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3Haiinena kaHoHIUHa (opma KomIuiekcHoro piBHsAHHA [lipaka — Keinepa y npeactaBieHH1
@onni — Borxoiizena. OxepikaHO 3araibHI pO3B’SI3KH IIHOTO PIBHAHHSA SIK Yy TpPEACTaBICHHI
Mayni — Hdipaka, Tak 1 y kKaHOHIYHOMY nipencTaBieHHI ®omnni — Borxoitzena. [IpoananizoBaHo
¢i3ngHA 3MICT pI3HUX PO3B’SA3KiB piBHAHE Jlipaka Ta KOMIUIEKCHOTO piBHSAHHA [lipaka —
Keiinepa, mos’s3aHnX 3 pi3HUMHU NMOBHUMH HaOOpaMH CIIOCTEPEKYBAHUX BEIWYIHH. 3HAHACHO
HOBI (pi3MYHO BaXkJmBi cuMeTpil piBHAHHA Jlipaka 3 HEHYJIFOBOIO MacoIo.

1. Beryn

Crarts € 6e3nmocepeiHiM MPOJOBKEHHSIM
Ky  Hamux podir  [1-3] mpucBsueHMX
noOy/oBI HOBUX BapiaHTIB PENSITUBICTCHKOL
KBaHTOBOI MEXaHIKM Ta TEOPii CIIIHOPHOTO MO
y KaHOHIYHOMY mpexactaBineHHi @ommi —
Botxoiizena (ckopoueno ®@B). Kpim Toro, nana
pobota € Oe3nmocepeiHIM MPOJOBKEHHSIM
Hamoi crarti [4], B sKkiii Oyno BBEACHO B
PO3IJISLT HOBE PESATUBICTChKE PIBHAHHSA, a caMe
KoMIuiekcHe piBHsSHHS [lipaka — Keiinepa
(ckopoueno KJIK). Tyt Mu mnpoaoBxkyemMo
JOCIIKEHHS I[bOTO PiBHSHHS.

BukopucToByroTbCSI ~ MO3HA4YeHHA  Ta
nomoBnieHocTi [1-3]. 3 MeTor CKOpOuUeHHS
BUKJIQZIOK Ha Qopmymu 3 [1-3] Tyr narortbes
Oe3rocepeiHi MOCUIaHHS.

Pipasiaast KK 3 [4] € xommiekcHUM
BaplaHTOM 3BHMYaliHOro piBHsAHHA [lipaka —
Keiinepa. Jlns 3HallomMcTBa 3 OCTaHHIM Ta
BI/IMOBITHOIO JTITEPATypOI0 JWB., HANPHUKIA],
orysn [5].

Haramaemo (muB. [2]), mo piBHAHHS Ta
OCHOBHI MaTeMaTH4YHI TBEpIKEHHA 4-KOM-
MMOHEHTHOTO  (opMani3My  pelSTUBICTCHKOI
KBAHTOBOI MEXaHIKU eJIEKTPOH-TIO3UTPOHHOTO
ny0neTy OyayroThCs 3 PIBHAHHS Ta OCHOBHHX
MaTeMaTHYHUX TBEP/UKEHb 2-KOMIIOHEHTHOI
PENATUBICTCHKOT KBaHTOBO1L MEXaHIK1
eNIeKTpoHa y rmpencTaBieHHi @B y Burmsi
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opsMoi CyMH 3 OIepaTopiB pIBHSHHSA Ta
dbopMyI1 ocTaHHBOI. AHAJIOTIYHO opMatizMm 4-
KOMIIOHEHTHOT'O CIIHOPHOTO HoJIst y
npencrasienni @B (ske Oyno BBeOeHO B
posrmsig  y crarti [6])  OyayeTrbes  SIK
cnenudigyaa npsma cyma (muB. [3]), mo
BKJIIOYAa€ KOMIUJIEKCHE CIIPSDKEHHS, OIepaTopiB
piBHSHHS Ta (GopMya 3 2-KOMIOHEHTHOI
PENATUBICTCHKOT KBaHTOBOT MeXaHIK1
eneKkTpoHa. HacTymHMM  y3araqpHEHHSIM Yy
PAKY HaBEJCHUX BUIE Y3arajbHEHb € 8-
KOMIIOHEHTHE KOMIUIEKCHE piBHSHHA Jlipaka —
Keiinepa (cxkopoueno KJIK) y mpencrasienHi
OB [6], ske Oynyerbcs 3 4-KOMIIOHEHTHOI'O
piBHsHHS @B (a00 3 2-KOMIOHEHTHOT'O PiBHSH-
Ha Ulpeninrepa — Q@onai pensTUBICTCHKOL
KBAHTOBOI MEXaHIKM €JeKTPOHA) y BHUIJIAAL
cnenugigHoi IpsIMOi CyMHU 3 2-KOMIOHEHTHUX
orneparopiB. TakuM UYHWHOM, BBEJCHHI B
po3rsin Ta pgochimpkeHHs piBHsAHHA KK 1
noB’si3aHoro 3 HUM  ¢Qopmanizsmy y
npeacraBierdi OB e OGe3mocepenHiM 1
JIOT1YHUM TPOJOBKEHHSAM HAIIUX JOCHIPKEHb
PENATUBICTCHKUX PIBHSHBb Yy IpeICTaBJICHHI
@B, sxi BukoHaHi y podorax [1-3].

