) Grand Unification Theory with standard Higgs content
[7]-

The unification of gauge coupling constants, which takes place in SUSY mod-
els at high energies [8], allows the SM gauge group to be embedded into GUTs
[9]- Such GUTs gauge groups are SU(5), SO(10) or Eg . Theories with flat extra
spatial dimensions, the simplest of which are fivedimensional theories [10]

ds® = ndatds” + dy?
and warped extra spatial dimensions [11]

ds® = (dy* + npdatdz)

1
k2y2
(where k is some constant and n has "-+++" metric signature) also allow one
to explain the hierarchy between the EW and Planck scales, providing new in-
sights into gauge coupling unification [12] and the cosmological constant problem
[13]. However, in the presence of a non-factorizable geometry, the Planck scale
is determined by the higher dimensional curvature. The relation between the
Mp; in our 4 dimensions and the fundamental unification scale M pj(41,,) is the
following

2 n+2 n
MPl - MPl(4+n)R ’

where n are extra dimensions and R is the size of the extra dimensions. For the
model described by Randall and Sundrum (RS1) the 5-d Planck scale is related
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to the geometry of the extra dimensions and the observed Planck scale by the
formula .
Md
M%l — II;lS [1 _ 672krc7r].
Randall and Sundrum also discovered that As, the fivedimensional cosmological

constant (vacuum energy) of the bulk, is negative A5 = —24M3, k2.

4 Phase transitions of SUGRA model and electroweak vacuum
stability

The SUGRA, which is one of the variety of GUT, demonstrates, that in N = 1
supergravity there might be a mechanism which ensures the vanishing of vacuum
energy density in the physical vacuum [14]. This mechanism may also lead to a
set of degenerate vacua with broken and unbroken supersymmetry. The higher-
dimensional breaking mechanism which is associated with four-dimensional GUT
Higgs multiplets and symmetry breaking higgs mechanism is presented in [7].
Thus, after the breaking of supersymmetry, we are dealing with a Higgs boson.
However, at this stage of supersymmetry breaking it is not all smooth. Recent
data on the top quark mass, make it possible to assert about the metastability
of the electroweak vacuum and the possibility of transition to a new state of the
Universe. Therefore, we have a number of successive minima of vacuum.

In quantum field theory, a false vacuum is a metastable sector of space that
appears to be a perturbative vacuum, but is unstable due to instanton effects
that may tunnel to a lower energy state. The false vacuum is a local minimum,
but not the lowest energy state, even though it may remain stable for some time.
The Standard Model of particle physics opens the possibility of calculating from
the masses of the Higgs boson and the top quark, whether the Universe’s present
electroweak vacuum state is likely to be stable or merely long-lived. A 125-127
GeV Higgs mass seems to be extremely close to the boundary for stability but
a definitive answer requires much more precise measurements of the top quark’s
pole mass. Vacuum stability up to Planck scale put constraint for the mass of

the Higgs boson

m[GeV] —173.1 as(Mz)—0.1184

V]>1295+1.4 —0. .
mpy|[GeV] > 129.5 + ( 07 0.5 0.0007
Complexity emerges when another local minimum at large field is the same or
deeper than the EW. Then quantum tunneling effects from the EW vacuum to
the deeper one could make vacuum decay. At present therefore, there are "too

large uncertainties which do not allow to draw a firm conclusion on the important
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question whether the electroweak vacuum is indeed stable or not". Fig.3 reflects

the essence of the problem.

180F™ ; =
178} | Instability
176}

174}
172} o
168} L
1661 =
115 120 125 “130 135

My (GeV)

| i P

Metastability

M, (GeV)

;| Stability

Fig.3. Top quark mass dependence of the mass of the Higgs boson, showing a

metastable vacuum

Scientific models of our Universe have included the possibility that it exists as a
long-lived, but not completely stable, sector of space, which could potentially at
some time be destroyed upon ’toppling’ into a more stable vacuum state. This
catastrophic bubble of "true vacuum" could theoretically occur at any time or
place in the Universe, which means (because the bubble of "true vacuum" will
expand at the speed of light) the end of such a false vacuum could occur at any
time [15].

Various configurations of the effective potential of vacuum are presented in
Fig.4. If the life time is larger than the age of our Universe, then the vacuum is

metastable (¢ and d). If not, we have an unstable vacuum (e).
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(a) stable (b) stable (¢) metastable

(d) metastable (e) unstable (f) unstable

Fig.3. Various configurations of the effective potential

5 The classification of D-brane charges in superstring theory of Type
1IB

We can try to develop techniques to realize that the standard questions are moti-
vated directly by comparison with experiment, such as the structure of scales and
hierarchies, the gauge group and charged matter content. It would be interesting
to consider the D-brain charges in terms of the K-theory of spacetime. As soon
as D-branes carry Ramond-Ramond charge which are cohomology classes, we
deel with K-theory which involves vector bundles and gauge fields. In the brane
spectrum of Type IIB one has unitary gauge groups and this fact explained the
proposal that D-brane charge takes value in K(X). We apply the K-theory to the
classification of charges of D-branes in superstring theory of Type IIB [16]. We
begin by considering the Type IIB theory, where superstring closed and oriented.
RR-charge of D-branes of Type IIB is measured by K-group of transversal space
to the manifold X, i.e K(S™) classifies (9-n) branes in string theory of Type IIB.
Conformity of K-group is determined by the homotopy theory:

K(S") = ma_1(U(K)), k> n/2.

Since

ma((JU (k) = U(00)) = mup2(U(o0)),
k

then
K(S™) = K(58"2).
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I.e one can see Bott periodicity in the brane spectrum of Type IIB. From this

and relations
K(S)Y =2 K(S")=0

we get Table 1, which reflects the fact that the theory of Type IIB has stable
Dp-branes only for p — odd.

Table 1. Topological charges of Dp-branes for K(SP) group

Dp | D9 |D8|D7|D6|D5|D4|D3|D2|D1|DO0|D(-1)
qp SO Sl SZ SS S4 SS SG S? SS SQ SlO
KS?y |z o|zZ|o|zZ]o|Z]|0o|Z]|oO zZ

It is clear from the table, that D3-brane charge takes an integer value and this
fact indicates the possible existence of solitonic object in our fourdimensional
world (3-+1) with the energy values or RR charges belonging to the group of
integers. As soon as we deel with K-theory, we can speak about vector bundles
and gauge fields connected with this bundles. It should be noted that in [17] is
calculated the total number of vacua with cosmological constant |A| < A4, and
compactification volume Vj; < V=. The predictivity of string/M theory leads

to the conjecture that the number of consistent flux vacua
Nflu:cvac(/lmazv V>7 [B]) € Z

is finite.

6 Conclusions

Thus, within the Big Bang framework it is assumed that the Universe expands.
During this process the Universe passes through some characteristic energy scales
of phase transitions. These transitions are connected with symmetry breakings,
each of which leaves the vacuum state less symmetric than before. A more sym-
metric vacuum state undergoing a chain of symmetry breakings producing a less
symmetric vacuum state at present. A chain of symmetry breakings could be

illustrated as follows:

GUT Electroweak QCD
- — symmetry - symmetry - symmetry | ---
A0 Gl breaking ARV breaking A0-1CeV breaking

The physics of the phase transitions depend on the theory of particle physics
which is implemented to model of the Universe. The new vacua described as

F-theory and discovered by Vafa [18], allowed string theorists to construct new
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realistic vacua, that is shown for Type IIB string theory in this article. Thus,

the particle spectrum of Type IIB string theory is the most adequate represen-

tation of the nature of elementary particle physics taking into account recent

experimental data and theoretical developments.
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T.B. O6uxon,

CsoiicTBa Bakyyma M coeKrp opan crpyunoii reopuu Tuna ITB

B mnocnegnme weckobko Jier D-teopust mnpuBekaer OOJbIee BHUMAHWE
Osaromapsi ee OoraToil CTPyKType, MO3BOJISIONIEN PEIIUTh MHOTHE IPOOIeMbI
Cranmapruoit Momenu u Teopum Benukoro O6bemumuenusi. dt1a Teopus
TaKKE BAXKHA, U3-32 HEOOXOAMMOCTH pEIUTh TMPOodJIeMy  CTabUIbHOCTU
Bakyyma. Dosee npocras peasmzainusa @-reopun MCHOIL3yercs JJjis OLUCAHUS
crpyunoit Teopmn tmna IIB. na xnaccudpukanum 3apsmoB  D-Opan B
cymepcrpynnoit teopuu twuna IIB mpumenserca K-teopus. Dror momxon
obecrnednBaeT BBIXOJ, HA KAJUOPOBOYHBIE TIOJIs, CBS3aHHBIE C BEKTOPHBIMU
paccioenusimu, KiaccudunupoBanabivu K-teopueil. dra TexXHUKA peasiu3yer
pellienrie BOIPOCOB, CBSI3AHHBIX CO CTPYKTYpOil MacmrTaboB u wuepapxui,

KAQJIMOPOBOYHOM TPYMION W COCTABOM 3aPSKEHHBIX MOJIeH.
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Tormosoria BIIKPUTOTO PO3IMUPEHHS

B’ssuecsiaB Muxaiisiobua Babuy, Bacuap OuekciiioBuu Ilexre-

peB

Y poboti OTpUMAHO PEe3yJIbTATH, AKi OIUCYIOTH BJIACTABOCTI 3arajibHOIl TOLOJIO-
PiYHOT KOHCTPYKII — TOHOJIONT BiIKPUTOrO PO3IMIMPEHHS. 30KpeMa, JT0BEJIEHO,
IO 151 KOHCTPYKIiS HEe TPAH3WUTUBHA, 3HANIEHO 0a3W HANMEHIIOI TOTYXKHOCTI
JIJIST TOTIOJIOTIT T8, CHCTEMU OKOJIIB TOYKHU, OOYUCIIEHO BHYTPIITHICTD, 3AMUKAHHS,
MHOXKHAHMA TPAHMIHUX Ta i30JbOBAHUX TOYOK JOBITbHOI MHOXKHHH. TakoxK
JIOBEIeHO JIHIfHY 3B’A3HICTh 1 HEMETPH30BHICTD IIHOTO TOMIOJOTIIHOTO IIPOCTOPY,

JOCJTIIKEeHO HOoro KapJIWHAJIbHI iIHBapiaHTH ¥ aKCIOMHU BiJOKPEMJIIOBAHOCTI.

KurouoBi cjaoBa Tomosnoriunmii mpoctip, 6a3a, 3B sI3HICTH, aKCIOMHU BiIOKpeM-

JIIOBAHOCTi, KapAWHAJIbHI IHBApiaHTH.

VK 515.122

B [1] BBemeHO MOHATTS TOMOMOrIT BIIKPUTOrO PO3IIMPEHHS Y BHIIAIKY, KON
11 HOCiit BiIPI3HAETHCA BiJ HOCISA BUXIJHOTO TOTOJJOTIYHOTO TTPOCTOPY HA OIHY
TO4YKY. HaCTKOBUM BHIIAIKOM ITi€] KOHCTPYKIIl € TOYKOBUJIY Y€HA TOIIOJIOTisA, STKa,
BUSBJISETHCA BIIKPUTUM PO3ITUPEHHAM JucKpeTHOl. HaliBimomimmum mpukiamom
TOYKOBHIyueHOi Tomosiorii € mpoctip Cepmirchkoro. Mu y3arajabHIOEMO TaHY
KOHCTPYKIIIIO HA BUITA/IOK JIOBLJIBHOT HAJIMHOXKHMHU HOCISE TTOYATKOBOI'O MTPOCTOPY.

Hexaii (X,7) — romnosioriuamii mpocrip, X* — HaIMHOXKWHA MHOXKUHA X .
Toni poguua 7* = {U C X* | U D X a6o U € 7} € Tomonoriero Ha X*, sika
HA3UBAETHCA MON0A02IEI 6idKkpumozo podwupenns X do X*. Cupasai, po3risi-
HeMO noBiTbHI MHOKEHA U, € 7%, a € T'. ko nprHaiiMHi 01HA 3 HUX MiCTHTD
X, 1o it ix o0’e¢nuanusa micturh X. B inmomy pasi 06’e¢qHanHs aLeJT U, nmexurh

B 7. Kosim muoxkuna ingekcis 1 ckinvenHa i ogna 3 MmHOKuH U, MiCTUTHCS B T,
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TO # MepeTuH ﬂT U, nexuth B 7. B immomy pasi Taknit mepetus Mictuth X, i
OTKe, TAKOXK I?&EHe}KI/ITI) T,

Takum wwmHOM, BizkpurumMu B X* € Ti # jume Ti MHOXKHHH, SIKi MIiCTITH
X abo € Bigkpurumu B X. Bignosizmno, 3aMkHeHUME B X * MHOKHUHAMHU € BCi
nigmaoxkuAN gonoererHs X *\ X rta o6’exnanns (X*\X)U A, ne A — 3amKHeHa

B X MHOXKHWHA, ¥ JIWIIIE BOHU.

IIponosurist 1 Tonoaozia T* eidkpumozo poswupenns npocmopy (X,T) do

X* D X e cynpemymom monoaozii T U{X*} ma X-emicnot monoaoeii na X*.

Hosenennust 1 Tonoaozia T micmums monoaozito T U{X*} ma X -emicny mo-
noaozito nwa X, a momy micmums iz 06’ ednarmns i cynpemym. Hasnaxu, xoorcha
MHooicuna 3 T micmumocs abo 6 T U{X*}, abo 6 X -emicnit monoaoeii na X*,
1 omoice, AEHCUMDB 6 KOHCHIT monoaozii na X, axa micmums 06’ cdnanms mo-

noaozii T U{X*} 4 X -emicnoi monosozii na X*, 30xpema i 6 ix cynpemymi.

Bino6paxenns f: X — Y ronosoriunnx mpocropis (X, 7) ta (Y, o) Ha3uBa-

€TbCsl HOYKYBANbHUM, SKILO T iHIYKOBAaHA TOIOJIONIEI o 1 BinoOpazkeHHsaM f.

Teopema 1 Hezaii (X, 7) — monoaozivnud npocmip, X* — nadMHOMCUHG MHO-
orcunu X 1 7% — monoaozia eidkpumozo poswupernns X do X*. Todi npupodne
exaadenns X > x—x € X* € gidkpumum iHOYKY8aAbLHUM 61000PAHCEHHAM.

3oxpema, (X, 7) € 6idxpumum nionpocmopom npocmopy X*.

HoBenenns 2 Hexatli Ty — monoaozia na X, indyxosana monosoziero T Ha
X*. Hokascemo, wo 7% = 7. Axwpo U € 7, mo U = XNV, de V € 7. Aue
34 03HAMEHHAM MONO0A02IT 6idKpumo20 poswupenns nepemun X NV dopienioe
abo X, abo V, i omowce, nanesrcumov 7. Haenaxu, axwo U € 7 C 7%, mo U =
XNU € 7%. Omorce, X — nidnpocmip 6 X*, mobmo npupodne exaadenns i

1ndyxyeanrvre. Kpim moezo, sono eidkpume, 60 nionpocmip X eidkpumut 6 X*.

Ha Binminy Big Tonosorii posmupents [2], Tomosoris BiqKpUTOro po3mupe-
HHSI HE TPAH3UTHUBHA, TOOTO AKIO X ** — HaAMHOXKUHA MHOXKWHU X *| Ha sKiit
3a/[aHa TOMIOJIOTis BigkpuToro posmmpentas X 10 X*, To tomosorii BiakpuToro

posmmpenas X go X** ta X* go X**, B3arami KaxKydu, pi3Hi.

IIpukisanx 1 Poszasnemo exaadeni mmoocunuy X = {a}, X* = {a,b},

X** = {a,b,c}. Todi das duckpemnoi monosozii T na X maemo, wo (7%)* =

{, X {a},{a,b}} # 7 = {, X**, {a},{a, b}, {a, c}}.
3Bimcu, 30KpeMa, BUILIMBAE, IO IPUPOAHE BKIameHHsa X D x—x € X He

dakTopHe, TOOTO TOMOJIOTiS BiIKPUTOrO PO3IMUPEHHS He € (HhaKTOPTOMOJIOTIEI0

BigHOCHO TomoJiorii 7 Ha X Ta LbOr0 BKJIAJIEHHS.
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IIponosuria 2 Basa HalMeHUWOT NOMYHCHOCTIE TMON0A0ZI T 610KpUMO020 PO3-
wupenns X do X* mae euzand 0* = {XU{z},x € X*\X}UB, de B — 6asa

HOATMEHULOT NOMYNCHOCTE MON0A021E T npocmopy X .

Hosenenns: 3 Touxa x € X*\X wmae natimenwud oxin X U{z}, axuli my-
cums Mmicmumuca 6 Koodtcniti basi mpocmopy X* 3a kpumepiem 6a3u. Tomy
XU{z} € p*, z € X*\X. A ockisrvku eidkpumi 6 X* mmootcunu e 06’cdnan-
HAamU deakur cykynnocmel muoocun 3 f ma {X U{x},z € X*\X} sidnosiono,
mo poduna B* eidkpumux 6 X* mnoocun € bazoro npocmopy X*. 3asvwunocy
3aY6aACUMU, WO NOMYdACHICML 0a3u [ npocmopy X 3MEHWUMY HE MONCHA, G

3 podunu {X U{z},x € X*\X} ne moorcna npubpamu scodHoi MHOHCUHU.

Ilponosuris 3 Hezxal 7" — monoaozisa 6idkpumozo poswuperhs npocmopy X
do X* O X. Todi 6a3za natimenwoi nomyscHocmi cucmemu 0koaie 008iabHot
mouxu ¢ € X* mae suzand {X U{x}}, xoau x € X*\X, ma B, de B, — 6a3a

HAUMEHULOT OMYNHCHOCTVE CUCTEMU 0KOAL8 MOouKY X Y npocmopt X, koau x € X.

HoBenenns 4 Hexal [ — 6030 HaAUMEHWO] NOMYANCHOCTE CUCMEMU OKOAIS
mouxu © € X*. Hdxwo x € X*\X, mo muoorcuna X U{x} € natimenuwum oxorom
mouxu x, 3sidku B = {X U{x}}. dxwo orc x € X, mo B = B, 60 xoocen okina
MOUKU T 8 MONOA02E T Micmumb il 0Kin 8 Mmonoaozii T, Axutl, Y C6010 wepay,

Mmicmumsb dearutl okia 3 6a3u Bz, NOMYANCHICMY AKOT HATUMEHULE,

IIponosuriis 4 Hezxati 7" — monoaozia 6idkpumozo poswupertsa npocmopy X
do X* DX i AC X* — dosiavna mmootcuna. Todi:

1) enympiwnicms muoocunu A 6 X*  obuucawemoes 3a  Hopmyaoo
Intx« A = A, koau A DO X, ma Intx« A = Intx(ANX), de Intx(ANX) —
snympiwnicms nepemuny AN X y npocmopi X, 6 iHwomy pasi;

2) samuxarnna mnoocunu A 6 X* mae euzasd Ax- = A, xoau A C X*\X,
ma Ax- = ANXx U(X*\X), de ANXx — samuxanna nepemuny ANX y
npocmopi X, 8 iHwomy padi;

3) MHOJCUNA 1304506GHUT MO40K Mhootcunu A 6 X* snazodumves sa dop-
myaor Ix«(A) = A, koau A C X*\X, Ix+(A) = Ix(ANX), de Ix(ANX) —
MHOACUHA 1304b08aHuUL Mowor nepemuny AN X y npocmopi X, 6 inwomy pasi;

4) MHOMCURG 2PAHUNHUL Mouok MmHodcunu A ¢ X* nopooicna, xoau A C
X*\X, i susnauwaemovea pienicmio Ay, = (ANX)x UX*\X), de (ANX)y —
MHONUCUHG 2PanudHULT Mmook nepemuny AN X y npocmopi X, 6 inwomy pasi;

5) A ckpisv wiavna (wide ne wiavna) 6 X* modi i miavku modi, Koau ne-

pemun AN X cxpiso wisvhul (Hide ne wiavhuid) 6 X.
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Hosenenns: 5 1) Sdxwo A D X, mo A sidxpuma ¢ X*, @ omoice, Intx~ A = A.
B inwomy pasi natibisvuwor eidkpumoro 6 X* MHOMCUHONW, AKG MICMUMbBCA 6
A, e, ouesudno, Intx (AN X).

