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Ìèõàéëî Ëåîíiäîâè÷ Ãàâðèëü÷åíêî.
Äî 80-ði÷÷ÿ çi äíÿ íàðîäæåííÿ

Ìèõàéëî Ëåîíiäîâè÷ Ãàâðèëü÷åíêî íàðîäèâñÿ 25 ñi÷íÿ 1935 ðîêó â ðî-

äèíi ñåëÿí ñ. Ïàðêàíöi Ðîçäiëüíÿíñüêîãî ðàéîíó íà Îäåùèíi. Â 1954 ðîöi

âií ñòàâ ñòóäåíòîì ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Îäåñüêîãî äåðæàâíî-

ãî óíiâåðñèòåòó iì. I.I.Ìå÷íèêîâà, ïiñëÿ çàêií÷åííÿ ÿêîãî éîìó çàïðîïîíó-

âàëè ïðîäîâæèòè íàâ÷àííÿ â àñïiðàíòóði ïî êàôåäði ãåîìåòði¨ ïiä íàóêîâèì

êåðiâíèöòâîì òîäi ùå äîöåíòà Ñèíþêîâà Ì.Ñ.

Ç 1961 ðîêó ìîëîäèé â÷åíèé ïðàöþâàâ àñèñòåíòîì êàôåäðè àëãåáðè i

ãåîìåòði¨, ÿêà â íàñëiäîê ðåîðãàíiçàöi¨ óíiâåðñèòåòó 24 òðàâíÿ 1963 ðîêó

ðîçäiëèëàñÿ íà äâi (êàôåäðó àëãåáðè i òåîði¨ ÷èñåë òà êàôåäðó ãåîìåòði¨ ¨



8

òîïîëîãi¨) i Ì.Ë. Ãàâðèëü÷åíêî ïðîäîâæèâ ñâîþ íàóêîâî-íàâ÷àëüíó äiÿëü-

íiñòü âæå ñòàðøèì âèêëàäà÷åì êàôåäðè ãåîìåòði¨ i òîïîëîãi¨.

Ó 1967 ðîöi Ì.Ë. Ãàâðèëü÷åíêî â ì. Õàðêîâi çàõèñòèâ êàíäèäàòñüêó äè-

ñåðòàöiþ íà òåìó ¾Ñïåöiàëüíi íåñêií÷åííî ìàëi çãèíàííÿ ïîâåðõîíü¿, îïî-

íåíòàìè ÿêî¨ áóëè ïðîôåñîðè ß.Ï. Áëàíê òà Ë.À. Øîð, à ïðîâiäíîþ îðãà-

íiçàöi¹þ � Õàðêiâñüêèé iíñòèòóò íèçüêèõ òåìïåðàòóð, âiääië ãåîìåòði¨ ÿêèé

î÷îëþâàâ ïðîôåñîð Ïîãîðåëîâ Î.Â. Ó ãðóäíi 1972 ðîêó îòðèìàíî â÷åíå çâà-

ííÿ äîöåíòà.

Ó 70-õ ðîêàõ Ìèõàéëî Ëåîíiäîâè÷ áóâ ñåêðåòàðåì Ñïåöiàëiçîâàíî¨ Â÷å-

íî¨ ðàäè äëÿ çàõèñòó äèñåðòàöié íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäà-

òà ôiçèêî-ìàòåìàòè÷íèõ íàóê çà ñïåöiàëüíiñòþ ¾Äèôåðåíöiàëüíi ðiâíÿííÿ¿

(ãîëîâîþ ðàäè áóâ òîäi ïðîôåñîð Ãàâðèëîâ Ì.I.), à çãîäîì çà ñïåöiàëüíiñòþ

¾Äèôåðåíöiàëüíi ðiâíÿííÿ i ãåîìåòðiÿ¿ ïiä ãîëîâóâàííÿì Ñèíþêîâà Ì.Ñ.

Öåíòðàëüíîþ òåìîþ íàóêîâèõ äîñëiäæåíü ¹ çàäà÷à ïðî ãåîäåçè÷íi äå-

ôîðìàöi¨ ãiïåðïîâåðõîíü ðiìàíîâèõ ïðîñòîðiâ çà íàÿâíîñòi ðiçíîìàíiòíèõ

ïðèïóùåíü ÿê ïðî ãiïåðïîâåðõíþ, òàê i ïðî äåôîðìóþ÷å ïîëå. Ðåçóëüòàòè

äîñëiäæåíü äîïîâiäàëèñü íà ðiçíîìàíiòíèõ ìiæíàðîäíèõ íàóêîâèõ êîíôå-

ðåíöiÿõ, çîêðåìà, Ãàâðèëü÷åíêî Ì.Ë. ó÷àñíèê óñiõ ðîêiâ (2004− 2014) êîí-

ôåðåíöi¨ ¾Ãåîìåòðiÿ â Îäåñi¿.

Çàäà÷à ñôîðìóëþâàëàñÿ ó 70-õ ðîêàõ i ïåðøîþ äåòàëüíîþ ïóáëiêàöi¹þ çà

äàíîþ òåìàòèêîþ ¹ ðîáîòà ¾Di�erential Geometry and Its Application¿ (Brno,

Czchoslovakia, 1989, World Scienti�c, Singapore).

Ó 1997 ðîöi çà ðåçóëüòàòàìè äîñëiäæåíü âèäàíî ìîíîãðàôiþ ¾Ãåîäåçè-

÷íi âiäîáðàæåííÿ i äåôîðìàöi¨ ðiìàíîâèõ ïðîñòîðiâ¿ (Îäåñà, Îëîìîóö), ÿêà

ñòàëà íàñòiëüíîþ êíèãîþ áàãàòüîõ ñòóäåíòiâ, àñïiðàíòiâ òà ìîëîäèõ íàóêîâ-

öiâ.

Ó ðiçíi ðîêè Ìèõàéëî Ëåîíiäîâè÷ ÷èòàâ çàãàëüíi êóðñè - ¾Àíàëiòè÷íà

ãåîìåòðiÿ òà ëiíiéíà àëãåáðà¿, ¾Îñíîâè ãåîìåòði¨¿, ¾Ðiìàíîâà ãåîìåòðiÿ¿,

¾Ãðóïè Ëi¿, ¾Àíàëiòè÷íà ãåîìåòðiÿ¿, ¾Äèôåðåíöiàëüíà ãåîìåòðiÿ¿, ¾Ãåîìå-

òðiÿ ïîâåðõîíü i ãðóïè ïåðåòâîðåíü¿ òà ñïåöêóðñè � ¾Òåîðiÿ íåñêií÷åííî

ìàëèõ çãèíàíü¿, ¾Îñíîâè òåîði¨ âiäíîñíîñòi (ãåîìåòðè÷íèé àñïåêò)¿, ¾Ïèòà-

ííÿ äèôåðåíöiàëüíî¨ ãåîìåòði¨ ¾â öiëîìó¿, ¾Òåíçîðíå ÷èñëåííÿ¿.

Àâòîð ÷èñëåííèõ ìåòîäè÷íèõ ðîçðîáîê, ñåðåä ÿêèõ õî÷åòüñÿ âèîêðåìèòè

íàâ÷àëüíèé ïîñiáíèê ¾Ãåîìåòðiÿ ïîâåðõîíü i ãðóïè ïåðåòâîðåíü¿. Âîëîäàð

áàãàòüîõ ãðàìîò òà âiäçíàê ðiçíîãî  àòóíêó ñåðåä ÿêèõ ïî÷åñíèé íàãðóäíèé

çíàê Ìiíiñòåðñòâà âèùî¨ i ñåðåäíüî¨ îñâiòè ÑÐÑÐ, ïî÷åñíà ãðàìîòà Îäåñüêî¨

ìiñüêî¨ Ðàäè (2012 ðiê), i ÿê ïiäòâåðäæåííÿ ïåäàãîãi÷íî¨ ìàéñòåðíîñòi òà âè-
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ñîêîãî ðiâíÿ îñâiòíüî¨ ïiäãîòîâêè ñòóäåíòiâ - ãðàìîòà ó íîìiíàöi¨ ¾Âèêëàäà÷

ðîêó î÷èìà ñòóäåíòiâ¿.

Çàãàëüíèé ñòàæ ðîáîòè íà êàôåäði � 52 ðîêè.

Íàóêîâå òîâàðèñòâî, êîëåãè, ó÷íi ùèðî é ñåðäå÷íî âiòàþòü Ìèõàéëà Ëåî-

íiäîâè÷à Ãàâðèëü÷åíêà ç þâiëå¹ì i çè÷àòü éîìó ìiöíîãî çäîðîâ'ÿ, äîâãîëiòòÿ,

íàòõíåííÿ òà ðàäîñòi!
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Properties of vacuum and brane spectrum of Type
IIB string theory

T.V. Obikhod

Abstract F-theory has been receiving more attention in the past few years

because its rich structure allows to solve many problems of the Standard

Model and Grand Uni�cation Theory. This theory is also important because

of the necessity to solve the problem of vacuum stability. A simpler solution of

F-theory is used to describe the Type IIB string theory. For the classi�cation

of D-brane charges in superstring theory of Type IIB is applied K-theory. This

approach provides an access to gauge �elds connected with vector bundles,

classi�ed by K-theory. This technique implements the resolution of issues related

to the structure of scales and hierarchies, the gauge group and charged matter

content.

Keywords F-theory · Vacuum stability · Type IIB string theory · gauge �elds
· K-theory

ÓÄÊ 539.12
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1 Introduction

One of the most pressing issues of modern theoretical high energy physics is the

question of the origin of the Universe and the subsequent adequate treatment of

problems of the physics of elementary particles in the light of recent experimen-

tal data at the LHC. Most modern theoretical studies tend to come from Big

Bang as a mechanism for further formation of our universe when all four of the

known interactions were merged into one in the early stages. But we deal with

the cosmological constant problem, or more accurately with the vacuum energy

problem, because energy density of vacuum receives a nonzero contribution from

symmetry breaking: the scale Λ would be typically of the order of 100 GeV in

the case of the electroweak (EW) gauge symmetry breaking or 1 TeV in the case

of supersymmetry breaking, but from [1] we have

Λ ≤ 10−30mp ∼ 10−3eV.

Therefore, the solution of this problem could be connected with the inclusion

of gravity and supersymmetry in the theory of supergravity. The "gap" between

the weak scale and the Planck scale, that is presented in Fig.1, is one of the

major motivating factors behind trying to search for a quantum gravity theory

in general, and string theory in particular as natural extensions of the Standard

Model which solve the hierarchy problem. Many physicists would like a single

theory that could be applied at all scales.

Fig.1. Energy scale of four interactions

The theory, which implements these ideas is F-theory. F-theory description is

12-dimensional theory, because in addition to three space dimensions plus one

time, we have eight small dimensions. This is an example of a common theme

in the development of string theory; more and more of the theory's details, such

as what particles exist and how they interact, or what branes live where, can be
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described simply in terms of the geometry of the extra dimensions. F-theory has

been receiving more attention in the past few years because its rich structure

allows solutions that reproduce many of the phenomena of the Standard Model

(SM) and Grand Uni�cation Theory (GUT).

2 F-theory and e�ective potential of unstable vacuum

Vafa noticed that certain complicated solutions of Type IIB string theory [2]

could be described in terms of a simpler solution of F-theory with 12 dimen-

sions, up from the 10 dimensions of superstrings or the 11 dimensions of M-

theory. One no longer spoke of di�erent theories, but rather di�erent solutions

of some master theory. The space of these solutions is called the Moduli Space of

Supersymmetric Vacua. String/M theory appears to describe a very large num-

ber of four dimensional vacua with inequivalent physics, most of which clearly

do not describe our universe. However the continuum of solutions in the su-

permoduli�space are all supersymmetric with vanishing cosmological constant.

Furthermore they all have massless scalar particles, the moduli themselves. May

be none of these vacua can be our world. As the expansion of the Universe is

accelerating, the simplest explanation is a small but non�zero cosmological con-

stant. Evidently we have to expand our thinking about vacua to include states

with non�zero vacuum energy. If we call the space of all string theory vacua the

landscape, the supermoduli�space is a special part of the landscape where the

vacua are supersymmetric and the potential V(Φ) is exactly zero. These vacua

are marginally stable and can be excited by giving the moduli arbitrarily small

time derivatives. Once we move o� the plain, supersymmetry is broken [3]. There

is the picture with such vacua in Fig.2. The de Sitter vacuum occurs at the point

Φ = Φ0 . However, the absolute minimum of the potential occurs not at Φ0 but

at Φ =∞.

Fig.2. E�ective potential of unstable vacuum with respect to tunneling to other

vacua.
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3 Minimization of Type IIB string potential

In [5] was emphasized that for Type IIB theories, the corresponding vacua are

realized as compacti�cations of F-theory on Calabi-Yau fourfolds. When Type

IIB strings are compacti�ed on a Calabi-Yau manifold, under the assumption

that the special Kähler moduli space of complex structures of the Calabi-Yau

has a symplectic basis, it was shown that the potential could be minimized [4].

It should be noted that the N = 0 supersymmetric minima are below the N

= 2 minima. So we can talk about the particle spectrum of the string Type

IIB and about the instability of the vacuum associated with this string. As

explained in [6], realizing the primary ingredients of GUT models requires, that

the singularity type, connected with the compacti�cation of Type IIB string

theory, should correspond to a subgroup of the exceptional group E8 . Because

the Standard Model gauge group has rank four, SU(5) is the only available

GUT group. After implementation of a higher-dimensional breaking mechanism

to obtain four-dimensional models, we can receive the minimal four-dimensional

supersymmetric SU(5) Grand Uni�cation Theory with standard Higgs content

[7].

The uni�cation of gauge coupling constants, which takes place in SUSY mod-

els at high energies [8], allows the SM gauge group to be embedded into GUTs

[9]. Such GUTs gauge groups are SU(5), SO(10) or E6 . Theories with �at extra

spatial dimensions, the simplest of which are �vedimensional theories [10]

ds2 = ηµνdx
µdxν + dy2

and warped extra spatial dimensions [11]

ds2 =
1

k2y2
(dy2 + ηµνdx

µdxν)

(where k is some constant and η has "-+++" metric signature) also allow one

to explain the hierarchy between the EW and Planck scales, providing new in-

sights into gauge coupling uni�cation [12] and the cosmological constant problem

[13]. However, in the presence of a non-factorizable geometry, the Planck scale

is determined by the higher dimensional curvature. The relation between the

MPl in our 4 dimensions and the fundamental uni�cation scale MPl(4+n) is the

following

M2
Pl =Mn+2

Pl(4+n)R
n,

where n are extra dimensions and R is the size of the extra dimensions. For the

model described by Randall and Sundrum (RS1) the 5-d Planck scale is related
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to the geometry of the extra dimensions and the observed Planck scale by the

formula

M2
Pl =

M3
Pl5

k
[1− e−2krcπ].

Randall and Sundrum also discovered that Λ5, the �vedimensional cosmological

constant (vacuum energy) of the bulk, is negative Λ5 = −24M3
Pl5k

2.

4 Phase transitions of SUGRA model and electroweak vacuum

stability

The SUGRA, which is one of the variety of GUT, demonstrates, that in N = 1

supergravity there might be a mechanism which ensures the vanishing of vacuum

energy density in the physical vacuum [14]. This mechanism may also lead to a

set of degenerate vacua with broken and unbroken supersymmetry. The higher-

dimensional breaking mechanism which is associated with four-dimensional GUT

Higgs multiplets and symmetry breaking higgs mechanism is presented in [7].

Thus, after the breaking of supersymmetry, we are dealing with a Higgs boson.

However, at this stage of supersymmetry breaking it is not all smooth. Recent

data on the top quark mass, make it possible to assert about the metastability

of the electroweak vacuum and the possibility of transition to a new state of the

Universe. Therefore, we have a number of successive minima of vacuum.

In quantum �eld theory, a false vacuum is a metastable sector of space that

appears to be a perturbative vacuum, but is unstable due to instanton e�ects

that may tunnel to a lower energy state. The false vacuum is a local minimum,

but not the lowest energy state, even though it may remain stable for some time.

The Standard Model of particle physics opens the possibility of calculating from

the masses of the Higgs boson and the top quark, whether the Universe's present

electroweak vacuum state is likely to be stable or merely long-lived. A 125�127

GeV Higgs mass seems to be extremely close to the boundary for stability but

a de�nitive answer requires much more precise measurements of the top quark's

pole mass. Vacuum stability up to Planck scale put constraint for the mass of

the Higgs boson

mH [GeV ] > 129.5 + 1.4

(
mt[GeV ]− 173.1

0.7

)
− 0.5

(
αs(MZ)− 0.1184

0.0007

)
.

Complexity emerges when another local minimum at large �eld is the same or

deeper than the EW. Then quantum tunneling e�ects from the EW vacuum to

the deeper one could make vacuum decay. At present therefore, there are "too

large uncertainties which do not allow to draw a �rm conclusion on the important
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question whether the electroweak vacuum is indeed stable or not". Fig.3 re�ects

the essence of the problem.

Fig.3. Top quark mass dependence of the mass of the Higgs boson, showing a

metastable vacuum

Scienti�c models of our Universe have included the possibility that it exists as a

long-lived, but not completely stable, sector of space, which could potentially at

some time be destroyed upon 'toppling' into a more stable vacuum state. This

catastrophic bubble of "true vacuum" could theoretically occur at any time or

place in the Universe, which means (because the bubble of "true vacuum" will

expand at the speed of light) the end of such a false vacuum could occur at any

time [15].

Various con�gurations of the e�ective potential of vacuum are presented in

Fig.4. If the life time is larger than the age of our Universe, then the vacuum is

metastable (c and d). If not, we have an unstable vacuum (e).



16

DOI: http://dx.doi.org/10.15673/2072-9812.2/2015.51567

T.V. Obikhod

Fig.3. Various con�gurations of the e�ective potential

5 The classi�cation of D-brane charges in superstring theory of Type

IIB

We can try to develop techniques to realize that the standard questions are moti-

vated directly by comparison with experiment, such as the structure of scales and

hierarchies, the gauge group and charged matter content. It would be interesting

to consider the D-brain charges in terms of the K-theory of spacetime. As soon

as D-branes carry Ramond-Ramond charge which are cohomology classes, we

deel with K-theory which involves vector bundles and gauge �elds. In the brane

spectrum of Type IIB one has unitary gauge groups and this fact explained the

proposal that D-brane charge takes value in K(X). We apply the K-theory to the

classi�cation of charges of D-branes in superstring theory of Type IIB [16]. We

begin by considering the Type IIB theory, where superstring closed and oriented.

RR-charge of D-branes of Type IIB is measured by K-group of transversal space

to the manifold X, i.e K(Sn) classi�es (9-n) branes in string theory of Type IIB.

Conformity of K-group is determined by the homotopy theory:

K(Sn) = πn−1(U(k)), k > n/2.

Since

πn(
⋃
k

U(k) = U(∞)) = πn+2(U(∞)),

then

K(Sn) = K(Sn+2).
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I.e one can see Bott periodicity in the brane spectrum of Type IIB. From this

and relations

K(S0) = Z, K(S1) = 0

we get Table 1, which re�ects the fact that the theory of Type IIB has stable

Dp-branes only for p � odd.

Table 1. Topological charges of Dp-branes for K(Sp) group

Dp D9 D8 D7 D6 D5 D4 D3 D2 D1 D0 D(-1)

Sp S0 S1 S2 S3 S4 S5 S6 S7 S8 S9 S10

K(Sp) Z 0 Z 0 Z 0 Z 0 Z 0 Z

It is clear from the table, that D3-brane charge takes an integer value and this

fact indicates the possible existence of solitonic object in our fourdimensional

world (3+1) with the energy values or RR charges belonging to the group of

integers. As soon as we deel with K-theory, we can speak about vector bundles

and gauge �elds connected with this bundles. It should be noted that in [17] is

calculated the total number of vacua with cosmological constant |Λ| < Λmax and

compacti�cation volume VM < V >. The predictivity of string/M theory leads

to the conjecture that the number of consistent �ux vacua

Nfluxvac(Λmax, V
>, [B]) ∈ Z

is �nite.

6 Conclusions

Thus, within the Big Bang framework it is assumed that the Universe expands.

During this process the Universe passes through some characteristic energy scales

of phase transitions. These transitions are connected with symmetry breakings,

each of which leaves the vacuum state less symmetric than before. A more sym-

metric vacuum state undergoing a chain of symmetry breakings producing a less

symmetric vacuum state at present. A chain of symmetry breakings could be

illustrated as follows:

The physics of the phase transitions depend on the theory of particle physics

which is implemented to model of the Universe. The new vacua described as

F-theory and discovered by Vafa [18], allowed string theorists to construct new
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realistic vacua, that is shown for Type IIB string theory in this article. Thus,

the particle spectrum of Type IIB string theory is the most adequate represen-

tation of the nature of elementary particle physics taking into account recent

experimental data and theoretical developments.
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Ò.Â. Îáèõîä

Ñâîéñòâà âàêóóìà è ñïåêòð áðàí ñòðóííîé òåîðèè Òèïà IIB

Â ïîñëåäíèå íåñêîëüêî ëåò Ô-òåîðèÿ ïðèâëåêàåò áîëüøåå âíèìàíèå

áëàãîäàðÿ åå áîãàòîé ñòðóêòóðå, ïîçâîëÿþùåé ðåøèòü ìíîãèå ïðîáëåìû

Ñòàíäàðòíîé Ìîäåëè è Òåîðèè Âåëèêîãî Îáúåäèíåíèÿ. Ýòà òåîðèÿ

òàêæå âàæíà èç-çà íåîáõîäèìîñòè ðåøèòü ïðîáëåìó ñòàáèëüíîñòè

âàêóóìà. Áîëåå ïðîñòàÿ ðåàëèçàöèÿ Ô-òåîðèè èñïîëüçóåòñÿ äëÿ îïèñàíèÿ

ñòðóííîé òåîðèè òèïà IIB. Äëÿ êëàññèôèêàöèè çàðÿäîâ D-áðàí â

ñóïåðñòðóííîé òåîðèè òèïà IIB ïðèìåíÿåòñÿ Ê-òåîðèÿ. Ýòîò ïîäõîä

îáåñïå÷èâàåò âûõîä íà êàëèáðîâî÷íûå ïîëÿ, ñâÿçàííûå ñ âåêòîðíûìè

ðàññëîåíèÿìè, êëàññèôèöèðîâàííûìè Ê-òåîðèåé. Ýòà òåõíèêà ðåàëèçóåò

ðåøåíèå âîïðîñîâ, ñâÿçàííûõ ñî ñòðóêòóðîé ìàñøòàáîâ è èåðàðõèé,

êàëèáðîâî÷íîé ãðóïïîé è ñîñòàâîì çàðÿæåííûõ ïîëåé.
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Òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ

Â'ÿ÷åñëàâ Ìèõàéëîâè÷ Áàáè÷, Âàñèëü Îëåêñiéîâè÷ Ï¹õò¹-

ð¹â

Ó ðîáîòi îòðèìàíî ðåçóëüòàòè, ÿêi îïèñóþòü âëàñòèâîñòi çàãàëüíî¨ òîïîëî-

ãi÷íî¨ êîíñòðóêöi¨ � òîïîëîãi¨ âiäêðèòîãî ðîçøèðåííÿ. Çîêðåìà, äîâåäåíî,

ùî öÿ êîíñòðóêöiÿ íå òðàíçèòèâíà, çíàéäåíî áàçè íàéìåíøî¨ ïîòóæíîñòi

äëÿ òîïîëîãi¨ òà ñèñòåìè îêîëiâ òî÷êè, îá÷èñëåíî âíóòðiøíiñòü, çàìèêàííÿ,

ìíîæ�èíè ãðàíè÷íèõ òà içîëüîâàíèõ òî÷îê äîâiëüíî¨ ìíîæèíè. Òàêîæ

äîâåäåíî ëiíiéíó çâ'ÿçíiñòü i íåìåòðèçîâíiñòü öüîãî òîïîëîãi÷íîãî ïðîñòîðó,

äîñëiäæåíî éîãî êàðäèíàëüíi iíâàðiàíòè é àêñiîìè âiäîêðåìëþâàíîñòi.

