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ABSTRACT

Based on the results of the analysis of research on mathematical thinking,
its creative nature has been ascertained.

The results of research on creative mathematical thinking were analyzed
and the expediency of studying the psychological essence of the interaction
of thought processes of understanding and forecasting when solving creative
mathematical problems was ascertained.

The aim of the article is to find out the psychological essence of the inte-
raction of thought processes of understanding and forecasting in creative ma-
thematical thinking.

To study the interaction of the processes of understanding and forecasting
in mathematical thinking, the method of analyzing students’ search actions du-
ring solving creative mathematical problems of different classes was used.

The results of the research. It was established that creative mathematical
thinking is a complete system of interrelated actions, with the help of which the
thinking mathematical result is achieved.

It was established that the processes of understanding mathematical prob-
lems and predicting thinking results function throughout the entire process of
solving mathematical problems.

It was found that the content of search actions aimed at understanding
the problem and predicting thinking results depend on the stages of solving the
problem (study of the condition, search for a solution, verification of the found
solution), in which their procedural and dynamic side is not only manifested, but
is also being formed. At the same time, the process of understanding a creative
mathematical problem and the process of forecasting are complementary.

It is established that the understanding of the condition of the problem
forms the content of forecasting actions, and the process of forecasting cont-
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ributes to the formation of understanding of the mathematical problem. It was
established that in the search mathematical process it is not possible to record
such a state of understanding of the problem that would ensure the emergence
of a hypothesis regarding the solution.

It has been found that forecasting, which takes place throughout the en-
tire search process, can generate a solution hypothesis at different stages of the
solution, with different states of understanding of the mathematical problem.

The hypothesis of solving the problem is an indicator of the state of un-
derstanding of the problem, and its approbation contributes to deepening the
understanding of the essence of the problem itself.

At the same time, the content of the hypothesis, its approval determines the
state of understanding of the problem.

Conclusion. The process of the subject’s understanding of a creative math-
ematical problem and the process of prediction take place throughout all stages
of the solution process and are mutually complementary.

Key words: creative mathematical thinking, understanding of a mathema-
tical problem, prediction of thinking results.

Introduction

The study of creative thinking process, including mathema-
tical, is an important task of psychology. This creates the basis
for the formation of a personality capable of solving creative
non-standard tasks. That is, he/she will be able to find a solu-
tion in those cases for which there haven’t been developed rules
of action yet, will be able to turn knowledge into tools for active
actions.

Along with this, today mathematics has become not only a
tool for quantitative calculations, as it was at its inception, but
also a method of research. Mathematics, as a science that does
not have direct connections with physics, chemistry, biology,
economics, technology, is used with equal success in all these
fields of knowledge (Jonsson, Mossegard, Lithner & Wirebring,
2022).