2) SIxwo A C X*\X, mo A samxnena 6 X*, @i omorce, Ax- = A. B inwomy
PAa3i HAUMEHWON0 3aMEHEHO010 8 X MHOooHICUNO00, AKka micmums A, €, ouesudno,
ANX x U(X*\X).

3) Toura mnooicunu A izoavosana 6 A, axuwo deaxul okia uiei mowku e
Mmicmums 610MINHUT 610 Hel mouwok muoscunu A. Ouesudno, KoNHCHA MOUKA
x mnoorcuny A C X*\X isoavosana 6 A, 60 {x} = AN(X U{x}). Txwo orc
A ¢ X*\X, mo xoorcna mouka 3 A\X ne izoavosana 6 A, a mouxa nepemuny
ANX isonvoeana 6 A 6 npocmopi X* 6 momy U Auwe 6 Momy pasdi, KOAU UA
mouka i3oavoeana 6 A 6 npocmopi X.

4) Sxwo A C X*\X, mo Ay. = Ax\Ix-(A) = A\A =. Sxwo oc
A ¢ X\X, mo Ay. = Ax-\Ix-(A) = (ANXx UX\X)\(Ix(ANX)) =
(AAXx\ Ix (AN X)) UXT\X) = (AN X U(X\X).

5) Muoostcuna A cxpisv wisvna 6 X* modi G auwe modi, koau X* = Ax- =
ANXx UX*\X). A ye 6yde modi ti auwe modi, xoau ANX x = X, wo exei-
8aAEHMHO CKPIZL wisvhocmi 6 X nepemuny AN X.

Tkwo A C X*\X, mo Intx-(Ax-) = Intx- A = Intx(ANX) = Intx =.
B inwomy pasi Intx-(Ax+) = Intx«(AN X x U(X*\X)) = 6 momy i auwe 6

momy pasi, koau Intxy ANX x =.

Teopema 2 Hezxali 7 — monoaozia 6idkpumozo poswupenns X do X* 1 X* #

X. Todi mononozivnuti npocmip X* Ainitino 36’ a3nutl.

HoBenenus: 6 /laa dosiavrur movwox x € X 4y € X*\X sidobpasicenna 1 :
[0,1] = X*, 3adane pisnocmamu 1([0,1)) =z i (1) =y, € wanzom 6 X*, axud

3’edmye mouku x U y.

Teopema 3 Hexali 7 — monoaoezis 6idkpumozo poswupenns X do X*. Ilpo-
cmip X* 3adosoavrae nepwy axciomy 3aiuennocmi (e cenapabeavrum) modi G
avwe modi, koau X i sadosonvhae (e cenapabeavnum). He Ginow wioie 3.ai-
YEHHONW CKPI3D UEALHOIW 68 X ¥ MHOMCUHONW HATUMEHULOT NOMYHNCHOCE € CKPI3H

WINDHE 8 X MHOACUHA HATMEHULOT NOMYAHCHOCTNI.

Hosenennst 7 Teepdoicenns meopemu OAA NEPUOT GKCIOMU 3AIMEHHOCTVE GU-
nausae 3 meeponcenns 3. Hexati D* — ne 0iavus HidC 3ATMEHHA CKPI3 WEADHA
6 X* wmnootcuna. 3a meepdotcennam 4 nepemur D* N X cxpizv wisvnui 6 X,
36idxu npocmip X cenapabesvnuti. Haenaxu, nexati D — wne 6iavw mioie 3ai4eH-

HG CKPI3t wiavha 6 X muoorcuna. Todi D € He 0iavw HidC 3AT4EHHONW CKPI3D
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wiavhoto 6 X muoorcunor, 6o DN X = D, i, omowce, npocmip X™* cenapabens-
Hut. Crpisdd wWiavbnoo 8 X* MHOMCUHONW HATUMENHULOL NOMYNHCHOCTI €, 04e6UIHO

KONMCHA CKPI3D UTAOHA 8 X MHONCUHAG HATMEHWOT NOMYHCHOCNS.
Hacrynauit dpakT BuminBae 6e3mocepeHbO 3 TBEPKEHHS 2.

Teopema 4 Hexali 7 — monosozis eidkpumozo poswupenns X do X*. Ilpo-
cmip X* 3adososvhac dpyezy axciomy 3aivennocmi modi U auwe modi, xosu X

i 3adosoavnae ma donosnenna X *\X ne Giavw nisie 3aivenme.

Teopema 5 Hexali 7* — monoaozia eidxpumozo poswupenns X do X*. Ilpo-
cmip X* e aindeavoosum (Komnaxmmuum) 6 momy U avwe momy pasi, KOAU

donosnenns X*\X ne biavw wisie 3aivenne (crinvenme).

HoBenenns: 8 Poduna {X U{z},x € X*\X} € sidspumum noxpummam npo-
cmopy X, 3 AK020 He MONCHG BUAYNUMU HCOOHOT MHOdCUHU. Tomy, arxwo X
aitndeavodie (Komnaxmuuid), mo donosnenns X*\X ne Giavw niowc 3aivenmne
(ckinvenne). Hasnaxu, nerat m — dosiavhe 8i0kpume NOKPumms npocmopy
X*. Jasa wooicnoeo x € X*\X eisomemo muoorcuny A, € T, axa micmume x.
Todi poduna {A,,x € X*\X} e, ouesudno, ne biavws nisie 3aivenHum (Crinver-

HUM) NIONOKPUMMAM NOKPUMMA T

Teopema 6 Hexaii 7* — monoaozia 6idkpumozo poswupenns X do X* i X* £
X. Ilpocmip X* e To-npocmopom modi i auwe modi, koasu X  To-npocmip.
IIpocmip X* e Ty-npocmopom y momy 4 avwe 6 momy pasi, koau | X*\X| = 1.
IIpocmip X* ne € T;-npocmopom das i = 1,2,3. 3oxpema, X* ne pezyasaprud i

HE HOPMAALHUT, 6 omoice U He Mempu3o8Hul.

HoBenentus 9 Herali X 3a00804bHAE HYADOSY AKCIOMY 6I00KDEMAIOBAHOCT.
T00i das Kootcnuxz 060x pisnur mouwok x,y € X icuye okin 6 X, a omowce U 6
X*, oduiei 3 nuzx, axuli ne micmums dpyey mouky. dxwo x € X, ay € X*\X,
mo oxin X mouxu T ne micmums y. STxwo oc x,y € X*\X, mo oxia X U{z}
mouky x ne micmums y. Omowce, X* e Ty-npocmopom. Hasnaxu, 0is K0AHCHUT
060z pisHur mowok T,y € X ichye oxia 6 X 00Hiel 3 HUT, AKUT He MICTIUMD
dpyey mouky. Ockisvku yel oxia He micmumsd X, mo ein sidkpumuti 6 X . Tomy
X e Ty-npocmopom.

Hani, axwo |X*\X| = 1, mo eci nenopooicni samrneni 6 X* muoorcunu
nepemunatomovca no X*\X, seidku npocmip X* e Ty-npocmopom. Hasnaxu,
akwo | X\X| > 1ix,y € X*\X — dei pisni mouxu, mo 3aMEHEHT MHONCUHU

{z} ma {y} ne nepemunaromocsa, are 008iAbHE IX OKOAU MICTMAMY HENOPOHCHIO
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mroocuny X y nepemuni. Tomy 6 yvomy pasi X* He 3adososvhae wemeepmy
aKciomy 6i00KPeMAIOBAHOCTN.

Hapewmi, X* ne € Ty-npocmopom, 60 dasa xootcroi mouku x € X 0dnomouko-
6a mhoorcuna {x} ne samrnena 6 X*, i ne e Tz-npocmopom, 60 daa 0osisvHuz
mouwok x € X Gy € X*\X mouxa x i 3amrnena muoocuna {y} ne maromo

0KONI8 3 MOPOHCHIM NEPEMUHOM.
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Vycheslav Babych, Vasyl Pyekhtyeryev
Open Extension Topology

The paper contains the results which describe the properties of such general
topological construction as open extension topology. In particular, we prove that
this topology is not transitive. We find the base of the least cardinality for the
topology and local one for the neighborhood system of every point. We calculate
the interior, the closure, and the sets of isolated and limit points of any set. Also
we prove that this space is path connected and is not metrizable, and investigate

its cardinal invariants and separation axioms.
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On mim-spaces

Viktoriya Brydun, Aleksandr Savchenko, Mykhailo Zarich-
nyi

Abstract The notion of idempotent measure is a counterpart of that of
probability measure in the idempotent mathematics. In this note, we consider
a metric on the set of compact, idempotent measure spaces (mim-spaces) and

prove that this space is separable and non-complete.

Keywords idempotent measure, probability measure, mm-space

Mathematics Subject Classification (2010) 54C35, 54E35, 60B05

1 Introduction

The notion of metric measure space (i.e., a space endowed with a measure;
briefly, mm-space) plays an important role in different parts of mathematics.
This notion also has numerous applications in computer science, in particular,
in computer vision.

The notion of probability measure has its counterpart in the idempotent
mathematics; the latter is a part of mathematics in which the usual arithmetic
operations are replaced by idempotent ones (e.g., max). Namely, in [3] there
were defined the idempotent measures (called also Maslov measures).

In this note, we introduce the notion of metric, idempotent measure space
(briefly, mim-space). Recently, there were defined the so-called idempotent frac-
tals as (ultrametric) spaces endowed with idempotent measures [4]; they can be
considered as natural examples of mim-spaces.

We define a metric on the set of all compact mim-spaces and prove that the

obtained space of mim-spaces is a separable noncomplete space.
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2 Preliminaries

We begin with the notion of idempotent measure and space of idempotent mea-
sures (see [6] for details).

Let (M,d) be a compact metric space. As usual, by C(M) we denote the
Banach space of continuous functions on M (with the sup-norm). Given A €
R, by Ay we denote the constant function in C(M) equal to A. Consider the

following operations:

O:RxCM)—=CM): (N¢)—= A+ ¢;
@:CM)xC(M)—=C(M): (¥,p) = max{y), o}

A functional p: C(M) — R is called an idempotent measure if it satisfies the
following properties:

L plem) = ¢
2. plc@p) =copu(p);
3. u( @ w) = p(y) @ p(yp).

Consider some examples of idempotent measures. For any x € M, we denote
by 0, the Dirac measure concentrated at x, i.e. 6;(¢) = ¢(z), ¢ € C(M). Clearly,
0. € I(M). More generally, given z1,...,2, € M and Aq,...,\, € R such that
max{A1,..., A} =0, one can define = @ \; © J,, € I(M).

Denote by I(M) the set of all idempotent measures on M. We consider the
weak*-topology on I(M); the base of this topology consists of the sets

(301, sonye) ={v € I(M) | |u(pi) —v(pi)| <e, i=1,...,n},

where p € I(M), p; € C(M),i=1,...,n,e>0.

Let p € I(M). The support of p is a minimal (with respect to inclusion)
closed set A in M such that u(¢) = () whenever ¢, € M(X) and p|A = | A.
We denote the support of p by supp(y').

Given a map f: M — M’ of compact metric spaces, we define a map

I(f): I(M) — I(M’) by the formula I(f)(u)(p) = plef), p € I(M), ¢ €
C(M"). In particular, if p = @7 1 \; © 05, € I(M), then

I(f)(“) =® N0 5f(fri) S I(M/).

We thus obtain a functor I on the category of compact metrizable spaces and
continuous maps [6].

The following is proved in [1].
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Proposition 1 If f: X — Y is a non-ezpanding map, then I(f): I(X) — I(Y)

s also a non-expanding map.

By exp X we denote the set of nonempty compact subsets in a metric space
(X, d) (the hyperspace of X). The Hausdorff metric dy on exp X is defined by

the formula:
dy(A,B)=inf{e >0| AC O.(B), BC O-(A)}, A,B € exp X.

The Gromov-Hausdorff distance between compact metric spaces X; and Xo

is defined as follows:

dor (X1, Xo) = inf{du (f1(X1), f2(X2)) | fi: Xi = Z, i =1,2,

is an isometric embedding into a metric space Z}
(see, e.g., [2]).
3 mim-spaces

Here we introduce the notion of mim-space.

Definition 1 A mim-space is a triple (M, d, i), where

1. (M,d) is a metric space;
2. p is an idempotent measure on M;
3. supp(u) = M.

We say that mim-spaces (M, d, u) are (M’,d’, u") isomorphic, if there exists
an isometry f: My — M such that
Yxp=p.
By [(M,d, )] we denote the class of all mim-spaces isomorphic to (M,d, i)
mim-spaces. Denote M = {[(M,d, )] | (M,d, ) is an mim-space}.
In order to simplify notation we will identify every mim-space (M,d, ) and
the class [(M,d, 1)]. This allows us to interpret M as a set.

Let us define a metric on M. First, we recall the definition of the metric on
M(X) (see [1]). A function ¢: M +— R is called n-Lipschitz, if

lo(x) — p(y)| < nd(z,y), =,y € X.

Let n € N. It is known (see [1]) that the function d,: I(M) x I(M) — R
defined by the formula

dn (11, v) = sup{|u(p) — v(¢) || ¢ is n-Lipschitz }
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is a continuous pseudometric on the space I(M).
The metric d on M is defined by

7 = n ,V
() =30 ) e ran),
n=1

Let

L, (M) = {@?:1>‘i®5mi

Ay A € R max{Ay,..., A\ =0,21,...,2, € M, n € N}.

In other words, I,,(M) consists of elements of finite support in I(M). It is known
(see [6]) that the set I,(M) is dense in the space I(M).

4 Metric on the set of mim-spaces
Let (M;,d;, i), i = 1,2, be mim-spaces. Consider the function

D((M, dy, ) (Ma, da p12)) = inf {d(I(f2) (), 1(£2) (122)) |
fi: M; — Z is an isometric embedding}

on the set M.

We first remark that D is a well-defined function on M x M. To this end,
we have to show that the set from the right side of the formula defining D is
nonempty.

Indeed, let M = M7 x M5 and d be the metric on M defined by the formula
d((z1,22), (y1,92)) = di(x1,y1) +d2(z2,y2). Let m? € M;, i = 1,2. Define maps
fi: M; — M, i=1,2, by the formula f;(x) = (z,m3), f2(y) = (m?,y). Clearly,

f1, fo are isometric embeddings.
Theorem 1 The function D is a metric on M.

Proof Nonnegativity and symmetry of D are obvious.

We are going to prove mnondegeneracy of D. Suppose that
D((My,dy, p1)(Mz,d2, p2)) = 0. Then for every natural n there exists a
compact metric space (Z,,0,) and isometric embeddings g,: My — Z,,
h,: My — Z, such that

lim g, (1(gn)(p1), L (hn)(p2)) = 0.

n—o0

Without loss of generality, one may assume that Z, = M U M/, and g, is
the inclusion map. Also, we assume that M] N M] = () whenever i # j. Define
H=uU2,2,.
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Define ¢9: H x H — R as follows:

Qi(xay)7 if T,y € Zia

o(z,y) =
inf{o;(x,a) + 0i(a,y) |a€ Z}, faxeZ, yeZ, i#].

It is not difficult to show that o is a metric on H and Z,, is a subspace of Z for
every n.

We are going to prove that Z,, — Z in the hyperspace exp H. Suppose the
contrary. Without loss of generality, one may assume that there exists € > 0
and a nonempty open subset U of My such that h,(U) lies in the complement
of the e-neighborhood of Z in H. Since supp(pz2) = Ma, there exists a function
¢ € C(M3) such that supp(¢) C U and ps2(p) = ¢ # 0.

Define ¢: H — R as follows: ¢(z) = ¢h, (z) if z € Z, and ¥(x) = 0
otherwise. Then I(h,)(p2)(y) = ¢, for every n, and pi(yp) = 0. We therefore
obtain a contradiction.

Thus, Z, — Z in the hyperspace exp H and therefore H is compact. Let
{z; | i € N} be a dense set in Ms. By induction, we construct monotonically
increasing subsequences S; D Sz D ... such that the sequence (h,(z;))nes;
is convergent. Denote its limit by y;. Clearly, the map x; — y;, i € N, is an
isometry. It has a unique extension u: My — My, which is also an isometry such
that I(u)(pue) = p1.

Let us prove the triangle inequality. Suppose that (X, d;, ), i = 1,2, 3, are

mim-spaces,
D((X1,dy, 1), (X2, d2, p2)) = a, D((X2,da, p2), (X5, ds, p3)) = b.
Given ¢ > 0, find metric spaces (Y7, 01), (Y2, 02) and isometric embeddings
Ji: X =Y, for Xo =V, f3: Xo = Yo, far X3 = Yo
such that
o(I(f1) (), I(f2) (ko)) < a+e, o(I(f3)(p2), I(fa)(ps)) <b+e.
Without loss of generality, one may assume that
Y1 = fi(X1) U fa(X2), Y2 = fs(X2) U fa(X5).

Define Y = (Y1 UY3)/ ~, where the equivalence relation ~ is defined by the
condition: Y; 3y ~ f3(f5 '(y)) € Ya. Let q: Y1 UYs — Y be the quotient map.
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Let a metric d on Y be defined by the conditions:

di(y, 2), if y,z € q(f:(X3)), i = 1,2,
d(y, z) = { inf{d1(y,a) + da(a,z) | a € (Y1) Nq(Y2)}, ify € q(V1)\ q(Y2),
z € q(Y2) \ q¢(Y1).

It is easy to see that d is a metric on Y. Then

D((X1,d, ), (Xs,ds, p3)) < d(I(qf1)(p1), I(afs)(us))
< d(I(af1) (), 1(afa)(p2)) + d(I(afa)(p2), T(afa)(ps))
= d(I(gf1) (1), T(af2)(n2)) + d(I(qfs)(p2), T(qf1)(1s))
= 01(I(f1) (), I(f2)(p2)) + 02(1(f3)(p3), I(fa)(13))
<a+b+2

(here we used the fact that the functor I preserves isometries; this easily follows

from Proposition 1). Letting ¢ — 0, we are done.
The following statement is an immediate consequence of the definition.

Proposition 1 Let X1, X5 be closed subspaces of a metric space (Y,d). If
M1, p2 € I(Y)) then

D((supp(p1), pi1, d|(supp (1) x supp(1)), (supp(pz2), p2, d|(supp(pz2) x supp(p2))))
< J(Ml» p2).