Êëþ÷îâi ñëîâà Òîïîëîãi÷íèé ïðîñòið, áàçà, çâ'ÿçíiñòü, àêñiîìè âiäîêðåì-

ëþâàíîñòi, êàðäèíàëüíi iíâàðiàíòè.

ÓÄÊ 515.122

Â [1] ââåäåíî ïîíÿòòÿ òîïîëîãi¨ âiäêðèòîãî ðîçøèðåííÿ ó âèïàäêó, êîëè

¨¨ íîñié âiäðiçíÿ¹òüñÿ âiä íîñiÿ âèõiäíîãî òîïîëîãi÷íîãî ïðîñòîðó íà îäíó

òî÷êó. ×àñòêîâèì âèïàäêîì öi¹¨ êîíñòðóêöi¨ ¹ òî÷êîâèëó÷åíà òîïîëîãiÿ, ÿêà

âèÿâëÿ¹òüñÿ âiäêðèòèì ðîçøèðåííÿì äèñêðåòíî¨. Íàéâiäîìiøèì ïðèêëàäîì

òî÷êîâèëó÷åíî¨ òîïîëîãi¨ ¹ ïðîñòið Ñåðïiíñüêîãî. Ìè óçàãàëüíþ¹ìî äàíó

êîíñòðóêöiþ íà âèïàäîê äîâiëüíî¨ íàäìíîæèíè íîñiÿ ïî÷àòêîâîãî ïðîñòîðó.

Íåõàé (X, τ) � òîïîëîãi÷íèé ïðîñòið, X∗ � íàäìíîæèíà ìíîæèíè X.

Òîäi ðîäèíà τ∗ = {U ⊂ X∗ | U ⊃ X àáî U ∈ τ} ¹ òîïîëîãi¹þ íà X∗, ÿêà

íàçèâà¹òüñÿ òîïîëîãi¹þ âiäêðèòîãî ðîçøèðåííÿ X äî X∗. Ñïðàâäi, ðîçãëÿ-

íåìî äîâiëüíi ìíîæèíè Uα ∈ τ∗, α ∈ T . ßêùî ïðèíàéìíi îäíà ç íèõ ìiñòèòü
X, òî é ¨õ îá'¹äíàííÿ ìiñòèòü X. Â iíøîìó ðàçi îá'¹äíàííÿ ∪

α∈T
Uα ëåæèòü

â τ . Êîëè ìíîæèíà iíäåêñiâ T ñêií÷åííà i îäíà ç ìíîæèí Uα ìiñòèòüñÿ â τ ,
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òî é ïåðåòèí ∩
α∈T

Uα ëåæèòü â τ . Â iíøîìó ðàçi òàêèé ïåðåòèí ìiñòèòü X, i

îòæå, òàêîæ íàëåæèòü τ∗.

Òàêèì ÷èíîì, âiäêðèòèìè â X∗ ¹ òi é ëèøå òi ìíîæèíè, ÿêi ìiñòÿòü

X àáî ¹ âiäêðèòèìè â X. Âiäïîâiäíî, çàìêíåíèìè â X∗ ìíîæèíàìè ¹ âñi

ïiäìíîæèíè äîïîâíåííÿ X∗\X òà îá'¹äíàííÿ (X∗\X)∪A, äå A � çàìêíåíà

â X ìíîæèíà, é ëèøå âîíè.

Ïðîïîçèöiÿ 1 Òîïîëîãiÿ τ∗ âiäêðèòîãî ðîçøèðåííÿ ïðîñòîðó (X, τ) äî

X∗ ⊃ X ¹ ñóïðåìóìîì òîïîëîãi¨ τ ∪{X∗} òà X-âìiñíî¨ òîïîëîãi¨ íà X∗.

Äîâåäåííÿ 1 Òîïîëîãiÿ τ∗ ìiñòèòü òîïîëîãiþ τ ∪{X∗} òà X-âìiñíó òî-

ïîëîãiþ íà X∗, à òîìó ìiñòèòü ¨õ îá'¹äíàííÿ i ñóïðåìóì. Íàâïàêè, êîæíà

ìíîæèíà ç τ∗ ìiñòèòüñÿ àáî â τ ∪{X∗}, àáî â X-âìiñíié òîïîëîãi¨ íà X∗,

i îòæå, ëåæèòü â êîæíié òîïîëîãi¨ íà X∗, ÿêà ìiñòèòü îá'¹äíàííÿ òî-

ïîëîãi¨ τ ∪{X∗} é X-âìiñíî¨ òîïîëîãi¨ íà X∗, çîêðåìà i â ¨õ ñóïðåìóìi.

Âiäîáðàæåííÿ f : X → Y òîïîëîãi÷íèõ ïðîñòîðiâ (X, τ) òà (Y, σ) íàçèâà-

¹òüñÿ iíäóêóâàëüíèì, ÿêùî τ iíäóêîâàíà òîïîëîãi¹þ σ i âiäîáðàæåííÿì f .

Òåîðåìà 1 Íåõàé (X, τ) � òîïîëîãi÷íèé ïðîñòið, X∗ � íàäìíîæèíà ìíî-

æèíè X i τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗. Òîäi ïðèðîäíå

âêëàäåííÿ X 3 x
i7→x ∈ X∗ ¹ âiäêðèòèì iíäóêóâàëüíèì âiäîáðàæåííÿì.

Çîêðåìà, (X, τ) ¹ âiäêðèòèì ïiäïðîñòîðîì ïðîñòîðó X∗.

Äîâåäåííÿ 2 Íåõàé τ∗X � òîïîëîãiÿ íà X, iíäóêîâàíà òîïîëîãi¹þ τ∗ íà

X∗. Ïîêàæåìî, ùî τ∗X = τ . ßêùî U ∈ τ∗X , òî U = X ∩V , äå V ∈ τ∗. Àëå
çà îçíà÷åííÿì òîïîëîãi¨ âiäêðèòîãî ðîçøèðåííÿ ïåðåòèí X ∩V äîðiâíþ¹

àáî X, àáî V , i îòæå, íàëåæèòü τ . Íàâïàêè, ÿêùî U ∈ τ ⊂ τ∗, òî U =

X ∩U ∈ τ∗X . Îòæå, X � ïiäïðîñòið â X∗, òîáòî ïðèðîäíå âêëàäåííÿ i

iíäóêóâàëüíå. Êðiì òîãî, âîíî âiäêðèòå, áî ïiäïðîñòið X âiäêðèòèé â X∗.

Íà âiäìiíó âiä òîïîëîãi¨ ðîçøèðåííÿ [2], òîïîëîãiÿ âiäêðèòîãî ðîçøèðå-

ííÿ íå òðàíçèòèâíà, òîáòî ÿêùî X∗∗ � íàäìíîæèíà ìíîæèíè X∗, íà ÿêié

çàäàíà òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗, òî òîïîëîãi¨ âiäêðèòîãî

ðîçøèðåííÿ X äî X∗∗ òà X∗ äî X∗∗, âçàãàëi êàæó÷è, ðiçíi.

Ïðèêëàä 1 Ðîçãëÿíåìî âêëàäåíi ìíîæèíè X = {a}, X∗ = {a, b},
X∗∗ = {a, b, c}. Òîäi äëÿ äèñêðåòíî¨ òîïîëîãi¨ τ íà X ìà¹ìî, ùî (τ∗)∗ =

{, X∗∗, {a}, {a, b}} 6= τ∗∗ = {, X∗∗, {a}, {a, b}, {a, c}}.

Çâiäñè, çîêðåìà, âèïëèâà¹, ùî ïðèðîäíå âêëàäåííÿ X 3 x 7→x ∈ X∗ íå
ôàêòîðíå, òîáòî òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ íå ¹ ôàêòîðòîïîëîãi¹þ

âiäíîñíî òîïîëîãi¨ τ íà X òà öüîãî âêëàäåííÿ.
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Ïðîïîçèöiÿ 2 Áàçà íàéìåíøî¨ ïîòóæíîñòi òîïîëîãi¨ τ∗ âiäêðèòîãî ðîç-

øèðåííÿ X äî X∗ ìà¹ âèãëÿä β∗ = {X ∪{x}, x ∈ X∗\X}∪β, äå β � áàçà

íàéìåíøî¨ ïîòóæíîñòi òîïîëîãi¨ τ ïðîñòîðó X.

Äîâåäåííÿ 3 Òî÷êà x ∈ X∗\X ìà¹ íàéìåíøèé îêië X ∪{x}, ÿêèé ìó-

ñèòü ìiñòèòèñÿ â êîæíié áàçi ïðîñòîðó X∗ çà êðèòåði¹ì áàçè. Òîìó

X ∪{x} ∈ β∗, x ∈ X∗\X. À îñêiëüêè âiäêðèòi â X∗ ìíîæèíè ¹ îá'¹äíàí-

íÿìè äåÿêèõ ñóêóïíîñòåé ìíîæèí ç β òà {X ∪{x}, x ∈ X∗\X} âiäïîâiäíî,
òî ðîäèíà β∗ âiäêðèòèõ â X∗ ìíîæèí ¹ áàçîþ ïðîñòîðó X∗. Çàëèøèëîñü

çàóâàæèòè, ùî ïîòóæíiñòü áàçè β ïðîñòîðó X çìåíøèòè íå ìîæíà, à

ç ðîäèíè {X ∪{x}, x ∈ X∗\X} íå ìîæíà ïðèáðàòè æîäíî¨ ìíîæèíè.

Ïðîïîçèöiÿ 3 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ ïðîñòîðó X

äî X∗ ⊃ X. Òîäi áàçà íàéìåíøî¨ ïîòóæíîñòi ñèñòåìè îêîëiâ äîâiëüíî¨

òî÷êè x ∈ X∗ ìà¹ âèãëÿä {X ∪{x}}, êîëè x ∈ X∗\X, òà βx, äå βx � áàçà

íàéìåíøî¨ ïîòóæíîñòi ñèñòåìè îêîëiâ òî÷êè x ó ïðîñòîði X, êîëè x ∈ X.

Äîâåäåííÿ 4 Íåõàé β∗x � áàçà íàéìåíøî¨ ïîòóæíîñòi ñèñòåìè îêîëiâ

òî÷êè x ∈ X∗. ßêùî x ∈ X∗\X, òî ìíîæèíà X ∪{x} ¹ íàéìåíøèì îêîëîì

òî÷êè x, çâiäêè β∗x = {X ∪{x}}. ßêùî æ x ∈ X, òî β∗x = βx, áî êîæåí îêië

òî÷êè x â òîïîëîãi¨ τ∗ ìiñòèòü ¨¨ îêië â òîïîëîãi¨ τ , ÿêèé, ó ñâîþ ÷åðãó,

ìiñòèòü äåÿêèé îêië ç áàçè βx, ïîòóæíiñòü ÿêî¨ íàéìåíøà.

Ïðîïîçèöiÿ 4 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ ïðîñòîðó X

äî X∗ ⊃ X i A ⊂ X∗ � äîâiëüíà ìíîæèíà. Òîäi:

1) âíóòðiøíiñòü ìíîæèíè A â X∗ îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

IntX∗ A = A, êîëè A ⊃ X, òà IntX∗ A = IntX(A∩X), äå IntX(A∩X) �

âíóòðiøíiñòü ïåðåòèíó A∩X ó ïðîñòîði X, â iíøîìó ðàçi;

2) çàìèêàííÿ ìíîæèíè A â X∗ ìà¹ âèãëÿä AX∗ = A, êîëè A ⊂ X∗\X,

òà AX∗ = A∩XX ∪(X∗\X), äå A∩XX � çàìèêàííÿ ïåðåòèíó A∩X ó

ïðîñòîði X, â iíøîìó ðàçi;

3) ìíîæèíà içîëüîâàíèõ òî÷îê ìíîæèíè A â X∗ çíàõîäèòüñÿ çà ôîð-

ìóëîþ IX∗(A) = A, êîëè A ⊂ X∗\X, IX∗(A) = IX(A∩X), äå IX(A∩X) �

ìíîæèíà içîëüîâàíèõ òî÷îê ïåðåòèíó A∩X ó ïðîñòîði X, â iíøîìó ðàçi;

4) ìíîæèíà ãðàíè÷íèõ òî÷îê ìíîæèíè A â X∗ ïîðîæíÿ, êîëè A ⊂
X∗\X, i âèçíà÷à¹òüñÿ ðiâíiñòþ A′X∗ = (A∩X)′X ∪(X∗\X), äå (A∩X)′X �

ìíîæèíà ãðàíè÷íèõ òî÷îê ïåðåòèíó A∩X ó ïðîñòîði X, â iíøîìó ðàçi;

5) A ñêðiçü ùiëüíà (íiäå íå ùiëüíà) â X∗ òîäi i òiëüêè òîäi, êîëè ïå-

ðåòèí A∩X ñêðiçü ùiëüíèé (íiäå íå ùiëüíèé) â X.
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Äîâåäåííÿ 5 1) ßêùî A ⊃ X, òî A âiäêðèòà â X∗, é îòæå, IntX∗ A = A.

Â iíøîìó ðàçi íàéáiëüøîþ âiäêðèòîþ â X∗ ìíîæèíîþ, ÿêà ìiñòèòüñÿ â

A, ¹, î÷åâèäíî, IntX(A∩X).

2) ßêùî A ⊂ X∗\X, òî A çàìêíåíà â X∗, é îòæå, AX∗ = A. Â iíøîìó

ðàçi íàéìåíøîþ çàìêíåíîþ â X∗ ìíîæèíîþ, ÿêà ìiñòèòü A, ¹, î÷åâèäíî,

A∩XX ∪(X∗\X).

3) Òî÷êà ìíîæèíè A içîëüîâàíà â A, ÿêùî äåÿêèé îêië öi¹¨ òî÷êè íå

ìiñòèòü âiäìiííèõ âiä íå¨ òî÷îê ìíîæèíè A. Î÷åâèäíî, êîæíà òî÷êà

x ìíîæèíè A ⊂ X∗\X içîëüîâàíà â A, áî {x} = A∩(X ∪{x}). ßêùî æ

A 6⊂ X∗\X, òî êîæíà òî÷êà ç A\X íå içîëüîâàíà â A, à òî÷êà ïåðåòèíó

A∩X içîëüîâàíà â A â ïðîñòîði X∗ â òîìó é ëèøå â òîìó ðàçi, êîëè öÿ

òî÷êà içîëüîâàíà â A â ïðîñòîði X.

4) ßêùî A ⊂ X∗\X, òî A′X∗ = AX∗\ IX∗(A) = A\A =. ßêùî æ

A 6⊂ X∗\X, òî A′X∗ = AX∗\ IX∗(A) = (A∩XX ∪(X∗\X))\(IX(A∩X)) =

(A∩XX\ IX(A∩X))∪(X∗\X) = (A∩X)′X ∪(X∗\X).

5) Ìíîæèíà A ñêðiçü ùiëüíà â X∗ òîäi é ëèøå òîäi, êîëè X∗ = AX∗ =

A∩XX ∪(X∗\X). À öå áóäå òîäi é ëèøå òîäi, êîëè A∩XX = X, ùî åêâi-

âàëåíòíî ñêðiçü ùiëüíîñòi â X ïåðåòèíó A∩X.

ßêùî A ⊂ X∗\X, òî IntX∗(AX∗) = IntX∗ A = IntX(A∩X) = IntX =.

Â iíøîìó ðàçi IntX∗(AX∗) = IntX∗(A∩XX ∪(X∗\X)) = â òîìó é ëèøå â

òîìó ðàçi, êîëè IntX A∩XX =.

Òåîðåìà 2 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗ i X∗ 6=
X. Òîäi òîïîëîãi÷íèé ïðîñòið X∗ ëiíiéíî çâ'ÿçíèé.

Äîâåäåííÿ 6 Äëÿ äîâiëüíèõ òî÷îê x ∈ X é y ∈ X∗\X âiäîáðàæåííÿ l :

[0, 1]→ X∗, çàäàíå ðiâíîñòÿìè l([0, 1)) = x i l(1) = y, ¹ øëÿõîì â X∗, ÿêèé

ç'¹äíó¹ òî÷êè x é y.

Òåîðåìà 3 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗. Ïðî-

ñòið X∗ çàäîâîëüíÿ¹ ïåðøó àêñiîìó çëi÷åííîñòi (¹ ñåïàðàáåëüíèì) òîäi é

ëèøå òîäi, êîëè X ¨¨ çàäîâîëüíÿ¹ (¹ ñåïàðàáåëüíèì). Íå áiëüø íiæ çëi-

÷åííîþ ñêðiçü ùiëüíîþ â X∗ ìíîæèíîþ íàéìåíøî¨ ïîòóæíîñòi ¹ ñêðiçü

ùiëüíà â X ìíîæèíà íàéìåíøî¨ ïîòóæíîñòi.

Äîâåäåííÿ 7 Òâåðäæåííÿ òåîðåìè äëÿ ïåðøî¨ àêñiîìè çëi÷åííîñòi âè-

ïëèâà¹ ç òâåðäæåííÿ 3. Íåõàé D∗ � íå áiëüø íiæ çëi÷åííà ñêðiçü ùiëüíà

â X∗ ìíîæèíà. Çà òâåðäæåííÿì 4 ïåðåòèí D∗ ∩X ñêðiçü ùiëüíèé â X,

çâiäêè ïðîñòið X ñåïàðàáåëüíèé. Íàâïàêè, íåõàé D � íå áiëüø íiæ çëi÷åí-

íà ñêðiçü ùiëüíà â X ìíîæèíà. Òîäi D ¹ íå áiëüø íiæ çëi÷åííîþ ñêðiçü
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ùiëüíîþ â X∗ ìíîæèíîþ, áî D∩X = D, i, îòæå, ïðîñòið X∗ ñåïàðàáåëü-

íèé. Ñêðiçü ùiëüíîþ â X∗ ìíîæèíîþ íàéìåíøî¨ ïîòóæíîñòi ¹, î÷åâèäíî

êîæíà ñêðiçü ùiëüíà â X ìíîæèíà íàéìåíøî¨ ïîòóæíîñòi.

Íàñòóïíèé ôàêò âèïëèâà¹ áåçïîñåðåäíüî ç òâåðäæåííÿ 2.

Òåîðåìà 4 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗. Ïðî-

ñòið X∗ çàäîâîëüíÿ¹ äðóãó àêñiîìó çëi÷åííîñòi òîäi é ëèøå òîäi, êîëè X

¨¨ çàäîâîëüíÿ¹ òà äîïîâíåííÿ X∗\X íå áiëüø íiæ çëi÷åííå.

Òåîðåìà 5 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗. Ïðî-

ñòið X∗ ¹ ëiíäåëüîôîâèì (êîìïàêòíèì) â òîìó é ëèøå òîìó ðàçi, êîëè

äîïîâíåííÿ X∗\X íå áiëüø íiæ çëi÷åííå (ñêií÷åííå).

Äîâåäåííÿ 8 Ðîäèíà {X ∪{x}, x ∈ X∗\X} ¹ âiäêðèòèì ïîêðèòòÿì ïðî-

ñòîðó X∗, ç ÿêîãî íå ìîæíà âèëó÷èòè æîäíî¨ ìíîæèíè. Òîìó, ÿêùî X

ëiíäåëüîôiâ (êîìïàêòíèé), òî äîïîâíåííÿ X∗\X íå áiëüø íiæ çëi÷åííå

(ñêií÷åííå). Íàâïàêè, íåõàé π � äîâiëüíå âiäêðèòå ïîêðèòòÿ ïðîñòîðó

X∗. Äëÿ êîæíîãî x ∈ X∗\X âiçüìåìî ìíîæèíó Ax ∈ π, ÿêà ìiñòèòü x.

Òîäi ðîäèíà {Ax, x ∈ X∗\X} ¹, î÷åâèäíî, íå áiëüø íiæ çëi÷åííèì (ñêií÷åí-

íèì) ïiäïîêðèòòÿì ïîêðèòòÿ π.

Òåîðåìà 6 Íåõàé τ∗ � òîïîëîãiÿ âiäêðèòîãî ðîçøèðåííÿ X äî X∗ i X∗ 6=
X. Ïðîñòið X∗ ¹ T0-ïðîñòîðîì òîäi é ëèøå òîäi, êîëè X � T0-ïðîñòið.

Ïðîñòið X∗ ¹ T4-ïðîñòîðîì ó òîìó é ëèøå â òîìó ðàçi, êîëè |X∗\X| = 1.

Ïðîñòið X∗ íå ¹ Ti-ïðîñòîðîì äëÿ i = 1, 2, 3. Çîêðåìà, X∗ íå ðåãóëÿðíèé i

íå íîðìàëüíèé, à îòæå é íå ìåòðèçîâíèé.

Äîâåäåííÿ 9 Íåõàé X çàäîâîëüíÿ¹ íóëüîâó àêñiîìó âiäîêðåìëþâàíîñòi.

Òîäi äëÿ êîæíèõ äâîõ ðiçíèõ òî÷îê x, y ∈ X iñíó¹ îêië â X, à îòæå é â

X∗, îäíi¹¨ ç íèõ, ÿêèé íå ìiñòèòü äðóãó òî÷êó. ßêùî x ∈ X, à y ∈ X∗\X,

òî îêië X òî÷êè x íå ìiñòèòü y. ßêùî æ x, y ∈ X∗\X, òî îêië X ∪{x}
òî÷êè x íå ìiñòèòü y. Îòæå, X∗ ¹ T0-ïðîñòîðîì. Íàâïàêè, äëÿ êîæíèõ

äâîõ ðiçíèõ òî÷îê x, y ∈ X iñíó¹ îêië â X∗ îäíi¹¨ ç íèõ, ÿêèé íå ìiñòèòü

äðóãó òî÷êó. Îñêiëüêè öåé îêië íå ìiñòèòü X, òî âií âiäêðèòèé â X. Òîìó

X ¹ T0-ïðîñòîðîì.

Äàëi, ÿêùî |X∗\X| = 1, òî âñi íåïîðîæíi çàìêíåíi â X∗ ìíîæèíè

ïåðåòèíàþòüñÿ ïî X∗\X, çâiäêè ïðîñòið X∗ ¹ T4-ïðîñòîðîì. Íàâïàêè,

ÿêùî |X∗\X| > 1 i x, y ∈ X∗\X � äâi ðiçíi òî÷êè, òî çàìêíåíi ìíîæèíè

{x} òà {y} íå ïåðåòèíàþòüñÿ, àëå äîâiëüíi ¨õ îêîëè ìiñòÿòü íåïîðîæíþ
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ìíîæèíó X ó ïåðåòèíi. Òîìó â öüîìó ðàçi X∗ íå çàäîâîëüíÿ¹ ÷åòâåðòó

àêñiîìó âiäîêðåìëþâàíîñòi.

Íàðåøòi, X∗ íå ¹ T1-ïðîñòîðîì, áî äëÿ êîæíî¨ òî÷êè x ∈ X îäíîòî÷êî-

âà ìíîæèíà {x} íå çàìêíåíà â X∗, i íå ¹ T3-ïðîñòîðîì, áî äëÿ äîâiëüíèõ

òî÷îê x ∈ X é y ∈ X∗\X òî÷êà x i çàìêíåíà ìíîæèíà {y} íå ìàþòü

îêîëiâ ç ïîðîæíiì ïåðåòèíîì.
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Open Extension Topology

The paper contains the results which describe the properties of such general

topological construction as open extension topology. In particular, we prove that

this topology is not transitive. We �nd the base of the least cardinality for the

topology and local one for the neighborhood system of every point. We calculate

the interior, the closure, and the sets of isolated and limit points of any set. Also

we prove that this space is path connected and is not metrizable, and investigate

its cardinal invariants and separation axioms.
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Abstract The notion of idempotent measure is a counterpart of that of

probability measure in the idempotent mathematics. In this note, we consider

a metric on the set of compact, idempotent measure spaces (mim-spaces) and

prove that this space is separable and non-complete.