B naniit po6oTi 3HaiiCHO HOBI CHUMETPIl
croiny 1 Ta 3/2 piBusaHHs Jlipaka 3 HEHYJIBOBOIO
Mmacow. Hasuicts y piBHAHHA [ipaka boze
CHUMETpii criHy 1 HAaOYHO JEMOHCTpYE, IO 1€
PIBHSIHHA MOXe€ ONUCyBaTH 1 OO30HM, a HE
nuie GpepmMioHH.
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2. Komniexcne piBHsiHHsA [lipaka — Keiinepa
y npeacrasjenni ®oJai — Borxoiizena ta
Oro po3B’si30K

B namriit po6orti [4] Oymo mokaszaHo, 110
16-KOMITIOHEHTHUH  TIOJILOBHM  OOEKT 3
MIACHUMH KOMIIOHEHTAMH, SKHH Ha3UBA€TLCS
piBasHHsAM [lipaka — Keiinepa [5] 1 6030HHa
dopma SKOTO 3amuCyeThCsl y BUTISAAL aude-

penuianbHoi  popmu, y  depmioHHIH 8-
KOMIIOHEHTHIH  ¢opMi 3  KOMIUIEKCHUMH
KOMITOHEHTaMH Ma€ BUTJIIS
(ir*a,-Tm)¥ =0
: %
o (io,—H,)w=0, w="7|, @
7
r,u = 7/ﬂ O = I4 O
0 0 -, )

He =I°(Ip’ +m),

1 Ha3Banuil y [4] piBusuuam KJK. Tyr I, —
— MaTpHIli

Hipaka
H, — raminberoHiaH uIs

v,

OJMHMYHA 4-BUMIpHA MaTpus, y*
Hipaka y mpencrasineHHi Ilaymi
(cxopoueno I1]1),
piBasHH KK (1),
PIBHSIHHSIM

3a10BOJIBHAKOTDH

Dilﬂi E(i)/”@ﬂ + m)l//i =0. (31)

[lepur Hi>k HaBOAUTH PO3B’s13ku piBHAHHSA KJIK
(1), oOroBopumo y gdeTaissXx NEepeTBOPEHHS
piBHsHR  (3t) 3a  JOMOMOroH  pi3HUX
omeparopiB Tumy @B, mnpoanamizyemo Bci
MOKJIMBI (pyHJaMEHTaJIbHI PO3B’S3KU PIBHSHb
tuny OB, sKi 01epKyIOThCs 3 piBHSAHB (31).

2.1. Ilpo cynoamenmanwvni po3e’sasxu
pienanna /Jlipaka. Ockinbku piBHsHHS (1) €
npsMor0  cymoro  piBHsSHB (3t), cmouarky
HaBEJIeMO BaXKJIMBI 1 JIETANI30BaHl TBEPHKCHHS
npo KokHe 3 piBHsAHBb (3%) okpemo. Anami3
piBHsHHA (1) Ta floro ®B-npeacraBienns Oyae
MOJTAVTBIITM KPOKOM.
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Jlerko  mepeKOHATHCh, 1O  O0HIBa
piBHSHHS (31) EKBIBaJICHTHI MiX CO0OIO SK Y
IT/1, Tak i y ®B-nipencraBieHHi.