Mathematics reveals nature with the help of its own abstrac-
tions: numbers, magnitude, functions, geometric figures, etc.
Scientists (Moiseienko, 2003; Firmasari, Sulaiman, Hartono
& Noto, 2019) state that mathematical thinking has its speci-
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fic manifestations related to: the use of mathematical symbols;
dominance of the logical method of proof; the presence of an
algorithm for solving many problems; simultaneous functio-
ning of axiomatic and constructive methods of constructing ma-
thematical theories, etc. At the same time, the mathematical re-
sult has the property that it can be used not only in the study of
a certain phenomenon or process, but can also be used in many
others, the physical nature of which is fundamentally different
from those previously considered (Wong, 2018). Therefore, the
relevance of the study of various aspects of creative mathemati-
cal thinking is provided by the combination of general features
of intellectual creativity with the specifics of mathematical ac-
tivity.
Researchers of the exploratory thinking process interpret it
as a problem-solving process (Moliako, 2007; Mahwah, NJ, 2015;
Hidayah, Sa’dijah, Subanji & Sudirman, 2020; Jiader, Lithner,
Sidenvall, 2020). They emphasize that solving tasks itself re-
quires the activation of various information, the ability to apply
it to create beyond experience (Moreno-Armella, Hegedus & Ka-
put, 2008). To solve a mathematical problem means to find a cer-
tain sequence of general provisions of mathematics (definitions,
axioms, theorems, rules, laws, formulas, etc.), applying which
to the condition of the problem or to its consequences (interme-
diate results of the solution), you can get what is required in the
task. At the same time, in the process of solving the problem,
the sequence of thinking steps is important, and not the deter-
mination of the finished result — the answer (even if it is correct)
(Tohir, Maswar, Atikurrahman, Saiful & Pradita, 2020). That is
why our research on creative mathematical thinking is based on
the analysis of the search for solutions to creative mathematical
problems.
In general terms, the condition of a mathematical problem is
a set of mathematical facts and objects that sometimes have no
obvious connection with each other. And despite the fact that the
set directly presented in the condition of the problem is small,
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it can (and sometimes must) be supplemented by certain known
statements, mathematical results (axioms, definitions, theo-
rems, etc). The boundaries of such a set of facts are not clear, be-
cause it is not known in advance what knowledge will be needed
to solve the problem (Francisco, 2013; Mielicki & Wiley, 2016;
Syarifuddin, Nusantara, Qohar & Muksar, 2020). To solve the
problem, it is necessary to build your set of facts into a certain
structure. At the same time, the solution is the construction
of such a structure that gives a specific result (Ortiz Enrique,
2016; Adu-Gyamfi, Bossé & Chandler, 2017& Yunita, Maharani
& Sulaiman, 2019).

It is obvious that different thinking components function
in such a search’s space. Scientists single out the process of un-
derstanding the problem, the process of forming a hypothesis
for its solution, the process of approbation that hypothesis and
study their procedural-dynamic and personal aspects of such
components (Moliako, 2007; Moiseienko & Shehda, 2021). The
process-dynamic aspect acts as a holistic form of synthesis of
various mental phenomena of the subject and is a characteristic
of creative thinking (and mathematical thinking in particular).
It covers all stages of solving a creative problem (studying the
condition, finding a solution, checking the solution found). The
content of search actions depends on the stages of solving the
problem, in which its procedural and dynamic side is not only
manifested, but also formed.

It is generally recognized that understanding the condition
of the problem is the initial moment of the stage of finding a so-
lution, and the central moment in solving the problem is finding
ways (methods, principles) or the main way of solving it. That
is, researchers consider that a prerequisite for the success of any
thinking process aimed at solving the task is understanding it
(Moliako, 2007; Kovalenko, 2015; Moiseienko & Shehda, 2021).
On the basis of a certain state of a hypothesis regarding the solu-
tion, which is “... an anticipatory synthesis or idea of a possible
solution, based on a preliminary analysis of the condition of the
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problem” (Kostiuk, 1989: 228). At the same time, scientists are
unanimous about the process of forming a solution as a process
of proposing and testing hypotheses (forecasting).

So, the questions arise: What state of understanding of the
problem ensures the emergence of a solution hypothesis? Due to
what does this condition deepen? How does the state of under-
standing of the problem relate to the quality of the hypothesis
about the solution? etc. Therefore, in order to develop a holis-
tic idea of the procedural and dynamic nature of the interaction
of the processes of understanding and forecasting when solving
creative tasks, it is advisable to conduct an end-to-end compara-
tive analysis of both processes.

The purpose of the article is to find out the psychological es-
sence between the interaction of the processes of understanding
and forecasting in creative mathematical thinking.

The task of the article is to analyze the processes of under-
standing and forecasting as end-to-end processes solving cre-
ative mathematical problems; to find out the essence of the inter-
action of understanding and forecasting in the thinking process.

Research methods and techniques. The method of research
is the analysis of students’ search actions during the solution of
creative mathematical problems of different classes. That is, we
have developed 30 mathematical problems. All problems have
been divided by the nature of the requirement for the problem
into 4 classes of problems: problems for finding an unknown
quantity, problems for proof, problems for construction and
heuristic problems.