Keywords idempotent measure, probability measure, mm-space
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1 Introduction

The notion of metric measure space (i.e., a space endowed with a measure;

brie�y, mm-space) plays an important role in di�erent parts of mathematics.

This notion also has numerous applications in computer science, in particular,

in computer vision.

The notion of probability measure has its counterpart in the idempotent

mathematics; the latter is a part of mathematics in which the usual arithmetic

operations are replaced by idempotent ones (e.g., max). Namely, in [3] there

were de�ned the idempotent measures (called also Maslov measures).

In this note, we introduce the notion of metric, idempotent measure space

(brie�y, mim-space). Recently, there were de�ned the so-called idempotent frac-

tals as (ultrametric) spaces endowed with idempotent measures [4]; they can be

considered as natural examples of mim-spaces.

We de�ne a metric on the set of all compact mim-spaces and prove that the

obtained space of mim-spaces is a separable noncomplete space.
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2 Preliminaries

We begin with the notion of idempotent measure and space of idempotent mea-

sures (see [6] for details).

Let (M,d) be a compact metric space. As usual, by C(M) we denote the

Banach space of continuous functions on M (with the sup-norm). Given λ ∈
R, by λM we denote the constant function in C(M) equal to λ. Consider the

following operations:

� : R× C(M)→ C(M) : (λ, ϕ) 7→ λM + ϕ;

⊕ : C(M)× C(M)→ C(M) : (ψ,ϕ) 7→ max{ψ,ϕ}.

A functional µ : C(M) 7→ R is called an idempotent measure if it satis�es the

following properties:

1. µ(cM ) = c;

2. µ(c� ϕ) = c� µ(ϕ);

3. µ(ψ ⊕ ϕ) = µ(ψ)⊕ µ(ϕ).

Consider some examples of idempotent measures. For any x ∈M , we denote

by δx the Dirac measure concentrated at x, i.e. δx(ϕ) = ϕ(x), ϕ ∈ C(M). Clearly,

δx ∈ I(M). More generally, given x1, . . . , xn ∈ M and λ1, . . . , λn ∈ R such that

max{λ1, . . . , λn} = 0, one can de�ne µ = ⊕n
i=1λi � δxi

∈ I(M).

Denote by I(M) the set of all idempotent measures on M. We consider the

weak*-topology on I(M); the base of this topology consists of the sets

〈µ;ϕ1, . . . , ϕn; ε〉 = {ν ∈ I(M) | |µ(ϕi)− ν(ϕi)| < ε, i = 1, . . . , n},

where µ ∈ I(M), ϕi ∈ C(M), i = 1, . . . , n, ε > 0.

Let µ ∈ I(M). The support of µ is a minimal (with respect to inclusion)

closed set A inM such that µ(ϕ) = µ(ψ) whenever ϕ,ψ ∈M(X) and ϕ|A = ψ|A.
We denote the support of µ by supp(µ′).

Given a map f : M → M ′ of compact metric spaces, we de�ne a map

I(f) : I(M) → I(M ′) by the formula I(f)(µ)(ϕ) = µ(ϕf), µ ∈ I(M), ϕ ∈
C(M ′). In particular, if µ = ⊕n

i=1λi � δxi ∈ I(M), then

I(f)(µ) = ⊕n
i=1λi � δf(xi) ∈ I(M ′).

We thus obtain a functor I on the category of compact metrizable spaces and

continuous maps [6].

The following is proved in [1].
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Proposition 1 If f : X 7→ Y is a non-expanding map, then I(f) : I(X) 7→ I(Y )

is also a non-expanding map.

By expX we denote the set of nonempty compact subsets in a metric space

(X, d) (the hyperspace of X). The Hausdor� metric dH on expX is de�ned by

the formula:

dH(A,B) = inf{ε > 0 | A ⊂ Oε(B), B ⊂ Oε(A)}, A,B ∈ expX.

The Gromov-Hausdor� distance between compact metric spaces X1 and X2

is de�ned as follows:

dGH(X1, X2) = inf{dH(f1(X1), f2(X2)) | fi : Xi → Z, i = 1, 2,

is an isometric embedding into a metric space Z}

(see, e.g., [2]).

3 mim-spaces

Here we introduce the notion of mim-space.

De�nition 1 A mim-space is a triple (M,d, µ), where

1. (M,d) is a metric space;

2. µ is an idempotent measure on M ;

3. supp(µ) = M .

We say that mim-spaces (M,d, µ) are (M ′, d′, µ′) isomorphic, if there exists

an isometry f : M0 7→M ′0 such that

ψ ∗ µ = µ′.

By [(M,d, µ)] we denote the class of all mim-spaces isomorphic to (M,d, µ)

mim-spaces. Denote M = {[(M,d, µ)] | (M,d, µ) is an mim-space}.
In order to simplify notation we will identify every mim-space (M,d, µ) and

the class [(M,d, µ)]. This allows us to interpret M as a set.

Let us de�ne a metric on M. First, we recall the de�nition of the metric on

M(X) (see [1]). A function ϕ : M 7→ R is called n-Lipschitz, if

|ϕ(x)− ϕ(y)| ≤ nd(x, y), x, y ∈ X.

Let n ∈ N. It is known (see [1]) that the function d̂n : I(M) × I(M) → R
de�ned by the formula

d̂n(µ, ν) = sup{|µ(ϕ)− ν(ϕ) || ϕ is n-Lipschitz}
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is a continuous pseudometric on the space I(M).

The metric d̃ on M is de�ned by

d̃(µ, ν) =

∞∑
n=1

d̂n(µ, ν)

n2n
, µ, ν ∈ I(M).

Let

Iω(M) = {⊕n
i=1λi�δxi

| λ1, . . . , λn ∈ R, max{λ1, . . . , λn} = 0, x1, . . . , xn ∈M, n ∈ N}.

In other words, Iω(M) consists of elements of �nite support in I(M). It is known

(see [6]) that the set Iω(M) is dense in the space I(M).

4 Metric on the set of mim-spaces

Let (Mi, di, µi), i = 1, 2, be mim-spaces. Consider the function

D((M1, d1, µ1)(M2, d2, µ2)) = inf
{
d̂(I(f1)(µ1), I(f2)(µ2)) |

fi : Mi → Z is an isometric embedding}

on the set M.

We �rst remark that D is a well-de�ned function on M ×M. To this end,

we have to show that the set from the right side of the formula de�ning D is

nonempty.

Indeed, let M = M1 ×M2 and d be the metric on M de�ned by the formula

d((x1, x2), (y1, y2)) = d1(x1, y1) + d2(x2, y2). Let m0
i ∈Mi, i = 1, 2. De�ne maps

fi : Mi →M , i = 1, 2, by the formula f1(x) = (x,m0
2), f2(y) = (m0

1, y). Clearly,

f1, f2 are isometric embeddings.

Theorem 1 The function D is a metric on M.

Proof Nonnegativity and symmetry of D are obvious.

We are going to prove nondegeneracy of D. Suppose that

D((M1, d1, µ1)(M2, d2, µ2)) = 0. Then for every natural n there exists a

compact metric space (Zn, %n) and isometric embeddings gn : M1 → Zn,

hn : M2 → Zn such that

lim
n→∞

%̂n(I(gn)(µ1), I(hn)(µ2)) = 0.

Without loss of generality, one may assume that Zn = M tM ′n and gn is

the inclusion map. Also, we assume that M ′i ∩M ′j = ∅ whenever i 6= j. De�ne

H = ∪∞n=1Zn.
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De�ne % : H ×H → R as follows:

%(x, y) =

%i(x, y), if x, y ∈ Zi,

inf{%i(x, a) + %i(a, y) | a ∈ Z}, if x ∈ Zi, y ∈ Zj , i 6= j.

It is not di�cult to show that % is a metric on H and Zn is a subspace of Z for

every n.

We are going to prove that Zn → Z in the hyperspace expH. Suppose the

contrary. Without loss of generality, one may assume that there exists ε > 0

and a nonempty open subset U of M2 such that hn(U) lies in the complement

of the ε-neighborhood of Z in H. Since supp(µ2) = M2, there exists a function

ϕ ∈ C(M2) such that supp(ϕ) ⊂ U and µ2(ϕ) = c 6= 0.

De�ne ψ : H → R as follows: ψ(x) = ϕh−1n (x) if x ∈ Zn and ψ(x) = 0

otherwise. Then I(hn)(µ2)(ψ) = c, for every n, and µ1(ψ) = 0. We therefore

obtain a contradiction.

Thus, Zn → Z in the hyperspace expH and therefore H is compact. Let

{xi | i ∈ N} be a dense set in M2. By induction, we construct monotonically

increasing subsequences S1 ⊃ S2 ⊃ . . . such that the sequence (hn(xi))n∈Si

is convergent. Denote its limit by yi. Clearly, the map xi 7→ yi, i ∈ N, is an

isometry. It has a unique extension u : M2 →M1, which is also an isometry such

that I(u)(µ2) = µ1.

Let us prove the triangle inequality. Suppose that (Xi, di, µi), i = 1, 2, 3, are

mim-spaces,

D((X1, d1, µ1), (X2, d2, µ2)) = a, D((X2, d2, µ2), (X3, d3, µ3)) = b.

Given ε > 0, �nd metric spaces (Y1, %1), (Y2, %2) and isometric embeddings

f1 : X1 → Y1, f2 : X2 → Y1, f3 : X2 → Y2, f4 : X3 → Y2

such that

%̂(I(f1)(µ1), I(f2)(µ2)) < a+ ε, %̂(I(f3)(µ2), I(f4)(µ3)) < b+ ε.

Without loss of generality, one may assume that

Y1 = f1(X1) t f2(X2), Y2 = f3(X2) t f4(X3).

De�ne Y = (Y1 t Y2)/ ∼, where the equivalence relation ∼ is de�ned by the

condition: Y1 3 y ∼ f3(f−12 (y)) ∈ Y2. Let q : Y1 t Y2 → Y be the quotient map.
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Let a metric d on Y be de�ned by the conditions:

d(y, z) =


di(y, z), if y, z ∈ q(fi(Xi)), i = 1, 2,

inf{d1(y, a) + d2(a, z) | a ∈ q(Y1) ∩ q(Y2)}, if y ∈ q(Y1) \ q(Y2),

z ∈ q(Y2) \ q(Y1).

It is easy to see that d is a metric on Y . Then

D((X1, d1, µ1), (X3, d3, µ3)) ≤ d̂(I(qf1)(µ1), I(qf3)(µ3))

≤ d̂(I(qf1)(µ1), I(qf2)(µ2)) + d̂(I(qf2)(µ2), I(qf4)(µ3))

= d̂(I(qf1)(µ1), I(qf2)(µ2)) + d̂(I(qf3)(µ2), I(qf4)(µ3))

= %1(I(f1)(µ1), I(f2)(µ2)) + %2(I(f3)(µ3), I(f4)(µ3))

< a+ b+ 2ε

(here we used the fact that the functor I preserves isometries; this easily follows

from Proposition 1). Letting ε→ 0, we are done.

The following statement is an immediate consequence of the de�nition.

Proposition 1 Let X1, X2 be closed subspaces of a metric space (Y, d). If

µ1, µ2 ∈ I(Y ), then

D((supp(µ1), µ1, d|(supp(µ1)× supp(µ1)), (supp(µ2), µ2, d|(supp(µ2)× supp(µ2))))

≤ d̃(µ1, µ2).

We say that an idempotent measure µ = ⊕k
i=1αi � δxi

is rational if αi ∈ Q,
for every i = 1, . . . , k.

Proposition 2 The space X of all mim-spaces is separable.

Proof We let

Y = {(X,µ, d) | X is �nite, d(X ×X) ⊂ Q, µ is rational}.

Let X = {x1, . . . , xk) and let d be a metric on X. For any ε > 0, one can �nd

a metric space Y = {y1, . . . , yk} (we will denote its metric by %) with rational

distances and such that dGH(X,Y ) < ε. Without loss of generality, one may

assume that X and Y are subspaces of a common metric space (we will denote

its metric by D) such that D(xi, yi) < ε, for every i = 1, . . . , k.

Given a rational µ = ⊕k
i=1αi � δxi , de�ne ν = ⊕k

i=1αi � δyi . Let ϕn be an

n-Lipschitz function on Z. Then it is easy to see that |µ(ϕn) − ν(ϕn)| ≤ nε.

Therefore, d(µ, ν) ≤
∑∞

n=1
nε
n2n = ε.
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Proposition 3 The space X is not complete.

Proof Consider a sequence of mim-spaces ((Xi, di, µi))
∞
i=1, where:

1. Xi = {0, 1, . . . , i} ⊂ R;
2. the metric di on Xi is inherited from R;
3. µi = ⊕i

k=0αi ⊕ δi, where α0 = 0 and αi ∈ (−∞, 0] is such that d̂(µi−1, µi) ≤
2−i; moreover, α0 ≥ α1 ≥ . . . .

In order to choose αi, i > 0, by induction so that (3) is satis�ed note that

limk→∞ µi−1⊕ (k� δi) = µi−1. Note also that (3) and Proposition 1 imply that

D((Xi−1, di−1, µi−1), (Xi, di, µi)) ≤ d̂(µi−1, µi) ≤ 2−i.

Now we are going to show that the sequence ((Xi, di, µi))
∞
i=1 is not conver-

gent. Suppose the contrary and denote the limit by (X, d, µ). Let C be an integer

number with C ≥ diam(X).

Without loss of generality, one may assume that X ∪ (
⋃∞

i=1Xi⊂ Y , for some

metric space (Y, %), and the following are satis�ed:

1. the metric di on Xi is inherited from Y ;

2. limi→∞ µi = µ (in the sense that limi→∞ %̂(µi, µ) = 0).

Let U denote the closed 1-neighborhood of X in Y . Clearly, the function

ψn : Y → R, ψn(y) = %(y,X) is an n-Lipschitz function. For every i ≥ C+3 �nd

j(i) ≤ C + 3 such that xj(i) ∈ Xi \U . Let n > −αC+3 + 1 be a natural number.

Then µi(ψn) ≥ n+ αj(i) and, since µ(ψn) = 0, we see that

%̂(µi, µ) ≥ |µ(ψn)| ≥
∣∣∣∣n+ αj(i)

n2n

∣∣∣∣ ≥ ∣∣∣∣n+ αC+3

n2n

∣∣∣∣ ≥ 1

n2n
.

This contradicts to the assumption that limi→∞ µi = µ.

Remarks

One can consider another metric on the space I(M), for a compact metric space

(M,d). Namely,

ď(µ, ν) = ⊕∞n=1

d̂n(µ, ν)

n2n
, µ, ν ∈ I(M).

One can similarly prove that counterparts of the above results are also valid for

this metric.

It is known that the space of mm-spaces is complete and separable (see, e.g.,

[5]). We do not know, however, what is a geometric model for this space. The

same question is open also for the (completed) space of mim-spaces.

Another open problem is that of description of the elements of the completion

of the space M.
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Îá'¹êòîì äîñëiäæåííÿ â äàíié ðîáîòi ¹ êâàçiàðåàëüíà íåñêií÷åííî ìàëà

äåôîðìàöiÿ äîâiëüíî¨ îäíîçâ'ÿçíî¨ ðåãóëÿðíî¨ ïîâåðõíi íåíóëüîâî¨ ãàóñîâî¨

êðèâèíè çà óìîâè, ùî ïðè öié äåôîðìàöi¨ âiäõèëåííÿ ïîâåðõíi âiä äîòè÷íî¨

ïëîùèíè çáåðiãà¹òüñÿ ó áóäü-ÿêîìó íàïðÿìi.

Êëþ÷îâi ñëîâà Êâàçiàðåàëüíà íåñêií÷åííî ìàëà äåôîðìàöiÿ; âàðiàöiÿ; âiä-

õèëåííÿ; ñèñòåìà ðiâíÿíü.

ÓÄÊ 514.76/77

1 Âñòóï

Ó òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði E3 ðîçãëÿíåìî îáëàñòü G, ùî íàëå-

æèòü ïëîùèíi x1, x2. Íåõàé S− äåÿêà îäíîçâ'ÿçíà ïîâåðõíÿ êëàñó C3, ùî â

îêîëi äîâiëüíî¨ ñâî¹¨ òî÷êè äîïóñêà¹ ïàðàìåòðèçàöiþ

r = r(x1, x2), x1, x2 ∈ G,

äå r− ðàäióñ-âåêòîð òî÷êè ïîâåðõíi, äî òîãî æ r1 × r2 6= 0, ri =
∂r

∂xi
. Òóò i

íàäàëi âñi iíäåêñè íàáóâàþòü çíà÷åíü 1, 2.

Â ðîáîòi áóäåìî ðîçãëÿäàòè íåñêií÷åííî ìàëó äåôîðìàöiþ ïåðøîãî ïî-

ðÿäêó ïîâåðõíi S ç äåôîðìóþ÷èì ïîëåì U(x1, x2) â êëàñi C3 i ïàðàìåòðîì
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äåôîðìàöi¨ t→ 0

r∗(x1, x2, t) = r(x1, x2) + tU(x1, x2). (1)

Íàäàëi ãåîìåòðè÷íi îá'¹êòè çäåôîðìîâàíî¨ ïîâåðõíi S∗, íà âiäìiíó âiä âiä-

ïîâiäíèõ îá'¹êòiâ ïîâåðõíi S, óìîâèìîñÿ âiäìi÷àòè ïîçíà÷êîþ ∗, à âàðiàöi¨

îá'¹êòiâ ïîâåðõíi S áóäåìî ïîçíà÷àòè ÷åðåç δ.

Îçíà÷åííÿ 1 ßêùî ïðè íåñêií÷åííî ìàëié äåôîðìàöi¨ âèãëÿäó (1) åëå-

ìåíò ïëîùi ïîâåðõíi çìiíþ¹òüñÿ çà çàäàíèì çàêîíîì, òî òàêó äåôîðìàöiþ

áóäåìî íàçèâàòè êâàçiàðåàëüíîþ íåñêií÷åííî ìàëîþ äåôîðìàöi¹þ (ê. í. ì.

ä.) ïîâåðõíi.

×àñòèííi ïîõiäíi âåêòîðà çìiùåííÿ U(x1, x2) ê. í. ì. ä. ïîâåðõíi ðîçêëà-

äåìî çà áàçèñîì r1, r2, n, äå n− îðò íîðìàëi ïîâåðõíi S [2]

Ui =
(
ciαT

αβ − µδβi
)
rβ + ciαT

αn, (2)

äå Tαβ = T βα ∈ C2 - äåÿêå ïîëå ñèìåòðè÷íîãî äâi÷i êîíòðàâàðiàíòíîãî

òåíçîðà, Tα ∈ C2 - ïîëå êîíòðàâàðiàíòíîãî âåêòîðà, cij - äèñêðèìiíàíòíèé

òåíçîð ïîâåðõíi S (c11 = c22 = 0, c12 = −c21 =
√
g, g = g11g22 − g212, gij−

êîåôiöi¹íòè ïåðøî¨ îñíîâíî¨ êâàäðàòè÷íî¨ ôîðìè ïîâåðõíi), δij− ñèìâîëè

Êðîíåêåðà, µ = µ(x1, x2) ∈ C2− äåÿêà ôóíêöiÿ. Â [2] äîâåäåíî, ùî ôóí-

êöiÿ µ âèçíà÷à¹ çàêîí çìiíþâàííÿ åëåìåíòà ïëîùi ïîâåðõíi ïðè ¨¨ ê. í. ì.

ä.. Ïðè µ = 0 êâàçiàðåàëüíà äåôîðìàöiÿ ïîâåðõíi çâîäèòüñÿ äî àðåàëüíî¨

íåñêií÷åííî ìàëî¨ äåôîðìàöi¨.

Îñíîâíà ñèñòåìà ðiâíÿíü êâàçiàðåàëüíî¨ íåñêií÷åííî ìàëî¨ äåôîðìàöi¨

ïîâåðõíi ìà¹ âèãëÿä [2] 
Tαβ,α − Tαbβα + µαc

αβ = 0,

Tαβbαβ + Tα,α = 0,

cαβT
αβ = 0.

(3)

Òóò bαβ−êîåôiöi¹íòè äðóãî¨ êâàäðàòè÷íî¨ ôîðìè, à êîìîþ ïîçíà÷åíî ñèì-

âîë êîâàðiàíòíî¨ ïîõiäíî¨ íà áàçi ìåòðè÷íîãî òåíçîðà gij ïîâåðõíi S. Ñèñòå-

ìà ðiâíÿíü (3) ìiñòèòü òðè äèôåðåíöiàëüíèõ ðiâíÿííÿ âiäíîñíî 6 íåâiäîìèõ

ôóíêöié: Tαβ = T βα, Tα, µ.

2 Îá÷èñëåííÿ âàðiàöi¨ âiäõèëåííÿ l ïîâåðõíi âiä äîòè÷íî¨

ïëîùèíè

Âiäîìî, ùî âiäõèëåííÿ l âiä äîòè÷íî¨ ïëîùèíè ïðè ïåðåìiùåííi íà ïîâåðõ-

íi S ç òî÷êè äîòèêó â íåñêií÷åííî áëèçüêó òî÷êó ïî äåÿêié êðèâié (äàëi,
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êîðîòêî, - âiäõèëåííÿ âiä äîòè÷íî¨ ïëîùèíè) àáî, iíøèìè ñëîâàìè, "ïiäéîì

äîòè÷íî¨ ïëîùèíè" íàä ïîâåðõíåþ âèðàæà¹òüñÿ ïîëîâèíîþ äðóãî¨ êâàäðà-

òè÷íî¨ ôîðìè,

l =
1

2
bαβdx

αdxβ .

Àíàëîãi÷íà ôîðìóëà ìà¹ ìiñöå i äëÿ ïîâåðõíi S∗

l∗ =
1

2
b∗αβdx

αdxβ . (4)

Äëÿ îá÷èñëåííÿ âàðiàöi¨ âiäõèëåííÿ δl ïîâåðõíi S âiä äîòè÷íî¨ ïëîùèíè

ïðè ¨¨ ê. í. ì. ä. âèêîðèñòà¹ìî ðîçêëàä êîåôiöi¹íòiâ äðóãî¨ êâàäðàòè÷íî¨

ôîðìè b∗αβ ïîâåðõíi S∗ ïî ñòåïåíÿõ t, çäîáóòèé â ðîáîòi [2]

b∗αβ = bαβ + tβαβ + o(t2), (5)

äå

βαβ ≡ δbαβ = cαγT
γνbνβ + cαγT

γ
,β − bαβµ, (6)

à ÷åðåç o(t2) ïîçíà÷åíî âåëè÷èíó ïîðÿäêó 2 i âèùå âiäíîñíî t, ÿêîþ ìè íå-

õòó¹ìî. Ïiäñòàâèìî â (4) âèðàç äëÿ êîåôiöi¹íòiâ äðóãî¨ êâàäðàòè÷íî¨ ôîðìè

b∗αβ ç (5)

l∗ = l +
1

2
tβαβdx

αdxβ + o(t2). (7)

Çâiäñè çíàõîäèìî âàðiàöiþ âiäõèëåííÿ δl ïîâåðõíi âiä äîòè÷íî¨ ïëîùèíè ïðè

¨¨ ê. í. ì. ä.

δl =
1

2
βαβdx

αdxβ . (8)

Âíåñåìî òåïåð â (8) çàìiñòü âåëè÷èí βαβ ¨õ âiäïîâiäíi ïîäàííÿ ÷åðåç òåíçîðè

äåôîðìàöi¨ Tαβ , Tα òà ôóíêöiþ µ ç (6), òîäi äiñòàíåìî âèðàç äëÿ øóêàíî¨

âàðiàöi¨

δl =
1

2
(cαγT

γνbνβ + cαγT
γ
,β − bαβµ)dx

αdxβ , (9)

à âiäõèëåííÿ l∗ ïîâåðõíi S∗ íàáóäå âèãëÿäó

l∗ = l +
1

2
t(cαγT

γνbνβ + cαγT
γ
,β − bαβµ)dx

αdxβ + o(t2). (10)
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3 Ïîñòàíîâêà çàäà÷i òà ¨¨ àíàëiòè÷íå âèðàæåííÿ

Ïîñòàâèìî çàäà÷ó äîñëiäèòè êâàçiàðåàëüíó íåñêií÷åííî ìàëó äåôîðìàöiþ

ïîâåðõíi S çà óìîâè, ùî ¨¨ âiäõèëåííÿ âiä äîòè÷íî¨ ïëîùèíè ïðè öié äåôîð-

ìàöi¨ çáåðiãà¹òüñÿ ó áóäü-ÿêîìó íàïðÿìi.