We say that an idempotent measure pu = @leai ©® 6, is rational if o; € Q,

for every i =1,...,k.
Proposition 2 The space X of all mim-spaces is separable.
Proof We let
Y = {(X, u,d) | X is finite, d(X x X) C Q, u is rational}.

Let X = {z1,...,2x) and let d be a metric on X. For any ¢ > 0, one can find
a metric space Y = {y1,...,yr} (we will denote its metric by p) with rational
distances and such that dgg(X,Y) < e. Without loss of generality, one may
assume that X and Y are subspaces of a common metric space (we will denote
its metric by D) such that D(z;,y;) < ¢, for every i = 1,... k.

Given a rational p = &F ;a; ® 6,,, define v = &F_ a; ® J,,. Let ¢, be an
n-Lipschitz function on Z. Then it is easy to see that |u(vn) — v(en)| < ne.
Therefore, d(p,v) < >.°7 | L& =¢.

n=1 n2n
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Proposition 3 The space X is not complete.

Proof Consider a sequence of mim-spaces ((X;,d;, i1;))2,, where:
1. X; ={0,1,...,i} C R;
2. the metric d; on X; is inherited from R;
3. wi = ®L_ya; B d;, where ap = 0 and «; € (—00,0] is such that dA(ui,l,ui) <
27%: moreover, og > 1 > ....
In order to choose oy, @ > 0, by induction so that (3) is satisfied note that
limg 00 i1 ® (k ® 0;) = pi—1. Note also that (3) and Proposition 1 imply that

D((Xio1, i1y primn)s (Xiydiy i) < d(pi1, i) < 270

Now we are going to show that the sequence ((Xj,d;, 1;))$2, is not conver-
gent. Suppose the contrary and denote the limit by (X, d, 1). Let C be an integer
number with C' > diam(X).

Without loss of generality, one may assume that X U (J;=, X; C Y, for some
metric space (Y, o), and the following are satisfied:

1. the metric d; on X; is inherited from Y
2. lim; 00 pt; = p (in the sense that lim;_, o, 6(p;, ) = 0).

Let U denote the closed 1-neighborhood of X in Y. Clearly, the function
UV Y = R, ¥, (y) = o(y, X) is an n-Lipschitz function. For every i > C'+ 3 find
Jj(i) < C+ 3 such that ;) € X; \U. Let n > —ac3 + 1 be a natural number.
Then p;(1n) > n + a;(;) and, since pu(y,) = 0, we see that
n+ Q)

n2n

n+ acys

>
n2m

O(pis 1) = |p(ehn)| =

= np2on’

This contradicts to the assumption that lim; ., u; = u.

Remarks

One can consider another metric on the space I(M), for a compact metric space
(M,d). Namely,

5 oo An(p,v
(v) = ez, 28Y)

One can similarly prove that counterparts of the above results are also valid for

. 1,V € I(M).

this metric.

It is known that the space of mm-spaces is complete and separable (see, e.g.,
[5]). We do not know, however, what is a geometric model for this space. The
same question is open also for the (completed) space of mim-spaces.

Another open problem is that of description of the elements of the completion

of the space M.
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O06’ekTOM JOCIIiIzKEHHsT B JaHiii poboTi € KBasiapea/bHa HECKIHYEHHO MaJjia
nedopMaliis JI0BLIBHOI OTHO3B S3HOI PEryIApPHOI TOBEPXHI HEHYIHOBOI TayCOBOI
KPUBWHY 33 YMOBH, IO MPH il AedopMaliil BiIXuIeHHsT TTOBEPXHI Bil JOTHIHOT

IJIOMTUHA 30€PIraeThbCst y OyIb-IKOMY HAITPIMI.

Kuro4uoBi ciioBa KBaziapeanbHa HECKIHIEHHO Masia nedopMallis; Bapialtis; Bii-

XUJIEHHA; CHCTEMa piBHHHb.

VIAK 514.76/77

1 Beryn

Y TpuBHMIpHOMY €BKJIiI0BOMY mpoctopi F3 posrmsremo obsiacts G, 1o Haste-

1

sxuTh miomuHi b, 22, Hexait S— meska omHO3B a3Ha moBepxHA Kiaacy C°, mo B

OKOJI1 JIOBLJIbHOI CBOEI TOYKH JIOIYCKAE [TapaMeTPU3AIIiio

% Tyt i

Jle T— paJilyCc-BeKTOP TOYKHU IOBEPXHi, JI0 TOrO X 71 X T3 # 0, 7; =
HaJaml BCi iHAeKcH HaOyBalOTh 3HAYEHD 1, 2.
B poboti Oymemo po3rigmaTi HECKIHYEHHO My aedOPMAIIiio MePIIoro mo-

psaaky nosepxni S 3 medopmyiounm nonem U(z!, 22) B kiaci C2 i mapamerpom
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nedopwmarii ¢ — 0
(2t 2% t) = F(at, 2?) + tU (24, 22). (1)

Hagmasi reomerpuuni 06’ektu 3medopmoBanoi mosepxHui S*, HA BigMiHy Bim Bi-
HOBiIHUX 00’€KTiB MOBEpXHI S, YMOBUMOCH BijiMidaTu MO3HAYKOI *, a Bapiaril

00’exTiB moBepxHi S OyaeMo mo3HadaTH 4epes J.

Osnavennsi 1 Sdxwo npu neckinwenno manrit dedopmayii euzasdy (1) eae-
MEHM NAOULE NOBEPTHE BMIHIEMBCA 3G 3G0GHUM 3AKOHOM, MO MKy dehopmaito
bydemo HA3UBAMU KEA3TAPEANLHON HECKIHYEHHO MaA010 depopmayieto (K. H. M.

0.) noseprii.

Yacrunni noxiani sexropa smimenns U (x!, %) k. H. M. /1. IOBepXHi po3K/Ia-

zeMo 3a 6a3ucoMm T1,Te,T, e T— opT HOpMaJsi nosepxui S [2]
U, = (cmT“ﬁ — u&f) 75 + cioa 177, (2)

ne TP = TBe ¢ C? - jesike mose CEMETPHYHOrO ABiYi KOHTpaBapiaHTHOIO
tenzopa, T € C? - nose KOHTPABapiaHTHOTO BEKTOPA, C;j - JMCKPUMiHAHTHUI
ten3op nosepxui S (c11 = 22 = 0,12 = —c21 = /3,9 = 11922 — Gi2, Gij—
KoediuienTu nepioi OCHOBHOI KBaAparudHoi (opMu moBepxHi), (5}— CUMBOJIA
Kponexepa, pu = u(z',2?) € C?— neska dbyukmia. B [2] mosemeno, mo dyH-
KIS (4 BU3HAYAE 3aKOH 3MIHIOBAHHS €JIEMEHTa TIJIOII TMOBEPXHI MpH il K. H. M.
a.. [Ipu = 0 kBaziapeanbHa gedopmallis MOBEPXHI 3BOAUTHCA 0 APEATHHOL
HECKIHYIEeHHO MaJjol medpopmarrii.

OcHoBHa cucrema piBHSAHD KBa3iapeasbHOI HECKIHYEHHO Majoi medopmarrii

MOBEpXHi Ma€e BUMIAT [2]
TP — TS + pac™® =0,
T*Pbop +T% =0, (3)
caﬁT“’B =0.
Tyt bop—xoedinienTu npyroi kBagpaTudHol (GopMH, & KOMOIO IO3HAYEHO CUM-
BOJI KOBapiaHTHOI moXigHOi Ha 6a3i MeTpmdHOrO TeH3zopa g;; mosepxHi S. Cucre-

Ma piBHAHD (3) MicTUTL Tpu AudepeHIlialbHAX PIBHIHHS BiIHOCHO 6 HEBIIOMUX
bynxmiit: TP = T8 T, p.

2 OGuuciieHHd Bapiarlil BiaxmjieHHs | IOBepXHi BiJ JOTHUYHOT

ILJIOIITNHN

Bimomo, mo Binxumenus [ Bif JOTHYHOI MJIOMIAHA TIPH IEPEMIIIeHHI HA TTOBEpX-

Hi S 3 TOYKM JIOTMKY B HECKIHYEHHO O/IM3bKy TOYKY 1O jesKiit kpusiit (gadi,
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KOPOTKO, - BIAXUJIEHHS Bij JOTUYHOI 1jI0mMHN) abo, iHmumu cjaoBamu, "migiom
JOTUYHOI TIOMIMHE" HAJI MOBEPXHEI0 BUPAYKAETHCS MOJOBUHOK IPYrol KBAIpa-

TUIHOI popMHu,
1 o B
l= iba/;dx dz”.

Amnasoriuna dopmysna mMae Micre i s mopepxHi S*
* 1 * @ B
r = §ba6daj dz”. (4)

st obumncents Bapiamnii BigxuiaeHHs ¢l moBepxHi S Big JOTHYHOI MIOMINHA
npu il K. H. M. JI. BAKOPHCTAEMO PO3KJIaL KOeDilieHTiB Apyrol KBaaApaTuaHOl

bopmu b}, 5 mosepxui S* 1o crenensx ¢, 3n00yTHit B poborti (2]
b:;ﬂ = bog +tBap + O(t2), (5)

e

Bap = 5bo¢,6‘ = Ca’yT’yubyﬁ + Ca'yT:}j — bagp, (6)

a gepe3 o(t?) mo3HAYEHO BETMYMHY MOPAIKY 2 i BHIIE BiHOCHO t, AKOIO MU He-
xryemo. IligcraBumo B (4) Bupas mig koedinienTis Apyrol KBaaparuduoi popMu
bos 3 (5)

1
I* =1+ itﬁaﬁd:ﬂadwﬁ + o(t?). (7)

3BicK 3HAXOAMMO Bapialliio BiaxuaeHust dl MOBEPXHi BiJ, JOTHIHOL TJIOIIUHA TTPA

il K. H. M. 1.
1
ol = iﬁagdxadxﬁ. (8)

Brecemo Temep B (8) 3aMicTh BenuunH [y iX BiIOBIIHI MOJAHHS Yepe3 TEH30PH
nedopmanii T, T ra dbyukuio p 3 (6), Togi gicraneMo Bupas i IIyKaHOT

Bapiarii
1
0l = 5 (car T by + Car Ty — bapp)dzdz’, 9)

a Bimxwumenns [* nosepxnui S* Habyne BUTISIIY

1
I =14 St(cay T bup + can Ty = bapp)dz®dz? + o(t?). (10)
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3 ITocranoBka 3agadvi Ta 11 aHAJITUYHE BUPakeHHS

IlocraBuMmo 3amady mOCTiAWTH KBasdiapeanbHy HECKIHIEHHO Masy medopMariio
moBepxHi S 33 yMOBH, 10 11 BiAXWIEHHS BiJ JOTUYHOI MJIOMWHN TIpH TIiit 1edop-
Maril 30epiraerncst y Oyab-sIKOMY HANPsMI.

OueBuano, BiAXWIEHHS MOBEPXHi | BiJ JOTUYHOI TUIOMIWHKU CTaIioHapHe abo
30epiraeTbCs MpU HECKIHIEHHO MaJiiii medopMariii mepIoro mopsaaKy, SKImo #oro
OPUPICT € BEJIMYMHOIO HE MEHII HiXK JIPYTOro MOPSAIKY BiIHOCHO ¢ (4MM MU HEXTY-
emo). I masnaku. Tomy cTalioOHAPHICTh BEIMYUHYU | XapPAKTEPU3YETHCI THUM, IO
i1 mepra, Bapialliss TOTOXKHO JIOPIBHIOE HYJI0. [HAKINE KaXKydu, /It CTAIioHap-
HOCTI BiIXW/IEHHS MMOBEPXHI BiJ MOTHYHOI IJIOMUHA TIpH 11 K. H. M. Aedopmarrii

HeoOXinHO i mocrarHbo, M06 mudepenniamm dx', dr? 3a10B0IBHAIN PIBHAHHA
Bapdr®dz’ = 0. (11)

Binxumenns moBepxHi Bif JOTWYHOI ITOMIMHU TPH 11 K. H. M. . 3aJAIIAE-
ThCA CTAIIOHADHUM Y 6Ydb-AKOMY HaNpAME TOM i muimme Toxi, Komu [,z = 0. 3

ypaxyBaHHAM BHPa3iB S5 3 (6) IPUXOIUMO IO TEOpEMH

Teopema 1 Jlaa mozo wob npu x6a3iapeasbHiti HECKIHYEHHO Maitl dedhopma-
uii 00n036’a3na noseprra kaacy C° 36epizana c60€ 6i0TUNEHHA 610 OMUNHOT
NAOUWUHY Y OYIb-AKOMY HANPAME, HeOOTIOHO i docmamHbo, W00 BUKOHYBAAUCH

YMOBU
ciaT*Pbgj + cia TG — bijpu = 0. (12)

3Biacu BUILIUBAE, IO AHATITHIHOIO MOJIEIIIO TOCTABIEHOI HA MOYATKY ITyH-

KTy 33/71a4i € TaKa CHCTEeMa DiBHSIHD

Tgfa - Tabg + Nacaﬁ =0,
Taﬂbaﬂ + T,?l =0,

CiaTaBbgj + CiaTS{ — bij,LL = 0,
CaﬂTaB =0.

Hesasxkko nepekonarucsi, mo apyre piBasuus (135) MOXKHA BUKIIOYUTH 3 €T
CHCTEeMH, Jepe3 Te IO BOHO € i1 HacaigkoMm. Ias Toro, mob y mpoMy mepeKoHa-
THCS, TOCTATHBO CHiBBimHOmeHHA (133) MOMHOXKHUTH Ha ¢/ i 3ropHyTH #Oro 10

inmekcax ¢ Ta j.
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Otke, OCTaBIEHA 337298 OCTATOYHO 3BOAUTHLCS 0 I'SITH HE3AJEKHUX V-

depeHItianbHIX PiBHIHD

T?XB - Tabg + ,Uacaﬁ =0,
ciaT*bgj + cia TG — bijpu =0, (14)
CagTaB = 0.

BignocHO mectu Hesimomux dyuknii: T = T T p.

Mae micue

Teopema 2 Jlaa icHYBaHHA K6A3IGPEGNLHOT HECKIHYEHHO MaA0i dedpopmanii
001036 ’a310i noseprhi xaacy C° 3 idTurennam 6i0 domuwnoi naowunu, cma-
Yionaprum Yy 6Y0b-aKomy HANPAME, HEOOXIOHO i docmamubo, Wb cucmema Pie-

HANHG (14) MaAa HenYAboBUT PO36 A30K (T"‘ﬂ,Ta,,u) .

4 Hocaimxenus cucremu piBusHb (14) Ta npeacraBieHHs 11

PO3B’A3KiB [Jid JOBLIBLHOI IMOBEPXHI

Teopema 3 Hexaii dosisvha 00m036 asna nosepria S kaacy C2 nenyavosoi 2a-
YCOB0T KPUBUHU JONYCKAE KBA3IAPEANLHY HECKIHUYEHHO MAAY Jedopmayito 3 610-
TUAEHHAM 610 JOMUUHOT NAOULUHY, CTNAYUIOHADHUM Y 0YJb-AKOMY HANPAMIE, MOJT
na noseprri S icnye cumempuune mensopne nore TP € C? i dynxuyis p € C2,

AKE MONHCHA NOJAMU Y 8U24A01

1 ) .
T8 — —§(T3djﬁ + T, (15)

1 .
p= 5:rj;%czﬂ’cﬁo,, (16)

de d" — mensop, obeprenuti do mensopa b;;, a mensop T € poze’azxom cucmemu
PIBHAHD

T, +T5d0bg; + TPbgi2H =0, (17)
H— cepedna xpusumna nosepri.

Josedenns Tlpumycrumo, Mo peryiaspHa noBepxHs S JOMyCKae K. H. M. [I., TIpA
AKIM BiIXUJIEHHS BiJl JOTUYHOI TJIONIMHU 30€pira€ThCs y Oyab-sKOMY HAIps-
Mi, TOZl B cuily Teopemu 2 cucreMma piBHAHBL (14) Mae HeHyNILOBHUil PO3B’A30K
(TQB ,T ”‘,u) . Josenemo, mo na nosepxui S Temsopue moxe T Ta dymxmio
p MoxHa nogarn y surisai (15) i (16) sigmosizgmo depes tenszop T'%, axwuit €

PO3B’SI3KOM cHCTeMH DiBHAHB (17).
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Hanani oOmMexkumMocst pO3TJIsIoM TOBEPXOHb HEHYJILOBOI raycoBol KpuBuHm K
i, macmimyioan 1. H. Bexya [1], BBesemo 10 posrasay Temsop d*°, obeprenmnii 10

rensopa b,g, 3a dopmynomo
1 . .
dv = gcmcﬂﬁbaﬂ, d"bj = 0.

AIKIMo JOMHOKEMO ApyTy piBHiCTb cucremu (14) ma ¢d’V, To omepxKuMO BUpa3
nst Terzopa, T8
TP = —(T9d% + P p). (18)
Ternep (18) TOMHOXKIMO Ha Cop Ta 3TOPHEMO TIO iHIeKCaX «, 3. B cuny cap T =
0, picranemo Bupa3s (16) mis dyuxidi p. Jani nincrasumo p 3 (16) y (18), Buaci-
JIOK 90ro Haamo Ter3oposi T° cumerpuanoi dbopyu (15). Orke, HaMm BaAsIOCH
y ABHOMY BHIJIS/ BUPA3UTU TPH KOMIIOHEHTH TeH30pHoro noiasa 1% ra dpynxiio
1 gepe3 aBi kKomnonentn T, T2 xonTpasapianTHOTO BeKTOpa 1.
[MixcraBumo B nepiue cuiBBiaHOmEHHs cucreMu piBHsaHb (14) Bupasu s
renzopuoro noss T8 i gynxmii p3 (15) Ta (16), y miacyMKy OTPEMAEMO CHCTEMY

JBOX AudepeHIliaIbHAX PiBHSHL BiJHOCHO IBOX KOMIIOHEHT TeH30pa 1
TS,d% + Td% + T*b), = 0. (19)

3aificaumo neperBopenHs cucremu pisHgaub (19). Jjig 11bOro 3acTocyeMo TO-

ToxkHicTh Piuui mo tenzopa 1'%

« o« 7 P
gk~ Try = =T Ry,

ne RS jle— TEH30p Pivana. 3ropaHemMo ocTaHHIO PiBHICTH 1O iHAEeKcax « i k, Tomi
JicTaneMo
le% o 7
T‘,ja - T‘,aj =-T R~ija7 (20)
ne RY;, = R;;— rensop Piaui. Kpim Toro, npuiiMaemo 10 yBaru HacTynHi To-

TOXKHOCT] [3]

5 cial® = 676) — 6768, (21)

1
Rij = —Kgij; d = gcmcmb

7

3 ypaxysauuam (21) pisusauaM (19) MOXKHA HAZATH BUIVIALY
Toyd” +T5dd +T72H =0, (22)

TMomuoxumo (22) Ha bg; i 3ropHeMO MmO iHAEKCY [, BHACIIZOK 9Or0 HAPEIIT
oTpuMaeMo cucremy piBHgAHb (17). TakuM YMHOM, MU JOBEJIH, WO TIPHU K. H. M. 1.
3 3a3HAYEHUM OOMEKEHHSIM Ha, MOBEPXHi S 10 HeoOXiTHOCTI iCHY€ TeH30pHE MoJIe
T8 ra dbyukuia p, axi Bupaxaiorbea depes Temsop T y suraani (15) i (16)
BiamosigHo, a T B cBOW 4epry € po3s’s3koMm cucremu piBHsiHb (17). Teopema

JIOBEJIeHA.
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Mae wicre i obeprena

Teopema 4 Hezaii na dosiavniti noseprni S(K # 0) xaacy C° icnye mensopre
noae TP € C? ma dynwyis p € C?, axi mostcna eupasumu y euzasdi (15), (16)
6i0no6idno uepes mensopre nose T € C?, axe € po36’A3KOM CUCTIEMU PIGHAND
(17). Taxa noseprha Jonycrae K6aA31APEANOHY HECKIHYEHHO MaAY dedopmayiio 3
810TUNEHHAM 610 QOMUYHOT NAOWUHY, CTNAYUIOHAPHUM Y OYIb-AKOMY HATPAMI.