We have conducted an experimental study of creative mathe-
matical thinking of students of Ivano-Frankivsk National Tech-
nical University of Oil and Gas. 100 students have taken part in
the experiment. Each student has solved 10 different math prob-
lems from different classes.

The tasks have been performed by each student in the pre-
sence of the experimenter. The work has been carried out indi-

vidually. The student has been given the opportunity to work
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independently, there have been no direct instructions on how to
solve the problem. The tasks have not been limited in time.

Records, drawings, replicas and questions of students were
analyzed.

Results and discussions
The condition of a mathematical problem is a set of facts and
constituent objects that sometimes have no obvious connection
with each other. When reading the problem for the first time,
students tried to recognize the meaning of words and symbols:
they selected from the context of the problem known terms,
symbols, numbers that have certain qualitative characteristics

Z

< 7010 —1Qn — series; —— — partial derivative). Through recogni-
X

tion, a certain understanding of the problem comes and it be-

comes clear whether they have encountered similar problems
before, or whether the algorithm for its solution is known. The
consequence of such thinking actions can be a hypothesis (true
or false) about the application of a known solving algorithm.
That is, even after the selection of certain structural elements
of the problem, without their further study, finding a solution
can start.

Understanding of the problem is deepened by recalling
known axioms, definitions, theorems, formulas, etc. (Mumford
& Gustafson 1988; Francisco, 2013). However, understanding is
not reduced to the reproduction of what was previously known,
but is a process of further enrichment of knowledge through the
discovery of new connections between things. Knowledge, previ-
ous experience, subjective systems of meanings and vocabulary
ensure accurate recognition of the functional capabilities of its
constituent elements. Knowledge is selected, and the task itself
is reformulated, or, more precisely, a certain ratio of its condi-
tions and requirements changes based on a single system of con-
cepts.
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That is, the first thinking steps aimed at studying the condi-
tion of the problem are steps aimed at understanding the prob-
lem, and the meaning acquired by the structural elements of the
problem is the basis for starting to put forward hypotheses about
the solution. At the same time, at the beginning of the thinking
activity aimed at the task, the structural element acquires the
“shade” that can be useful in the solution. Thinking construc-
tions are built, they connect the new object with the subject’s
mathematical knowledge.

In the act of understanding the mathematical task, the pro-
cess of building such thinking structures is quite multifaceted.
It can be the joining of several elements that will further func-
tion as a single whole (for example, a transition from the equa-
tion 4x*+ 4x2+ 1 = 0 to equation. x2 4+ 2¢ + 1 = 0 where (2x)? =t
composition of several elements (for example, functions y=sinx
i y = |x| consist of y = |sinx]|); replacement of several elements (for
example, the diameter of a circle is replaced by the hypotenuse
of an inscribed right triangle); logical transformation (for exam-
ple, a whole expression including various functions is taken as
a single variable). In such new formations a certain state of un-
derstanding of the task is formed. But not only like that, at this
stage it is already possible to follow the emergence of hypotheses
regarding the future solution.

Further thinking actions are aimed at recoding the problem
into “one’s own” language. “One’s” vision of the condition of the
problem consists in providing a familiar mathematical interpre-
tation of a specific situation, in graphic illustrations of the task,
or in a textual description of the graphic illustration that is gi-
ven by condition of the problem.

Experimental tasks were proposed in textual or symbolic
form, while some of them were supplemented with graphs and
drawings. We observed at the initial stages of thinking activity
students’ desire to match the text with the available pictures or
supplement the tasks with “illustrations”. Graphical or schema-
tic interpretation of the text and textual description of graphic
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or schematic information is also a translation of the content of
the task into “one’s own” language, which often plays a key role
in understanding the task. Accompanying the text task with
“provocative” pictures often led to a misunderstanding of the
task, if the discrepancy between the text and the picture was not
detected in time.