Î÷åâèäíî, âiäõèëåííÿ ïîâåðõíi l âiä äîòè÷íî¨ ïëîùèíè ñòàöiîíàðíå àáî

çáåðiãà¹òüñÿ ïðè íåñêií÷åííî ìàëié äåôîðìàöi¨ ïåðøîãî ïîðÿäêó, ÿêùî éîãî

ïðèðiñò ¹ âåëè÷èíîþ íå ìåíø íiæ äðóãîãî ïîðÿäêó âiäíîñíî t (÷èì ìè íåõòó-

¹ìî). I íàâïàêè. Òîìó ñòàöiîíàðíiñòü âåëè÷èíè l õàðàêòåðèçó¹òüñÿ òèì, ùî

¨¨ ïåðøà âàðiàöiÿ òîòîæíî äîðiâíþ¹ íóëþ. Iíàêøå êàæó÷è, äëÿ ñòàöiîíàð-

íîñòi âiäõèëåííÿ ïîâåðõíi âiä äîòè÷íî¨ ïëîùèíè ïðè ¨¨ ê. í. ì. äåôîðìàöi¨

íåîáõiäíî i äîñòàòíüî, ùîá äèôåðåíöiàëè dx1, dx2 çàäîâîëüíÿëè ðiâíÿííÿ

βαβdx
αdxβ = 0. (11)

Âiäõèëåííÿ ïîâåðõíi âiä äîòè÷íî¨ ïëîùèíè ïðè ¨¨ ê. í. ì. ä. çàëèøà¹-

òüñÿ ñòàöiîíàðíèì ó áóäü-ÿêîìó íàïðÿìi òîäi i ëèøå òîäi, êîëè βαβ = 0. Ç

óðàõóâàííÿì âèðàçiâ βαβ ç (6) ïðèõîäèìî äî òåîðåìè

Òåîðåìà 1 Äëÿ òîãî ùîá ïðè êâàçiàðåàëüíié íåñêií÷åííî ìàëié äåôîðìà-

öi¨ îäíîçâ'ÿçíà ïîâåðõíÿ êëàñó C3 çáåðiãàëà ñâî¹ âiäõèëåííÿ âiä äîòè÷íî¨

ïëîùèíè ó áóäü-ÿêîìó íàïðÿìi, íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëèñÿ

óìîâè

ciαT
αβbβj + ciαT

α
,j − bijµ = 0. (12)

Çâiäñè âèïëèâà¹, ùî àíàëiòè÷íîþ ìîäåëëþ ïîñòàâëåíî¨ íà ïî÷àòêó ïóí-

êòó çàäà÷i ¹ òàêà ñèñòåìà ðiâíÿíü



Tαβ,α − Tαbβα + µαc
αβ = 0,

Tαβbαβ + Tα,α = 0,

ciαT
αβbβj + ciαT

α
,j − bijµ = 0,

cαβT
αβ = 0.

(13)

Íåâàæêî ïåðåêîíàòèñÿ, ùî äðóãå ðiâíÿííÿ (132) ìîæíà âèêëþ÷èòè ç öi¹¨

ñèñòåìè, ÷åðåç òå ùî âîíî ¹ ¨¨ íàñëiäêîì. Äëÿ òîãî, ùîá ó öüîìó ïåðåêîíà-

òèñÿ, äîñòàòíüî ñïiââiäíîøåííÿ (133) ïîìíîæèòè íà cij i çãîðíóòè éîãî ïî

iíäåêñàõ i òà j.
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Îòæå, ïîñòàâëåíà çàäà÷à îñòàòî÷íî çâîäèòüñÿ äî ï'ÿòè íåçàëåæíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü
Tαβ,α − Tαbβα + µαc

αβ = 0,

ciαT
αβbβj + ciαT

α
,j − bijµ = 0,

cαβT
αβ = 0.

(14)

âiäíîñíî øåñòè íåâiäîìèõ ôóíêöié: Tαβ = T βα, Tα, µ.

Ìà¹ ìiñöå

Òåîðåìà 2 Äëÿ iñíóâàííÿ êâàçiàðåàëüíî¨ íåñêií÷åííî ìàëî¨ äåôîðìàöi¨

îäíîçâ'ÿçíî¨ ïîâåðõíi êëàñó C3 ç âiäõèëåííÿì âiä äîòè÷íî¨ ïëîùèíè, ñòà-

öiîíàðíèì ó áóäü-ÿêîìó íàïðÿìi, íåîáõiäíî i äîñòàòíüî, ùîá ñèñòåìà ðiâ-

íÿíü (14) ìàëà íåíóëüîâèé ðîçâ'ÿçîê
(
Tαβ , Tα, µ

)
.

4 Äîñëiäæåííÿ ñèñòåìè ðiâíÿíü (14) òà ïðåäñòàâëåííÿ ¨¨

ðîçâ'ÿçêiâ äëÿ äîâiëüíî¨ ïîâåðõíi

Òåîðåìà 3 Íåõàé äîâiëüíà îäíîçâ'ÿçíà ïîâåðõíÿ S êëàñó C3 íåíóëüîâî¨ ãà-

óñîâî¨ êðèâèíè äîïóñêà¹ êâàçiàðåàëüíó íåñêií÷åííî ìàëó äåôîðìàöiþ ç âiä-

õèëåííÿì âiä äîòè÷íî¨ ïëîùèíè, ñòàöiîíàðíèì ó áóäü-ÿêîìó íàïðÿìi, òîäi

íà ïîâåðõíi S iñíó¹ ñèìåòðè÷íå òåíçîðíå ïîëå Tαβ ∈ C2 i ôóíêöiÿ µ ∈ C2,

ÿêi ìîæíà ïîäàòè ó âèãëÿäi

Tαβ = −1

2
(Tα,jd

jβ + T β,jd
jα), (15)

µ =
1

2
Tα,jd

jβcβα, (16)

äå dij− òåíçîð, îáåðíåíèé äî òåíçîðà bij , à òåíçîð Tα ¹ ðîçâ'ÿçêîì ñèñòåìè

ðiâíÿíü

Tα,αi + Tα,jd
jβ
,α bβi + T βbβi2H = 0, (17)

H− ñåðåäíÿ êðèâèíà ïîâåðõíi.

Äîâåäåííÿ Ïðèïóñòèìî, ùî ðåãóëÿðíà ïîâåðõíÿ S äîïóñêà¹ ê. í. ì. ä., ïðè

ÿêié âiäõèëåííÿ âiä äîòè÷íî¨ ïëîùèíè çáåðiãà¹òüñÿ ó áóäü-ÿêîìó íàïðÿ-

ìi, òîäi â ñèëó òåîðåìè 2 ñèñòåìà ðiâíÿíü (14) ìà¹ íåíóëüîâèé ðîçâ'ÿçîê(
Tαβ , Tα, µ

)
. Äîâåäåìî, ùî íà ïîâåðõíi S òåíçîðíå ïîëå Tαβ òà ôóíêöiþ

µ ìîæíà ïîäàòè ó âèãëÿäi (15) i (16) âiäïîâiäíî ÷åðåç òåíçîð Tα, ÿêèé ¹

ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (17).
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Íàäàëi îáìåæèìîñÿ ðîçãëÿäîì ïîâåðõîíü íåíóëüîâî¨ ãàóñîâî¨ êðèâèíè K

i, íàñëiäóþ÷è I. Í. Âåêóà [1], ââåäåìî äî ðîçãëÿäó òåíçîð dαβ , îáåðíåíèé äî

òåíçîðà bαβ , çà ôîðìóëîþ

dij =
1

K
ciαcjβbαβ , d

iαbjα = δij .

ßêùî äîìíîæèìî äðóãó ðiâíiñòü ñèñòåìè (14) íà ciγdjν , òî îäåðæèìî âèðàç

äëÿ òåíçîðà Tαβ

Tαβ = −(Tα,jdjβ + cαβµ). (18)

Òåïåð (18) ïîìíîæèìî íà cαβ òà çãîðíåìî ïî iíäåêñàõ α, β. Â ñèëó cαβT
αβ =

0, äiñòàíåìî âèðàç (16) äëÿ ôóíêöi¨ µ. Äàëi ïiäñòàâèìî µ ç (16) ó (18), âíàñëi-

äîê ÷îãî íàäàìî òåíçîðîâi Tαβ ñèìåòðè÷íî¨ ôîðìè (15). Îòæå, íàì âäàëîñÿ

ó ÿâíîìó âèãëÿäi âèðàçèòè òðè êîìïîíåíòè òåíçîðíîãî ïîëÿ Tαβ òà ôóíêöiþ

µ ÷åðåç äâi êîìïîíåíòè T 1, T 2 êîíòðàâàðiàíòíîãî âåêòîðà Tα.

Ïiäñòàâèìî â ïåðøå ñïiââiäíîøåííÿ ñèñòåìè ðiâíÿíü (14) âèðàçè äëÿ

òåíçîðíîãî ïîëÿ Tαβ i ôóíêöi¨ µ ç (15) òà (16), ó ïiäñóìêó îòðèìà¹ìî ñèñòåìó

äâîõ äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî äâîõ êîìïîíåíò òåíçîðà Tα

Tα,jαd
jβ + Tα,jd

jβ
,α + Tαbβα = 0. (19)

Çäiéñíèìî ïåðåòâîðåííÿ ñèñòåìè ðiâíÿíü (19). Äëÿ öüîãî çàñòîñó¹ìî òî-

òîæíiñòü Ði÷÷i äî òåíçîðà Tα

Tα,jk − Tα,kj = −T iRα·ijk,

äå Rα·ijk− òåíçîð Ðiìàíà. Çãîðíåìî îñòàííþ ðiâíiñòü ïî iíäåêñàõ α i k, òîäi

äiñòàíåìî

Tα,jα − Tα,αj = −T iRα·ijα, (20)

äå Rα·ijα = Rij− òåíçîð Ði÷÷i. Êðiì òîãî, ïðèéìà¹ìî äî óâàãè íàñòóïíi òî-

òîæíîñòi [3]

Rij = −Kgij ; dβi =
1

K
ciαc

βγbαγ ; ciαc
βγ = δβi δ

γ
α − δ

γ
i δ
β
α. (21)

Ç óðàõóâàííÿì (21) ðiâíÿííÿì (19) ìîæíà íàäàòè âèãëÿäó

Tα,αjd
jβ + Tα,jd

jβ
,α + T β2H = 0, (22)

Ïîìíîæèìî (22) íà bβi i çãîðíåìî ïî iíäåêñó β, âíàñëiäîê ÷îãî íàðåøòi

îòðèìà¹ìî ñèñòåìó ðiâíÿíü (17). Òàêèì ÷èíîì, ìè äîâåëè, ùî ïðè ê. í. ì. ä.

ç çàçíà÷åíèì îáìåæåííÿì íà ïîâåðõíi S ïî íåîáõiäíîñòi iñíó¹ òåíçîðíå ïîëå

Tαβ òà ôóíêöiÿ µ, ÿêi âèðàæàþòüñÿ ÷åðåç òåíçîð Tα ó âèãëÿäi (15) i (16)

âiäïîâiäíî, à Tα â ñâîþ ÷åðãó ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (17). Òåîðåìà

äîâåäåíà.
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Ìà¹ ìiñöå i îáåðíåíà

Òåîðåìà 4 Íåõàé íà äîâiëüíié ïîâåðõíi S(K 6= 0) êëàñó C3 iñíó¹ òåíçîðíå

ïîëå Tαβ ∈ C2 òà ôóíêöiÿ µ ∈ C2, ÿêi ìîæíà âèðàçèòè ó âèãëÿäi (15), (16)

âiäïîâiäíî ÷åðåç òåíçîðíå ïîëå Tα ∈ C2, ÿêå ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü

(17). Òàêà ïîâåðõíÿ äîïóñêà¹ êâàçiàðåàëüíó íåñêií÷åííî ìàëó äåôîðìàöiþ ç

âiäõèëåííÿì âiä äîòè÷íî¨ ïëîùèíè, ñòàöiîíàðíèì ó áóäü-ÿêîìó íàïðÿìi.

Ïðè öüîìó ïîëå çìiùåííÿ U ìà¹ ïðåäñòàâëåííÿ

U(M) =

∫
M0M

((
−1

2
ciαT

α
,jd

jβ − 1

2
ciαT

β
,jd

jα − 1

2
ckαT

α
,jd

jkδβi

)
rβ + ciαT

αn

)
dxi+

(23)

+U0,

äå U0− ñòàëèé âåêòîð, à êðèâîëiíiéíèé iíòåãðàë áåðåòüñÿ ïî äîâiëüíié

ñïðÿìíié ëiíi¨, ùî íàëåæèòü ïîâåðõíi òà ç'¹äíó¹ ôiêñîâàíó òî÷êó M0 çi

çìiííîþ òî÷êîþ M.

Äîâåäåííÿ Ïðèïóñòèìî, ùî íà ïîâåðõíi S(K 6= 0) iñíó¹ òåíçîðíå ïîëå

Tαβ ∈ C2 òà ôóíêöiÿ µ ∈ C2, ÿêi ìîæíà ïîäàòè ôîðìóëàìè (15), (16) âiäïî-

âiäíî ÷åðåç òåíçîðíå ïîëå Tα ∈ C2, ÿêå ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (17).

Ïîêàæåìî, ùî çà òàêèõ óìîâ ïîâåðõíÿ äîïóñêà¹ ê. í. ì. ä. çi ñòàöiîíàðíèì

âiäõèëåííÿì âiä äîòè÷íî¨ ïëîùèíè ó áóäü-ÿêîìó íàïðÿìi. Äëÿ öüîãî ñïî-

÷àòêó ïåðåâiðèìî, ùî çà äàíîãî ïîäàííÿ òåíçîðíîãî ïîëÿ Tαβ òà ôóíêöi¨ µ

ôîðìóëàìè (15), (16) ñèñòåìà ðiâíÿíü (14) çàäîâîëüíÿ¹òüñÿ.

Äiéñíî, âíåñåìî âèðàçè äëÿ Tαβ òà µ ç (15), (16) â ïåðøå ñïiââiäíîøåííÿ

ñèñòåìè (14), âíàñëiäîê ÷îãî îäåðæèìî

Tα,jαd
jβ + Tα,jd

jβ
,α + Tαbβα = 0. (24)

ßêùî òåïåð âðàõóâàòè òîòîæíiñòü Ði÷÷i (20) òà ôîðìóëè (21), òî ñèñòåìi

ðiâíÿíü (24) çìîæåìî íàäàòè âèãëÿäó (22). Ïîìíîæèìî (22) íà bβi i çãîðíå-

ìî ïî iíäåêñó β, â ðåçóëüòàòi ÷îãî ïåðåêîíà¹ìîñÿ, ùî ñïiââiäíîøåííÿ (141)

âðåøòi ðåøò çâåäåòüñÿ äî ñèñòåìè ðiâíÿíü (17). Îñêiëüêè çà óìîâîþ òåîðå-

ìè òåíçîðíå ïîëå Tα ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (17), òî çâiäñè âèïëèâà¹,

ùî ïåðøå ñïiââiäíîøåííÿ ñèñòåìè ðiâíÿíü (14) òîòîæíî âèêîíó¹òüñÿ.

Ïåðåêîíà¹ìîñÿ, ùî äðóãå ñïiââiäíîøåííÿ ñèñòåìè ðiâíÿíü (14) çà óìîâè

òåîðåìè òàêîæ òîòîæíî âèêîíó¹òüñÿ. Ç öi¹¨ ìåòîþ ñïåðøó ïîêàæåìî, ùî ç

ôîðìóë (15), (16) âèïëèâà¹ ñïiââiäíîøåííÿ (18). Ñïðàâäi, ïîìíîæèìî (16)

íà cαβ . Ó âiäïîâiäíîñòi ç òîòîæíiñòþ (213) äiñòàíåìî

cαβµ =
1

2

(
T β,kd

kα − Tα,kdkβ
)
. (25)
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Âíåñåìî òåïåð â (15) çàìiñòü äîäàíêó
1

2
T β,kd

kα éîãî âèðàç ç (25), à ñàìå

1

2
T β,kd

kα =
1

2
Tα,kd

kβ + cαβµ.

Òîäi ðiâíîñòÿì (15) ìîæíà íàäàòè âèãëÿäó (18). Ïiäñòàâèìî íàðåøòi âèðàç

äëÿ Tαβ ç (18) â äðóãå ñïiââiäíîøåííÿ ñèñòåìè ðiâíÿíü (14), âíàñëiäîê ÷îãî

îäåðæèìî òîòîæíiñòü

ciαT
αβbβj + ciαT

α
,j − bijµ = −ciαTα,kdkβbβj − ciαcαβµbβj + ciαT

α
,j − bijµ ≡ 0.

Îñêiëüêè òðåò¹ ñïiââiäíîøåííÿ ñèñòåìè ðiâíÿíü (14) ¹ óìîâîþ ñèìåòðè-

÷íîñòi òåíçîðà Tαβ , à ñàì öåé òåíçîð Tαβ çà óìîâîþ òåîðåìè ïîäàíî â ñè-

ìåòðè÷íîìó âèãëÿäi (15), òî öå ñïiââiäíîøåííÿ, î÷åâèäíî, òåæ âèêîíó¹òüñÿ.

Ïiäñòàâèìî âèðàçè äëÿ òåíçîðíîãî ïîëÿ Tαβ òà ôóíêöi¨ µ ç (15), (16) òà

âèðàç äëÿ Tα ç (17) â ñèñòåìó äâîõ äèôåðåíöiàëüíèõ ðiâíÿíü (2)

Ui =

(
−1

2
ciαT

α
,jd

jβ − 1

2
ciαT

β
,jd

jα − 1

2
ckαT

α
,jd

jkδβi

)
rβ + ciαT

αn. (26)

Ç ïîïåðåäíüîãî âèïëèâà¹, ùî óìîâè iíòåãðîâàíîñòi (14) ñèñòåìè ðiâíÿíü (26)

òîòîæíî âèêîíóþòüñÿ.

Îòæå, äëÿ äîâiëüíî¨ îäíîçâ'ÿçíî¨ ïîâåðõíi S êëàñó C3 íåíóëüîâî¨ ãàóñî-

âî¨ êðèâèíè iñíó¹ ïîëå âåêòîðà çìiùåííÿ U ó âèãëÿäi (23). Äëÿ áóäü-ÿêîãî

êîíòðàâàðiàíòíîãî âåêòîðà Tα ç (17) öå äåôîðìóþ÷å ïîëå îäíîçíà÷íî (ç

òî÷íiñòþ äî ñòàëîãî âåêòîðà U0) âèçíà÷à¹ êâàçiàðåàëüíó íåñêií÷åííî ìàëó

äåôîðìàöiþ, ïðè ÿêié çáåðiãà¹òüñÿ âiäõèëåííÿ âiä äîòè÷íî¨ ïëîùèíè öi¹¨

ïîâåðõíi ó áóäü-ÿêîìó íàïðÿìi. Òåîðåìà äîâåäåíà.
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Analytical modeling of one problem of the quasiareal in�nitesi-

mal deformation of the surface

In this paper the object of the study is the quasiareal in�nitesimal deformation of

the unrestricted simply connected regular surface of non-zero Gauss curvature,

provided that under this deformation the deviation of the surface from the

tangent plane is preserved in any direction.
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Âèêîðèñòàííÿ iíôîðìàöiéíèõ òåõíîëîãié â
ÎÍÀÕÒ ïðè âèâ÷åííi âèùî¨ ìàòåìàòèêè

Í.Ã.Êîíîâåíêî, Þ.Ñ. Ôåä÷åíêî, Í.Ï. Õóäåíêî

http://orcid.org/0000-0002-8631-0688

http://orcid.org/0000-0002-7473-3237

http://orcid.org/0000-0002-0876-0691

Áóðõëèâèé ðîçâèòîê iíôîðìàöiéíèõ òåõíîëîãié i êîìï'þòåðíî¨ òåõíi-

êè âiäêðèâà¹ íîâi ìîæëèâîñòi âäîñêîíàëåííÿ ïåäàãîãi÷íèõ òåõíîëîãié i

ìåòîäèê íàâ÷àííÿ. Ïîêàçàíî âèêîðèñòàííÿ iíôîðìàöiéíî-êîìóíiêàöiéíèõ

òåõíîëîãié i åëåêòðîííèõ çàñîáiâ íàâ÷àííÿ ó âèêëàäàííi êóðñó âèùî¨

ìàòåìàòèêè â Îäåñüêié íàöiîíàëüíié àêàäåìi¨ õàð÷îâèõ òåõíîëîãié, ùî

ñïðÿìîâàíå íà ïiäâèùåííÿ åôåêòèâíîñòi é ÿêîñòi íàâ÷àííÿ ñòóäåíòiâ.

Êëþ÷îâi ñëîâà Iíôîðìàöiéíi òåõíîëîãi¨, õìàðíi ñåðâiñè, âèùà ìàòåìàòèêà,

iíôîðìàöiéíî-ïîøóêîâi ñèñòåìè.

Íàâ÷àþ÷è ñòóäåíòiâ îñíîâàì âèùî¨ ìàòåìàòèêè âèêëàäà÷i êàôåäðè

âèùî¨ ìàòåìàòèêè Îäåñüêî¨ íàöiîíàëüíî¨ àêàäåìi¨ õàð÷îâèõ òåõíîëîãié

(ÎÍÀÕÒ), íàñàìïåðåä, ïàì'ÿòàþòü ïðî äîñÿãíåííÿ íàñòóïíî¨ öiëi: âñåái÷íèé

ðîçâèòîê îñîáèñòîñòi, ÿêà îòðèìà¹ íàëåæíi ìàòåìàòè÷íi íàâè÷êè òà çíàííÿ,

âìiííÿ àíàëiçóâàòè ìàòåðiàë, çíàõîäèòè àíàëîãi¨, êëàñèôiêóâàòè äàíi äëÿ

ïîäàëüøî¨ ñâî¹¨ ïðîôåñiéíî¨ äiÿëüíîñòi.

Äëÿ äîñÿãíåííÿ âèñîêèõ ðåçóëüòàòiâ, íàñàìïåðåä, íåîáõiäíî ñôîðìóâàòè

ó ñòóäåíòà ïîçèòèâíå ñòàâëåííÿ äî âèùî¨ ìàòåìàòèêè, äîïîìîãòè éîìó ïî-

çáóòèñÿ ñòðàõó ïåðåä ïðåäìåòîì, çíèùèòè ðiçíîìàíiòíi áàð'¹ðè òà ïåðåñòî-

ðîãè. Âñå öå ìîæëèâî çàâäÿêè âðàõóâàííÿ îñîáëèâîñòi êàòåãîði¨ ñòóäåíòiâ,

çàñòîñóâàííÿ ïðèíöèïó íàãëÿäíîñòi ó âèêîðèñòàííi ìàòåðiàëó, ó ïîòóæíié

ìîòèâàöi¨, ó çàëó÷åííi ñòóäåíòà äî àêòèâíî¨ àóäèòîðíî¨ äiÿëüíîñòi.
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Îêðiì öüîãî, íàâ÷àííÿ ìà¹ âiäïîâiäàòè ñó÷àñíîìó ñòàíó íàóêè, ïîâèííi

âïðîâàäæóâàòèñÿ ÿê íîâi iííîâàöiéíi òåõíîëîãi¨ òàê i ìåòîäèêè, äîöiëüíî

âèêîðèñòîâóâàòè âñi íîâi ïðîãðàìíi ðîçðîáêè òîùî.