Ipu ywomy nose amiwenns U mae npedcmasaernus

— 1 : 1 : 1 . )
UM) = / <<—2CmT?djﬂ - iCngd]a - 2Cka:rf;d]k5iﬁ> T3+ CmTan) dz'+
MoM
(23)

+Uo,
de Uyp— cmaauti 6exmop, 6 KpueosiHitiHul inmezpan bepemvbca no 006iabHil
CNPAMHIT ATHIT, WO HAAEHCUMD NOBEPTHI Mma 3’ ednye Pikcosany mourky My 31

3MINHOM Mmoukoro M.

Josedenns Tpunycrumo, mo wa moeepxui S(K # 0) icHye TeH30pHe ToONE
T8 € C? 1a dynxuia u € C?, axi moxna nogaru dopmynamu (15), (16) simmo-
BitHO 4epe3 Tensopre mosie T € C2, axe € po3s’a3koM cuctemu pisHARDL (17).
TTokaxkemo, 1110 3a TAKUX YMOB MOBEPXHS JIOMYCKAE K. H. M. . 31 CTAIllOHAPHUM
BiaxuaenusiM Bij gorwvHOl miomman y Oyab-skoMmy Hampsimi. st mboro cro-
YaTKy IepeBipuMo, 10 3a JAHOro NOJAHHS TeH30pHoro nous 17 ra dynxmii 4
dopmynamu (15), (16) cucrema piBHAHB (14) 33J0BONBHAETHCS.

iitcro, BrHecemo supasn ma T Ta p 3 (15), (16) B mepime criBsigrOMeHHSA

cucremu (14), BHACIIIOK 40ro 0EPKUMO
TSad” + T5d4 + T, = 0. 24

SIkmio remep BpaxyBarh TOTOKHiCTh Pivui (20) ta dopmynn (21), To cucremi
piBuanb (24) 3moxkemo Hajarn BurIaLy (22). ITomuoxknmo (22) ma bg; i 3ropre-
MO 110 iHJieKcy (3, B pe3y/ibrari 4oro IepeKOHAEMocs, o cuiBpiguomenus (14;)
BPEIITI PEIIT 3BeIeThCs N0 cucreMu piBHsHb (17). OCKinbKu 3a yMOBOIO TEope-
MU TeH30pHe mojie T € po3s’s3koM cucremu pisHgaub (17), TO 3BiACK BUILIUBAE,
IO 11€epiie cuiBBigHOMEHHsT cucreMu piBHsiHb (14) TOTOXKHO BUKOHYETHCSI.
ITepekonaemocst, mo Apyre cuiBBigHOIIEHHs cucTeMu piBHgaHb (14) 3a ymoBu
TEOPEMH TAKOXK TOTOKHO BUKOHYETHCS. 3 IIi€] METOIO CIIEpIIy MOKayKeMo, II0 3
dbopmyn (15), (16) purumBae cnispiguomenus (18). Crnpasai, momuoxuMO (16)

na ¢*?. Y signosigmocri 3 roroxuicrio (213) micramemo

1
“p= (Tf,id’m - ng’fﬂ) . (25)
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1
Brecemo Temep B (15) 3amicTh J071aHKy ing]m itoro Bupa3s 3 (25), a came

1 X 1

Lt~ Lrgs oo

Toni piBrocTsaM (15) MoxxHa HagaTn Burasgy (18). IlizcraBumo Haperri Bupa3
nna TP 3 (18) B apyre criBBimHONTeHHES cucTemn piBHAHL (14), BHACTIIOK WOTO

OIEP2KUMO TOTOXKHICTH
CiaTaﬁbgj + CiaT,? - bijﬂ = —ciaTj‘Cdkﬁb[g]‘ — Ciacaﬁ,ubgj + CiaTg — bij,u =0.

OcCKilbKY TpeTe CHiBBiAHOMIEHHS cucTeMu piBHsAHDL (14) € YMOBOIO CUMETpPH-
gnocti Terszopa T?, a cam neit Tenzop TP 3a yMOBOIO TeopemMu MOJAHO B CH-
MerpuaHoMy Burianl (15), To ue criBBiAHOINIEHHS, OY€BUIHO, TEXK BUKOHYETHCS.

IlicraBumo Bupasu jyis Tensopuoro nosa T ta dynxuii p 3 (15), (16) Ta

Bupas qug T 3 (17) B cucremy nBox audepeniiajibuux piBHAHb (2)
T, = (—Lemred® - LetPaie — Loy %68 ) 75 + caTon (26)
i = _2Cza ¥ - 2Cza J - 2cka J i | T8 T Ciad T.

3 morepeHKOro BUILIMBAE, 10 YMOBH iHTerpoBanocti (14) cucremu piBHsAHD (26)
TOTO?>KHO BUKOHYIOTHCH.

Otxe, 0719 TOBLTBHOI 0MHO3B a3H0I moBepxHi S K1acy C% memyanoBOI Tayco-
Boi Kpupunu icnye noje pexropa smimennsa U y suriani (23). s 6yub-gKoro
KOHTpaBapianTHoro Bekropa 1'% 3 (17) ue medopmyiode nosie omHO3HAYHO (3
TOYHICTIO 710 cTagoro BekTopa Uy) BU3HaYae KBasiapeaabHy HECKiHIeHHO Masy
nedopmariiio, mpu AKiit 30epira€ThCsl BiAXUIEHHST BiJ JTOTHYHOI TIJIONIWHU IIi€T

oBepxHi y Oyab-skoMmy HampsiMi. Teopema 1oBeeHa.
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Analytical modeling of one problem of the quasiareal infinitesi-
mal deformation of the surface

In this paper the object of the study is the quasiareal infinitesimal deformation of
the unrestricted simply connected regular surface of non-zero Gauss curvature,
provided that under this deformation the deviation of the surface from the

tangent plane is preserved in any direction.
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Bypxausuii po3BuTOK iHMOPMAIINHIX TEXHOJIOTIH 1 KOMIT'FOTEPHOI TEeXHi-
KM BIJIKDUBAE HOBI MOXKJIMBOCTI BJ/IOCKOHAJIEHHS II€JArOriYyHUX TEXHOJOri# i
METOIWK HaBYaHHA. IIOKa3aHO BUKOPUCTAHHS iH(MOPMAIIHHO-KOMYHIKAIIHHAX
TEXHOJIOTi# 1 eJeKTpOHHMX 3acobiB HaBYAHHS Yy BUKJIAJAHHI Kypcy BHMIIOL
maremaTukn B OQmechbKiil HamioHaIbHIA akagemili XapdoBHX TEXHOJIOTIH, IO

CIIPSIMOBAHE HAa IMiIBUINEHHs e(PEeKTUBHOCTI it SKOCTi HABYAHHA CTYIEHTIB.

KurrouoBi caoBa Iudopmaniiini Texnosiorii, xMapHi ceppicu, BUIA MaTeMaTUKa,

iH(OPMAIITHO-TTOITYKOBI CHCTEMH.

Hapuatounm crymeHTiB OCHOBAM BHINOI MAaTEeMATHKH BHUKIaIadi Kadeapn
Bummoi mMaremarnku OmechbKol HAIOHAJIBLHOI aKaIeMil XapdoBHX TEXHOJOTIH
(OHAXT), nacamnepei, nam’siTaloTh PO JOCATHEHHsI HACTYIIHOI 1iJ1i: BceGiuHmit
PO3BHUTOK 0COOMCTOCTI, SIKA OTPUMAE HAEKHI MATEMATHIHI HABUIKA Ta 3HAHHSI,
BMiHHS aHAJI3yBaTH MaTepiaj, 3HAXOAUTH AHAJIOTI, KjaacudiKyBaTh JaHi I
MOTAJIBITION CBOET TTPOGECIiiHOT i stTBHOCTI.

s MOCATHEHHST BUCOKUMX PE3y/IbTATiB, HacAMITEpPE I, HeOOXiaHO chopMyBaTH
y CTyAeHTa MO3UTHUBHE CTABJEHHS JO BUIOI MATEeMATHUKU, JTOMOMOTTH HOMY MO-
30yTHCSA CTpaxy Hepej MpeaMeToM, 3HUIMUTH Pi3HOMAaHITHI Oap’epu Ta mepecTo-
poru. Bce 1e MOXKIHMBO 3aBIIKH BPaxXyBaHHSA OCOOJIHBOCTI KATEropili CTyIeHTIB,
3aCTOCYBAHHS NPUHIWIYY HATJIATHOCTI y BUKOPHCTAHHI MaTepiany, y MOTY KHiit

MOTHUBAIIil, y 3a/ly4€HH] CTYy/IEHTa J0 aKTUBHOI ay/IMTOPHOI JIiSJIbHOCTI.



DOI: http://dx.doi.org/10.15673/2072-9812.2/2015.51581
44 H. I Konoserko, 0. C. ®exuenko, H. II. XyneHnko

OxkpiM OO, HABYAHHS MA€ BiAMOBIMATH CyIaCHOMY CTaHY HAYKW, TTOBHHHI
BIIPOBR/PKYBATHUCS $IK HOBI 1HHOBAli#iHI TEXHOJIOIl TaK i MEeTOJUKH, JOIIJIHBHO
BHKOPHUCTOBYBATH BCiI HOBI IPOTrpaMHi PO3POOKH TOIIIO.

BazkmuBum € moeaHanus pizaux ¢GopMm opranizamii HaBdaHHsS. TyT BHOKpe-
MUMO AyJUTOPHI Ta MO3aayJAUTOPHI IOJAWHU. JHAYHA YACTHHA MATEpiasy BUHO-
CHATBHCA HA CAMOCTIHY POOOTY CTyIeHTa, SIKa BKJIIOYAE iHIUBIAyanabHY POOOTY.
Opranizaris Takoi podOTH CyTTEBO 3aJIEKUTh Bill BUKJIAAA4a, SKUi Ma€ BipHO i
pAaIlioOHAJIBHO PO3MOMIINTHA MaTepiaa caMOCTiiHOI poOOTH, BUYACHO MigKa3aTH Ta,
30PiEHTYBATHU CTY/AEHTIB, & IHKOJIU, IIPOKOHTPOJIIOBATH 1 IPOMOTUBYBATHU CTY/I€H-
Ta 10 HaB4daHHs. Amke, 3a3suyaii, y BH3, ne kadeapa Buioi MmareMaTuku He
€ BUITYCKAIOY0M0, BUKJIQAA9i MpamoTh juiie 3 1 ta 2 xkypcamu. OcobiuBicTIo
€ Te, MO NICJH MIKOJU CTYJAEHTU HE 30BCIM I'OTOBI JI0 CAMOCTIfTHOIO OCBOEHHS
marepiamry. Came B meil gac crae y Haroai caiit BuKJIajada, morpeda B sSKOMY
BXKe Ha3pina i akuil 1a€ MOXKJIUBICTH CILIKYBAHHS 31 CTYJIEHTAMU HE 3aJIE2KHO
Bij Wacy Ta MiCIg 3HAXOIXKEHHS, CTBOPIOE armocdepy HedOPMAJBHOTO CITiI-
KyBaHHS, J0/JA€ CTY/JAEHTOBI J0JaTKOBY BIIEBHEHICTH Ta CaMOCTIAHICTH. 3Ha4HI
0COOJIMBOCTI IMCTAHIIITHOIO HABYAHHS BIIPOBA/KYIOTHCS 3aBISKA BiPTyaIbHOTO
HABYAJILHOIO cepeoBuiia (000JI0HKa, MIaTdOpMa), Ky PO3MIIIEHO B Mepexi
Tarepuer. I xoua rakux mmardopm € mumpokuit Bubip (Moodle, CourseWork,
FLE rouo), sk 6e3KOTOBHUX, TaK 1 33 KOIUTH, TA OXONUTH BCI MOXKJIMBOCTL
HABYAHHS JKOIHA He MOxKe. bararo 3ae:kuTh BiJ caMOro BHKJIAJada Ta HOro
Oadenns mporecy HapdaHHs. [lmardopmu 3pydni mjisi HAJZAHHS TEOPETHIHOTO
MaTepiajy, /g OpTaHi3allil TeCTyBaHHSA 3a Pe3yJabTaTaM¥ HABYAHHS, TPOBEIEH-
Hsl AHKETYBaHHS, OTPUMAHHS CTATUCTUKY BifBilyBaHb 11aT(OPME CTYIEHTAMEI
rorto. Ta Taki BipTyanbHI HaBYAIbHI cepeqoBHUINa Hafikpailre cebe MPOsSBIIIOThH
y paMKaxX aKaJIeMigHOTO HABYAHHSA, JI€ CTYJEHTHU JIESTKOTO KypPCYy MalOTh 3MOTY
MaTu iHdOpMAaIio 3 yCiX JUCIUILIIIH JaHOTO KypCYy.

Bukopucranns caiitiB BuKIama9iB Kadeapu BUIOI MATEMATHKA TO3BOJISIOTH
HaJIaTH HACTYIHY iHdopMmariio:

—  KOHCIIEKT JIEKIIiil, IPpaKTUIHI po3podKH;

—  TepeJiiK MUTaHb JI0 MOAYJIBHUX KOHTPOJIIB, iCIUTIB;

—  JIOMAIIIHi 3aB/IaHHS;

—  JesKi BaXKJIMBI MaTeMaTHIHI TaOIHUII;

—  TIpe3eHTariii, IKi BUKOHAHO CAMUMU CTY/IEHTaAMH;

—  ONUTYBaHHS IPU NPOBEJIEHHI KOHKYPCIB Ha HaflKpallly Mpe3eHTaliio TO-

—  dororpadii cTymeHTiB — y9aCHUKIB PI3HUX MATEMATHIHUX TTOMII.
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Taxe crmifKyBaHHS € JAyKe 3pYUHUM # M1 OpraHi3allii HaBYaHHS CTYIEHTIB

3a09HOI (popMHU HABIAHHSI.

SIK MOMTOBHEHHS [0 CIIOCODIB AUCTAHITIHHOIO CIIIIKYBAHHS, HE MEHII BaXKJIUBY
POJIb BiIIrparoTh CTBOPEHI TEMATHYHI TPYTH B COIMAJBHUX Mepexkax. Mwu 3ymm-
uuMocs Ha mepexi Facebook, ockinbku Ha HAII TOCBI, e 0aHA 3 HANTOTYXKHI-
X COMIAJIbHUX MepPexkK 3 IIUPOKUMH MOXKJIMBOCTSIMU, IO MPUMHOXKYIOTHCH Y
BiATOBiIHOCTI 10 PO3BUTKY iHMOPMAIIHHAX TEXHOJIOTIH.

Yuwm Bigpizaserscs Facebook Bif caitty Bukaamada i um He € 1e IyOJIsizkOM
omHOTO 1 Toro 7 Binmosins Ha 1€ MUTAHHS Ta PO OCOOIUBOCTI poOOTH TPYIH ¥
Facebook mu orpumasiu BxKe 1ij yac nposesenns ekcrepumenty. Caifr i coriasib-
HA MeperKa JOMOBHIOITH ofHa oaHy. OJHO3ZHAYHO MOKEMO CTBED/XKYBATH, IO
y TPymi CIiJIKyBaHHS Ha OpraHi3aliiiHi nUTaHHS BiIOyBaeThCS 3HAYHO KpAIIE.
Bynn-aki 06’s1BM pO3MOBCIOMKYIOTHCS 9K BipYC, 3a YMOBH, IO CTYIEHT ITOMIiIN-
Thesd iropmarieo 3 apy3smu. OKpiM I[Oro, KOXKHUM CTYAEHT B IPYIi MOXKE
JOJABATH CTATTIi, JLTUTHACI MOCUIAHHAME Ta iHIIOI BaXKINBOIO iHGopMartii€eo. €

MOKJIUBICTH MPOBEJEHHS ATy 3 YYACHUKAMU TPYTIH.

3 ypaxyBaHHSM, I[0 MaiiKe KOKEH CTYIEHT MIOIHS MPOBOJAUTH 3HATHWI YacC
y JaHiil coriasibHill MepexKi BBaXKa€MO JIONLIbHUM KOPUCTYBATHUCHA 11 MOXKJIMBO-
CTSIMU JIjId OpraHizallii HaBYaJabHOTO MPOIIECY.

HamoBHuenHs miKaBUM KOHTEHTOM JIA€ MOKJIUBICTH JOHECTH O CTYAEHTA J0-
JIATKOBY IiKaBY i BayKIuBY iH(MOpPMAIi0. 30KpEMa, IPYKYIOUN CTATTI 3 TEMATH-
KU PO KOPHUCTYBAHHS IIPOrPAMHUME MAaTEMATUIHUMU 3a0€3IeYeHHAMU, TAKU-
Mu gk Mathcat, Maple, Maxima un onnaiinosuMu ceppicamu AlphaWolfram ymu
PO3ITUPIOEMO KPYTO3ip CTYAEHTIB Ta BUMMO KOPUCTYBATHCSI HUMH.

3 aKIEHTYEMO yBary, IO JJIs OLIBII SICKPABOI MOAAYi MaTepialy BUKJIAIATY
HeOoOXiTHO 3aCTOCOBYBATH MPE3EHTAIlil, sIK OJWH 13 BH/IB METOJUIHOTO 3a0e31e-
9eHHS CBOET POOOTH.

Awnasiz 70CBiqy BUKOpHUCTAHHS €JIEKTPOHHUX MPE3EHTAIlIN MOKA3ye, 10 BOHU
JO3BOJISTIOTH BUAO3MIHIOBATH 3MICT 3aHATTS, 33Ii9TH TBOPYHNl TIOTEHITIAT BUKIa-
Jada, SKAi Ma€ MOXKJIMBICTH KOPHUT'YBATH CTBOPEHI HUM eKpaHHi (opmu mpes-
CTaBJIEHHS 3MICTY HABYAJIBHOTO MaTepiasy i 3/1ifiCHIOBATH caMOAaHAJI3 TLJTaHOBA-
Horo 3auaTTd. [lepeBarm HaBYAJIBLHOTO 3aHATTS 3 BUKOPUCTAHHAM IMPE3EHTAITi
MOJIATAIOTh TAKOXK B TOMY, 10 JIEMOHCTPAILIHI MOXKJ/IMBOCTI MYJIBTUMEIIHHOIO
3abecIeveHHs TOMOMAaraloTh 30epiraTy CTifiKy MOTHBAINIO y CTYAEHTIB i pO3BH-
BAIOTh MMPOCTOPOBY YSIBY.