It should be especially emphasized that such search actions
at the same time determine a certain direction of the search for
a solution, that is, an active process of predicting the solution of
the problem begins.

On the other hand, the meaning of a mathematical problem,
and therefore the state of its understanding, is determined by the
interpretation of structural elements by using some hypothesis.
That is, the understanding of the problem moves to a higher le-
vel, which is determined by the content of such a hypothesis. We
observed the emergence of many alternative and non-alternative
hypotheses, which led to different understandings of the same
problem, which, in turn, contributed to the formation of diffe-
rent directions in the search for a solution.

So, in the process of understanding a mathematical problem,
the first hypothesis regarding the solution is put forward. Fur-
ther thinking actions are guided by this hypothesis. Its verifi-
cation is carried out under the influence of the content of the
structural components of the problem. Without meeting the con-
ditions, but having significantly explored the objects specified
in the problem, it is rejected and replaced by another one. The
verification of the hypothesis, its agreement with the condition
of the problem, leads to a new content of the understanding of
the problem. That is, the process of understanding the problem
continuously transitioned into the process of building a solution
project.

All this can be summarized as follows. In the process of un-
derstanding a creative mathematical problem, students first
identify the structural elements of the problem (numbers, sym-
bols, operations, geometric shapes, etc.) and recognize their
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purpose. After that, they find connections between them both
by studying and testing a number of hypotheses about these con-
nections (at the stage of studying the condition) and by putting
forward hypotheses about ways to solve them (at the stage of
forming a solution project). Hypotheses aimed at unifying the
disparate elements of the problem condition (in the process of
understanding) are gradually intertwined with hypotheses re-
garding the content of the solution. At the same time, the pro-
posed hypotheses regarding the content of the solution contri-
bute to the process of understanding the problem, because they
illuminate certain aspects of the structural objects that contain
the creative mathematical problem. That is, the process of un-
derstanding the problem runs parallel to the search for its solu-
tion. As a result, the subject receives a new vision of the problem
as a whole, a new more perfect model of the problem.

In the subsequent search activity, the structural elements
of the problem are examined in detail, and a greater number of
their properties are revealed. It is about identifying some sub-
jective significance of structural elements and their properties.
For mathematics, which operates with symbols and numbers, it
is important that the semantic and formal content of the task is
reconciled. It is necessary to make a decision about the need for
more or less extensive information about those objects that are
expressed by certain symbols, or to establish admissible values

for symbols. For example, when establishing a set of points de-
y

scribed by the inequality z— + I < 1, it is necessary to know
where this set of points is located: on a plane (ellipse) or in space
(cylindrical surface). Such information is often not directly
specified by the condition of the problem. Then the hypothesis
about this information can be tested by an intermediate solution.
That is, the understanding of the problem is superimposed on a
certain prediction regarding its solution.

In any case, the problem arises in the form of a more or less
complete system of mathematical objects — a certain model of
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the problem is completed and a certain direction of finding its
solution is highlighted. Now, instead of separate structural ele-
ments, complexes of mathematical objects with their own mathe-
matical properties begin to operate. In some cases, this happens
on the basis of the connection of real quantitative ratios, which
will further function with the formed symbolic expressions.
However, the task still contains a number of blanks (there are
“extra” or “missing” elements). A complete understanding of
the task has not come yet, which often resulted in a solution (in-
termediate or final).

Note that the described actions aimed at understanding
a mathematical problem can be attributed both to the stage of
finding a solution and to the stage of checking the solution (in-
termediate or final). So it can be argued that the process of un-
derstanding is “embedded” in the processes of the forecasting
solutions and approvals of thinking results.

The resulting solution (as a rule, an intermediate one) can
be checked by a condition. It was the intermediate solutions that
were the clearest indicator of students’ understanding of the
mathematical problem. After all, if the subject gets the impres-
sion that there is a correspondence between the condition of the
problem and the found new formation, it is declared the solution
of the problem. At the same time, the content of this new forma-
tion provides information about a certain state of understanding
of the problem.