Âàæëèâèì ¹ ïî¹äíàííÿ ðiçíèõ ôîðì îðãàíiçàöi¨ íàâ÷àííÿ. Òóò âèîêðå-

ìèìî àóäèòîðíi òà ïîçààóäèòîðíi ãîäèíè. Çíà÷íà ÷àñòèíà ìàòåðiàëó âèíî-

ñèòüñÿ íà ñàìîñòiéíó ðîáîòó ñòóäåíòà, ÿêà âêëþ÷à¹ iíäèâiäóàëüíó ðîáîòó.

Îðãàíiçàöiÿ òàêî¨ ðîáîòè ñóòò¹âî çàëåæèòü âiä âèêëàäà÷à, ÿêèé ìà¹ âiðíî i

ðàöiîíàëüíî ðîçïîäiëèòè ìàòåðiàë ñàìîñòiéíî¨ ðîáîòè, â÷àñíî ïiäêàçàòè òà

çîði¹íòóâàòè ñòóäåíòiâ, à iíêîëè, ïðîêîíòðîëþâàòè i ïðîìîòèâóâàòè ñòóäåí-

òà äî íàâ÷àííÿ. Àäæå, çàçâè÷àé, ó ÂÍÇ, äå êàôåäðà âèùî¨ ìàòåìàòèêè íå

¹ âèïóñêàþ÷îþ, âèêëàäà÷i ïðàöþþòü ëèøå ç 1 òà 2 êóðñàìè. Îñîáëèâiñòþ

¹ òå, ùî ïiñëÿ øêîëè ñòóäåíòè íå çîâñiì ãîòîâi äî ñàìîñòiéíîãî îñâî¹ííÿ

ìàòåðiàëó. Ñàìå â öåé ÷àñ ñòà¹ ó íàãîäi ñàéò âèêëàäà÷à, ïîòðåáà â ÿêîìó

âæå íàçðiëà i ÿêèé äà¹ ìîæëèâiñòü ñïiëêóâàííÿ çi ñòóäåíòàìè íå çàëåæíî

âiä ÷àñó òà ìiñöÿ çíàõîäæåííÿ, ñòâîðþ¹ àòìîñôåðó íåôîðìàëüíîãî ñïië-

êóâàííÿ, äîäà¹ ñòóäåíòîâi äîäàòêîâó âïåâíåíiñòü òà ñàìîñòiéíiñòü. Çíà÷íi

îñîáëèâîñòi äèñòàíöiéíîãî íàâ÷àííÿ âïðîâàäæóþòüñÿ çàâäÿêè âiðòóàëüíîãî

íàâ÷àëüíîãî ñåðåäîâèùà (îáîëîíêà, ïëàòôîðìà), ÿêó ðîçìiùåíî â ìåðåæi

Iíòåðíåò. I õî÷à òàêèõ ïëàòôîðì ¹ øèðîêèé âèáið (Moodle, CourseWork,

FLE òîùî), ÿê áåçêîøòîâíèõ, òàê i çà êîøòè, òà îõîïèòè âñi ìîæëèâîñòi

íàâ÷àííÿ æîäíà íå ìîæå. Áàãàòî çàëåæèòü âiä ñàìîãî âèêëàäà÷à òà éîãî

áà÷åííÿ ïðîöåñó íàâ÷àííÿ. Ïëàòôîðìè çðó÷íi äëÿ íàäàííÿ òåîðåòè÷íîãî

ìàòåðiàëó, äëÿ îðãàíiçàöi¨ òåñòóâàííÿ çà ðåçóëüòàòàìè íàâ÷àííÿ, ïðîâåäåí-

íÿ àíêåòóâàííÿ, îòðèìàííÿ ñòàòèñòèêè âiäâiäóâàíü ïëàòôîðìè ñòóäåíòàìè

òîùî. Òà òàêi âiðòóàëüíi íàâ÷àëüíi ñåðåäîâèùà íàéêðàùå ñåáå ïðîÿâëÿþòü

ó ðàìêàõ àêàäåìi÷íîãî íàâ÷àííÿ, äå ñòóäåíòè äåÿêîãî êóðñó ìàþòü çìîãó

ìàòè iíôîðìàöiþ ç óñiõ äèñöèïëií äàíîãî êóðñó.

Âèêîðèñòàííÿ ñàéòiâ âèêëàäà÷iâ êàôåäðè âèùî¨ ìàòåìàòèêè äîçâîëÿþòü

íàäàòè íàñòóïíó iíôîðìàöiþ:

− êîíñïåêò ëåêöié, ïðàêòè÷íi ðîçðîáêè;

− ïåðåëiê ïèòàíü äî ìîäóëüíèõ êîíòðîëiâ, iñïèòiâ;

− äîìàøíi çàâäàííÿ;

− äåÿêi âàæëèâi ìàòåìàòè÷íi òàáëèöi;

− ïðåçåíòàöi¨, ÿêi âèêîíàíî ñàìèìè ñòóäåíòàìè;

− îïèòóâàííÿ ïðè ïðîâåäåííi êîíêóðñiâ íà íàéêðàùó ïðåçåíòàöiþ òî-

ùî;

− ôîòîãðàôi¨ ñòóäåíòiâ � ó÷àñíèêiâ ðiçíèõ ìàòåìàòè÷íèõ ïîäié.
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Òàêå ñïiëêóâàííÿ ¹ äóæå çðó÷íèì é äëÿ îðãàíiçàöi¨ íàâ÷àííÿ ñòóäåíòiâ

çàî÷íî¨ ôîðìè íàâ÷àííÿ.

ßê äîïîâíåííÿ äî ñïîñîáiâ äèñòàíöiéíîãî ñïiëêóâàííÿ, íå ìåíø âàæëèâó

ðîëü âiäiãðàþòü ñòâîðåíi òåìàòè÷íi ãðóïè â ñîöiàëüíèõ ìåðåæàõ. Ìè çóïè-

íèìîñÿ íà ìåðåæi Facebook, îñêiëüêè íà íàø äîñâiä, öå îäíà ç íàéïîòóæíi-

øèõ ñîöiàëüíèõ ìåðåæ ç øèðîêèìè ìîæëèâîñòÿìè, ùî ïðèìíîæóþòüñÿ ó

âiäïîâiäíîñòi äî ðîçâèòêó iíôîðìàöiéíèõ òåõíîëîãié.

×èì âiäðiçíÿ¹òüñÿ Facebook âiä ñàéòó âèêëàäà÷à i ÷è íå ¹ öå äóáëÿæîì

îäíîãî i òîãî æ? Âiäïîâiäü íà öå ïèòàííÿ òà ïðî îñîáëèâîñòi ðîáîòè ãðóïè ó

Facebook ìè îòðèìàëè âæå ïiä ÷àñ ïðîâåäåííÿ åêñïåðèìåíòó. Ñàéò i ñîöiàëü-

íà ìåðåæà äîïîâíþþòü îäíà îäíó. Îäíîçíà÷íî ìîæåìî ñòâåðäæóâàòè, ùî

ó ãðóïi ñïiëêóâàííÿ íà îðãàíiçàöiéíi ïèòàííÿ âiäáóâà¹òüñÿ çíà÷íî êðàùå.

Áóäü-ÿêi îá'ÿâè ðîçïîâñþäæóþòüñÿ ÿê âiðóñ, çà óìîâè, ùî ñòóäåíò ïîäiëè-

òüñÿ iíôîðìàöi¹þ ç äðóçÿìè. Îêðiì öüîãî, êîæíèé ñòóäåíò â ãðóïi ìîæå

äîäàâàòè ñòàòòi, äiëèòèñÿ ïîñèëàííÿìè òà iíøîþ âàæëèâîþ iíôîðìàöi¹þ. �

ìîæëèâiñòü ïðîâåäåííÿ ÷àòó ç ó÷àñíèêàìè ãðóïè.

Ç óðàõóâàííÿì, ùî ìàéæå êîæåí ñòóäåíò ùîäíÿ ïðîâîäèòü çíà÷íèé ÷àñ

ó äàíié ñîöiàëüíié ìåðåæi ââàæà¹ìî äîöiëüíèì êîðèñòóâàòèñÿ ¨¨ ìîæëèâî-

ñòÿìè äëÿ îðãàíiçàöi¨ íàâ÷àëüíîãî ïðîöåñó.

Íàïîâíåííÿ öiêàâèì êîíòåíòîì äà¹ ìîæëèâiñòü äîíåñòè äî ñòóäåíòà äî-

äàòêîâó öiêàâó é âàæëèâó iíôîðìàöiþ. Çîêðåìà, äðóêóþ÷è ñòàòòi ç òåìàòè-

êè ïðî êîðèñòóâàííÿ ïðîãðàìíèìè ìàòåìàòè÷íèìè çàáåçïå÷åííÿìè, òàêè-

ìè ÿê Mathcat, Maple, Maxima ÷è îíëàéíîâèìè ñåðâiñàìè AlphaWolfram ìè

ðîçøèðþ¹ìî êðóãîçið ñòóäåíòiâ òà â÷èìî êîðèñòóâàòèñÿ íèìè.

Ç àêöåíòó¹ìî óâàãó, ùî äëÿ áiëüø ÿñêðàâî¨ ïîäà÷i ìàòåðiàëó âèêëàäà÷ó

íåîáõiäíî çàñòîñîâóâàòè ïðåçåíòàöi¨, ÿê îäèí iç âèäiâ ìåòîäè÷íîãî çàáåçïå-

÷åííÿ ñâî¹¨ ðîáîòè.

Àíàëiç äîñâiäó âèêîðèñòàííÿ åëåêòðîííèõ ïðåçåíòàöié ïîêàçó¹, ùî âîíè

äîçâîëÿþòü âèäîçìiíþâàòè çìiñò çàíÿòòÿ, çàäiÿòè òâîð÷èé ïîòåíöiàë âèêëà-

äà÷à, ÿêèé ìà¹ ìîæëèâiñòü êîðèãóâàòè ñòâîðåíi íèì åêðàííi ôîðìè ïðåä-

ñòàâëåííÿ çìiñòó íàâ÷àëüíîãî ìàòåðiàëó i çäiéñíþâàòè ñàìîàíàëiç ïëàíîâà-

íîãî çàíÿòòÿ. Ïåðåâàãè íàâ÷àëüíîãî çàíÿòòÿ ç âèêîðèñòàííÿì ïðåçåíòàöié

ïîëÿãàþòü òàêîæ â òîìó, ùî äåìîíñòðàöiéíi ìîæëèâîñòi ìóëüòèìåäiéíîãî

çàáåñïå÷åííÿ äîïîìàãàþòü çáåðiãàòè ñòiéêó ìîòèâàöiþ ó ñòóäåíòiâ i ðîçâè-

âàþòü ïðîñòîðîâó óÿâó.

Â óìîâàõ ñòðiìêîãî ðîçâèòêó ñó÷àñíèõ iíôîðìàöiéíèõ òåõíîëîãié òà ìå-

ðåæi Iíòåðíåò âèùi íàâ÷àëüíi çàêëàäè âiäõîäÿòü âiä âèêîðèñòàííÿ âëàñíîãî
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îáëàäíàííÿ i ïðîãðàìíîãî çàáåçïå÷åííÿ â áiê ñåðâiñ- îði¹íòîâàíèõ òåõíîëî-

ãié. Çîêðåìà, êîëè âëàñíå îáëàäíàííÿ íå ¹ äîñòàòíiì äëÿ çáèðàííÿ, ïåðåäà÷i

÷è îáðîáêè äàíèõ, òî ó íàãîäi ñòàþòü õìàðíi òåõíîëîãi¨.

Õìàðíi òåõíîëîãi¨ (cloud computing) âèçíà÷àþòü ÿê äèíàìi÷íî ìàñøòàáî-

âàíèé âiëüíèé ñïîñiá äîñòóïó äî çîâíiøíiõ îá÷èñëþâàëüíèõ iíôîðìàöiéíèõ

ðåñóðñiâ ó âèãëÿäi ñåðâiñiâ, ùî íàäàþòüñÿ çà äîïîìîãîþ ìåðåæi Iíòåðíåò

([1]).

Íàéãîëîâíiøîþ ôóíêöi¹þ òàêèõ òåõíîëîãié ¹ çàäîâîëåííÿ ïîòðåá êîðè-

ñòóâà÷iâ, ùî ïîòðåáóþòü âiääàëåíî¨ îáðîáêè äàíèõ.

Õìàðíi òåõíîëîãi¨ � öå i áðàóçåðíèé iíòåðôåéñ ïîøòîâî¨ ñêðèíüêè, i ìî-

æëèâiñòü ñòâîðåííÿ òà ðåäàãóâàííÿ îôiñíèõ äîêóìåíòiâ îíëàéí, i ñêëàäíi

ìàòåìàòè÷íi îá÷èñëåííÿ, äëÿ ÿêèõ ïîòóæíîñòi îäíîãî ïåðñîíàëüíîãî êîì-

ï'þòåðà íåäîñòàòíüî, ùî ¹ îñîáëèâî àêòóàëüíèì ïðè âèâ÷åííi âèùî¨ ìàòå-

ìàòèêè.

Çàãàëüíîþ ïåðåâàãîþ äëÿ âñiõ êîðèñòóâà÷iâ õìàðíèõ òåõíîëîãié ¹ òå, ùî

îòðèìàòè äîñòóï äî ¾õìàðè¿ ìîæíà íå ëèøå ç ÏÊ ÷è íîóòáóêà, àëå òàêîæ

ç íåòáóêà, ñìàðòôîíà, ïëàíøåòà, îñêiëüêè ãîëîâíîþ âèìîãîþ äëÿ äîñòóïó

¹ íàÿâíiñòü Iíòåðíåòó, à äëÿ ðîáîòè ïðîãðàìíîãî çàáåçïå÷åííÿ ¾õìàðè¿ âè-

êîðèñòîâóþòüñÿ ïîòóæíîñòi âiääàëåíîãî ñåðâåðó.

Òåïåð â áóäü-ÿêié àóäèòîði¨ ìîæíà îðãàíiçóâàòè ñó÷àñíèé íàâ÷àëüíèé

ïðîöåñ, âèêîðèñòîâóþ÷è íîóòáóêè, ipad-è àáî íåòáóêè, ùî ïiäòðèìóþòü áåç-

ïðîâiäíå ïiäêëþ÷åííÿ çà ñòàíäàðòîì Wi-�.

Îñíîâíi ïåðåâàãè, ÿêi ìîæóòü äàòè õìàðíi òåõíîëîãi¨, î÷åâèäíi:

− åêîíîìiÿ çàñîáiâ íà ïðèäáàííÿ ïðîãðàìíîãî çàáåçïå÷åííÿ (âèêîðè-

ñòàííÿ òåõíîëîãi¨ O�ce Web Apps (O�ce îíëàéí));

− çíèæåííÿ ïîòðåáè â ñïåöiàëiçîâàíèõ ïðèìiùåííÿõ;

− âèêîíàííÿ áàãàòüîõ âèäiâ íàâ÷àëüíî¨ ðîáîòè, êîíòðîëþ i îöiíêè onli-

ne;

− åêîíîìiÿ äèñêîâîãî ïðîñòîðó;

− àíòèâiðóñíà, áåçðåêëàìíà, àíòèõàêðåñüêà áåçïåêà òà âiäêðèòiñòü

îñâiòíüîãî ñåðåäîâèùà äëÿ âèêëàäà÷iâ i ñòóäåíòiâ.

Îêðiì î÷åâèäíèõ ïåðåâàã òà êîðèñòi âèêîðèñòàííÿ õìàðíèõ òåõíîëîãié,

äîöiëüíî âiäìiòèòè i äåÿêi íåäîëiêè. Îñíîâíèìè íåäîëiêàìè õìàðíèõ òåõíî-

ëîãié ¹:

1) ¨õ íåâåëèêå ïîøèðåííÿ â Óêðà¨íi;

2) íåîáõiäíiñòü äîñòóïó äî øâèäêiñíîãî Iíòåðíåòó;

3) îáìåæåíà ôóíêöiîíàëüíiñòü ïðîãðàìíîãî çàáåçïå÷åííÿ.
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Óêðà¨íñüêèé õìàðíèé ðèíîê, íà âiäìiíó âiä ðèíêiâ ÑØÀ ÷è �Ñ, íèíi

çíàõîäèòüñÿ ó ôàçi ðîçâèòêó � ôîðìóâàííÿ ïîïèòó i àêóìóëþâàííÿ ïåðâèí-

íîãî äîñâiäó ñïîæèâàííÿ õìàðíèõ ðiøåíü.

Íà äàíèé ÷àñ ñïîñòåðiãà¹òüñÿ ïîñòóïîâà ìiãðàöiÿ îñâiòíiõ ñåðâiñiâ çà äî-

ïîìîãîþ ñó÷àñíèõ iíôîðìàöiéíî-êîìóíiêàöiéíèõ òåõíîëîãié òà iíôîðìàöié-

íèõ ðåñóðñiâ â õìàðó, ùî çãîäîì ïðèâåäå äî ñòðiìêîãî âïðîâàäæåííÿ öèõ

ñåðâiñiâ â îñâiòó i ñîöiàëüíó ñôåðó.

Òåõíîëîãiÿ õìàðíèõ îá÷èñëåíü i ðåàëiçîâàíà íà ¨¨ îñíîâi îñâiòíÿ ïëàòôîð-

ìà äîçâîëÿþòü ìàêñèìàëüíî åôåêòèâíî âèêîðèñòîâóâàòè íàÿâíi ïðîãðàìíî-

àïàðàòíi ðåñóðñè ÂÍÇ, à ñòóäåíòè äiñòàþòü ìîæëèâiñòü çàñòîñîâóâàòè íà

ïðàêòèöi íàéñó÷àñíiøi êîìï'þòåðíi òåõíîëîãi¨.

Ïðèêëàäè âèêîðèñòàííÿ õìàðíèõ òåõíîëîãié â îñâiòi:

• âèêîðèñòàííÿ O�ce Web Apps-äîäàòêiâ (O�ce 365), ([2]);

• åëåêòðîííi æóðíàëè i ùîäåííèêè (http://shodennik.ua/);

• îí-ëàéí ñåðâiñè äëÿ ó÷áîâîãî ïðîöåñó, ñïiëêóâàííÿ, òåñòóâàííÿ;

• ñèñòåìè äèñòàíöiéíîãî íàâ÷àííÿ, áiáëiîòåêà, ìåäiàòåêà;

• ñõîâèùà ôàéëiâ,ñïiëüíèé äîñòóï (Dropbox,SkyDrive);

• âiäåîêîíôåðåíöi¨;
• åëåêòðîííà ïîøòà ç äîìåíîì âóçà.

Google íàäà¹ áåçëi÷ äîäàòêiâ i ñåðâiñiâ, ùî äîïîìàãàþòü â íàâ÷àííi:

• Google ArtProject - iíòåðàêòèâíî-ïðåäñòàâëåíi ïîïóëÿðíi ìóçå¨ ñâiòó;
• Google Docs - îíëàéíîâèé îôiñ;

• Google Maps - íàáið êàðò.

• Google Sites - áåçêîøòîâíèé õîñòèíã, ÿêèé âèêîðèñòîâó¹ âiêi-

òåõíîëîãiþ:

• Google Translate - ïåðåêëàäà÷;
• YouTube - âiäåîõîñòèíã;
• Google Äèñê - ¹äèíèé ïðîñòið äëÿ çáåðiãàííÿ ôàéëiâ i ðîáîòè ç íèìè.

Òàêèì ÷èíîì, âèêîðèñòàííÿ õìàðíèõ òåõíîëîãié â îñâiòi äîçâîëèòü ïî-

äîëàòè iñíóþ÷i áàð'¹ðè: ãåîãðàôi÷íi, òåõíîëîãi÷íi, ñîöiàëüíi òà ïiäíÿòè íà-

â÷àííÿ íà íîâèé ÿêiñíèé ðiâåíü. Íàâ÷àííÿ, çàñíîâàíå íà õìàðíèõ òåõíî-

ëîãiÿõ, íå âèìàãà¹ âiä ñòóäåíòiâ ôiçè÷íî¨ ïðèñóòíîñòi çà ìiñöåì îòðèìàííÿ

îñâiòè, ùî òàê âàæëèâî â ðåæèìi ñó÷àñíîãî æèòòÿ. Âèêîðèñòàííÿ òåõíîëî-

ãi¨ äîçâîëÿ¹ íå òiëüêè îòðèìàòè äîñòóï äî îñâiòíiõ ìàòåðiàëiâ ðiçíîãî âèäó

(òåêñòîâèì, âiçóàëüíèì, ìóëüòèìåäiéíèì), àëå é âèêîíóâàòè ðîáîòó ñïiëü-

íî ç âèêëàäà÷åì àáî ãðóïîþ. Äëÿ çàáåçïå÷åííÿ óçãîäæåíî¨ ðîáîòè âóçëiâ

îá÷èñëþâàëüíî¨ ìåðåæi íà ñòîðîíi õìàðíîãî ïðîâàéäåðà âèêîðèñòîâó¹òüñÿ
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ñïåöiàëiçîâàíå ïðîìiæíå ïðîãðàìíå çàáåçïå÷åííÿ, ùî çàáåçïå÷ó¹ ìîíiòîðèíã

ñòàíó îáëàäíàííÿ i ïðîãðàì, áàëàíñóâàííÿ íàâàíòàæåííÿ, çàáåçïå÷åííÿ ðå-

ñóðñiâ äëÿ âèðiøåííÿ çàâäàííÿ.