B ymoBax cTpiMKOTO pO3BUTKY CyJacHUX iHMOpMAIIHHIX TEXHOJIOTIH Ta Me-

pexi IarepHer BUILI HABYAJIbHI 3aK/Ia/1 BiIXOAATH Bill BAKOPUCTAHHS BJIACHOIO
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obaHaHHS i TPOrpaMHOro 3abe3nedenns B OiK CepBiC- OPIEHTOBAHUX TEXHOJIO-
riit. 3okpema, KoJu BJIacHe 00J1aJHAHHS He € JOCTATHIM JIJist 30UpaHHs, mepeaadi
9 0OPOOKH [TAHUX, TO Y HATOI CTAIOTh XMAapHi TEXHOJIOTII.

XwmapHi rexnosorii (cloud computing) Busnavaorh sk quHaMivHO Maciirabo-
BaHMH BiIBHEUIA CIOCIO JTOCTYITY A0 30BHIIMHIX OOYUCAIOBAIBHUX 1HPOPMAIIHHAX
pecypciB y BUTJISAL CepBiciB, MO HAJAIOTHLCI 3a JOMOMOTOI0 Mepexki IHTepHeT
([1])-

HaiiromopHimowo (GyHKINE TaKuX TEXHOJOTIH € 3aI0BOJIEHHST TIOTPEO KOPH-
CTyBadiB, 10 TOTPEOYIOTH BiamaseHoi 0OpobKu JTaHuX.

Xwmapsi TexHosOril — 1€ 1 Opay3epHuii inTepdeiic mOmMTOBOI CKPUHbKH, i MO-
KJIUBICTH CTBOPEHHS Ta PeJaryBaHHA O(IiCHUX TOKYMEHTIB OHJIAMH, i CKIaIHi
MaTeMaTUYIHI OOYUCIEHHS, JJId SKUX MOTYXKHOCTI OJHOTO MEPCOHAIBHOTO KOM-
T’I0Tepa HEJOCTATHRO, IO € OCOOMBO AKTYaJbHUM TPU BUBYEHHI BUINOI MaTe-
MAaTHUKH.

3araJibHOIO TIEPEBATOIO0 JIJIst BCIX KOPUCTYBAYIB XMAPHUX TEXHOJIONH € Te, 10
OTPUMATHU JAOCTYI A0 «XMapuy» MoxkHa He jwuire 3 [IK un HoyTbyka, ame Takoxk
3 HeTOyKa, cMapTdOHa, TJIAHINETa, OCKLIHPKA TOJOBHOK BHMOTOIO JJIs JOCTYITY
€ HasgBHICTH [HTEpHETY, & [JI POOOTH MPOTPAMHOTO 3a0€3MEUEHHST «XMAPU» BU-
KOPUCTOBYIOTHCS TOTY2KHOCTI BiJIJIaJIEHOIO CEpBeEpPY.

Temep B Oymb-skiit ayauropii MOXKHA OpraHi3yBaTH CydacHHN HABYAJIbHUN
IPOIIEC, BEKOPHUCTOBYIOUN HOYTOYKH, ipad-u abo HeTOyKH, 110 MATPUMYIOTEH Oe3-
MPOBigHE MiAKIIOYEeHHSA 3 cTamgapToMm Wi-fi.

OcHoBHI mepeBaru, ki MOXKYTb JATH XMAPHI TEXHOJIOTIT, OUE€BHIHI:

—  eKOHOMig 3aco6iB Ha MpUAGAHHS POrPAMHOrO 3abe3neueHHs (BUKOPH-
crauns rexuonorii Office Web Apps (Office onmaiin));

—  3HWKEHHS TOTPeOU B CIEIiaIi30BAHUX MPUMIIIEHHIX;

—  BHUKOHAHH$ 0AraThOX BUIIB HABYAJIBHOI pOOOTH, KOHTPOJIIO i ominkwu onli-
ne;

—  eKOHOMif /IUCKOBOI'O IIPOCTOPY;

—  aHTHBIpyCHa, Oe3peK/jaMHa, AHTUXAKPECbKa Oe3leKa Ta BiAKPHTICTH
OCBITHBOTO CEPEJIOBUINA JIJIsi BUKJIAIa4iB 1 CTY/IEHTIB.

OxkpiM OYeBHIHUX MEPEBAr Ta KOPUCTI BUKOPUCTAHHS XMAPHUX TEXHOIOrIH,
JIOMJIBHO BiAMITHTH i Aesiki Hemomikun. OCHOBHUMK HEAOMIKAMHA XMAPHUX TEXHO-
Jioriii €:

1)  ix HeBeJWKe MOMIMPEHHS B ¥ KpaiHi;

2)  meobximmicTb mocTymy a0 mBHAKicHOro InTepHeTy;

3) obmexena HYHKIIOHAJIBHICTH TPOrPAMHOrO 3a0€3MeYeHHS.
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VkpaiHcbkuit xXMapHuit puHOK, Ha Binminy Big puskis CIIA um €C, uwuni
3HAXOAUTHCST y ha3i po3BUTKY — (DOPMYBAHHS TIOMUTY 1 aKyMY/TIOBAHHS TEPBUH-
HOI'O JIOCBiJIy CIIO)KMBAHHS XMApPHUX PillIeHb.

Ha manwmit 9ac crocTepira€Tbcs MOCTYIOBA Mirparis OCBITHIX cepBiciB 3a 10-
TOMOTOI0 Cyd9acHUX 1H(OpMAIIHHO-KOMYHIKAIIIHHIX TEXHOJIOTiH Ta iHdopmarriii-
HUX PECYpPCiB B XMapy, IO 3r0J0M MPUBEAE A0 CTPIMKOIO BIPOBAIKEHHS IIUX
cepBiciB B ocBiTy i comianbHy cdepy.

Texmonorist xMapHUX 00UNCTIEHD 1 peari3oBaHa Ha i1 0CHOBI OcBiTHS m1aTdop-
Ma, T03BOJIAIOTH MAKCHMAJIbHO e(bEeKTUBHO BUKOPUCTOBYBATH HASIBHI TPOTrPAMHO-
amaparHi pecypcu BH3, a cTymenTs micTaroTh MOXKJIMBICTH 3aCTOCOBYBATH HA
MIPAKTHUIN HAWCYIaCHIII KOMIT IOTEPHI TEXHOJIOTI.

[Ipukmaam BUKOPUCTAHHS XMAPHUX TEXHOJOTIH B OCBITi:

e sukopucrannsa Office Web Apps-gonarkis (Office 365), ([2]);

e eJleKTpOHHI KypHann i monenunkn (http://shodennik.ua/);

® OH-JIAIH CepBicHu [JisT yI0OBOrO TPOIECY, CIIIKYBAHHS, TECTYBAHHS;

® CHCTEeMU JUCTAHIIHHOrO HaBYaHH, Oi0TioTeKa, MeaiaTeka;

o cxoBuia daitnis,cuinbuuit gocryn (Dropbox,SkyDrive);

® BimeokoHdepeHIIii;

® eJIEKTPOHHA, TIOITA 3 JTOMEHOM BY3a.

Google namae 6e3miv 10IaTKIB i CEPBICIB, M0 JOMOMAral0Th B HABYAHHI:

e Google ArtProject - inrepakTuBHO-1IPEICTAB/IEH] IO ISPHI My3€l CBiTy;

e Google Docs - onnaitnosuit odic;

e Google Maps - Habip KapT.

e Google Sites - 0e3KOMTOBHWIT XOCTHHT, KWl BUKOPUCTOBYE BiKi-
TEXHOJIOTII0:

e Google Translate - nepekJiazauq;

e YouTube - BimeoxocTunr;

e Google JTuck - eaunuit npoctip miist 30epirannst ailais i poboTu 3 HUMH.

TakmM YMHOM, BUKOPDHUCTAHHS XMApPHWX TEXHOJOTIM B OCBITiI JO3BOJHUTDH IMO-
JonaTu icHyoqi 6ap’epu: reorpadivyHi, TEXHOMOTIYHI, COMAIBHI TA MIHATA Ha-
BYAHHA HA HOBUH skicuuil piBenb. Hapuanus, 3acHoBaHe HA XMApPHHUX TEXHO-
JIOTisIX, HEe BUMAara€ BiJ CTYIeHTIB (pi3WIHOI IPUCYTHOCTI 3a MICIIEM OTPUMAHHS
OCBITH, IO TaK BaXKJIMBO B PEKUMI Cy9IACHOTO KUTTs. BUKOpHUCTaHHS TEXHOJIO-
il 103BOJIAE HE TiIMHKU OTPUMATH JIOCTYII /IO OCBITHIX MaTepiasiB pi3HOTO BUIY
(rekcToBUM, Bi3yasbHUM, MYyJIbTUMEIIHUM), aje i BUKOHyBaTH POOOTY CIIijib-
HO 3 BHKJagadeM abo rpymoro. J[ms 3abe3medeHtst y3roaKeHoi poboTH BY3JIiB

00YIHCTIOBAIFHOT MEPeXkKi Ha CTOPOHI XMapHOTO MPOBaiiIepa BUKOPUCTOBYETHCS
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crieriaiizoBaHe MpoMizKHE TPOrpaMHe 3a0e3MeYeH s, M0 3a0e3MeTy€e MOHITOPUHT
CcTaHy OOJIATHAHHS i MporpaM, OAIAHCYBAHHS HABAHTAYKEHHsI, 3a0€3MeYeHHsT pe-

CypCiB /it BUPIIlIEHHS 3aB/IAHHS.

Orke, OAHUM 3 peajbHUX IUISXIB IiJIBUIIEHHS SKOCTI IiArOTOBKHU CIIemiaJli-
CTiB, aKTHWBI3allil HABYAJIHLHO-TI3HABAIBHOI Ta HAYKOBO-TOCIITHUIILKOI TisIHHO-
CTi CTYZIEHTIB, PO3KPUTTS iX TBOPYOTO MOTEHITIAY, 30LIBITIEHHS POJIi CAMOCTiHHOT
Ta iHAUBILyaabHOI POOOTH € pO3poOKa Ta BIPOBAKEHHS Y HABIAJIbLHUI IPOIEC
BH3 innoBamniitHux TEXHOJOr#l HABYAHHS, B OCHOBY SKHX IMOKJIAIE€HO OPraHidHe
MOETHAHHS TPAJUIIIHHUX Ta KOMII I0TEPHO-OPiEHTOBAHUX (POPM, METOIIB i 3aco-

0iB HaBUYAHHSI, 30KpEMa i XMAPHUX TEXHOJIOTIH.
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Nadiia Konovenko, Julia Fedchenko, Nadiia Khudenko

Using of information technologies in ONAFT when studying
Mathematics

The rapid development of information technologies and computer technics opens
new possibilities for improving educational technology and teaching methods. It
is shown that using information and communication technologies and e-learning
in teaching of mathematics at the Odessa National Academy of Food Technologi-

es, which is aimed to improve the efficiency and quality of student learning.
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Konnenmiga dyHmaMeHTagan3amii MaTeMaTUTHOL
OCBITU CTYJEHTIB BUIIOI TEXHIYHOI IIKOJIN

HO.T. Jlo6oma, O.FO. OpJsoBa

Y crarTti po3risHyTI mpobieMu akTuBi3alii y400BO-T3HABAIBHO! isIILHO-
cri CryieHTiB BUINOI IIKO/IM IIPM BUBYEHHI BUIIOI MareMaruku. AKrupizanil
y4100BO-TIi3HABAIBLHOI JiSJIBHOCTI CTYAEHTIB COPHUAIOTH 30yIKEHHs iHTEpecy 0
aucnuiTiag, npodeciiina CIpsMOBaHICTb, HAOYHICTD HABYAHHS, BUKODPUCTAHHS
MIXKTIPEIMETHUX 3B’S3KiB,METOIM AKTHUBHOTO HAaBYaHHSA. BusBieni i onucami
KpuTepii akTusizarmii y460BO-mi3HABAJBHOI [istTbHOCTI cryaeHTiB. JlerambHO
po3TIAHYTO POPMYBaHHSA 0a30BHX MPOMECIiHNX KOMITETEHIIl CTYIEeHTIB BHIIOI
mKou. PO3TysHyTI MOXKIMBOCTI Ay peaJtizaliii MPUKJIAIHOI CIPSIMOBAHOCTI
HABYAHHS BUIIOI MATEMATUKU, TIPUILIEHa yBara MiKIIpPeIMEeTHUM 3B’ sI3KaM Ma-
TEeMATUKN 3 iHIUME yI00BUME TUCIUILTIHAME, PO3iOpaHi OCHOBHI GyHKIII Mixk
MPEeIMETHHUX 3B’3KiB, POJIb MiKIIPEIMETHHAX 3B’ s3KiB B PO3BUTKY CaAMOCTIHHOTO
i TBOpUOro mucseHHs, y hOpMyBaHHI Mi3HABAJIHHOI aKTHBHOCTI i iHTEpecy m0
nizHanus maremaruku. Cdopmy/ibOBaHi BUMOrUM JI0 CKJIaJaHHs 1POdECciiiHo-
CIIPSIMOBAHUX 1 JOCTITHUIIBKUX 3aBJIaHb, Ki1acudikoBai ix ¢yskiii. [Ipugitena
yBara TPaJUIIHHUM 1 HETPAJUIINHUM METOJaM HABYAHHSA, B IIbOMY KOHTEKCT1
po3rysinyTi mousaTTs"AKTUBHE HaBuaHHS "pO3BUBAIOYE HaBYaHHS "MpOOIEMHE
HaByaHHA". B gKocTi akTUBI3yH0YMX METOIIB HAaBYaHHS PO3LJIAHYTI 1 Kjaacudi-
KOBaHi MiMoBi irpm, Meros MO3KOBOI aTaku. JleTagabHO PO3LJISHYTa IpObeMa
oprasizarii i ympas/iHHS CaMOCTI#HOIO POOOTOIO CTYIEHTIB, & TAK CAMO KOHTPO-

JII0 KOHTPOJIIO 34 11 BUKOHAHHSM.

KurouoBi ciioBa AKTuBHe HaBYaHHs, PO3BUBAIOYE HABYAHHS, TPOOIEMHE Ha-

BYaHHA

VK 372351
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Awnaniz meronis, opramizariinux (opmM, 3axoIiB i 3aco6iB HaBUAHHS Y BULITHH
TEeXHIYHIN [IKOJIi, Cy4aCcHOIO CTAHy MaTeMaTHUYHOl MiJI'OTOBKU CTY/JAEHTIB HEMa-
TEeMATUYHAX CHEIaJbHOCTEN, & TAKOXK ONPAIIOBAHHS HA MPAKTUI] HABYAHHS 3
npobsemu dbyHIaAMEHTAII3aIll MaTeMaTHIHOT OCBITH MaiOyTHIX (axiBI[iB TexXHi-
9HOrO MPOMLIIO gam 3MOry ¢hOPMYIIOBATH 11 KOHIEMINIO, M0 CKIAJAETHCS 3

TAKUX [OJIOKEHb [8]:

1.  Bucokwuii fuHaMi3M Cy9acHOIO HayKOBOI'O IPOTPECY i BUCOKI BUMOI'H /10
npodeciitHOl M ArOTOBKY iHKE€HEPIB BUMAraloTh 3a0e3MeUeHHsT HATE?KHOTO PIBHSI
MaTeMaTUYIHOI MiATOTOBKY CTyIeHTiB. Pa3om 3 TuMm B ocTaHHi poKu BiAOy/10CH
suagHe ckopoueHHs (10 50 BiZCOTKIB) KiIbKOCTI HABYAILHAX TOJUH HA BUBYEH-
HS 3arajibHOIO KypCy IIPU TOMY, IO 3AJUIIUBCA HE3MIHHUN TpaIUIIAHUN KypC
BHUIOI MaTeMaTuku. [IpuposHo, 10 3a BiABeAEHY KiJIbKiCTh TOSUH HEMOMKJIHABO
3a0e3meunTy IPyHTOBHE BUBYEHHS IMiJI 9aC JIEKIIH 1 MPAKTUIHUX 3aHATH 3a3Ha~
weHoro 3micty, Tomy 50 BiICOTKIB 3MiCTy BiIHOCHTHCS Ha CAMOCTiHHY poOOGOTY
crynenTiB. Take CKOpOYeHHS HABUAJTBHUX AyIUTOPHUX TOAWH BimOyJsiocs 3a BCi-
Ma HaBYAJbHUMH JUCIUILIIHAME 3aTaTbHOOCBITHBOTO 1 3araJbHOHAYKOBOTO IIH-
KJIy. A 11e TpUBEsIO JI0 3HATHOTO 30LIBIEHHS 00CATY MaTepiajy JJjist CAMOCTIHHOT
poboru cTyaeHTiB, i peasibHO CTYJEHTH HE B 3MO31 BUKOHATH TakKuil oOcsar Oe3

JOIIOMOT'M BHKJIaJa9a.

2.  Kinbkicrs BimoMocTeil 3 MareMaTUKH, SKa OCTAHHIM 9aCOM CTaJja JIO0CATH
BEJIMKOI0, He MOXKe OyTH 3aCBOEHOIO 33 BiJHOCHO KOPOTKHII TepMiH HABYAHHS
(2 — 4 cemecrpu B TexuiynoMy By3i). Tomy i1 Tpeba BHOPsAKYBaTH Ha IPUHIU-
moBoO HOBI ocHOBi. Llielo ocroBOO MOke OyTu KepyBanus CPC, mo € ogaum 3
nTaxiB iHTeHcudikarmii HaBIaIbHOrO IPOIECY i MiABHUINEHHS SKOCTI MaTeMaTH-
qHOI TiAroroBku crygentis. Camocriiina pobora 36y/12Ky€ CTYIEHTIB 10 AaKTUBHOT
PO3YMOBOT isSIbHOCTI, CIIPHsi€ BUPOOIEHHIO TX CBITOMOTO BiHOIMEHHS 0 CHCTE-

MaTHYHOI HABYATHLHOI TIpaIli.

B mportieci camocTiiinol HaBYAIbHO-TII3HABAIBHOI JiAJBHOCTI ¥ CTYJAEHTIB PO3-
BUBAIOTHCS TaKi AKOCTI 0COOMCTOCTI, IK CAaMOCTIfIHICTh, BUTPUMKA, KPUTUUYHICTH

MHUCJIEHHS Ta 1HII HO3UTHUBHI SKOCTI.

Takum 4YrHOM, HMPK MPOBEIEHHI CAMOCTIHHOI POOOTH TOCATAETHCA €IHICTDH

TIPOIECIB «3aCBOEHHS 3HAHb» Ta PO3BUTKY «YMIHHS MUCTUTH».