The ineffectiveness of the intermediate solution was re-
vealed at the stage of its approval. The content of mental actions
of the approbation process of creative mathematical thinking in
comparing the result with the condition and requirement of the
task; in reviewing the chain of thinking steps that led to the re-
sult; in its approval in various conditions that do not go beyond
the conditions of the task and are allowed by it. Such actions,
forming subjective confidence in the correctness (or incorrect-
ness) of the found solution, at the same time, are aimed at dee-
pening the understanding of the essence of the problem itself. On
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the other hand, approbation actions confirm or deny the validity
of the working hypothesis regarding the search for a solution.

Students often after finding a solution and explaining it to
the experimenter refused it, having realized its inconsistency.
However, mainly the explanations indicate the level of under-
standing of the problem, and the quality of the functioning hy-
pothesis of the solution.

Conclusions

The creative mathematical process is a process that harmo-
niously combines the general features of intellectual creativity
with the specifics of mathematical activity, which is associated
with the presence of numerical and symbolic elements, the ope-
ration of formalized objects often with the help of spatial imagi-
nation, the existence of algorithms for solving certain types of
problems.

The content of search actions depends on the stages of sol-
ving the problem (study of the condition, search for a solution,
verification of the found solution), in which its procedural and
dynamic side is not only manifested, but also formed.

The process of the subject’s understanding of a creative
mathematical problem and the process of prediction take place
at all stages of the solution process and are mutually complemen-
tary. That is why, in the search mathematical process, it is not
possible to record such a state of understanding of the problem,
which would ensure the emergence of a hypothesis regarding the
solution. The prediction that takes place throughout the search
process can generate a solution hypothesis at different stages of
the solution. Moreover, it can be argued that it is formed from
a barely noticeable preference of the direction of thinking ac-
tions to the actual hypothesis of the solution in the course of
deepening the understanding of the problem. Moreover, it can
be argued that it is formed from a barely noticeable preference
of the direction of thinking actions to the actual hypothesis of
the solution in the course of deepening the understanding of the
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problem. At the same time, the content of the hypothesis, its ap-
proval determines the state of understanding of the problem.

The perspective for further studies on this problem is the
study of the personal aspect of the interaction processes of un-
derstanding and forecasting, its influence on the course and
mutual coordination of all the component processes of creative
mathematical thinking.
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MoiiceeHko Jlidis, LLle2da /Tro60s. Mcuxonoezia e3aemodii npoyecie po3ymiHHA
i Npo2HO3y8aHHA 8 MEOpPYOMY MamMeMamu4yHOMY MUC/IEHHI.

3a pe3ynsmamamu aHanizy docnidnceHb mMmamemamu4Ho20
MUCAEHHA KOHCMamosaHo (ioeo meopyuli xapakmep. HazonoweHo, wo
pe3yniemamusHicmeo rnowyKosux 0ili 0ocs2aembcs 3080AKU 830EMOOIT YUC/1080I,
CUMBO/bHOI ma npocmopoeoi cKk1ado8oi MaMeMamu4yHO20 MUC/EHHS.

MpoaHanizosaHo pesynemamu 00cnidneHb MEOPHO20 MAMemMamu4yHo20
MUC/IEHHSA | KOHCMAMOoBAHO O00UiNbHICMb 8UBYEHHSA MCUX0/02i4HOI cymHocmi
830EMOOIii MUC/IEHHEBUX rpouecie  Po3yMiHHA | MNPOo2HO3yB8AHHA Mpu
p038°A3YBAHHI MBOPHUX MAMEMAMUYHUX 300aH.

Mema. 3’acysamu ncuxonoziyHy cymdicme B830eMO0ii MuUC/ieHHEBUX
rnpoyecie pPo3yMiHHA | MPO2HO3YyBAHHA Yy MBOPYOMY MamMemMamu4Homy
MUCAEHHI.