JliiicHO, ekBiBaJIeHTHICTh piBHAHB (31) y
[1J]-npencraBieHHi BUIUIMBAE 3 TOTO (PAKTY, 110

iy’ (i)/“@ﬂ —m)i;/4

: .4 (4)
—(I)/“@# + m) =y, =lyv,,

e, B HaIIUX [O3HAYCHHSX, YHITAPHUN

MAaTpUYHHUI ONEPATOP

0,12 3
iy =iy’ (5)
Jaii, npu nepeTBOpeHHsIX
e ¢ EV+l)”+ (6)
Ta

9=V (7)
(sBHUT BUIIA @(X) HaBeneHo y dopmydi (8)
crarti  [3]) mipakian D, i3 (3%)

MIEPETBOPIOETHCS K

D, =(iy*9,-m)— D[ =V,D,V,"

- g

:m+a;)/ p(iyoao—a)), (8)

D_E( “9, +m)—>DF =V DV™

:—_m+7'p(i7/080—a)), )
aw

Tyt oneparopu V, Ta V. MaloTh BUJIS:

7/p+a)+m _1 —7/p+a) m( 10)
4/2a)(a)+m «/Za)(a)+m
OcCKITbKH
(—m+7-ﬁj(m+7~ﬁ)_l
=1 10 gBA
0] @

piBusHHa (8), (9) y mnpencraBnenni @B, ski
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ONICPXKYIOTBCS 3 JBOX piBHAHE (3%) 3a
JOIOMOIOK0 ABOX pi3HHMX omeparopi V., (mo
BIAPI3HAIOTBCS ~ 3HAKOM Npd  Maci M),

eKBIBAJICHTHI OHOMY 1 TOMY X piBHsAHHIO OB,
a came, pIBHSHHIO

(i}/oﬁo —a))¢ =0,

Skmo nOpuitHATM A0  yBaru, IO
KJIacHM4He criHopHe mone w(X) (Gadmyxke, w,

(11)

91 ) € moyie OyOJieTy YacTMHOK CIIHY

s=1/2, y sAkoMy 4YacTWHKa i aHTUYAaCTHHKA
GirypyloTb  CUMETPUYHO, TO TBEPIKCHHS
pobotu [7] mpo Te, WO Y, € MOJNeM YaCTHHKH,

a y_
BUKOPUCTAHHS OBOTO  TBEPIKEHHS y
MPUHIIMIIOBO IlikaBux poboTtax B.I1. He3na-
MOBa 1O TOOYJIOBI KBAaHTOBOi  EJIEKTPO-
auHaMmikk y mpencraBieHdi OB, muB. [8] i
MOCHJIAHHS TaM, HIYUM He BumpaBaaHo. Came
e TBEpPIKEHHA 13 poboTH [7] NpPUBOIUTH
aBTopa [8] mo 3amydyeHHs §-KOMIIOHEHTHOTO
PIBHSHHS Hipaka. 3ayBaxxUMO, 10
BUKOPUCTAHHS 1 3a7a4 [8] §-KOMIIOHEHTHOTO
dopmanizmy (mo cyri piBassHHa KK (1)) €
MOJKJIMBHM, aj¢ HE € HEOOXIJTHHM, OCKIILKU
CTaHJapTHE 4-KOMIIOHEHTHE CIIHOPHE I0JIe, 5K
MU JIEMOHCTPYEMO HIKYE, € 00’ €EKTOM, IIIIKOM
npugaTHUM i 3a1ad [8]. Tyt Mu HaBOAMMO 3
[[BOTO TIPUBOJY JETATbHUHA aHadi3 3 SBHUM
BUIUCYBaHHIM BiJIIOBITHUX (OPMYII.