3. B ywmoBax crymneneBoi cucTeMu BUINOI TEXHIYHOI OCBITH MOXKJITMBUM IILJIs-
XOM TIOJIOJIAHHS TPYAHOIIIB i HErATUBHUX SIBUIIL, IO CKJIATIUCA, € 0COOUCTO Opi-
€HTOBaHE HABYAHHS, MudepeHItialisa Ta IHIWBi Tya i3aisa HaBIaIbHO-BUXOBHOTO

1porecy.
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4. Bigeemeny miloumM HABYAJLHUM TIJIAHOM KiTbKICTH ayJIUTOPHUX TOJWH
MOKHA BBaXKaTH JIOIyCTUMOIO, SKIIO JIJId THUX CTYJAEHTIB, SKi mic/ig 3aKiHYeHHS
BH3 nigyts HA BUPOOHUIITBO, JAEIIO CKOPOTUTH OOCAT TPOrPAMHOIO MaTepiay,
a i TUX CTYJEHTIB, sKi OyayTh BUMTHCS B MaricTparypi i 3aiimarncs HayKOBO-
JIOCJTiTHOIO0 POOOTOIO B raJry3i HAyKH 1 TEXHIKH, B2KE 3 TIEPITIOTO KYPCY MapaIeIbHO
3arajibHOMY KypCy MaTeMaTHUKW YUTATH HOro J0JIATKOBI PO3/iiu i creriaabHi

MaTeMaTUvIHI KypCH, 30KpeMa KypC MaTeMaTHIHOTO MOJETIOBAHHS.

5. AxruBi3alis HaBYATIHHO-TMI3HABAIBHOI JiSJIBHOCTI CTYIEHTIB, 30KpeMa
3 BUINOI MATEMATHKY, € BaXKJIMBOIO CKJIAJ0BOI0 HABYAIHHO-BUXOBHOIO MPOIECY

BUTIOI TITKOJIH.

Kputepisimu akTusizalfil HaBYaIbHO-TII3HABAJIBHOI JisIIBHOCTI CTYIEHTIB 3
MaTeMATUIHUX JUCIUTIIH € (DOPMYBAHHS M3HABAJILHOIO IHTEPECY 10 MATEMATH-
KW, 301/IbITIEHHST AaKTUBHOCTI B MPOIECI HABYAHHS, HASIBHICTH O3HAK Ti3HABAIBLHOL
AKTUBHOCTI, IPOSB CAMOCTiHOCTI B HABYAHHI MAaTEMATUKH, IPOAB Ii3HABAJIb-
HOI CAMOCTIfiHOCTI, y9acTh y CTYJEHTCHKHX OMIMIINAIaxX i KOH(MEPEeHIlisIx, caMo-
CTilfHWII TIOITYK 1 BUKOPUCTAHHS MATEMATHIHAX METOIB PO3’BsS3yBAaHHS 33739
MiKIIpeIMETHOTO j 3MicTy, mpodecifiHo CIpsaMOBaHUX, 3a7a4d AOCJIiTHUIIBKOIO

XapakTepy.

Akrupizauil HaBYaIBLHO-II3HABAIBHOT Jisi/IBHOCTI CTYJAEHTIB CHPUSAIOTH 30Yy-
JDKEHHS IHTepecy JIO JUCIUILIIHA, HAOYHICTh HABYAHHS, BUKOPUCTAHHS MIXKIIpe-
JIMETHUX 3B’s3KiB, METOAM AKTHUBHOTO HABYAHHS TOIMO. Hampsmkamu iHTEHCH-
dikarii HaBIAIHLHOTO MPOIECY # aKTUBI3aIil Mi3HABAJBHOI MiSIHHOCTI CTYIEH-
TiB € aKTUBHA y4acCTb CTYJIEHTIB y IPOBEJIEHH] JIEKIIHHUX 3aHATH, 3aJy4Y€HHs
CTYIEHTIB IO MOTHBOBAHOI YCBiIOMJIEHOI caMOCTi#HOI pOOOTH, CTBOPEHHS HAJe-
KHOTO 3a0e3meueHHs, OPIEHTOBAHOIO HA BUKOHAHHS CAMOCTIMHWUX iHIUBIIyaJb-
HUX i KOHTPOJIBHUX POOIT, MOIYIHHUX 3aBIAHD, & TAKOXK METOIWIHUX PO3POOOK
711 00JAPOBAHUX CTYAEHTIB, AKi MPUIIMAIOTh YIaCTh B MATEMATHIHUX OJIiMITia-
Jax i CTyIeHTChbKUX KOH(pEpeHIliax, mpodeciiiia CIIpsaMOBaHICTh HABYAHHS MaTe-
MaTuKu, (POPMYBAHHS MATEMATHIHOI KOMIIETEHTHOCTI CTYIEHTIB i PO3BUTOK iX
TBOPYOI iHIITIATHBM, 3aCTOCYBAHHS KOMIT IOTEPHUX TEXHOJIOTiit 3 BUKOPUCTAHHAM
€JIEKTPOHHUX MiIPYYHHUKIB, IPOIrPAMHO- METOAUIHOTO KOMILIEKCY, HABUAJIbHUAX
KYPCiB, MATEMATHIHUX MTAKETIB TP PO3B’sI3yBAHHI CKJIATHAX MATEMATHIHUX 3a-

Jad TOIIO.

3acBoeni 3HanHs, HAOYTI HABUYKHU | BMIHHS CTYIEHTIB 3 MaTEMATUKHU CIIPU-
SI0TH IX MATEMATUIHOMY Ta 3arajbHOMY PO3BUTKY, AOCTPAKTHOMY i JIOTiYHOMY

MUCJIEHHIO, TII0 HeOOXigHO MaitOyTHiM daxiBIgm.



DOI: http://dx.doi.org/10.15673/2072-9812.2/2015.51583
Komnmenris ¢pyrnamenraan3amnii maremaraaaol ocBitu crygaenris BT 53

6. 3 MeroI0 MiJBHUINEHHS SKOCTI (DYHIAMEHTAJIHHOI MATEMATHIHOI TTiAro-
TOBKHU CTY/IEHTIB TEXHIYHHUX CIIEIaJbHOCTEH HEeOOXiTHO CHCTEMATHUIHO BIPOBA-
JPKYBATH TPUHITALN TPOQECiiHOl CIPSIMOBAHOCTI BUKJIAJAHHS 3araJbHOTO Kyp-
Cy MaTeMaTWKW, K IPU BUBYEHHI TEOPETUIHOIO MAaTepiaIy, Tak i po3B’a3yBaHHI

CUCTE€MU BIIPAB.

B ocuoBy mpodeciiinol cnpaMOBaHOCTI HaBYAHHS MalOTh OyTH TOKJIAEHI
OpUHIUINA TPOdECifHOl BiAMOBIMIHOCTI Ta HACTYIHOCTI, OCHOBHAMH 3acobamu
SAKHAX € MaTEMATHIHE MOJETIOBAHHS TA HASBHICTD TUIIOBUX IPUKJIATHUX 33739, &
TAKOXK TMPUHIUITH QyHIAMEHTAIBHOCTI, T ArOTOBKY 10 MaitbyTHBOI mpodeciinol
JisITBHOCT, BUXiJ Ha HOBI MaTeMaTWYHi i7el Tpy BUKOHAHHI TTPABUJI JTOCTATHHOT
KiTbKOCTI (popMabHUX 3371a4, MPOodeciiHol OMHO3HAYHOCTI, MPHUKJIATHOTO 3Mi-
cry. EdbekTuBHIM CIIOCOOOM, IO CIPHUSIE JOTPUMAHHIO [TAX MPUHITAIIB 1 IIPaBHUII,
€ PO3B’SI3aHHS 3324 CIEIaJIbLHOr0 3MICTY Ha 3aBEPHIAJHLHOMY €Talll HABYAHHS
MaTeMATUIHUX JUCIUILTIH. 3a0e3MeUeHHs K 3aBEPIIEHHS eTany MaTeMaTUuIHOT
miAroToBKH (BaxiBIiB B ramy3i TEXHIKE MAa€ BUKOPUCTAHHS CIEIIATbHAX MATEMa-
TUYHAX KYPCiB, sKi Bia3epKaao0Th MaiOyTHI inTepecu creriaicrta. Boposa-
JKEeHHS MPOQeCciiftHol CIIpsIMOBAHOCTI HABYAHHS MATEMATHKH € OJHUM 3 IIJISIXiB
YCYHEHHSI iCHYIO|9O0l CynmepedHocTi MixK morpebaMu CyCrniibeTBa y KBaridikoBa-
HEUX (PaXIBILgX i CydacHUM CTAHOM MATEMATHIHOI MiATOTOBKHU CTYIEHTIB HEMAaTe-

MATHUYHUX CIIEIiaJbHOCTE.

B ymoBax KOMIIETEHTHICHO-ODIEHTOBAHOI MAPAIUTMH OCBITH mpodeciitHa
CIIPSIMOBAHICTh HAaBYAHHS MATEMATUKH CTY/IEHTIB MOJIOAIINX KyPCiB T€XHITHUX

By3iB € KOMIIOHEHTOM (DOPMYBAHHS y HUX 0a30BUX TPOMECIHHNX KOMIIETEHITii.

7.  EdexTuBnuii 3acobom peastizariii mpodeciiinol CipsiMOBAHOCTI € HABYAH-
HsI CTYIEHTIB MOYATKAM MATEMaTUIHOTO MOIETIOBAHHS MTPU BUBYEHHI 3arajibHO-
ro Kypcy MaTeMaTUKH i CHernjajbHiuX MaTeMATHIHUX KYPCIB HA 3aBEPIIATLHOMY

eTalli BUBYEHHS MAaTEeMATUKU JJI CTY/IEHTIB-CIEia icTiB i MaricTpaHTiB.

8.  HeobxigHOI0 yMOBOIO 3abe3mevdenns audepeHIiaril HaBIaHHs € JiarHo-
CTUKA MaTEMATUYHOI MiATOTOBKU i PO3BUTKY CTYIEHTIB HA MOYATKY BUBYEHHS
KypCy BHUIIOI MATEMATHKH 1 IPOTATOM BChOTO HABYAHHS (<«HYJIHOBA» KOHTPOJIb-
Ha poboTa Jjisi MEepIIOKYPCHUKIB, TECTYBaHHs, Pi3Hi caMmoCTiiiHi i KOHTPOIbHI

poboTH, MOMYJIbHI 3aBJaHHS, KOJOKBIyMHU TOLIO).

ExcrnepumenTanbae JOCTITKEHHS TOKA3aJ10, M0 e(peKTUBHIM 3aCO00M CaMO-
criftHol pOOOTH CTYHEHTIB € PO3paxyHKOBO-TpadivHi 3aBIaHHs, iHIWBIIyaTbHI
JIOMAITTHI 3aBIaHHs, JJA00PATOPHI pOOOTH Ta MOIYIbHUI KOHTPOJb 3aCBOEHUX

3HaHb Ta HAOYTUX yMiHb I HABUYOK CTYJEHTIB.
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9. MixnpeaMeTHICTb € CyJacHUM TPWHITAIIOM HABYAHHS, IO BIIJIMBAE HA
BiZbip i cTpyKTypyBaHHS HABYAILHOIO MAaTEpiay IIOTO PsSay AUCIUILIIH, [MO-
CHJTIOE CUCTEMHICTH 3aCBOEHUX 3HAHBb, AKTHBI3Y€ METO/IM HABYAHHSA, OPIEHTYE HA
3aCTOCYBAHHS KOMILIEKCHUX (DOpM OpraHizarii HaBYaHHS, 3a0€3Medye €IHICTh
HABYAJILHO-BUXOBHOTO TPOIECY. BaK/IMBUM TIJIIXOM MiKIIPEIMETHUX 3B SI3KiB
[IPY BUBYEHHI 3arajbHOT0 KypCy MaTeMaTHK{ Ta CHeIiaJbHUX MAaTeMaTUuIHUX
KYPCiB € yJacTh BHKIAJAUIB MATEMATHIHUX Kadeap B HAYKOBO-IOCTITHAIBKAX
poborax crneniaabHuxX Kadeap Ta 3aJIydeHHs 10 M€l poOOTH CTYIEHTCHKOI MOJIO-
.

10. EdexTrBHa MareMaTHYHA TiATOTOBKA CTYJIEHTIB TEXHITHUX YHIBEPCH-
TeTiB MoxKe OyTH 3abe3medenHa JUIe TP peasidarii JiaaIbHICHOrO i CHCTEMHOTO

IMAXO/IiB B OpraHi3allil HaB4aJIbHOT'O ITPOIIECY.

11. Maremaruka € OCOOIUBIM METOIOM CBITOMI3HAHHS, (PYHIAMEHTOM TIPH

BuBYeHH] iH(OpMaTuKY, DI3UKK, TEOPETUIHOI MEXAHIKH, XiMil, EKOHOMIKH TOIIIO.

Maremaruuni gucnuiiiau hpOPMyIOTh OCOOUCTICTh CTYAEHTA, & CaMe: BILIH-
BAaIOTh HA PO3BUTOK JIOI'IYHOIO MHUCJIEHHS, IPOCTOPOBUX YSABJIEHD 1 ySABH, AJIrOPU-
T™Mi9HOI i iHdOopMaIiiHOl Ky/IbTypH, yBard, maMm [Ti, TO3UTHBHAX BJIACTHBOCTEIR
0COOMCTOCTI, a TAKOXK €MOIITHO-BOIBOBOI ChepH, CIIPUAIOTH POZBUTKY HAYKOBOTO

CBiTOTTIATY.

12. [ns suxoBanHs Ta (HOpMYyBaHHS Pi3HOOIYHO PO3BUHYTOI OCOOMCTOCTI,
CTBOPEHHSI YMOB /IJIsI iHTEJIEKTYaJIbHOTO, (DIBUTIHOr0, MOPAJIHHOIO 1 €CTETUTHOIO
PO3BUTKY Ta CAMOPO3BHUTKY CTYIEHTIB HEOOXiTHO TaK CITAHYBATH i OpraHizyBa-

TH HaBYAJIbHO-BUXOBHUU IPOIEC ¥ BAMIOMY HABYAJIBHOMY 3aKJal OCBITH,

e 11100 HABYWTHU TA MPUBYUTHU CTYIEHTIB CAMOCTIHO TPAIIOBATH 3 HABYAJb-

HOIO i HAYKOBOIO JIITEpaTypPOI0, CAMOCTIHO JOOYBaTH 3HAHHS,

® 100 CTYIEHTH CBiZOMO i MII[HO OBOJIOJIBAJIM CUCTEMOK KJIACHIHUX Ma-
TEeMATUIHUX 3HAHb, YMiHb i HABUYOK, AKi Oy 6 JOoCTATHIMH I YCIIITHOTO
OBOJIOMIIHHS IHINMMHA HABYAILHUMHU IPEIMETAMH Ta HEOOXiTHUMEH B MaitOyTHii
npodeciitniit TistIbHOCTI # MOBCAKIEHHOMY YKUTTI.

e 100 y cTymeHTiB (hOpMyBaINCS HABUYKU Y MOCTAHOBIN 3334 TpOdeCiitHo
CIIPSIMOBAHOTO i TIPUKJIAIHOTO 3MICTY, YSBJIEHHS PO €Ta¥ PO3B’SI3yBAHHS IIUX
3a/1a4, PO MO2KJIMBOCTI 1 3aCTOCYBAHHA MATEMATUYHUX METOJIB B IIbOMY IIPOIIEe-
ci, IO CpUATHME PO3YMIHHIO CTYIEHTIB, III0 MATEMATUKA - HE TLIBKY HABYAJIbHA,
JUCIUTLTIHA, & 1€ i MOTYKHUH iIHCTPYMEHT /11 PO3B’si3aHHS aKTyaJIbHUAX iHKe-

HEPHUX MPODOJIEM Cy9acHOCTI,

e 1100 CTY/JEHTH HABYAJINCS aHAMI3YBATU OTPUMAHUN PO3B’SI30K 1pobemu,
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e 1100 Oysm 3abe3medeHi HACTYIHICTH, HEMEPEPBHICTh OCBITH i CAMOOCBITH,
MOpaJIbHE, TPYJIOBE, eKOHOMIUHEe, eKOJIOTivYHe, IATPIOTHIHI BUXOBAHHS, (POPMY-
BaHHSA MO3UTHBHUX BJIACTHUBOCTEH OCOOMCTOCTI # pmc xapaxrepy, mpodeciiina i
MPUKJIATHA CIPIMOBAHICTh HABYAHHS MATEMATUIHUX JTUCIIHTLIIH, IO CIPUATHME

MJICMJIEHHIO MOTHBAIIl HABYAHHS, NPAKTUYHIN 1IA1I0TOBLI CTYAEHTIB,

e 100 Oysm 3abe3medenHi yMOBH [jisi PO3BUTKY TBOPYMX 3A10HOCTEH, MaTe-
MaTUYHOTO i 3arajJbHOTO PO3BUTKY CTYAEHTIB, /I HAOYTTSA HAMHU JTOCTATHHLOTO
PiBHS MATEeMATUYIHOI KyJIbTYPH, HEOOXIJHOTO s OTPUMAHHS sIKiCHOI mpodeciii-
HOI OCBIiTH, IS TTOBHOITIHHOI y9acTi B MOBCIKICHHOMY >KHTTi, MafiOyTHIi# TpO-
deciiiniii iAIHHOCTI, & TAKOXK JjIg PO3BUTKY Ta (POPMYBAHHIO TAKUX SKOCTEH

daxiBugs, sk npodecioHasizM i KOMIIETeHTHICTD.

13. CydJacHOI0 CTPATEri€l0 MaTEeMaTHUYHOI MiATOTOBKHA CTYIEHTIB BU-
mol mkosm € gudepeHtianis Ta iHAWBimyasizaiis B yMOBaX OCOOHCTICHO-
OPiEHTOBAHOTO HABYAHHS, fKa MMOBUHHA 3a0€3MeYyBaTHCS MiAPYyIHUKAMH, Ha-
BYATHHAMHE TOCIOHUKAMHU, METOANTHAME PEKOMEHIAIISIMIA, KOMILTEKTAMM iHI1-
BiyaqbHUX JTOMAIIHIX 3aBJaHb, 3aBIAHb I MOIYJLHOTO KOHTPOJIO Ta OIIi-
HIOBaHHS 3aCBOEHUX 3HAHb 1 HAOYTUX yMiHD CTYIEHTIB, a TAKOXK BiIIOBiIHOIO

JiSTBHICTIO BUKJIAIa49a.

14. Tloryxunmu 3acobamvu inTercudikaril HaBIaIHLHOTO MTPOIIECY, MIITHOTO 1
CBIJIOMOTO 3aCBOEHHS CTYJEHTAMHU BEJIMKOrO ODCATY MATEMATHIHOIO MaTepiay,
MiIBUINEHHS IKOCTI X MaTeMaTW9IHOI MATOTOBKYW € BIPOBAKEHHS MOJYJIHHO-
PEUTUHTOBOI CHCTEMW HABYAHHS ¥ OIIHIOBAHHS YCIINTHOCTI CTYJIEHTIB, 3aCTOCY-

Bauns IKT ra kepisauirso CPC.