Îòæå, îäíèì ç ðåàëüíèõ øëÿõiâ ïiäâèùåííÿ ÿêîñòi ïiäãîòîâêè ñïåöiàëi-

ñòiâ, àêòèâiçàöi¨ íàâ÷àëüíî-ïiçíàâàëüíî¨ òà íàóêîâî-äîñëiäíèöüêî¨ äiÿëüíî-

ñòi ñòóäåíòiâ, ðîçêðèòòÿ ¨õ òâîð÷îãî ïîòåíöiàëó, çáiëüøåííÿ ðîëi ñàìîñòiéíî¨

òà iíäèâiäóàëüíî¨ ðîáîòè ¹ ðîçðîáêà òà âïðîâàäæåííÿ ó íàâ÷àëüíèé ïðîöåñ

ÂÍÇ iííîâàöiéíèõ òåõíîëîãié íàâ÷àííÿ, â îñíîâó ÿêèõ ïîêëàäåíî îðãàíi÷íå

ïî¹äíàííÿ òðàäèöiéíèõ òà êîìï'þòåðíî-îði¹íòîâàíèõ ôîðì, ìåòîäiâ i çàñî-

áiâ íàâ÷àííÿ, çîêðåìà é õìàðíèõ òåõíîëîãié.
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Using of information technologies in ONAFT when studying

Mathematics

The rapid development of information technologies and computer technics opens

new possibilities for improving educational technology and teaching methods. It

is shown that using information and communication technologies and e-learning

in teaching of mathematics at the Odessa National Academy of Food Technologi-

es, which is aimed to improve the e�ciency and quality of student learning.
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Êîíöåïöiÿ ôóíäàìåíòàëèçàöi¨ ìàòåìàòè÷íî¨
îñâiòè ñòóäåíòiâ âèùî¨ òåõíi÷íî¨ øêîëè

Þ.Ã. Ëîáîäà, Î.Þ. Îðëîâà

Ó ñòàòòi ðîçãëÿíóòi ïðîáëåìè àêòèâiçàöi¨ ó÷áîâî-ïiçíàâàëüíî¨ äiÿëüíî-

ñòi ñòóäåíòiâ âèùî¨ øêîëè ïðè âèâ÷åííi âèùî¨ ìàòåìàòèêè. Àêòèâiçàöi¨

ó÷áîâî-ïiçíàâàëüíî¨ äiÿëüíîñòi ñòóäåíòiâ ñïðèÿþòü çáóäæåííÿ iíòåðåñó äî

äèñöèïëiíè, ïðîôåñiéíà ñïðÿìîâàíiñòü, íàî÷íiñòü íàâ÷àííÿ, âèêîðèñòàííÿ

ìiæïðåäìåòíèõ çâ'ÿçêiâ,ìåòîäè àêòèâíîãî íàâ÷àííÿ. Âèÿâëåíi i îïèñàíi

êðèòåði¨ àêòèâiçàöi¨ ó÷áîâî-ïiçíàâàëüíî¨ äiÿëüíîñòi ñòóäåíòiâ. Äåòàëüíî

ðîçãëÿíóòî ôîðìóâàííÿ áàçîâèõ ïðîôåñiéíèõ êîìïåòåíöi¨ ñòóäåíòiâ âèùî¨

øêîëè. Ðîçãëÿíóòi ìîæëèâîñòi äëÿ ðåàëiçàöi¨ ïðèêëàäíî¨ ñïðÿìîâàíîñòi

íàâ÷àííÿ âèùî¨ ìàòåìàòèêè, ïðèäiëåíà óâàãà ìiæïðåäìåòíèì çâ'ÿçêàì ìà-

òåìàòèêè ç iíøèìè ó÷áîâèìè äèñöèïëiíàìè, ðîçiáðàíi îñíîâíi ôóíêöi¨ ìiæ

ïðåäìåòíèõ çâ'ÿçêiâ, ðîëü ìiæïðåäìåòíèõ çâ'ÿçêiâ â ðîçâèòêó ñàìîñòiéíîãî

i òâîð÷îãî ìèñëåííÿ, ó ôîðìóâàííi ïiçíàâàëüíî¨ àêòèâíîñòi i iíòåðåñó äî

ïiçíàííÿ ìàòåìàòèêè. Ñôîðìóëüîâàíi âèìîãè äî ñêëàäàííÿ ïðîôåñiéíî-

ñïðÿìîâàíèõ i äîñëiäíèöüêèõ çàâäàíü, êëàñèôiêîâàíi ¨õ ôóíêöi¨. Ïðèäiëåíà

óâàãà òðàäèöiéíèì i íåòðàäèöiéíèì ìåòîäàì íàâ÷àííÿ, â öüîìó êîíòåêñòi

ðîçãëÿíóòi ïîíÿòòÿ"Àêòèâíå íàâ÷àííÿ "ðîçâèâàþ÷å íàâ÷àííÿ "ïðîáëåìíå

íàâ÷àííÿ". Â ÿêîñòi àêòèâiçóþ÷èõ ìåòîäiâ íàâ÷àííÿ ðîçãëÿíóòi i êëàñèôi-

êîâàíi äiëîâi iãðè, ìåòîä ìîçêîâî¨ àòàêè. Äåòàëüíî ðîçãëÿíóòà ïðîáëåìà

îðãàíiçàöi¨ i óïðàâëiííÿ ñàìîñòiéíîþ ðîáîòîþ ñòóäåíòiâ, à òàê ñàìî êîíòðî-

ëþ êîíòðîëþ çà ¨¨ âèêîíàííÿì.

Êëþ÷îâi ñëîâà Àêòèâíå íàâ÷àííÿ, ðîçâèâàþ÷å íàâ÷àííÿ, ïðîáëåìíå íà-

â÷àííÿ

ÓÄÊ 372351
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Àíàëiç ìåòîäiâ, îðãàíiçàöiéíèõ ôîðì, çàõîäiâ i çàñîáiâ íàâ÷àííÿ ó âèùèé

òåõíi÷íié ùêîëi, ñó÷àñíîãî ñòàíó ìàòåìàòè÷íî¨ ïiäãîòîâêè ñòóäåíòiâ íåìà-

òåìàòè÷íèõ ñïåöiàëüíîñòåé, à òàêîæ îïðàöþâàííÿ íà ïðàêòèöi íàâ÷àííÿ ç

ïðîáëåìè ôóíäàìåíòàëiçàöi¨ ìàòåìàòè÷íî¨ îñâiòè ìàéáóòíiõ ôàõiâöiâ òåõíi-

÷íîãî ïðîôiëþ äàëè çìîãó ñôîðìóëþâàòè ¨¨ êîíöåïöiþ, ùî ñêëàäà¹òüñÿ ç

òàêèõ ïîëîæåíü [8]:

1. Âèñîêèé äèíàìiçì ñó÷àñíîãî íàóêîâîãî ïðîãðåñó i âèñîêi âèìîãè äî

ïðîôåñiéíî¨ ïiäãîòîâêè iíæåíåðiâ âèìàãàþòü çàáåçïå÷åííÿ íàëåæíîãî ðiâíÿ

ìàòåìàòè÷íî¨ ïiäãîòîâêè ñòóäåíòiâ. Ðàçîì ç òèì â îñòàííi ðîêè âiäáóëîñü

çíà÷íå ñêîðî÷åííÿ (äî 50 âiäñîòêiâ) êiëüêîñòi íàâ÷àëüíèõ ãîäèí íà âèâ÷åí-

íÿ çàãàëüíîãî êóðñó ïðè òîìó, ùî çàëèøèâñÿ íåçìiííèé òðàäèöiéíèé êóðñ

âèùî¨ ìàòåìàòèêè. Ïðèðîäíî, ùî çà âiäâåäåíó êiëüêiñòü ãîäèí íåìîæëèâî

çàáåçïå÷èòè  ðóíòîâíå âèâ÷åííÿ ïiä ÷àñ ëåêöié i ïðàêòè÷íèõ çàíÿòü çàçíà-

÷åíîãî çìiñòó, òîìó 50 âiäñîòêiâ çìiñòó âiäíîñèòüñÿ íà ñàìîñòiéíó ðîáîòó

ñòóäåíòiâ. Òàêå ñêîðî÷åííÿ íàâ÷àëüíèõ àóäèòîðíèõ ãîäèí âiäáóëîñÿ çà âñi-

ìà íàâ÷àëüíèìè äèñöèïëiíàìè çàãàëüíîîñâiòíüîãî i çàãàëüíîíàóêîâîãî öè-

êëó. À öå ïðèâåëî äî çíà÷íîãî çáiëüøåííÿ îáñÿãó ìàòåðiàëó äëÿ ñàìîñòiéíî¨

ðîáîòè ñòóäåíòiâ, i ðåàëüíî ñòóäåíòè íå â çìîçi âèêîíàòè òàêèé îáñÿã áåç

äîïîìîãè âèêëàäà÷à.

2. Êiëüêiñòü âiäîìîñòåé ç ìàòåìàòèêè, ÿêà îñòàííiì ÷àñîì ñòàëà äîñèòü

âåëèêîþ, íå ìîæå áóòè çàñâî¹íîþ çà âiäíîñíî êîðîòêèé òåðìií íàâ÷àííÿ

(2− 4 ñåìåñòðè â òåõíi÷íîìó âóçi). Òîìó ¨¨ òðåáà âïîðÿäêóâàòè íà ïðèíöè-

ïîâî íîâié îñíîâi. Öi¹þ îñíîâîþ ìîæå áóòè êåðóâàííÿ ÑÐÑ, ùî ¹ îäíèì ç

øëÿõiâ iíòåíñèôiêàöi¨ íàâ÷àëüíîãî ïðîöåñó i ïiäâèùåííÿ ÿêîñòi ìàòåìàòè-

÷íî¨ ïiäãîòîâêè ñòóäåíòiâ. Ñàìîñòiéíà ðîáîòà çáóäæó¹ ñòóäåíòiâ äî àêòèâíî¨

ðîçóìîâî¨ äiÿëüíîñòi, ñïðèÿ¹ âèðîáëåííþ ¨õ ñâiäîìîãî âiäíîøåííÿ äî ñèñòå-

ìàòè÷íî¨ íàâ÷àëüíî¨ ïðàöi.

Â ïðîöåñi ñàìîñòiéíî¨ íàâ÷àëüíî-ïiçíàâàëüíî¨ äiÿëüíîñòi ó ñòóäåíòiâ ðîç-

âèâàþòüñÿ òàêi ÿêîñòi îñîáèñòîñòi, ÿê ñàìîñòiéíiñòü, âèòðèìêà, êðèòè÷íiñòü

ìèñëåííÿ òà iíøi ïîçèòèâíi ÿêîñòi.

Òàêèì ÷èíîì, ïðè ïðîâåäåííi ñàìîñòiéíî¨ ðîáîòè äîñÿãà¹òüñÿ ¹äíiñòü

ïðîöåñiâ ¾çàñâî¹ííÿ çíàíü¿ òà ðîçâèòêó ¾óìiííÿ ìèñëèòè¿.

3. Â óìîâàõ ñòóïåíåâî¨ ñèñòåìè âèùî¨ òåõíi÷íî¨ îñâiòè ìîæëèâèì øëÿ-

õîì ïîäîëàííÿ òðóäíîùiâ i íåãàòèâíèõ ÿâèù, ùî ñêëàëèñÿ, ¹ îñîáèñòî îði-

¹íòîâàíå íàâ÷àííÿ, äèôåðåíöiàöiÿ òà iíäèâiäóàëiçàöiÿ íàâ÷àëüíî-âèõîâíîãî

ïðîöåñó.
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4. Âiäâåäåíó äiþ÷èì íàâ÷àëüíèì ïëàíîì êiëüêiñòü àóäèòîðíèõ ãîäèí

ìîæíà ââàæàòè äîïóñòèìîþ, ÿêùî äëÿ òèõ ñòóäåíòiâ, ÿêi ïiñëÿ çàêií÷åííÿ

ÂÍÇ ïiäóòü íà âèðîáíèöòâî, äåùî ñêîðîòèòè îáñÿã ïðîãðàìíîãî ìàòåðiàëó,

à äëÿ òèõ ñòóäåíòiâ, ÿêi áóäóòü â÷èòèñÿ â ìàãiñòðàòóði i çàéìàòèñÿ íàóêîâî-

äîñëiäíîþ ðîáîòîþ â ãàëóçi íàóêè i òåõíiêè, âæå ç ïåðøîãî êóðñó ïàðàëåëüíî

çàãàëüíîìó êóðñó ìàòåìàòèêè ÷èòàòè éîãî äîäàòêîâi ðîçäiëè i ñïåöiàëüíi

ìàòåìàòè÷íi êóðñè, çîêðåìà êóðñ ìàòåìàòè÷íîãî ìîäåëþâàííÿ.

5. Àêòèâiçàöiÿ íàâ÷àëüíî-ïiçíàâàëüíî¨ äiÿëüíîñòi ñòóäåíòiâ, çîêðåìà

ç âèùî¨ ìàòåìàòèêè, ¹ âàæëèâîþ ñêëàäîâîþ íàâ÷àëüíî-âèõîâíîãî ïðîöåñó

âèùî¨ øêîëè.

Êðèòåðiÿìè àêòèâiçàöi¨ íàâ÷àëüíî-ïiçíàâàëüíî¨ äiÿëüíîñòi ñòóäåíòiâ ç

ìàòåìàòè÷íèõ äèñöèïëií ¹ ôîðìóâàííÿ ïiçíàâàëüíîãî iíòåðåñó äî ìàòåìàòè-

êè, çáiëüøåííÿ àêòèâíîñòi â ïðîöåñi íàâ÷àííÿ, íàÿâíiñòü îçíàê ïiçíàâàëüíî¨

àêòèâíîñòi, ïðîÿâ ñàìîñòiéíîñòi â íàâ÷àííi ìàòåìàòèêè, ïðîÿâ ïiçíàâàëü-

íî¨ ñàìîñòiéíîñòi, ó÷àñòü ó ñòóäåíòñüêèõ îëiìïiàäàõ i êîíôåðåíöiÿõ, ñàìî-

ñòiéíèé ïîøóê i âèêîðèñòàííÿ ìàòåìàòè÷íèõ ìåòîäiâ ðîç'âÿçóâàííÿ çàäà÷

ìiæïðåäìåòíîãî j çìiñòó, ïðîôåñiéíî ñïðÿìîâàíèõ, çàäà÷ äîñëiäíèöüêîãî

õàðàêòåðó.

Àêòèâiçàöi¨ íàâ÷àëüíî-ïiçíàâàëüíî¨ äiÿëüíîñòi ñòóäåíòiâ ñïðèÿþòü çáó-

äæåííÿ iíòåðåñó äî äèñöèïëiíè, íàî÷íiñòü íàâ÷àííÿ, âèêîðèñòàííÿ ìiæïðå-

äìåòíèõ çâ'ÿçêiâ, ìåòîäè àêòèâíîãî íàâ÷àííÿ òîùî. Íàïðÿìêàìè iíòåíñè-

ôiêàöi¨ íàâ÷àëüíîãî ïðîöåñó é àêòèâiçàöi¨ ïiçíàâàëüíî¨ äiÿëüíîñòi ñòóäåí-

òiâ ¹ àêòèâíà ó÷àñòü ñòóäåíòiâ ó ïðîâåäåííi ëåêöiéíèõ çàíÿòü, çàëó÷åííÿ

ñòóäåíòiâ äî ìîòèâîâàíî¨ óñâiäîìëåíî¨ ñàìîñòiéíî¨ ðîáîòè, ñòâîðåííÿ íàëå-

æíîãî çàáåçïå÷åííÿ, îði¹íòîâàíîãî íà âèêîíàííÿ ñàìîñòiéíèõ iíäèâiäóàëü-

íèõ i êîíòðîëüíèõ ðîáiò, ìîäóëüíèõ çàâäàíü, à òàêîæ ìåòîäè÷íèõ ðîçðîáîê

äëÿ îáäàðîâàíèõ ñòóäåíòiâ, ÿêi ïðèéìàþòü ó÷àñòü â ìàòåìàòè÷íèõ îëiìïià-

äàõ i ñòóäåíòñüêèõ êîíôåðåíöiÿõ, ïðîôåñiéíà ñïðÿìîâàíiñòü íàâ÷àííÿ ìàòå-

ìàòèêè, ôîðìóâàííÿ ìàòåìàòè÷íî¨ êîìïåòåíòíîñòi ñòóäåíòiâ i ðîçâèòîê ¨õ

òâîð÷î¨ iíiöiàòèâè, çàñòîñóâàííÿ êîìï'þòåðíèõ òåõíîëîãié ç âèêîðèñòàííÿì

åëåêòðîííèõ ïiäðó÷íèêiâ, ïðîãðàìíî- ìåòîäè÷íîãî êîìïëåêñó, íàâ÷àëüíèõ

êóðñiâ, ìàòåìàòè÷íèõ ïàêåòiâ ïðè ðîçâ'ÿçóâàííi ñêëàäíèõ ìàòåìàòè÷íèõ çà-

äà÷ òîùî.

Çàñâî¹íi çíàííÿ, íàáóòi íàâè÷êè i âìiííÿ ñòóäåíòiâ ç ìàòåìàòèêè ñïðè-

ÿþòü ¨õ ìàòåìàòè÷íîìó òà çàãàëüíîìó ðîçâèòêó, àáñòðàêòíîìó i ëîãi÷íîìó

ìèñëåííþ, ùî íåîáõiäíî ìàéáóòíiì ôàõiâöÿì.
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6. Ç ìåòîþ ïiäâèùåííÿ ÿêîñòi ôóíäàìåíòàëüíî¨ ìàòåìàòè÷íî¨ ïiäãî-

òîâêè ñòóäåíòiâ òåõíi÷íèõ ñïåöiàëüíîñòåé íåîáõiäíî ñèñòåìàòè÷íî âïðîâà-

äæóâàòè ïðèíöèïè ïðîôåñiéíî¨ ñïðÿìîâàíîñòi âèêëàäàííÿ çàãàëüíîãî êóð-

ñó ìàòåìàòèêè, ÿê ïðè âèâ÷åííi òåîðåòè÷íîãî ìàòåðiàëó, òàê i ðîçâ'ÿçóâàííi

ñèñòåìè âïðàâ.

Â îñíîâó ïðîôåñiéíî¨ ñïðÿìîâàíîñòi íàâ÷àííÿ ìàþòü áóòè ïîêëàäåíi

ïðèíöèïè ïðîôåñiéíî¨ âiäïîâiäíîñòi òà íàñòóïíîñòi, îñíîâíèìè çàñîáàìè

ÿêèõ ¹ ìàòåìàòè÷íå ìîäåëþâàííÿ òà íàÿâíiñòü òèïîâèõ ïðèêëàäíèõ çàäà÷, à

òàêîæ ïðèíöèïè ôóíäàìåíòàëüíîñòi, ïiäãîòîâêè äî ìàéáóòíüî¨ ïðîôåñiéíî¨

äiÿëüíîñòi, âèõiä íà íîâi ìàòåìàòè÷íi iäå¨ ïðè âèêîíàííi ïðàâèë äîñòàòíüî¨

êiëüêîñòi ôîðìàëüíèõ çàäà÷, ïðîôåñiéíî¨ îäíîçíà÷íîñòi, ïðèêëàäíîãî çìi-

ñòó. Åôåêòèâíèì ñïîñîáîì, ùî ñïðèÿ¹ äîòðèìàííþ öèõ ïðèíöèïiâ i ïðàâèë,

¹ ðîçâ'ÿçàííÿ çàäà÷ ñïåöiàëüíîãî çìiñòó íà çàâåðøàëüíîìó åòàïi íàâ÷àííÿ

ìàòåìàòè÷íèõ äèñöèïëií. Çàáåçïå÷åííÿ æ çàâåðøåííÿ åòàïó ìàòåìàòè÷íî¨

ïiäãîòîâêè ôàõiâöiâ â ãàëóçi òåõíiêè ìà¹ âèêîðèñòàííÿ ñïåöiàëüíèõ ìàòåìà-

òè÷íèõ êóðñiâ, ÿêi âiääçåðêàëþþòü ìàéáóòíi iíòåðåñè ñïåöiàëiñòà. Âïðîâà-

äæåííÿ ïðîôåñiéíî¨ ñïðÿìîâàíîñòi íàâ÷àííÿ ìàòåìàòèêè ¹ îäíèì ç øëÿõiâ

óñóíåííÿ iñíóþ÷î¨ ñóïåðå÷íîñòi ìiæ ïîòðåáàìè ñóñïiëüñòâà ó êâàëiôiêîâà-

íèõ ôàõiâöÿõ i ñó÷àñíèì ñòàíîì ìàòåìàòè÷íî¨ ïiäãîòîâêè ñòóäåíòiâ íåìàòå-

ìàòè÷íèõ ñïåöiàëüíîñòåé.

Â óìîâàõ êîìïåòåíòíiñíî-îði¹íòîâàíî¨ ïàðàäèãìè îñâiòè ïðîôåñiéíà

ñïðÿìîâàíiñòü íàâ÷àííÿ ìàòåìàòèêè ñòóäåíòiâ ìîëîäøèõ êóðñiâ òåõíi÷íèõ

âóçiâ ¹ êîìïîíåíòîì ôîðìóâàííÿ ó íèõ áàçîâèõ ïðîôåñiéíèõ êîìïåòåíöié.

7. Åôåêòèâíèé çàñîáîì ðåàëiçàöi¨ ïðîôåñiéíî¨ ñïðÿìîâàíîñòi ¹ íàâ÷àí-

íÿ ñòóäåíòiâ ïî÷àòêàì ìàòåìàòè÷íîãî ìîäåëþâàííÿ ïðè âèâ÷åííi çàãàëüíî-

ãî êóðñó ìàòåìàòèêè i ñïåöiàëüíèõ ìàòåìàòè÷íèõ êóðñiâ íà çàâåðøàëüíîìó

åòàïi âèâ÷åííÿ ìàòåìàòèêè äëÿ ñòóäåíòiâ-ñïåöiàëiñòiâ i ìàãiñòðàíòiâ.

8. Íåîáõiäíîþ óìîâîþ çàáåçïå÷åííÿ äèôåðåíöiàöi¨ íàâ÷àííÿ ¹ äiàãíî-

ñòèêà ìàòåìàòè÷íî¨ ïiäãîòîâêè i ðîçâèòêó ñòóäåíòiâ íà ïî÷àòêó âèâ÷åííÿ

êóðñó âèùî¨ ìàòåìàòèêè i ïðîòÿãîì âñüîãî íàâ÷àííÿ (¾íóëüîâà¿ êîíòðîëü-

íà ðîáîòà äëÿ ïåðøîêóðñíèêiâ, òåñòóâàííÿ, ðiçíi ñàìîñòiéíi i êîíòðîëüíi

ðîáîòè, ìîäóëüíi çàâäàííÿ, êîëîêâióìè òîùî).

Åêñïåðèìåíòàëüíå äîñëiäæåííÿ ïîêàçàëî, ùî åôåêòèâíèì çàñîáîì ñàìî-

ñòiéíî¨ ðîáîòè ñòóäåíòiâ ¹ ðîçðàõóíêîâî-ãðàôi÷íi çàâäàííÿ, iíäèâiäóàëüíi

äîìàøíi çàâäàííÿ, ëàáîðàòîðíi ðîáîòè òà ìîäóëüíèé êîíòðîëü çàñâî¹íèõ

çíàíü òà íàáóòèõ óìiíü i íàâè÷îê ñòóäåíòiâ.
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9. Ìiæïðåäìåòíiñòü ¹ ñó÷àñíèì ïðèíöèïîì íàâ÷àííÿ, ùî âïëèâà¹ íà

âiäáið i ñòðóêòóðóâàííÿ íàâ÷àëüíîãî ìàòåðiàëó öiëîãî ðÿäó äèñöèïëií, ïî-

ñèëþ¹ ñèñòåìíiñòü çàñâî¹íèõ çíàíü, àêòèâiçó¹ ìåòîäè íàâ÷àííÿ, îði¹íòó¹ íà

çàñòîñóâàííÿ êîìïëåêñíèõ ôîðì îðãàíiçàöi¨ íàâ÷àííÿ, çàáåçïå÷ó¹ ¹äíiñòü

íàâ÷àëüíî-âèõîâíîãî ïðîöåñó. Âàæëèâèì øëÿõîì ìiæïðåäìåòíèõ çâ'ÿçêiâ

ïðè âèâ÷åííi çàãàëüíîãî êóðñó ìàòåìàòèêè òà ñïåöiàëüíèõ ìàòåìàòè÷íèõ

êóðñiâ ¹ ó÷àñòü âèêëàäà÷iâ ìàòåìàòè÷íèõ êàôåäð â íàóêîâî-äîñëiäíèöüêèõ

ðîáîòàõ ñïåöiàëüíèõ êàôåäð òà çàëó÷åííÿ äî öi¹¨ ðîáîòè ñòóäåíòñüêî¨ ìîëî-

äi.

10. Åôåêòèâíà ìàòåìàòè÷íà ïiäãîòîâêà ñòóäåíòiâ òåõíi÷íèõ óíiâåðñè-

òåòiâ ìîæå áóòè çàáåçïå÷åíà ëèøå ïðè ðåàëiçàöi¨ äiÿëüíiñíîãî i ñèñòåìíîãî

ïiäõîäiâ â îðãàíiçàöi¨ íàâ÷àëüíîãî ïðîöåñó.

11. Ìàòåìàòèêà ¹ îñîáëèâèì ìåòîäîì ñâiòîïiçíàííÿ, ôóíäàìåíòîì ïðè

âèâ÷åííi iíôîðìàòèêè, ôiçèêè, òåîðåòè÷íî¨ ìåõàíiêè, õiìi¨, åêîíîìiêè òîùî.

Ìàòåìàòè÷íi äèñöèïëiíè ôîðìóþòü îñîáèñòiñòü ñòóäåíòà, à ñàìå: âïëè-

âàþòü íà ðîçâèòîê ëîãi÷íîãî ìèñëåííÿ, ïðîñòîðîâèõ óÿâëåíü i óÿâè, àëãîðè-

òìi÷íî¨ i iíôîðìàöiéíî¨ êóëüòóðè, óâàãè, ïàì'ÿòi, ïîçèòèâíèõ âëàñòèâîñòåé

îñîáèñòîñòi, à òàêîæ åìîöiéíî-âîëüîâî¨ ñôåðè, ñïðèÿþòü ðîçâèòêó íàóêîâîãî

ñâiòîãëÿäó.