Y mpomy 3B’S3Ky Haragaemo, Mo, SK
nokasano y [2, 3], po3B’s3ku piBHsHHS [lipaka
JUIIE Y KaHOHIYHOMY Ipe/cTaBiIeHH] (To0TO y
npencrasienni ®B) 6e3nocepenHbo 3B’sI3aHi 3
KBaHTOBOMEXAaHIYHUMHU  XBWJIBOBUMH  (YHK-
LisAMU TyOJIeTy 4acTUHKA-aHTUYaCTHHKA. ToMy
NeTalbHUN  (QI3UYHUI 3MICT €KBIBAJIEHTHOCTI
piBHsIHB (31) ciig aHami3yBaTH CIIOYATKY CaMe

€ II0JIEM AaHTH4YaCTHUHKHU, HeBipHe, a

y ®B-nipencraBiieHHi. 3 M€ METOIO CIIOYATKY
HABEJEMO SIBHUU BUIIIAL JIBOX CMAYIOHAPHUX
MMOBHUX HabopiB nyoneTy YaCTHUHKA-
aHTHYacTUHKa, ski y @DB-mpencraBieHHi
MaloTh YITKMA OJHO3HAYHUHN (DI3UUHUN 3MICT.
(Haramaemo, 1m0 TMOBHUM  CTaliOHAPHUM
HAabOpOM CIIOCTEPEXKYBaHUX Uil TOIS ¢

Ha3HuBA€THCA Ha61p MAakKCUMaJIbHOT'O 4YHCJIa
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B3a€EMHO KOMYTYIOUMX (YHKLIOHAJIBHO He-
3QJIEKHAX EPMITOBHX ONEPATOPiB, KOXHUU 3
SKUX KOMYTYE TaKOX 3 ONEpPaTopoM PiBHSIHHSI
i ¢ ). ns imoctpanii HaBeneMo JBa (Gpi3u4HO
BXUIMBUX TPUKIATN CTalllOHAPHUX TMOBHUX
HaOopiB JyOJeTy 4YacTHHKA-aHTUYaCTHHKA Y
®B-npeacraBneHHi.

[Teprmmii — 1€ IMITYIbCHO-CITIHOBUI Ha0Ip
TUIst nyoneTy YaCTUHKA-aHTUYaCTHHKA,

JIOTIOBHEHHIA OTIEPaToOpoM 7° 3HAKY 3apsly
(P, s, =%%/2, 1'3),

5 0

25(21, 22’ 23) — g (12)

6 1)
ne &= (c",0° 0°) — marpuui Haymi, nus. (14)

i3 [1],a 7° € Tpers koMIOHEHTa 3 HAGOPY
lei}/4C’ z_2:_)/07/4c:’ 2_3:7/0,(13)
ne §'=7/2 e

BHUMIPHOTO YHITApPHOTO
isocninoBoi rpymu  SU, (3apsagoBoi rpymu

epMiToBi TeHeparopu 4-

300pakeHHs

1HBapiaHTHOCTI piBHSAHHA (11)), C - oreparop
KOMIUIEKCHOTO CIIPSKEHHS.
Hpyruii — 1e IMIyJIbCHO-CHipaIbHUM
Habip JuUIst BOro AyOJIeTy
(P,

_df
h,=2-p/2|p, ), @

ne h, - omepatop cmipansHOCTI (hepMiOHHOTO

nyonery.

[Tinkpecnumo, mo Habopu (12), (14)
MaroTh YITKUH OJTHO3HAYHMN (I3UYHUN 3MICT y
®B-npeacraBieHHi 1 BcTaHoBieHUN y @B-
MPEJCTAaBICHHI 3MICT HE MIHSAEThCS TIPH
nmepexoji, M0 3IIHCHIOETbCS  YHITApHUM
neperBopeHHsaM OB, no I1/[-npencrasieHHs.

Harazmaemo, 1o oreparop criny § =>/2
y [IJd-npeacraBnenni wmae Burisg (16) i3
po6otu [3], Toxi sx omeparop 7° i3 (13) y I1JI-
MIPEACTABJICHH] Ma€ BUTJIST

PD 3_D

"= 7°E—HD/0), Hy=a-p+/m, (15)
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a ABHMII BUIJIAN 7° i 7° 3MIHIOETBCS i CTaE
CYTTEBO HEJOKabHUM. [likaBo BIAMITUTH, IO
Ha BigMiHy Bix omeparopiB cminy §=3/2 Ta
7" i3 (13), BUDIAA OmEpaTOpiB IMITYJbCY i
cnipanpHOCTI oguHakoBuid y [1J[- Ta ®B-tipen-
CTaBJICHHSAX. B 1IbOMy MOXXHa BOAYaTu IEBHY
nepeBary  iMITyJbCHO-CIIPaIbHOTO  MOBHOTO
HaOopy HaJ IMITYJILCHO-CITIHOBUM.