Ans eusvyeHHA 63aemodil rnpouecie pPo3yMiHHA | MpPO2HO3YBAHHA Yy
mMamemamu4HoOMy MUCAEHHI 6ys10 BUKOPUCMAHO memo0d aHani3y MowyKosux
dili cmydeHmis yrnpodoex po38’A3y8aHHS MEOPYUX MAMeMamuyHUX 3a0a4
Pi3HUX Knacie.

Pe3ynemamu docnionceHHsA. KoHcmamosaHo, Wo meopye mamemamuyHe
MUCAeHHA — YinicHa cucmema 83aemornos’a3aHux 0ili, 3a donomazaro AKUX
docAazaemebca MucneHHesUl mamemamuyHuli pesynemam.
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BcmaHoessnieHo, wWo npouyecu po3yMiHHA MamemMamu4Hux 3a0a4 ma
MPO2HO3YB8AHHA MUC/IEHHEBUX Pe3ys1bmamie hyHKYiOHytomb yrpooosH( ycbo2o
npouyecy po38’A3y8aHHA MamMeMamuyHuUx 300a4.

3’acoeaHo, wo 3micm nowyKkosux Oill, CIPAMOBAHUX HA PO3YMIHHA
300a4i ma Npo2HO3Yy8aHHA  MUC/AEHHEBUX pe3yanbmamis,  3aaexame
8i0 emanie po36’A3aHHA 3a0a4i (BUBYEHHA YMOBU, MOWYK pPO36’A3KY,
nepesipka 3HalideHo20 pO38°A3KY), 8 AKUX X MpoyecyanbHO-OUHAMIYHA
CMOPOHA He Auwe npoasnsemeocs, ane i gopmyemsca. pu ysomy npoyec
PO3YMIHHA MEop4oi MamemMamu4Hoi 3a0a4i ma npoyec MpPo2HO3y8AHHA €
830EMOO0MOBHIOBAMNLHUMU.

BcmaHosneHo, WO PpO3yMiHHA ymosu  3a0a4i  popmye  3micm
npozHo3ysanbHux 0ill, a npoyec MPo2HO3y8AHHA CHPUAE HOPMYBAHHIO
PO3YMIHHA MamMemMamuyHoi 3a0ayi.

KoHcmamosaHo, wo y nowykosomy mMamemamuyHoMmy npouyeci He
MOXCHA 3agpiKCysamu mako20 cmaHy po3ymiHHA 3a0avi, Akuli 3a6e3neyus 6u
BUHUKHeHHA 2imome3u w000 po38’A3sKy.

3’Aco8aHO, WO MNPO2HO3YBAHHA, fAKe MOE Micye 8rpodosIK ycbo20
MOWYK08020 NMpoyecy, Moxce nopodumu 2inomesy po3e’A3Ky HA pizHUX emanax
pPO38°A3Y8AHHA, MNPU PI3HUX CMAHAX PO3YMIHHA Mamemamu4yHoi 3adayi.
linomesa po3e’sa3ysaHHA 3a0a4i € iHOUKAMOPOM CMAHY PO3yMiHHA 3a0adi, a
i anpobayis cnpuse noz2nubneHHO Po3yMiHHA cymHocmi camoi 3adadi. lMpu
ubomy 3micm einomesu, i anpobayis 8U3HAYAE CMAH PO3YMIHHSA 300aYi.

BucHosKu. [lpoyec po3ymiHHA cy6’ekmom meopyoi mamemamu4yHoi
3a0a4i ma npouyec Npo2Ho3y8aHHA MPoxodame yrnpodosx ycix emanie npoyecy
PO38’A3AHHA | € 830EMOOONOBHIOBANLHUMU.

Knoyoei cnoea: meopye MamemMamuyHe MUCAEHHSA, PO3YMIHHA
MamemMamu4Hoi 3a0ayi, MPO2HO3y8AHHA MUC/AEHHEBUX pe3ysnbmamis.
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