PerenbrHO 00MipKOBaHE BIPOBAIKEHHS i CHCTEMATHYIHE BUKOPUCTAHHS HO-
Bux 3acobip Hap4danHsi, 30kpema IKT mae 3abe3nedurn edekTuBHE 3aCBOEH-
H CTYJE€HTAMH MATEMAaTHUIHOrO MaTepiasy, iHTeHCH]IKyBATH Ta ONTHMi3yBaTH
HaBYIAJIBHO-BUXOBHIH IIPOIIEC, aKTUBI3yBaTH HABYAJIBHO-M3HABAIBHY JiATbHICTH
CTY/IEHTIB, CIPUATH PO3BUTKY IX OOPA3HOTO Ta TBOPYOrO MUCIEHHS, OCKLIHKU
KOMIT'TOTEPHA MATPUMKA MPU HABIAHHI MATEMATHKHU A€ HAOUHI yABICHHS Dara-
THOM MOHATTSM, IO BUBYAIOTHCH. BUKOPHUCTOBYBATH MEPCOHAIbHUI KOMII IOTED
JUIsT BUKOHAHHST (DYHKITIH KOHTPOJIIO 3aCBOEHNX 3HAHB, HAOYTUX YMiHb 1 HABIIOK
CTY/IEHTIB; HABYAJIbHI TPEHAYKEPH, MOJIEIOI0Yi CTeH iU, iH(MOPMAIiiHO-T0BI TKOB1
CHCTEMH, iI'POBI HaBYAJIbHI CEPEJIOBUIIA, €JIEKTPOHHI KOHCTPYKTOPH, €KCIIEPTHI
cucremu tomro. Cucremarnane Bukopucranas IKT sk mpu BuBYeHHi 3arasb-
HOTO KypPCy MaTe€MATHKH, CIEIiAJIbHUX MaTEMATHIHUX KyPCiB, Tak i 0COOJIUBO

npu po3B’si3aHHl MPOdECIHHO CIPSIMOBAHNX, MPUKJIAIHUX 33739 1 TTPOBEICHH]
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HAYKOBO-JIOC/IITHOT pOOOTH € HEOOXiTHUM CydacHUM 3acob0M byHIaAMEHTATI3a-

il MaTeMaTU4HOI MMiJITOTOBKU CTY/IEHTIB.

Sapa3 MM MAaEMO 3HAYHY KUIBKICTH IMPOrpamMHHUX 3aC0biB, M0 JI03BOJIAIOTH
3a JIOMOMOIOI0 KOMII IOTEPa PO3B’SA3yBAaTH [TOCUTDH MIMPOKE KOJIO MATEMATHIHUX
3aJa4 Pi3HWX PIBHIB CKJQIHOCTi, cepel AKUX MPUIATHUME JJIs 3aCTOCYBAHHS
MPU BUBYEHHI MaTEeMaTUIHUX JUCHUTLIIH € mporpamu Maple, MatCad, MatLAB,
Mathematica, Maxima, Numeri, Reduce, EVRIKA, DERIVE, GRAN 1, GRAN-
2D, GRAN-3D, GRAN-4D.

15. Oprauiube noegHaHHS KJIACHYHUX TPAIUIIAHUX 1 HOBUX METO/IIB 1 3aC0-
0iB HABYAHHS CIIPUATUMYTH (POPMYBAHHIO TPAKTUIHOI, COIIIAIbHO- OCOOUCTICHOT,
KOMYHIKQTHBHOI, 3arajbHO-KYJIbTYPHOI KOMIIETEHTHOCTEH, SKUX CTYIeHTH Ha0Y-
BAIOTh POTAIOM BChOI'O 1€PioJly HABYAHHS y BUIIIN IIKOJI Ta 34 JIOIIOMOIOIO 3a-
cobiB He(pOpMANTBHOI OCBITH, BHACTIIOK BILIUBY CEPEIOBHUINA Ta HASIBHICTD SIKUX
CBLIIUTH MPO iX TOTOBHICTD /10 MOBCIK/IEHHOTO KUTTS, 0 PI3HUX BUIB CYCIIiJIb-

HOT Ta, TpodeciitHol AAITBHOCTI, 70 HAOYTTS MaiicTepHOCTI it mpodecioHaizMy.

16. g ymocKoHaIeHHsS HABYAJTHLHOTO MPOIECY MAIOTh BUKOPUCTOBYBATHCS
Pi3HI THIH €TEKTPOHHUX OCBITHIX PECypCiB 3 TOYKHU 30Py iX €(PeKTUBHOCTI MO0

Ha6yTTH CTyAeHTaMHd MaTE€MAaTHIHUX KOMIIETEHTHOCTEIA.

17. BuimBaru Ha AyXOBHWU CBIT CTYAEHTIB 3TiHO 3 MPUHIUIAME 'yMaHi-

3ariii Ta ryMaHiTApU3aIlil HAaBYAHHS.
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Julia G. Loboda, Olena Y. Orlova

Conception of fundamentalizacii of mathematical education of
students of higher technical school.

In the article the problems of activation of educational-cognitive activity of
students of higher school are consideredat the study of higher mathemati-
cs. Activation of educational-cognitive activity of students is assisted by exci-
tations ofinterest in discipline, professional orientation, evidentness ofeducati-
ng, use of intersubject connections, methods ofhands on training. The cri-
teria of activation of educational-cognitive activity of students are educed
and described. Forming of base professional competenses of students ofhi-
gher school is considered in detail. Possibilities areconsidered for realization
of the applied orientation ofeducating of higher mathematics, paid attention
tointersubject connections of mathematics with othereducational disciplines,
the basic functions of intersubjectconnections, role of intersubject connecti-
ons, are taken apartin development of the independent and creative thinki-
ng, informing of cognitive activity and interest in cognition ofmathemati-
cs. Requirements are set forth to drafting of the professionallydirected and
research tasks, their functions are classified.Paid attention to the traditional
and unconventional methodsof educating, in this context concepts "Hands, on
training"are considered "developing educating "problem educating".As arousal
methods of educating business games, method ofbrainstorming, are considered
and classified. In detail the problem of organization and management isconsi-
dered by independent work of students, and similarlycontrol of control after her

implementation.
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Geometry of Chaos: Advanced computational ap-
proach to treating chaotic dynamics of some hy-
droecological systems 11

A.V. Glushkov, V.M. Kuzakon, Yu.Ya.Bunyakova,
V.V.Buyadzhi

Abstract This paper goes on our work on application of the chaos theory and
non-linear analysis technique to studying chaotic features of different nature
systems. Here we present new results of using an advanced chaos-geometric
approach to treating chaotic pollution dynamics in the hydroecological systems,
in particular, forested watersheds. Generally, an approach combines together
application of the advanced mutual information scheme, Grasberger-Procachi

algorythm, Lyapunov exponent’s analysis etc.

Keywords geometry of chaos, non-linear analysis, nature system

Mathematics Subject Classification: (2000) 55R01-55B13

1. Introduction

In this paper we go on our work on application of the chaos theory and non-
linear analysis technique to studying chaotic features of different nature systems
(see, for example [1,2]). The theoretical basis’s of the chaos-geometric combined
approach to treating of chaotic behaviour of complex dynamical systems are in
details in series of ref. [1-10]. Generally, an approach combines together applica-
tion of the advanced mutual information scheme, Grassberger-Procachi algory-
thm, Lyapunov exponent’s analysis etc [1-23]. It is important to note that our
advanced approch has been successfully applied to studying dynamics not only
mathmeatical and physical systems. Very impressive application is the inves-

tigated dynamics of the atmospheric pollutants concentrations and forecasting
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their temporal evolution. Besides, in Ref [2,4] we have numerically studied the
chaotic features of the pollutants concentration time series for some hydroeco-
logical systems, in particular, nitrates (sulphates) pollution concentration for a
number of the forested watersheds of the Small Carpathian (for example,Blatina
(Pezinok), Parna (Majdan), Ladomirka (Svidnik), Babie (Olsavka) etc.). It has
been noted that the successful application of new chaos-geometrical approach
to studying dynamics of the different nature systems demonstrates its universal
character. Here we present the analogous numerical results of using an advanced
chaos-geometric approach to treating the nitrates pollution dynamics for other
forested watersheds with revealing the chaos elements in the temporary sets of

the nitrates and sulphates concentrations.

2. An advanced chaos-geometrical approach to hydroecological system

dynamics: Short review

As all details of a new chaos-geometric approach have been descibed in our
previous papers (see, for example,[1-8]) below we shortly present only the key
positions, which are important for the further listing numerical results. As
usually, following to [1-10], further we formally consider scalar measurements
s(n) = s(to+ nAt) = s(n), where t, is a start time, At is time step, and n
is number of the measurements. In a general case, s(n) is any time series (f.e.
nitrates pollution concentration). As processes resulting in a chaotic behaviour
are fundamentally multivariate, one needs to reconstruct phase space using as
well as possible information contained in s(n). Such reconstruction results in set
of d-dimensional vectors y(n) replacing scalar measurements. The main idea is
that direct use of lagged variables s(n+7), where 7 is some integer to be defined,
results in a coordinate system where a structure of orbits in phase space can be
captured. Using a collection of time lags to create a vector in d dimensions,
y(n) =1[s(n),s(n + 7),s(n + 27),..,s(n +(d—1)7)], the required coordinates
are provided. In a nonlinear system, s(n + j7) are some unknown nonlinear
combination of the actual physical variables. The dimension d is the embedding

dimension, dg.

Let us remind that following to [2,10], the choice of proper time lag is important
for the subsequent reconstruction of phase space. If 7 is chosen too small, then
the coordinates s(n + j7), s(n +(j +1)7) are so close to each other in numerical
value that they cannot be distinguished from each other. If 7 is too large, then
s(n+j7), s(n+(j+1)7) are completely independent of each other in a statistical
sense. If 7 is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position



DOI: http://dx.doi.org/10.15673/2072-9812.2/2015.51584
60 A.V. Glushkov, V.M. Kuzakon, Yu.Ya.Bunyakova, V.V. Buyadzhi

between above cases. First approach is to compute the linear autocorrelation
function C'1(J) and to look for that time lag where C1(0) first passes through
0. This gives a good hint of choice for 7 at that s(n + j7) and s(n+ (j + 1)7)
are linearly independent. It’s better to use approach with a nonlinear concept
of independence, e.g. an average mutual information. The mutual information [
of two measurements a; and by is symmetric and non-negative, and equals to 0
if only the systems are independent. The average mutual information between
any value a; from system A and by from B is the average over all possible
measurements of I ap(a;, bg). In ref. [4] it is suggested, as a prescription, that
it is necessary to choose that 7 where the first minimum of 7(7) occurs.

In [1-4,10] it has been stated that an aim of the embedding dimension deter-
mination is to reconstruct a Euclidean space R? large enough so that the set
of points d4 can be unfolded without ambiguity. The embedding dimension,
dg, must be greater, or at least equal, than a dimension of attractor, d4, i.e.
dg > da. In other words, we can choose a fortiori large dimension dg, e.g. 10
or 15, since the previous analysis provides us prospects that the dynamics of our
system is probably chaotic. The correlation integral analysis is one of the widely
used techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C(r) is related
log C(r)
logr

to a radius 7 as d = lim , where d is correlation exponent.

r—0,N — o0
The fundamental problem of theory of any dynamical system is in predicting
the evolutionary dynamics of a chaotic system. Let us remind following to [1-
,2,10] that the cited predictability can be estimated by the Kolmogorov entropy,
which is proportional to a sum of positive LE. As usually, the spectrum of LE
is one of dynamical invariants for non-linear system with chaotic behaviour.
The limited predictability of the chaos is quantified by the local and global
LE, which can be determined from measurements. The LE are related to the
eigenvalues of the linearized dynamics across the attractor. Negative values show
stable behaviour while positive values show local unstable behaviour. For chaotic
systems, being both stable and unstable, LE indicate the complexity of the
dynamics. The largest positive value determines some average prediction limit.
Since the LE are defined as asymptotic average rates, they are independent of
the initial conditions, and hence the choice of trajectory, and they do comprise
an invariant measure of the attractor. An estimate of this measure is a sum
of the positive LE. The estimate of the attractor dimension is provided by the
conjecture d, and the LE are taken in descending order. The dimension dj, gives

values close to the dimension estimates discussed earlier and is preferable when
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estimating high dimensions. To compute LE, we use a method with linear fitted
map, although the maps with higher order polynomials can be used too. Non-
linear model of chaotic processes is based on the concept of compact geometric
attractor on which observations evolve. Since an orbit is continually folded back
on itself by dissipative forces and the non-linear part of dynamics, some orbit
points [1,10] y"(k), r = 1, 2, .., N g can be found in the neighbourhood of any
orbit point y (%), at that the points y” (k) arrive in the neighbourhood of y(k) at
quite different times than k. One can then choose some interpolation functions,
which account for whole neighbourhoods of phase space and how they evolve
from near y(k) to whole set of points near y(k + 7). The implementation of this
concept is to build parameterized non-linear functions F(x, a) which take y(k)
into y(k+ 1) = F(y(k), a) and use various criteria to determine parameters
a. Since one has the notion of local neighbourhoods, one can build up one’s
model of the process neighbourhood by neighbourhood and, by piecing together
these local models, produce a global non-linear model that capture much of the

structure in an attractor itself.

3. The numerical results and conclusions

We continued the investigation of the pollution dynamics of the hydrological
systems, in particular, variations of the nitrates concentrations in the forested
watersheds of the the Small Carpathian (Slovakia) by using the non-linear pre-
diction approaches and chaos theory method (in versions) [1-10]. As in Refs. [2,4]
the initial data have been taken from empirical observations on a number of the
watersheds in the region of the Small Carpathians, carried out by coworkers of
the Institute of Hydrology of the Slovak Academy of Sciences [11]. The temporal
changes in the concentrations of nitrates in the catchment areas are listed in
[11]. In Ref. 2 we have listed data on values of the autocorrelation function Cr, ,
the first minimum of mutual information I,,;,1 , the correlation dimension (ds),
embedding dimension (dg), Kaplan-Yorke dimension (dy), and average limit of
predictability (Prpmqz, hours) for time series of the concentration of nitrates in
some watersheds of the Small Carpathians, for example,Blatina (Pezinok), Parna
(Majdan), Ladomirka (Svidnik), Babie (Olsavka) etc. Here we have maken a nu-
merical analysis of time series for other watersheds, namely, Gidra (Pila) Vydrica
(Spariska) Ondava (Stropkov) Manelo (Gribov).

As usually, the first step is in computing the values of the autocorrelation func-
tion Cy, , the first minimum of mutual information I,,;,1 for the concentration
of nitrates in four another watersheds (Blatina,Parna, Ladomirka, Babie). The

values, where the autocorrelation function first crosses 0.1, can be chosen as T,
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but in [6,9] it’s showed that an attractor cannot be adequately reconstructed
for very large values of 7. So, before making up final decision we calculate the
dimension of attractor for all values. The large values of 7 result in impos-
sibility to determine both the correlation exponents and attractor dimensions
using Grassberger-Procaccia method [1,16]. Here the outcome is explained not
only inappropriate values of 7 but also shortcomings of correlation dimension
method. If algorithm [14] is used, then a percentages of false nearest neighbours
are comparatively large in a case of large 7. If time lags determined by average
mutual information are used, then algorithm of false nearest neighbours provides

dg = 6 for all water pollutants.

In Table 1 we firstly present the advanced data on the time lags, the cor-
relation dimension (dy), embedding dimension (dg), Kaplan-Yorke dimension
(dr), and average limit of predictability (Prqq., hours) for time series of the
concentration of nitrates in the above cited watersheds.

Table 1. The Time lag (7), correlation dimension (ds), embedding dimen-
sion (dg), Kaplan-Yorke dimension (d), and average limit of predictability
(Prmaz, hours) for time series of the concentration of nitrates in the watershed

of the Small Carpathians.

Gidra (Pila) | Vydrica Ondava Manelo
(Spariska) (Stropkov) (Gribov)
T 20 18 9 7
(ds) | 5.82 5.66 5.31 3.71
(dg) | 6 6 6 4
dr, 5.17 5.85 4.11 3.66
Proyas| 12 13 8 9

As usually, the sum of the positive LE determines the Kolmogorov entropy, which
is inversely proportional to the limit of predictability (Pr;,q.. Let us remember
[1,4] since the conversion rate of the sphere into an ellipsoid along different axes
is determined by the LE, it is clear that the smaller the amount of positive
dimensions, the more stable is a dynamic system. Consequently, it increases the
predictability of it. As the numerical calculation shows the presence of the two
(from six) positive \; suggests the system broadens in the line of two axes and
converges along four axes that in the six-dimensional space. It is worth also to
present data on the known Gottwald-Melbourne [23] chaos test parameter K. For
the studied four time series K is in range [0.65;0.75] that confirms an availability

of the chaos elements.



DOI: http://dx.doi.org/10.15673/2072-9812.2/2015.51584
Geometry of Chaos I1 63

Therefore, here we have presented new further results of an effective application

of an advanced chaos-geometric approach to treating of non-linear dynamics

of the complex nature, namely, hydroecological systems with discovery of an

availability of the middle-D chaos elements.
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New chaos-geometric and information technology
analysis of chaotic generation regime in a single-
mode laser system with absorbing cell

G.P. Prepelitsa

Abstract Here we present the results of application of a new chaos-geometric
approach and some information technology algorithms to analysis of chaotic
generation regime in a single-mode laser system with absorbing cell. Earlier
developed chaos-geometric approach to modelling and analysis of nonlinear
processes dynamics of the complex systems combines together application of the
advanced mutual information approach, correlation integral analysis, Lyapunov

exponent’s analysis etc.

Keywords geometry of chaos, non-linear analysis, laser system
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1. Introduction

As it is known a chaos theory establishes that apparently complex irregular
behaviour could be the outcome of a simple deterministic system with a few
dominant nonlinear interdependent variables. The past decade has witnessed a
large number of studies employing the ideas gained from the science of chaos
to characterize, model, and predict the dynamics of various systems phenomena
[1]-[10]. The outcomes of such studies are very encouraging, as they not only
revealed that the dynamics of the apparently irregular phenomena could be
understood from a chaotic deterministic point of view but reported very good
predictions using such an approach for different systems too.

Earlier [1]-[8] we have developed a new, chaos-geometrical and information

technology combined approach to treating of chaotic low- and high-D attractor
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dynamics of complex dynamical systems and forecasting its temporal evolution.
Here we use this approach to carry out an analysis of chaotic self-oscillations
in a single-mode laser system with absorbing cell. Such systems have a great
practical interest and are used in different technical applications. Our approach
combines together application of a few techniques, namely, an advanced info-
mation technolgy, including a mutual information approach, correlation integral

analysis, Lyapunov exponent’s analysis etc.

2. Chaos-geometrical approach to complex self-oscillations in a single-

mode laser system with absorbing cell

In this work we study complex self-oscillations in a single-mode laser system with
absorbing cell. As an analysis technique use an advanced non-linear prediction
approach, based on some chaos theory methods and information technolgy algo-
rithms (in versions) [1]-[8]. We consider the output data of a theoretical model
of a single-mode laser resonator in which the reinforcement is placed along with
a nonlinear absorbing medium [9]. Each of the environments consists of identi-
cal two-level atoms. The gain and absorption lines are uniformly broadened and
their centers align and coincide with one of the frequencies of the cavity. Such a
model can describe the real system of five differential equations, which have been
numerically solved within different approximations [9]-[10]. At last, let us note
that the system studied is used for the experimental observation of a dynamical

chaos.