Posrnsnemo Habip 8 HaWmpocTimux
po3B’s3kiB piBHsHHSI OB (11) mpu m =0

e*ikX{D;,G§r}, e”kX{D:,G;r},
- — (16)
r=1,2, kx=at—kx, @=vk?*+m?,
e
— r 0
D =|'|, D! =| |,
0 d,
o 0 a7
. _1l@kd] o, 1

Kl o ’Gk'f:ﬂ(al?)dr

a 2-xommoneHTtHi Bektopu d., (r=12) 3anmani
B (16) i3 [1] — me KBaHTOBOMEXaHIYHI CITIHOBI
CTaHW, YaCTUHKH (QaHTUYACTHHKH), TOOTO
TYT
5= (c',0°,0°) — 1 %, mo iy (12). Habip
YOTUPHOX BEKTOPIB 3 (16)

ick £
{el XDr

BJAcCHi BeKTOpM omepatopa S, =o°/2,

=D, (X} r=12 =% (@8)

€ HabopoM (QyHZaAMEHTATBPHUX PO3B’S3KIB
piBHAHHA (11), BmacHUX AN  IMITYJIBCHO-
cmiHoBoro  Habopy (12) 3  BIacHMUMH

k e Rii imoynecy  p, 1/2

npoekuii chiny S, (nmpu r=1,2, BiANoBiIHO) Ta

+1 (mpu &=+,

BiZITIOBi/IHO) OTepaTopa 3HaKy 3apsay 7-.
[Hmmi Habip YOTUPHOX BETUUIHH

lgkXZg Zkl(x)} 1= ],2 =T,

nobynoBanuit 3 BenuuuH (16) y Burmsam ix
HACTYMHOI JIiHIMHOT KOMOiHaMi1

3HaAYCHHAMU

BJIaCHUMH 3HAYCHHIMU

(19)
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1
& __ & &
le:l_:%(Dl +G|Zl)’
1 (20)
& _— & &
ZIZZ = ﬁ(Dz _GEZ y
€ TakoX  HabopoMm  (dyHIAMEHTAIBHHUX
po3B’si3kiB  piBHsHHsA (11), BmacHMx s
IMITYJIbCHO-CITipaJibHOTO ~ Habopy  (14) 3
BJIACHUMH 3HAYCHHAMH K € Rii iMoynecy P,
+1/2  cnipanbHOCTI ﬁl (mpu A=12,

BIJIMOBIJIHO) Ta BJIACHUMH 3HAYCHHIMH +1
(npu & =¥, BiANOBiAHO) omepaTopa 7°.

YMOBH OpPTOHOPMOBAHOCTI Ta MOBHOTHU
BekTOpiB (18) MaroTh BUTIISA

[d*xDg (¢, )DE, (1. %) = 5(k —K)5,.5
=12, ¢¢& =%, (21)

> [d’kDg, (t, )D (¢, X)
= S5(X—X),

(22)

YMOBH OpPTOHOPMOBAHOCTI Ta MOBHOTHU
Habopy (19) 3anucyroTeesa ananoriuyuo 1o (21),
(22) (3amiHOIO B OCTaHHIX 0a3MCHUX BEKTOPiB

D; (X) na Bextopu Z;,(X)).

CrnpaBeIMBICTh HaBelIeHUX (HOopMyIaMu
(16) — (22) TBepmKECHb JOBOAMTHCS IX
6e3mocepeHbOI0 TIEPEBIPKOIO.

AHaJOriYHO (OpPMYJIIOIOTHCS 1 J0BO-
IAThCS  BigmoBimHi  TBepmkenns y  [1/1-
IpeJICTaBlIeHH], TOOTO s piBHsAHHS /[lipaka

(3+). ¥V upomy mnpezacraBieHHi Habopy (16)
Bi/IMOB1/1a€ HAOIp 8 PO3B’S3KIB

e—ikx {Vr_’\_/r+}’ e+ikx {V:’\_/r—}’ 23)

Je Oa3ucHi BEKTOpU V, k), A (k) samami y

Bupaszax (15) i3 [1], a GasucHi BekTOpH V' (k)
3B’s13aHi 3 HUMH HACTYITHUM YHHOM
L, L
VK) = (K)|mm.  (29)