12. Äëÿ âèõîâàííÿ òà ôîðìóâàííÿ ðiçíîái÷íî ðîçâèíóòî¨ îñîáèñòîñòi,

ñòâîðåííÿ óìîâ äëÿ iíòåëåêòóàëüíîãî, ôiçè÷íîãî, ìîðàëüíîãî i åñòåòè÷íîãî

ðîçâèòêó òà ñàìîðîçâèòêó ñòóäåíòiâ íåîáõiäíî òàê ñïëàíóâàòè é îðãàíiçóâà-

òè íàâ÷àëüíî-âèõîâíèé ïðîöåñ ó âèùîìó íàâ÷àëüíîìó çàêëàäi îñâiòè,

• ùîá íàâ÷èòè òà ïðèâ÷èòè ñòóäåíòiâ ñàìîñòiéíî ïðàöþâàòè ç íàâ÷àëü-

íîþ i íàóêîâîþ ëiòåðàòóðîþ, ñàìîñòiéíî äîáóâàòè çíàííÿ,

• ùîá ñòóäåíòè ñâiäîìî i ìiöíî îâîëîäiâàëè ñèñòåìîþ êëàñè÷íèõ ìà-

òåìàòè÷íèõ çíàíü, óìiíü i íàâè÷îê, ÿêi áóëè á äîñòàòíiìè äëÿ óñïiøíîãî

îâîëîäiííÿ iíøèìè íàâ÷àëüíèìè ïðåäìåòàìè òà íåîáõiäíèìè â ìàéáóòíié

ïðîôåñiéíié äiÿëüíîñòi é ïîâñÿêäåííîìó æèòòi.

• ùîá ó ñòóäåíòiâ ôîðìóâàëèñÿ íàâè÷êè ó ïîñòàíîâöi çàäà÷ ïðîôåñiéíî

ñïðÿìîâàíîãî é ïðèêëàäíîãî çìiñòó, óÿâëåííÿ ïðî åòàïè ðîçâ'ÿçóâàííÿ öèõ

çàäà÷, ïðî ìîæëèâîñòi i çàñòîñóâàííÿ ìàòåìàòè÷íèõ ìåòîäiâ â öüîìó ïðîöå-

ñi, ùî ñïðèÿòèìå ðîçóìiííþ ñòóäåíòiâ, ùî ìàòåìàòèêà - íå òiëüêè íàâ÷àëüíà

äèñöèïëiíà, à ùå é ïîòóæíèé iíñòðóìåíò äëÿ ðîçâ'ÿçàííÿ àêòóàëüíèõ iíæå-

íåðíèõ ïðîáëåì ñó÷àñíîñòi,

• ùîá ñòóäåíòè íàâ÷àëèñÿ àíàëiçóâàòè îòðèìàíèé ðîçâ'ÿçîê ïðîáëåìè,
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• ùîá áóëè çàáåçïå÷åíi íàñòóïíiñòü, íåïåðåðâíiñòü îñâiòè i ñàìîîñâiòè,

ìîðàëüíå, òðóäîâå, åêîíîìi÷íå, åêîëîãi÷íå, ïàòðiîòè÷íi âèõîâàííÿ, ôîðìó-

âàííÿ ïîçèòèâíèõ âëàñòèâîñòåé îñîáèñòîñòi é ðèñ õàðàêòåðó, ïðîôåñiéíà i

ïðèêëàäíà ñïðÿìîâàíiñòü íàâ÷àííÿ ìàòåìàòè÷íèõ äèñöèïëií, ùî ñïðèÿòèìå

ïiäñèëåííþ ìîòèâàöi¨ íàâ÷àííÿ, ïðàêòè÷íié ïiäãîòîâöi ñòóäåíòiâ,

• ùîá áóëè çàáåçïå÷åíi óìîâè äëÿ ðîçâèòêó òâîð÷èõ çäiáíîñòåé, ìàòå-

ìàòè÷íîãî i çàãàëüíîãî ðîçâèòêó ñòóäåíòiâ, äëÿ íàáóòòÿ íàìè äîñòàòíüîãî

ðiâíÿ ìàòåìàòè÷íî¨ êóëüòóðè, íåîáõiäíîãî äëÿ îòðèìàííÿ ÿêiñíî¨ ïðîôåñié-

íî¨ îñâiòè, äëÿ ïîâíîöiííî¨ ó÷àñòi â ïîâñÿêäåííîìó æèòòi, ìàéáóòíié ïðî-

ôåñiéíié äiÿëüíîñòi, à òàêîæ äëÿ ðîçâèòêó òà ôîðìóâàííþ òàêèõ ÿêîñòåé

ôàõiâöÿ, ÿê ïðîôåñiîíàëiçì i êîìïåòåíòíiñòü.

13. Ñó÷àñíîþ ñòðàòåãi¹þ ìàòåìàòè÷íî¨ ïiäãîòîâêè ñòóäåíòiâ âè-

ùî¨ øêîëè ¹ äèôåðåíöiàöiÿ òà iíäèâiäóàëiçàöiÿ â óìîâàõ îñîáèñòiñíî-

îði¹íòîâàíîãî íàâ÷àííÿ, ÿêà ïîâèííà çàáåçïå÷óâàòèñÿ ïiäðó÷íèêàìè, íà-

â÷àëüíèìè ïîñiáíèêàìè, ìåòîäè÷íèìè ðåêîìåíäàöiÿìè, êîìïëåêòàìè iíäè-

âiäóàëüíèõ äîìàøíiõ çàâäàíü, çàâäàíü äëÿ ìîäóëüíîãî êîíòðîëþ òà îöi-

íþâàííÿ çàñâî¹íèõ çíàíü i íàáóòèõ óìiíü ñòóäåíòiâ, à òàêîæ âiäïîâiäíîþ

äiÿëüíiñòþ âèêëàäà÷à.

14. Ïîòóæíèìè çàñîáàìè iíòåíñèôiêàöi¨ íàâ÷àëüíîãî ïðîöåñó, ìiöíîãî i

ñâiäîìîãî çàñâî¹ííÿ ñòóäåíòàìè âåëèêîãî îáñÿãó ìàòåìàòè÷íîãî ìàòåðiàëó,

ïiäâèùåííÿ ÿêîñòi ¨õ ìàòåìàòè÷íî¨ ïiäãîòîâêè ¹ âïðîâàäæåííÿ ìîäóëüíî-

ðåéòèíãîâî¨ ñèñòåìè íàâ÷àííÿ é îöiíþâàííÿ óñïiøíîñòi ñòóäåíòiâ, çàñòîñó-

âàííÿ IÊÒ òà êåðiâíèöòâî ÑÐÑ.

Ðåòåëüíî îáìiðêîâàíå âïðîâàäæåííÿ i ñèñòåìàòè÷íå âèêîðèñòàííÿ íî-

âèõ çàñîáiâ íàâ÷àííÿ, çîêðåìà IÊÒ ìà¹ çàáåçïå÷èòè åôåêòèâíå çàñâî¹í-

íÿ ñòóäåíòàìè ìàòåìàòè÷íîãî ìàòåðiàëó, iíòåíñèôiêóâàòè òà îïòèìiçóâàòè

íàâ÷àëüíî-âèõîâíèé ïðîöåñ, àêòèâiçóâàòè íàâ÷àëüíî-ïiçíàâàëüíó äiÿëüíiñòü

ñòóäåíòiâ, ñïðèÿòè ðîçâèòêó ¨õ îáðàçíîãî òà òâîð÷îãî ìèñëåííÿ, îñêiëüêè

êîìï'þòåðíà ïiäòðèìêà ïðè íàâ÷àííi ìàòåìàòèêè äà¹ íàî÷íi óÿâëåííÿ áàãà-

òüîì ïîíÿòòÿì, ùî âèâ÷àþòüñÿ. Âèêîðèñòîâóâàòè ïåðñîíàëüíèé êîìï'þòåð

äëÿ âèêîíàííÿ ôóíêöié êîíòðîëþ çàñâî¹íèõ çíàíü, íàáóòèõ óìiíü i íàâè÷îê

ñòóäåíòiâ; íàâ÷àëüíi òðåíàæåðè, ìîäåëþþ÷i ñòåíäè, iíôîðìàöiéíî-äîâiäêîâi

ñèñòåìè, iãðîâi íàâ÷àëüíi ñåðåäîâèùà, åëåêòðîííi êîíñòðóêòîðè, åêñïåðòíi

ñèñòåìè òîùî. Ñèñòåìàòè÷íå âèêîðèñòàííÿ IÊÒ ÿê ïðè âèâ÷åííi çàãàëü-

íîãî êóðñó ìàòåìàòèêè, ñïåöiàëüíèõ ìàòåìàòè÷íèõ êóðñiâ, òàê i îñîáëèâî

ïðè ðîçâ'ÿçàííi ïðîôåñiéíî ñïðÿìîâàíèõ, ïðèêëàäíèõ çàäà÷ i ïðîâåäåííi
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íàóêîâî-äîñëiäíî¨ ðîáîòè ¹ íåîáõiäíèì ñó÷àñíèì çàñîáîì ôóíäàìåíòàëiçà-

öi¨ ìàòåìàòè÷íî¨ ïiäãîòîâêè ñòóäåíòiâ.

Çàðàç ìè ìà¹ìî çíà÷íó êiëüêiñòü ïðîãðàìíèõ çàñîáiâ, ùî äîçâîëÿþòü

çà äîïîìîãîþ êîìï'þòåðà ðîçâ'ÿçóâàòè äîñèòü øèðîêå êîëî ìàòåìàòè÷íèõ

çàäà÷ ðiçíèõ ðiâíiâ ñêëàäíîñòi, ñåðåä ÿêèõ ïðèäàòíèìè äëÿ çàñòîñóâàííÿ

ïðè âèâ÷åííi ìàòåìàòè÷íèõ äèñöèïëií ¹ ïðîãðàìè Maple, MatCad, MatLAB,

Mathematica, Maxima, Numeri, Reduce, EVRIKA, DERIVE, GRAN 1, GRAN-

2D, GRAN-3D, GRAN-4D.

15. Îðãàíi÷íå ïî¹äíàííÿ êëàñè÷íèõ òðàäèöiéíèõ i íîâèõ ìåòîäiâ i çàñî-

áiâ íàâ÷àííÿ ñïðèÿòèìóòü ôîðìóâàííþ ïðàêòè÷íî¨, ñîöiàëüíî- îñîáèñòiñíî¨,

êîìóíiêàòèâíî¨, çàãàëüíî-êóëüòóðíî¨ êîìïåòåíòíîñòåé, ÿêèõ ñòóäåíòè íàáó-

âàþòü ïðîòÿãîì âñüîãî ïåðiîäó íàâ÷àííÿ ó âèùié øêîëi òà çà äîïîìîãîþ çà-

ñîáiâ íåôîðìàëüíî¨ îñâiòè, âíàñëiäîê âïëèâó ñåðåäîâèùà òà íàÿâíiñòü ÿêèõ

ñâiä÷èòü ïðî ¨õ ãîòîâíiñòü äî ïîâñÿêäåííîãî æèòòÿ, äî ðiçíèõ âèäiâ ñóñïiëü-

íî¨ òà ïðîôåñiéíî¨ äiÿëüíîñòi, äî íàáóòòÿ ìàéñòåðíîñòi é ïðîôåñiîíàëiçìó.

16. Äëÿ óäîñêîíàëåííÿ íàâ÷àëüíîãî ïðîöåñó ìàþòü âèêîðèñòîâóâàòèñÿ

ðiçíi òèïè åëåêòðîííèõ îñâiòíiõ ðåñóðñiâ ç òî÷êè çîðó ¨õ åôåêòèâíîñòi ùîäî

íàáóòòÿ ñòóäåíòàìè ìàòåìàòè÷íèõ êîìïåòåíòíîñòåé.

17. Âïëèâàòè íà äóõîâíèé ñâiò ñòóäåíòiâ çãiäíî ç ïðèíöèïàìè ãóìàíi-

çàöi¨ òà ãóìàíiòàðèçàöi¨ íàâ÷àííÿ.
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JuliaG. Loboda, OlenaY. Orlova

Conception of fundamentalizacii of mathematical education of

students of higher technical school.

In the article the problems of activation of educational-cognitive activity of

students of higher school are consideredat the study of higher mathemati-

cs. Activation of educational-cognitive activity of students is assisted by exci-

tations o�nterest in discipline, professional orientation, evidentness ofeducati-

ng, use of intersubject connections, methods ofhands on training. The cri-

teria of activation of educational-cognitive activity of students are educed

and described. Forming of base professional competenses of students ofhi-

gher school is considered in detail. Possibilities areconsidered for realization

of the applied orientation ofeducating of higher mathematics, paid attention

tointersubject connections of mathematics with othereducational disciplines,

the basic functions of intersubjectconnections, role of intersubject connecti-

ons, are taken apartin development of the independent and creative thinki-

ng, informing of cognitive activity and interest in cognition ofmathemati-

cs. Requirements are set forth to drafting of the professionallydirected and

research tasks, their functions are classi�ed.Paid attention to the traditional

and unconventional methodsof educating, in this context concepts "Hands, on

training"are considered "developing educating "problem educating".As arousal

methods of educating business games, method ofbrainstorming, are considered

and classi�ed. In detail the problem of organization and management isconsi-

dered by independent work of students, and similarlycontrol of control after her

implementation.
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Geometry of Chaos: Advanced computational ap-
proach to treating chaotic dynamics of some hy-
droecological systems II

A.V. Glushkov, V.M. Kuzakon, Yu.Ya.Bunyakova,

V.V.Buyadzhi

Abstract This paper goes on our work on application of the chaos theory and

non-linear analysis technique to studying chaotic features of di�erent nature

systems. Here we present new results of using an advanced chaos-geometric

approach to treating chaotic pollution dynamics in the hydroecological systems,

in particular, forested watersheds. Generally, an approach combines together

application of the advanced mutual information scheme, Grasberger-Procachi

algorythm, Lyapunov exponent's analysis etc.

Keywords geometry of chaos, non-linear analysis, nature system

Mathematics Subject Classi�cation: (2000) 55R01-55B13

1. Introduction

In this paper we go on our work on application of the chaos theory and non-

linear analysis technique to studying chaotic features of di�erent nature systems

(see, for example [1,2]). The theoretical basis's of the chaos-geometric combined

approach to treating of chaotic behaviour of complex dynamical systems are in

details in series of ref. [1-10]. Generally, an approach combines together applica-

tion of the advanced mutual information scheme, Grassberger-Procachi algory-

thm, Lyapunov exponent's analysis etc [1-23]. It is important to note that our

advanced approch has been successfully applied to studying dynamics not only

mathmeatical and physical systems. Very impressive application is the inves-

tigated dynamics of the atmospheric pollutants concentrations and forecasting
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their temporal evolution. Besides, in Ref [2,4] we have numerically studied the

chaotic features of the pollutants concentration time series for some hydroeco-

logical systems, in particular, nitrates (sulphates) pollution concentration for a

number of the forested watersheds of the Small Carpathian (for example,Blatina

(Pezinok), Parna (Majdan), Ladomirka (Svidnik), Babie (Olsavka) etc.). It has

been noted that the successful application of new chaos-geometrical approach

to studying dynamics of the di�erent nature systems demonstrates its universal

character. Here we present the analogous numerical results of using an advanced

chaos-geometric approach to treating the nitrates pollution dynamics for other

forested watersheds with revealing the chaos elements in the temporary sets of

the nitrates and sulphates concentrations.

2. An advanced chaos-geometrical approach to hydroecological system

dynamics: Short review

As all details of a new chaos-geometric approach have been descibed in our

previous papers (see, for example,[1-8]) below we shortly present only the key

positions, which are important for the further listing numerical results. As

usually, following to [1-10], further we formally consider scalar measurements

s(n) = s(t0+ n∆t) = s(n), where t0 is a start time, ∆t is time step, and n

is number of the measurements. In a general case, s(n) is any time series (f.e.

nitrates pollution concentration). As processes resulting in a chaotic behaviour

are fundamentally multivariate, one needs to reconstruct phase space using as

well as possible information contained in s(n). Such reconstruction results in set

of d -dimensional vectors y(n) replacing scalar measurements. The main idea is

that direct use of lagged variables s(n+τ), where τ is some integer to be de�ned,

results in a coordinate system where a structure of orbits in phase space can be

captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

Let us remind that following to [2,10], the choice of proper time lag is important

for the subsequent reconstruction of phase space. If τ is chosen too small, then

the coordinates s(n + j τ), s(n +(j +1 )τ) are so close to each other in numerical

value that they cannot be distinguished from each other. If τ is too large, then

s(n+j τ), s(n+(j +1 )τ) are completely independent of each other in a statistical

sense. If τ is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position
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between above cases. First approach is to compute the linear autocorrelation

function CL(δ) and to look for that time lag where CL(δ) �rst passes through

0. This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ)

are linearly independent. It's better to use approach with a nonlinear concept

of independence, e.g. an average mutual information. The mutual information I

of two measurements ai and bk is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between

any value ai from system A and bk from B is the average over all possible

measurements of I AB (ai , bk ). In ref. [4] it is suggested, as a prescription, that

it is necessary to choose that τ where the �rst minimum of I (τ) occurs.

In [1-4,10] it has been stated that an aim of the embedding dimension deter-

mination is to reconstruct a Euclidean space Rd large enough so that the set

of points dA can be unfolded without ambiguity. The embedding dimension,

dE , must be greater, or at least equal, than a dimension of attractor, dA, i.e.

dE > dA. In other words, we can choose a fortiori large dimension dE , e.g. 10

or 15, since the previous analysis provides us prospects that the dynamics of our

system is probably chaotic. The correlation integral analysis is one of the widely

used techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C (r) is related

to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

The fundamental problem of theory of any dynamical system is in predicting

the evolutionary dynamics of a chaotic system. Let us remind following to [1-

,2,10] that the cited predictability can be estimated by the Kolmogorov entropy,

which is proportional to a sum of positive LE. As usually, the spectrum of LE

is one of dynamical invariants for non-linear system with chaotic behaviour.

The limited predictability of the chaos is quanti�ed by the local and global

LE, which can be determined from measurements. The LE are related to the

eigenvalues of the linearized dynamics across the attractor. Negative values show

stable behaviour while positive values show local unstable behaviour. For chaotic

systems, being both stable and unstable, LE indicate the complexity of the

dynamics. The largest positive value determines some average prediction limit.

Since the LE are de�ned as asymptotic average rates, they are independent of

the initial conditions, and hence the choice of trajectory, and they do comprise

an invariant measure of the attractor. An estimate of this measure is a sum

of the positive LE. The estimate of the attractor dimension is provided by the

conjecture dL and the LE are taken in descending order. The dimension dL gives

values close to the dimension estimates discussed earlier and is preferable when
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estimating high dimensions. To compute LE, we use a method with linear �tted

map, although the maps with higher order polynomials can be used too. Non-

linear model of chaotic processes is based on the concept of compact geometric

attractor on which observations evolve. Since an orbit is continually folded back

on itself by dissipative forces and the non-linear part of dynamics, some orbit

points [1,10] yr (k), r = 1 , 2 , ..,N B can be found in the neighbourhood of any

orbit point y(k), at that the points yr (k) arrive in the neighbourhood of y(k) at

quite di�erent times than k . One can then choose some interpolation functions,

which account for whole neighbourhoods of phase space and how they evolve

from near y(k) to whole set of points near y(k + 1 ). The implementation of this

concept is to build parameterized non-linear functions F(x, a) which take y(k)

into y(k + 1 ) = F(y(k), a) and use various criteria to determine parameters

a. Since one has the notion of local neighbourhoods, one can build up one's

model of the process neighbourhood by neighbourhood and, by piecing together

these local models, produce a global non-linear model that capture much of the

structure in an attractor itself.

3. The numerical results and conclusions

We continued the investigation of the pollution dynamics of the hydrological

systems, in particular, variations of the nitrates concentrations in the forested

watersheds of the the Small Carpathian (Slovakia) by using the non-linear pre-

diction approaches and chaos theory method (in versions) [1-10]. As in Refs. [2,4]

the initial data have been taken from empirical observations on a number of the

watersheds in the region of the Small Carpathians, carried out by coworkers of

the Institute of Hydrology of the Slovak Academy of Sciences [11]. The temporal

changes in the concentrations of nitrates in the catchment areas are listed in

[11]. In Ref. 2 we have listed data on values of the autocorrelation function CL ,

the �rst minimum of mutual information Imin1 , the correlation dimension (d2),

embedding dimension (dE), Kaplan-Yorke dimension (dL), and average limit of

predictability (Prmax, hours) for time series of the concentration of nitrates in

some watersheds of the Small Carpathians, for example,Blatina (Pezinok), Parna

(Majdan), Ladomirka (Svidnik), Babie (Olsavka) etc. Here we have maken a nu-

merical analysis of time series for other watersheds, namely, Gidra (Pila) Vydrica

(Spariska) Ondava (Stropkov) Manelo (Gribov).

As usually, the �rst step is in computing the values of the autocorrelation func-

tion CL , the �rst minimum of mutual information Imin1 for the concentration

of nitrates in four another watersheds (Blatina,Parna, Ladomirka, Babie). The

values, where the autocorrelation function �rst crosses 0.1, can be chosen as τ ,
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but in [6,9] it's showed that an attractor cannot be adequately reconstructed

for very large values of τ . So, before making up �nal decision we calculate the

dimension of attractor for all values. The large values of τ result in impos-

sibility to determine both the correlation exponents and attractor dimensions

using Grassberger-Procaccia method [1,16]. Here the outcome is explained not

only inappropriate values of τ but also shortcomings of correlation dimension

method. If algorithm [14] is used, then a percentages of false nearest neighbours

are comparatively large in a case of large τ . If time lags determined by average

mutual information are used, then algorithm of false nearest neighbours provides

dE = 6 for all water pollutants.

In Table 1 we �rstly present the advanced data on the time lags, the cor-

relation dimension (d2), embedding dimension (dE), Kaplan-Yorke dimension

(dL), and average limit of predictability (Prmax, hours) for time series of the

concentration of nitrates in the above cited watersheds.

Table 1. The Time lag (τ), correlation dimension (d2), embedding dimen-

sion (dE), Kaplan-Yorke dimension (dL), and average limit of predictability

(Prmax, hours) for time series of the concentration of nitrates in the watershed

of the Small Carpathians.

Gidra (Pila) Vydrica

(Spariska)

Ondava

(Stropkov)

Manelo

(Gribov)

τ 20 18 9 7

(d2) 5.82 5.66 5.31 3.71

(dE) 6 6 6 4

dL 5.17 5.85 4.11 3.66

Prmax 12 13 8 9

As usually, the sum of the positive LE determines the Kolmogorov entropy, which

is inversely proportional to the limit of predictability (Prmax. Let us remember

[1,4] since the conversion rate of the sphere into an ellipsoid along di�erent axes

is determined by the LE, it is clear that the smaller the amount of positive

dimensions, the more stable is a dynamic system. Consequently, it increases the

predictability of it. As the numerical calculation shows the presence of the two

(from six) positive λi suggests the system broadens in the line of two axes and

converges along four axes that in the six-dimensional space. It is worth also to

present data on the known Gottwald-Melbourne [23] chaos test parameter K. For

the studied four time series K is in range [0.65;0.75] that con�rms an availability

of the chaos elements.
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Therefore, here we have presented new further results of an e�ective application

of an advanced chaos-geometric approach to treating of non-linear dynamics

of the complex nature, namely, hydroecological systems with discovery of an

availability of the middle-D chaos elements.
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New chaos-geometric and information technology
analysis of chaotic generation regime in a single-
mode laser system with absorbing cell

G.P. Prepelitsa

Abstract Here we present the results of application of a new chaos-geometric

approach and some information technology algorithms to analysis of chaotic

generation regime in a single-mode laser system with absorbing cell. Earlier

developed chaos-geometric approach to modelling and analysis of nonlinear

processes dynamics of the complex systems combines together application of the

advanced mutual information approach, correlation integral analysis, Lyapunov

exponent's analysis etc.