The fundamental aspects of our chaos-geometric approach version have been in
details presented earlier. So, here we are limited only by a short description of
the key aspects, following to our papers [1]-[8]. As usually, one should formally
consider scalar measurements s(n) = s(tp+ nAt) = s(n), where ¢y is a start
time, At is time step, and n is number of the measurements. In a general case,
s(n) is any time series (f.e. atmospheric pollutants concentration). As processes
resulting in a chaotic behaviour are fundamentally multivariate, one needs to
reconstruct phase space using as well as possible information contained in s(n).
Such reconstruction results in set of d-dimensional vectors y(n) replacing scalar
measurements. The main idea is that direct use of lagged variables s(n+7), where
7 is some integer to be defined, results in a coordinate system where a structure
of orbits in phase space can be captured. Using a collection of time lags to create
a vector in d dimensions, y(n) = [s(n),s(n + 7),s(n + 27),.,s(n +(d—1)7)],
the required coordinates are provided. In a nonlinear system, s(n + j7) are some
unknown nonlinear combination of the actual physical variables. The dimension

d is the embedding dimension, dg.
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Let us remind that following, for example, to [7]-[8], the choice of proper time
lag is important for the subsequent reconstruction of phase space. If 7 is chosen
too small, then the coordinates s(n + j7), s(n +(j + 1)7) are so close to each
other in numerical value that they cannot be distinguished from each other. If 7
is too large, then s(n + j7), s(n+ (j + 1)7) are completely independent of each
other in a statistical sense. If 7 is too small or too large, then the correlation
dimension of attractor can be under-or overestimated. One needs to choose some
intermediate position between above cases. First approach is to compute the
linear autocorrelation function C'f(4) and to look for that time lag where C'1,(0)
first passes through 0. This gives a good hint of choice for 7 at that s(n + j7)
and s(n+ (j + 1)7) are linearly independent.

It’s better to use approach with a nonlinear concept of independence, e.g.
an average mutual information [10]-{12]. The mutual information I of two mea-
surements a; and by is symmetric and non-negative, and equals to O if only the
systems are independent. The average mutual information between any value a;
from system A and by from B is the average over all possible measurements of
I4p(a;, by). Earlier it was suggested, as a prescription, that it is necessary to
choose that 7 where the first minimum of I(7) occurs.

Earlier (look [5]-[12]) it has been stated that an aim of the embedding dimension
determination is to reconstruct a Euclidean space R? large enough so that the
set of points d 4 can be unfolded without ambiguity. The embedding dimension,
dg, must be greater, or at least equal, than a dimension of attractor, d4, i.e.
dg > da. In other words, we can choose a fortiori large dimension dg, e.g.
10 or 15, since the previous analysis provides us prospects that the dynamics of
our system is probably chaotic. The correlation integral analysis is one of the
widely used techniques to investigate the signatures of chaos in a time series. If

the time series is characterized by an attractor, then correlation integral C(r)
is related to a radius r as d = lim loigy)

r—0,N— o0

, where d is correlation

exponent [13].
3. Some results and Conclusions

As it has been noted above as data for analysis we use the output data of theoret-
ical model of a single-mode laser resonator, more exactly, solutions of a system
of five differential equations, which have been numerically solved within different
approximations [9]-[10]. The cited system includes the equations for intensity,
and simuteniously for absorbing medium. The functions to be determined are
amplitude of the laser of the field, polarizations in the environment and differ-

ence between populations of the working levels in the two-level atomic ensemble.
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The key physical parameters include longitudinal and transverse relaxation rates
dy. , related to the half-width of the resonator dw/2, the ratio of the coefficients
of saturation of the absorbing and amplifying media b. We are interested by a
chaotic regime of the system, when there is realized a chaotic attractor. Indeed,
according to [9]-[10], strange attractors occur as a result of the sequence of bi-
furcations of solutions of above cited dynamical equations system, the first of
which is the Hopf bifurcation of stationary solutions with zero intensity of the
laser field. Appearance of bifurcations is linked with the governing parameter
N = F[d;,b;] (i=1,2). Our analysis shows that the Hopf bifurcation occurs at
moderate values N, if the relative width of the absorption line ds is quite small,
and the relative width of the gain line d; is quite large. The numerical calcula-
tion showed that in order to get the chaotic lasing it is necessary the following:
to saturate the absorber should be saturated stronger than the amplifier (b>1).
At low b the limit cycles generated from the stationary solutions with the zeroth

intensity is stable up to very large values of N.

It table 1 we list the values of the autocorrelation function C; and the first
minimum of mutual information I,,;,1 for time series of the output function
(amplitude, polarization)for the studied single-mode laser system with absorbing

cell (four sets of data).

Table 1. Time lags subject to different values of C'y, and first minima of average

mutual information, /1, (see text).

Series 1 | Series 2 | Series 3 | Series 4
Cr=0.1 | 42 53 68 96
Cr=0.5 |7 8 10 16
Iina 8 10 12 112

The values, where the autocorrelation function first crosses 0.1, can be chosen
as 7, but in [10]-[13] it’s showed that an attractor cannot be adequately re-
constructed for very large values of 7. So, before making up final decision we
calculate the dimension of attractor for all values in Table 1. The large values
of 7 result in impossibility to determine both the correlation exponents and at-
tractor dimensions using Grassberger-Procaccia method [13]. Here the outcome
is explained not only by inappropriate values of 7 but by shortcomings of cor-
relation dimension method too. If algorithm [4] is used, then a percentages of
false nearest neighbours are comparatively large in a case of large 7. If time
lags determined by average mutual information are used, then algorithm of false

nearest neighbours provides dg = §.
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Table 2 shows the time lags, correlation dimension (dz), embedding dimen-
sion (dg), Kaplan-Yorke dimension (dj,) for time series of the output function
(amplitude, polarization)for the studied single-mode laser system with absorbing
cell (two sets of data, accordingly, regimes: chaos 1 and chaos 2).

Table 2. The Time lag (7), correlation dimension (ds), embedding dimension
(dg), Kaplan-Yorke dimension (dy,) for time series of the the output function for

the studied single-mode laser system with absorbing cell.

Chaos 1 Chaos 2
T 7 8
(do) | 4.7 4.7
(dg) | 5 5
dp, 4.15 4.17

The further computing give the following values for two Lyapunov’s exponents
(LE) \;, namely, one LE pair for chaos 1 regime: 0.215 and 0.154 and for the
chaos 2 regime: 0.218 and 0.152). Naturally, the positive values of the first two
Lyapunov’s exponents confirm a chaotic feature of the system dynamics [14]-[16].
So, in this paper we have presented results of computing and numerical analysis
of the strange attractor dynamics of the single-mode laser system with absorb-
ing cell with using an advanced chaos-geometrical and information technology
approach (combinatin of the advanced mutual information approach, correlation
integral analysis, Lyapunov exponent’s analysis etc). The numerical data on the
time lags, correlation dimension, embedding dimension (dg), Kaplan-Yorke di-
mension (dy,) and the LE for time series of the output function for the studied

single-mode laser system with absorbing cell are listed.
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I'eomerpuyeckne BeJMYMHbBI HA MJIOCKOCTH
JlobaueBckoro

Hazexxaa I'puropbeBHa KoHOBEHKO
http://orcid.org/0000-0002-8631-0688

Annoranua B sToit paboTe onmChHIBAIOTCS JIOKAJIbHBIE CTPYKTYPbI T€OMETPH-
9eCKUX BEJIWYWH HA TIOCKOCTH JloDadeBCKOro. DTO ONMUCAHWE COMEPIKUT KaK
JINHEWHbIE, HATPUMED TEH30DPbI, TAK U HEJUHEIHbIE TeOMETPUIECKNE BETUINHDI
¥ CYIIECTBEHHBIM O00PA30M HCIOJIb3YETCS TTPU HAXOXKIEHWH Oa3uCcHBbIX audde-

peHmaibHbIX uHBapuanTos ([1]).

KirodeBble cJioBa ILIOCKOCTD .Ho6aqu(:Koro, TeOMETpUYIECKNEe BEJINYNHBI,

nuddepentmaabHble MTHBAPUAHTHI, H30METPHUH.

VK 514.132

1 sl3(R)-pmeiicrBue Ha miockoctu JlobaueBckoro

B cramgaprHoit Mmomenu reomerpus JIoOaueBCKOTO peann3yercs Ha BEPXHEH To-

aymwiockocru L2 ¢ MeTpukoit

dx? + dy?
o= Li)y
Y
Ipynna asuxkenuii miaockocru Jlobauesckoro uzomopdua rpynme Jlu PSLy(R),

a ee anrebpa JIu moposkaeHa BeKTOPHBIMU MOJISIMU

A=0,,
B = (2? — y*)0, + 2xyd,, (1)
H =220, + 2y0,,
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YAOBJIETBOPAIOMINMU KOMMY TAIlTUOHHBIM COOTHOIMEHUAM
[H,A] = —2A, [H,B]=2B, [A, B]=H.

Tlox omHOPOAHBIM pacC/IOEHHEM HAJI IJIOCKOCTHIO JIOOATEBCKOrO MBI MMOHUMAEM

TaKOe pacCimoeHue
7:R™ x L? - L2,

rae 7 : (u,x,y) — (z,y), B KoTopoe moxusTO 53 (R)-meficTeue.
Muage roBopsi, B TOTAJTHHOM IPOCTPAHCTBE PACCIOCHHUSA T, YKA3AHBI BEKTOPHDIE

nons A, B, H, yI0oBIeTBOPSIONIHE KOMMYTAIIMOHHBIM COOTHOIIEHUSAM AIreOpbhI

JIn 5[2 (R)

[H,4) = —24, [H,B]=2B, [A DB =1,

n TaKue 4TO

m.(A)=A, 7w.(B)=B, m.(H)=H.

TeoMeTputecKoit BeJIMYMHON Ha MIOCKOCTH JI06aH4eBCKOr0 Ha3bIBAETCSA IVIAIKOe
cedenne omHOpoaHOrO sls(R)-paccnoenusi. PazMepHOCTh reOMETPHYECKO Besn-

YMHbI HA3BIBACTCA PAa3MEPHOCTb COOTBETCTBYIOIIErO OAHOPOJAHOIO PaCC/IOCHUA.

2 JlokajabHas KJ'IaCCI/I(bI/IKaI_II/Iﬂ reoMeTpu4eCKux BeJINYYNH

TIpeanonokum, 9T0 BEKTOPHBIE TIOJISA B PACCMATPUBAEMON 00JIACTH TIOPOK IAIOT
DJIaJIKoe pacrpejiesieHue 8 pasMepHoCTH 7.

B mamuoM ciaydae BeKTOpHBIE ToJsd A w1 B JUHEHHO HE3ABUCHMBI, TO3TOMY
BeKTOpHbIE 110J1g A, B - Tax:Ke JMHeilHO He3aBUCUMbL.

CnemoBarepao 7 = dim*d MOXKeT NMPUHWMATH TOJBKO IBA 3HAUEHUS T =
2 wim r = 3. B g000om w3 3THX CiydaeB, Mbl MOMXKEM BbIOpATH KOOPIMHATHI
(u,w?,...,w™,x,y) B PACCIOCHEE T TaK, 9TOOLI w2, ..., w™ - OBLIA TEPBBIME
HHTerpajaMu Jid BeKTOpHLIX moseit A, B, H, a hyHKIUA © JOIOTHETETHLHO
ABJIAIACH TEePBLIM HHTEIPAJIOM BeKTOPHLIX moseit A u H. JleficTBUTEIBHO, 3TO
OYEBU/IHO B CJIy4ae, KOrJa 1 = 2, HOCKOJIbKY TOIJIA U MOXKET ObITh BbIOpAHA KAK
ePBbIA MHTErpas BEKTOPHBIX HOJIEH Z, E, H.

Ecom e 7 = 3, TO Ha 3-X MEpHBIX MHOTOO0Opasmax w? = ... = w™ =
const sBexkropubie noaa A u H onpegendior 2-MepHOe pacipeie/ieHie, KOTOpoe
BIIOJTHE HHTETPUPYEMO, B CHTy KOMMYTAITMOHHOTO cooTHomenus [H, A] = —2A.
DyHKIMSA 1 MOYXKeT ObITh BHIOpaHA KaK TEPBBI HHTErpaJl 3TOr0 PACIPE/IeIeHNUS .

IIpu Takom BBHIOOPE KOOPAWMHAT TPEICTABICHUE TPUMET BHJI;:
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A=0,,
B = (2% — y*)0x + 22y0y + yb(z, y, u, )0y, (2)

H =220, + 2y0,.

W3 KOMMYTAIMOHHBIX COOTHOIIEHHH CaeayeT, 9TO (PyHKIuUS b mMeeT Caemy-

TOIIUI BUI:

bz, y, u,w) = yb(u,w).

OTmeruM TakxKe, 4TO eclad r = 2, WU, UHAYE TOBOPH, €CJIU Pa3sMEPHOCTH
5lo(R)-opbur B paccinoenun m pasabl 2, 10 b(u, w) = 0. Ecin ke pasmepHOCcTH
s[5 (R)-opbur B paccioeHnu m paBHBI 3, TO b(u,w) # 0 U 3aMeHOl TepeMeHHBIX

BHJIA:

(u, w) = (U (), W(u, w))

BEKTOpHOE 1oJie bd,, MOKET OLITH BBIIPIMJICHO.

CyMmMmupys CKazaHHOE MPUXOIUM K CJIEJYIONEMY Pe3yIbTary.

Teopema 1 Jleticmeue anzebpv, Ju uzomempuii naockocmu Jlobavwesckozo 6 00-

nopodnom sla(R)-paccaoenuu 40kaAbHO IKEUSAAEHMHO 00HOMY U3 CALOYIOULUT:

1

Oz,
($2 - y2)8w + 2-77:‘/81/’ (3)
= 220, + 2y0y,

A
B
H

ecau pasmeprocms sly(R)-opbum 6 paccroenuu m paghuovt 2, uiu
2)

A=0,,
B = (22 -9y?)0, + 2xy0y + YOy, (4)
H =220, + 2y0,,

ecau pasmepnocmo sl (R)-opbum 6 paccaoenuu m pasro 3.

3 sl3(R)-gelicTBUsA HAa reOMETPUYECKUX BEJIMUYMHAX

Paccmorpum Bexropmoe noie V = a(z,y)0, + b(x, y)0, Ha miockocru Jlobaues-

CKOT'O U IIyCThb

m

V = a(@, )0 + b(x,9)0y + > Ai(,y,u)ys

=1
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€ro TOJHSATHE B PACCIOEHUE reoMerpudeckux BegudnH. OO03HAUMM UYepe3 oy
O/IHOIIAPAMETPUYECKYIO IPYIILY CABUIOB BJOJIb BEKTOPHOIO 1O V, & Yepe3

Ipyniy CABAI'OB BJIOJIb V. Torna kaxaas reoMeTpuvecKas BeJTUINHa,
s:R™ x Ly — Lo

omnpejeaser OyTh S; B IPOCTPAHCTBE NeOMETPUICCKUX BEJIUINH
St = P_; 0S80 Py

CropocTh u3MeHeHust

MBI Ha3bIBAEM JeficTBHeM V HA reoMerpudeckyio Besmuuny s. Hecmoxkuo mpo-

Beputh ([3]), 4ro

V(s) = as, + bsy, — A(z,y, s).

Wcnonb3yst IPebIIyINyI0 TeopeMy u 3Ty (OpMyJly MBI MOJIYyYaeM CJIeAyIoIine

HOpMauibHbIe (bopMbI sl (R)-meficTBrit Ha TEOMETPHUECKNX BEJIWINHAX.

Teopema 2 /Jleticmeue anazebpv. JIu uzomemputi naockocmu Jlobauesckozo Ha

CEOMEMPUYECKUT BEAUHYUHAT NOKAADHO IKBUBANEHTIIHO me@ywwmy:

)

A(S) = a4,
B(s) = (2% — y?)s; + 22ys,, (5)
H(s) = 2xs, + 2ysy,

ecau pasmepnocms sly(R)-opoum 6 paccaoeruu m pashos 2.
2)

ecau pazmeprocmo sla(R)-opbum 6 paccaoenuu m pasros 3.

4 IIpumepsi

B xauectBe OIPUMEPOB I€OMETPHUIECKUX BEJIUYIHNH MbI PAaCCMOTPHUM TEH30PbI Ha

mtockoctu Jlobagesckoro ¢ sly-neficTBuem, onpeaeasseMbiM MPOU3BOAHON JIu.
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4.1 OyHKIMN
Mycrs s = s(x,y) aBnsiercs raankoil dyukuueit Ha nyockocru Jlobauesckoro, u
V(s) = Ly(s) = asy + bsy.
B sroM ciyuae noaaaTHe V HMeeT BHL
V = ad, + bd,,

rne A =0.

ro geiicreue coBnagaer ¢ (5).

4.2 BekTopHBIe TOJIA

IIycrb s = 510,520y ABIAETCA BEKTOPHBIM HOJIEM HA IITTOCKOCTH JlobadeBckoro,

n

V(S) = LV(S) = (asl,m — S10y + bSl,y — ay32)81:+

+(as2 4 — s1by + bsay — bys2)0y.

Ecim 3amucbiBaTh BEKTOPHOE TOJIE S B BHJIE CTOJOIA

s=("), (7)
S2

TO yKa3aHHOe JieficTBue npuMer CJjiedylomuit Buj:
asiz +bsiy Qg Gy s1

V(s) =

as,g + bsay by by ) \s2

COOTBETCTBEHHO MOIHATHE BEKTOPHOTO MO V NMEET BUI:
V =ad, + b0y + (agur + ayuz)0y, + (bzur + byua)0y,.

Ouesummo, uTo AymMHA BeKTOpa |s|? = y~2(s? + s3) aBasgerca WHBAPHAHTOM
slo-meiicTBuil, a MOITOMY pa3MEPHOCTh $lp-OpOUT B KacaTeJIbHOM PaCCIOCHUU
paBHa 3.

Takum obpasom, slo-zeiicTBue, 3amaBaeMoe pou3BoAHON JIu (8) JjloKaIbHO

SKBUBaJIEHTHO (6).
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4.3 Iuddepennmanpusie 1-hopMbr

Ilycty Temepp s = sidx + sody saBisiercsa muddepennuaabaoit 1-dbopmoit Ha
mwirockoctu JlobadeBckoro, a JeiicTBre, KaK W BBIIIE, JaeTcs Tpom3BomHoil Jlu
([2]):

V(s) = Ly (s) = (as1,z + bs1,y + ags1+

+bys2)dx + (asa,y + bsay + ays1 + bysa)dy.

Banucas quddepenimanbuyio 1-bopmy s B Buge crosnbua (7) Mbl moiaydaem

CIeAYoMy 0 (popMy AeiicTBuUs:

as1,y +bs1y az by S1
V(s) = , z 0
as2,, + bsay ay by So

COOTBeTCTBeHHO, IIoaHATHNEe BeKTOpHOFO I10J14d v nMeerT BU/I:
V = a0; + b0y — (azu1 + byu2)0u, — (ayur + byus)Oy,.

CootsercrBytomee slo-neiicTue Takxke coxpansier quHy auddepeHnaTbHOMN
dbopumr |s]? = y%(s? + s2). [TosTomy pasMepHOCTD §lo-OpOUT B KOKACATETHLHOM

paccjoenun paBHa 3, a GpyHIaMeHTATbHOE §lo-TeficTBIE JOKATHHO SKBUBAJIEHTHO

(6).
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Nadiia G. Konovenko
The geometrical sizes on Lobachevski plane
In this paper we investigate a local structure of geometrical quantities on

the Lobachevski plane. This structure is used to describe metric differential

invariants on the Lobachevski plane ([1]).
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