Keywords geometry of chaos, non-linear analysis, laser system

Mathematics Subject Classi�cation: (2000) 55R01-55B13

1. Introduction

As it is known a chaos theory establishes that apparently complex irregular

behaviour could be the outcome of a simple deterministic system with a few

dominant nonlinear interdependent variables. The past decade has witnessed a

large number of studies employing the ideas gained from the science of chaos

to characterize, model, and predict the dynamics of various systems phenomena

[1]�[10]. The outcomes of such studies are very encouraging, as they not only

revealed that the dynamics of the apparently irregular phenomena could be

understood from a chaotic deterministic point of view but reported very good

predictions using such an approach for di�erent systems too.

Earlier [1]�[8] we have developed a new, chaos-geometrical and information

technology combined approach to treating of chaotic low- and high-D attractor



66

DOI: http://dx.doi.org/10.15673/2072-9812.2/2015.51591

G.P. Prepelitsa

dynamics of complex dynamical systems and forecasting its temporal evolution.

Here we use this approach to carry out an analysis of chaotic self-oscillations

in a single-mode laser system with absorbing cell. Such systems have a great

practical interest and are used in di�erent technical applications. Our approach

combines together application of a few techniques, namely, an advanced info-

mation technolgy, including a mutual information approach, correlation integral

analysis, Lyapunov exponent's analysis etc.

2. Chaos-geometrical approach to complex self-oscillations in a single-

mode laser system with absorbing cell

In this work we study complex self-oscillations in a single-mode laser system with

absorbing cell. As an analysis technique use an advanced non-linear prediction

approach, based on some chaos theory methods and information technolgy algo-

rithms (in versions) [1]�[8]. We consider the output data of a theoretical model

of a single-mode laser resonator in which the reinforcement is placed along with

a nonlinear absorbing medium [9]. Each of the environments consists of identi-

cal two-level atoms. The gain and absorption lines are uniformly broadened and

their centers align and coincide with one of the frequencies of the cavity. Such a

model can describe the real system of �ve di�erential equations, which have been

numerically solved within di�erent approximations [9]�[10]. At last, let us note

that the system studied is used for the experimental observation of a dynamical

chaos.

The fundamental aspects of our chaos-geometric approach version have been in

details presented earlier. So, here we are limited only by a short description of

the key aspects, following to our papers [1]�[8]. As usually, one should formally

consider scalar measurements s(n) = s(t0+ n∆t) = s(n), where t0 is a start

time, ∆t is time step, and n is number of the measurements. In a general case,

s(n) is any time series (f.e. atmospheric pollutants concentration). As processes

resulting in a chaotic behaviour are fundamentally multivariate, one needs to

reconstruct phase space using as well as possible information contained in s(n).

Such reconstruction results in set of d -dimensional vectors y(n) replacing scalar

measurements. The main idea is that direct use of lagged variables s(n+τ), where

τ is some integer to be de�ned, results in a coordinate system where a structure

of orbits in phase space can be captured. Using a collection of time lags to create

a vector in d dimensions, y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)],

the required coordinates are provided. In a nonlinear system, s(n + j τ) are some

unknown nonlinear combination of the actual physical variables. The dimension

d is the embedding dimension, dE .
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Let us remind that following, for example, to [7]�[8], the choice of proper time

lag is important for the subsequent reconstruction of phase space. If τ is chosen

too small, then the coordinates s(n + j τ), s(n +(j + 1 )τ) are so close to each

other in numerical value that they cannot be distinguished from each other. If τ

is too large, then s(n + j τ), s(n + (j + 1 )τ) are completely independent of each

other in a statistical sense. If τ is too small or too large, then the correlation

dimension of attractor can be under-or overestimated. One needs to choose some

intermediate position between above cases. First approach is to compute the

linear autocorrelation function CL(δ) and to look for that time lag where CL(δ)

�rst passes through 0. This gives a good hint of choice for τ at that s(n + j τ)

and s(n + (j + 1 )τ) are linearly independent.

It's better to use approach with a nonlinear concept of independence, e.g.

an average mutual information [10]�[12]. The mutual information I of two mea-

surements ai and bk is symmetric and non-negative, and equals to 0 if only the

systems are independent. The average mutual information between any value ai

from system A and bk from B is the average over all possible measurements of

I AB (ai , bk ). Earlier it was suggested, as a prescription, that it is necessary to

choose that τ where the �rst minimum of I (τ) occurs.

Earlier (look [5]�[12]) it has been stated that an aim of the embedding dimension

determination is to reconstruct a Euclidean space Rd large enough so that the

set of points dA can be unfolded without ambiguity. The embedding dimension,

dE , must be greater, or at least equal, than a dimension of attractor, dA, i.e.

dE > dA. In other words, we can choose a fortiori large dimension dE , e.g.

10 or 15, since the previous analysis provides us prospects that the dynamics of

our system is probably chaotic. The correlation integral analysis is one of the

widely used techniques to investigate the signatures of chaos in a time series. If

the time series is characterized by an attractor, then correlation integral C (r)

is related to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation

exponent [13].

3. Some results and Conclusions

As it has been noted above as data for analysis we use the output data of theoret-

ical model of a single-mode laser resonator, more exactly, solutions of a system

of �ve di�erential equations, which have been numerically solved within di�erent

approximations [9]�[10]. The cited system includes the equations for intensity,

and simuteniously for absorbing medium. The functions to be determined are

amplitude of the laser of the �eld, polarizations in the environment and di�er-

ence between populations of the working levels in the two-level atomic ensemble.
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The key physical parameters include longitudinal and transverse relaxation rates

dk , related to the half-width of the resonator dw/2, the ratio of the coe�cients

of saturation of the absorbing and amplifying media b. We are interested by a

chaotic regime of the system, when there is realized a chaotic attractor. Indeed,

according to [9]�[10], strange attractors occur as a result of the sequence of bi-

furcations of solutions of above cited dynamical equations system, the �rst of

which is the Hopf bifurcation of stationary solutions with zero intensity of the

laser �eld. Appearance of bifurcations is linked with the governing parameter

N = F [di, bi] (i=1,2). Our analysis shows that the Hopf bifurcation occurs at

moderate values N, if the relative width of the absorption line d2 is quite small,

and the relative width of the gain line d1 is quite large. The numerical calcula-

tion showed that in order to get the chaotic lasing it is necessary the following:

to saturate the absorber should be saturated stronger than the ampli�er (b>1).

At low b the limit cycles generated from the stationary solutions with the zeroth

intensity is stable up to very large values of N.

It table 1 we list the values of the autocorrelation function CL and the �rst

minimum of mutual information Imin1 for time series of the output function

(amplitude, polarization)for the studied single-mode laser system with absorbing

cell (four sets of data).

Table 1. Time lags subject to di�erent values of CL, and �rst minima of average

mutual information,Imin1, (see text).

Series 1 Series 2 Series 3 Series 4

CL=0.1 42 53 68 96

CL=0.5 7 8 10 16

Imin1 8 10 12 112

The values, where the autocorrelation function �rst crosses 0.1, can be chosen

as τ , but in [10]�[13] it's showed that an attractor cannot be adequately re-

constructed for very large values of τ . So, before making up �nal decision we

calculate the dimension of attractor for all values in Table 1. The large values

of τ result in impossibility to determine both the correlation exponents and at-

tractor dimensions using Grassberger-Procaccia method [13]. Here the outcome

is explained not only by inappropriate values of τ but by shortcomings of cor-

relation dimension method too. If algorithm [4] is used, then a percentages of

false nearest neighbours are comparatively large in a case of large τ . If time

lags determined by average mutual information are used, then algorithm of false

nearest neighbours provides dE = 8 .
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Table 2 shows the time lags, correlation dimension (d2), embedding dimen-

sion (dE), Kaplan-Yorke dimension (dL) for time series of the output function

(amplitude, polarization)for the studied single-mode laser system with absorbing

cell (two sets of data, accordingly, regimes: chaos 1 and chaos 2).

Table 2. The Time lag (τ), correlation dimension (d2), embedding dimension

(dE), Kaplan-Yorke dimension (dL) for time series of the the output function for

the studied single-mode laser system with absorbing cell.

Chaos 1 Chaos 2

τ 7 8

(d2) 4.7 4.7

(dE) 5 5

dL 4.15 4.17

The further computing give the following values for two Lyapunov's exponents

(LE) λi , namely, one LE pair for chaos 1 regime: 0.215 and 0.154 and for the

chaos 2 regime: 0.218 and 0.152). Naturally, the positive values of the �rst two

Lyapunov's exponents con�rm a chaotic feature of the system dynamics [14]�[16].

So, in this paper we have presented results of computing and numerical analysis

of the strange attractor dynamics of the single-mode laser system with absorb-

ing cell with using an advanced chaos-geometrical and information technology

approach (combinatin of the advanced mutual information approach, correlation

integral analysis, Lyapunov exponent's analysis etc). The numerical data on the

time lags, correlation dimension, embedding dimension (dE), Kaplan-Yorke di-

mension (dL) and the LE for time series of the output function for the studied

single-mode laser system with absorbing cell are listed.
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Ãåîìåòðè÷åñêèå âåëè÷èíû íà ïëîñêîñòè
Ëîáà÷åâñêîãî

Íàäåæäà Ãðèãîðüåâíà Êîíîâåíêî

http://orcid.org/0000-0002-8631-0688

Àííîòàöèÿ Â ýòîé ðàáîòå îïèñûâàþòñÿ ëîêàëüíûå ñòðóêòóðû ãåîìåòðè-

÷åñêèõ âåëè÷èí íà ïëîñêîñòè Ëîáà÷åâñêîãî. Ýòî îïèñàíèå ñîäåðæèò êàê

ëèíåéíûå, íàïðèìåð òåíçîðû, òàê è íåëèíåéíûå ãåîìåòðè÷åñêèå âåëè÷èíû

è ñóùåñòâåííûì îáðàçîì èñïîëüçóåòñÿ ïðè íàõîæäåíèè áàçèñíûõ äèôôå-

ðåíöèàëüíûõ èíâàðèàíòîâ ([1]).

Êëþ÷åâûå ñëîâà ïëîñêîñòü Ëîáà÷åâñêîãî, ãåîìåòðè÷åñêèå âåëè÷èíû,

äèôôåðåíöèàëüíûå èíâàðèàíòû, èçîìåòðèè.

ÓÄÊ 514.132

1 sl2(R)-äåéñòâèå íà ïëîñêîñòè Ëîáà÷åâñêîãî

Â ñòàíäàðòíîé ìîäåëè ãåîìåòðèÿ Ëîáà÷åâñêîãî ðåàëèçóåòñÿ íà âåðõíåé ïî-

ëóïëîñêîñòè L2 ñ ìåòðèêîé

Θ =
dx2 + dy2

y2
.

Ãðóïïà äâèæåíèé ïëîñêîñòè Ëîáà÷åâñêîãî èçîìîðôíà ãðóïïå Ëè PSL2(R),
à åå àëãåáðà Ëè ïîðîæäåíà âåêòîðíûìè ïîëÿìè

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y,

H = 2x∂x + 2y∂y,

(1)
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óäîâëåòâîðÿþùèìè êîììóòàöèîííûì ñîîòíîøåíèÿì

[H,A] = −2A, [H,B] = 2B, [A,B] = H.

Ïîä îäíîðîäíûì ðàññëîåíèåì íàä ïëîñêîñòüþ Ëîáà÷åâñêîãî ìû ïîíèìàåì

òàêîå ðàññëîåíèå

π : Rm × L2 → L2,

ãäå π : (u, x, y) 7→ (x, y), â êîòîðîå ïîäíÿòî sl2(R)-äåéñòâèå.
Èíà÷å ãîâîðÿ, â òîòàëüíîì ïðîñòðàíñòâå ðàññëîåíèÿ π, óêàçàíû âåêòîðíûå

ïîëÿ A, B, H, óäîâëåòâîðÿþùèå êîììóòàöèîííûì ñîîòíîøåíèÿì àëãåáðû

Ëè sl2(R)

[H,A] = −2A, [H,B] = 2B, [A,B] = H,

è òàêèå ÷òî

π∗(A) = A, π∗(B) = B, π∗(H) = H.

Ãåîìåòðè÷åñêîé âåëè÷èíîé íà ïëîñêîñòè Ëîáà÷åâñêîãî íàçûâàåòñÿ ãëàäêîå

ñå÷åíèå îäíîðîäíîãî sl2(R)-ðàññëîåíèÿ. Ðàçìåðíîñòü ãåîìåòðè÷åñêîé âåëè-

÷èíû íàçûâàåòñÿ ðàçìåðíîñòü ñîîòâåòñòâóþùåãî îäíîðîäíîãî ðàññëîåíèÿ.

2 Ëîêàëüíàÿ êëàññèôèêàöèÿ ãåîìåòðè÷åñêèõ âåëè÷èí

Ïðåäïîëîæèì, ÷òî âåêòîðíûå ïîëÿ â ðàññìàòðèâàåìîé îáëàñòè ïîðîæäàþò

ãëàäêîå ðàñïðåäåëåíèå P ðàçìåðíîñòè r.

Â äàííîì ñëó÷àå âåêòîðíûå ïîëÿ A è B ëèíåéíî íåçàâèñèìû, ïîýòîìó

âåêòîðíûå ïîëÿ A, B - òàêæå ëèíåéíî íåçàâèñèìû.

Ñëåäîâàòåëüíî r = dimP ìîæåò ïðèíèìàòü òîëüêî äâà çíà÷åíèÿ r =

2 èëè r = 3. Â ëþáîì èç ýòèõ ñëó÷àåâ, ìû ìîæåì âûáðàòü êîîðäèíàòû

(u,w2, . . . , wm, x, y) â ðàññëîåíèè π òàê, ÷òîáû w2, . . . , wm - áûëè ïåðâûìè

èíòåãðàëàìè äëÿ âåêòîðíûõ ïîëåé A, B, H, à ôóíêöèÿ u äîïîëíèòåëüíî

ÿâëÿëàñü ïåðâûì èíòåãðàëîì âåêòîðíûõ ïîëåé A è H. Äåéñòâèòåëüíî, ýòî

î÷åâèäíî â ñëó÷àå, êîãäà r = 2, ïîñêîëüêó òîãäà u ìîæåò áûòü âûáðàíà êàê

ïåðâûé èíòåãðàë âåêòîðíûõ ïîëåé A, B, H.

Åñëè æå r = 3, òî íà 3-õ ìåðíûõ ìíîãîîáðàçèÿõ w2 = . . . = wm =

const âåêòîðíûå ïîëÿ A è H îïðåäåëÿþò 2-ìåðíîå ðàñïðåäåëåíèå, êîòîðîå

âïîëíå èíòåãðèðóåìî, â ñèëó êîììóòàöèîííîãî ñîîòíîøåíèÿ [H,A] = −2A.
Ôóíêöèÿ u ìîæåò áûòü âûáðàíà êàê ïåðâûé èíòåãðàë ýòîãî ðàñïðåäåëåíèÿ.

Ïðè òàêîì âûáîðå êîîðäèíàò ïðåäñòàâëåíèå ïðèìåò âèä:
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A = ∂x,

B = (x2 − y2)∂x + 2xy∂y + yb(x, y, u, w)∂u,

H = 2x∂x + 2y∂y.

(2)

Èç êîììóòàöèîííûõ ñîîòíîøåíèé ñëåäóåò, ÷òî ôóíêöèÿ b èìååò ñëåäó-

þùèé âèä:

b(x, y, u, w) = yb̃(u,w).

Îòìåòèì òàêæå, ÷òî åñëè r = 2, èëè, èíà÷å ãîâîðÿ, åñëè ðàçìåðíîñòè

sl2(R)-îðáèò â ðàññëîåíèè π ðàâíû 2, òî b̃(u,w) ≡ 0. Åñëè æå ðàçìåðíîñòè

sl2(R)-îðáèò â ðàññëîåíèè π ðàâíû 3, òî b̃(u,w) 6= 0 è çàìåíîé ïåðåìåííûõ

âèäà:

(u,w) 7→ (U(u),W (u,w))

âåêòîðíîå ïîëå b̃∂u ìîæåò áûòü âûïðÿìëåíî.

Ñóììèðóÿ ñêàçàííîå ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 1 Äåéñòâèå àëãåáðû Ëè èçîìåòðèé ïëîñêîñòè Ëîáà÷åâñêîãî â îä-

íîðîäíîì sl2(R)-ðàññëîåíèè ëîêàëüíî ýêâèâàëåíòíî îäíîìó èç ñëåäóþùèõ:

1)

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y,

H = 2x∂x + 2y∂y,

(3)

åñëè ðàçìåðíîñòü sl2(R)-îðáèò â ðàññëîåíèè π ðàâíû 2, èëè

2)

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y + y∂u,

H = 2x∂x + 2y∂y,

(4)

åñëè ðàçìåðíîñòü sl2(R)-îðáèò â ðàññëîåíèè π ðàâíû 3.

3 sl2(R)-äåéñòâèÿ íà ãåîìåòðè÷åñêèõ âåëè÷èíàõ

Ðàññìîòðèì âåêòîðíîå ïîëå ∇ = a(x, y)∂x + b(x, y)∂y íà ïëîñêîñòè Ëîáà÷åâ-

ñêîãî è ïóñòü

∇ = a(x, y)∂x + b(x, y)∂y +

m∑
i=1

Ai(x, y, u)∂ui
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åãî ïîäíÿòèå â ðàññëîåíèå ãåîìåòðè÷åñêèõ âåëè÷èí. Îáîçíà÷èì ÷åðåç ϕt

îäíîïàðàìåòðè÷åñêóþ ãðóïïó ñäâèãîâ âäîëü âåêòîðíîãî ïîëÿ ∇, à ÷åðåç ϕt

ãðóïïó ñäâèãîâ âäîëü ∇. Òîãäà êàæäàÿ ãåîìåòðè÷åñêàÿ âåëè÷èíà

s : Rm × L2 → L2

îïðåäåëÿåò ïóòü st â ïðîñòðàíñòâå ãåîìåòðè÷åñêèõ âåëè÷èí

st = ϕ−t ◦ s ◦ ϕt.

Ñêîðîñòü èçìåíåíèÿ

∇(s) def
= ṡ(0)

ìû íàçûâàåì äåéñòâèåì ∇ íà ãåîìåòðè÷åñêóþ âåëè÷èíó s. Íåñëîæíî ïðî-

âåðèòü ([3]), ÷òî

∇(s) = asx + bsy −A(x, y, s).

Èñïîëüçóÿ ïðåäûäóùóþ òåîðåìó è ýòó ôîðìóëó ìû ïîëó÷àåì ñëåäóþùèå

íîðìàëüíûå ôîðìû sl2(R)-äåéñòâèé íà ãåîìåòðè÷åñêèõ âåëè÷èíàõ.

Òåîðåìà 2 Äåéñòâèå àëãåáðû Ëè èçîìåòðèé ïëîñêîñòè Ëîáà÷åâñêîãî íà

ãåîìåòðè÷åñêèõ âåëè÷èíàõ ëîêàëüíî ýêâèâàëåíòíî ñëåäóþùåìó:

1)

A(s) = sx,

B(s) = (x2 − y2)sx + 2xysy,

H(s) = 2xsx + 2ysy,

(5)

åñëè ðàçìåðíîñòü sl2(R)-îðáèò â ðàññëîåíèè π ðàâíû 2.

2)

A(s) = sx,

B(s) = (x2 − y2)sx + 2xysy − y,
H(s) = 2xsx + 2ysy,

(6)

åñëè ðàçìåðíîñòü sl2(R)-îðáèò â ðàññëîåíèè π ðàâíû 3.

4 Ïðèìåðû

Â êà÷åñòâå ïðèìåðîâ ãåîìåòðè÷åñêèõ âåëè÷èí ìû ðàññìîòðèì òåíçîðû íà

ïëîñêîñòè Ëîáà÷åâñêîãî ñ sl2-äåéñòâèåì, îïðåäåëÿåìûì ïðîèçâîäíîé Ëè.
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4.1 Ôóíêöèè

Ïóñòü s = s(x, y) ÿâëÿåòñÿ ãëàäêîé ôóíêöèåé íà ïëîñêîñòè Ëîáà÷åâñêîãî, è

∇(s) def
= L∇(s) = asx + bsy.

Â ýòîì ñëó÷àå ïîäíÿòèå ∇ èìååò âèä:

∇ = a∂x + b∂y,

ãäå A = 0.

Ýòî äåéñòâèå ñîâïàäàåò ñ (5).

4.2 Âåêòîðíûå ïîëÿ

Ïóñòü s = s1∂x+s2∂y ÿâëÿåòñÿ âåêòîðíûì ïîëåì íà ïëîñêîñòè Ëîáà÷åâñêîãî,

è

∇(s) def
= L∇(s) = (as1,x − s1ax + bs1,y − ays2)∂x+

+(as2,x − s1bx + bs2,y − bys2)∂y.

Åñëè çàïèñûâàòü âåêòîðíîå ïîëå s â âèäå ñòîëáöà

s =

(
s1

s2

)
, (7)

òî óêàçàííîå äåéñòâèå ïðèìåò ñëåäóþùèé âèä:

∇(s) =

(
as1,x + bs1,y

as2,x + bs2,y

)
−

(
ax ay

bx by

)(
s1

s2

)
. (8)

Ñîîòâåòñòâåííî ïîäíÿòèå âåêòîðíîãî ïîëÿ ∇ èìååò âèä:

∇ = a∂x + b∂y + (axu1 + ayu2)∂u1
+ (bxu1 + byu2)∂u2

.

Î÷åâèäíî, ÷òî äëèíà âåêòîðà |s|2 = y−2(s21 + s22) ÿâëÿåòñÿ èíâàðèàíòîì

sl2-äåéñòâèé, à ïîýòîìó ðàçìåðíîñòü sl2-îðáèò â êàñàòåëüíîì ðàññëîåíèè

ðàâíà 3.

Òàêèì îáðàçîì, sl2-äåéñòâèå, çàäàâàåìîå ïðîèçâîäíîé Ëè (8) ëîêàëüíî

ýêâèâàëåíòíî (6).
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4.3 Äèôôåðåíöèàëüíûå 1-ôîðìû

Ïóñòü òåïåðü s = s1dx + s2dy ÿâëÿåòñÿ äèôôåðåíöèàëüíîé 1-ôîðìîé íà

ïëîñêîñòè Ëîáà÷åâñêîãî, à äåéñòâèå, êàê è âûøå, äàåòñÿ ïðîèçâîäíîé Ëè

([2]):

∇(s) def
= L∇(s) = (as1,x + bs1,y + axs1+

+bxs2)dx+ (as2,x + bs2,y + ays1 + bys2)dy.

Çàïèñàâ äèôôåðåíöèàëüíóþ 1-ôîðìó s â âèäå ñòîëáöà (7) ìû ïîëó÷àåì

ñëåäóþùóþ ôîðìó äåéñòâèÿ:

∇(s) =

(
as1,x + bs1,y

as2,x + bs2,y

)
+

(
ax bx

ay by

)(
s1

s2

)
.

Ñîîòâåòñòâåííî, ïîäíÿòèå âåêòîðíîãî ïîëÿ ∇ èìååò âèä:

∇ = a∂x + b∂y − (axu1 + bxu2)∂u1
− (ayu1 + byu2)∂u2

.

Ñîîòâåòñòâóþùåå sl2-äåéñòâèå òàêæå ñîõðàíÿåò äëèíó äèôôåðåíöèàëüíîé

ôîðìû |s|2 = y2(s21 + s22). Ïîýòîìó ðàçìåðíîñòü sl2-îðáèò â êîêàñàòåëüíîì

ðàññëîåíèè ðàâíà 3, à ôóíäàìåíòàëüíîå sl2-äåéñòâèå ëîêàëüíî ýêâèâàëåíòíî

(6).
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Nadiia G. Konovenko

The geometrical sizes on Lobachevski plane

In this paper we investigate a local structure of geometrical quantities on

the Lobachevski plane. This structure is used to describe metric di�erential

invariants on the Lobachevski plane ([1]).
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