HaGopy O6aszucamx BektopiB (18) Biamosimae
Habip YOTHPHOX PO3B’SA3KIB
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{e°°vF =V (X} r=12 s=7F (25

a Habopy OasucHux BekTopiB (19) Bimmosimae
Ha01p YOTUPHOX PO3B’SI3KIB

D

P PD
{25 =Z (N} 1=12, £=7, (26)

noGynosanuii 3 Bemmunn V- (K), v’ (K) (3aaui
y Bupazax (15) i3 [1]) Ta Benuuun V" (k) 24)y
BHTJISII 1X HACTYITHOT JIIHIHHOT KOMO1HAITi T
PD 1 PD 1
- - + + + -
Z =$(V1 +V), Z; ZE(Vl +V0),
PD 1 PD 1
Z,=—= %), Z;=—1=(; V%)
NA

N

OptoHOpMOBaHi BEeKTOpH (25) € BIaCHUMU IS
IMITyJTECHO-CITIHOBOTO TIOBHOTO HA0OpY

(27)

(P 5. 79,

a OpTOHOPMOBaHI BEKTOpPH (26) € BIACHUMU
JUIS IMITYJIbCHO-CITIPaIbHOTO TOBHOTO Habopy

(28)

_df PD

(P, h,=2-p/2|p|, °)  (29)

(onmepatop  cmiHy §=X/2 y  IHO-

npeacTaBiacHHi Mae Bursa (16) i3 podoru [3],
PD

oneparop T : HaBeZeHu TyT y popmymni (15),
a omeparop cmipanbHocTi y IIJ[- Ta @B-
MPEJICTABIICHHSAX € OJTHAKOBUM).

3ayBakuMoO, II0 OKPEMO B3STi PO3B’S3KH
(24) me marTh 06e€3mocepenrHbOro (hi3MIHOTO
3MICTY, OCKUIBKM SIK BEpXHI, TaKk 1 HHXHI
KOMIIOHEHTH BEKTOPIiB V. (k) € mammu y
HEPEIATUBICTCHKOMY HAaOJIMKEHHI.

®i3nyHa IHTepHpeTalis po3rIsIHYTUX TYT
PO3BS3KIB OJIHO3HAYHO JAETHCS, CTApTYIOUH 3
npeacraieHds OB, Ha OCHOBI anenOBaHHS 10
MOBHOT'O Ha0Opy OMepaTopiB CIIOCTEPEKYBAHUX
BEJIMYMH, sIK 11e 3po0iieHo y [2].
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HaBeneHi TBEpKEHHS YMOXKIHBIIOIOTh
PO3KJIaJl IOBUTBHOTO PO3B’SI3KY ¢9(X) pIBHSHHS

(11) abo uepes enementu Habopy (18), abo
gyepe3 enemeHtd Habopy (19). J[am, 3a
JIOLIOMOT'O0  OIIEPAaTOPHOIO HEPETBOpeHHA V.
SK SIBHI BUIJIAIU ONEPaTOpiB MOBHUX HAOOPIB,
Tak 1 pPO3KJIAJeHl 3a BIACHUMH BEKTOpPAMHU
BIJIMOBIAHMX  TMOBHUX  HAOOpIB  3arajibHi
po3B’sizku  @(X) piBHsHHA  (11)  MoxkHa
nepesectu 'y II/I-pencrasienns. Ilpudomy,
HE3aJIe)KHO BiJI CKJIAJHOCTI iX SIBHOTO BUIJIAY
y IIl-npencraBnenHi, 3a KOMIIOHCHTaMHU
MMOBHUX HAa0OPIB 30epiraeTbcs (BCTAHOBJICHUH y
@®B-mpencraBnenni) 3MicT  SK  “iCTHHHUX
¢i3uyaMX  BenmmuumH. Tobtro mpu  DB-
neperBoperHi i3 ®B-npencrasnenns y I1/1-
MPEJICTABICHHS. KOMIIOHEHTH IOBHOTO HabOpy

30epirarTh CBIH KBaHTOBOMEXaHIYHUI
¢bi3uuHuil  3MicT Ta  KOMYTaliiHI  CIIiB-
BIJTHOIICHHs, sKi BoHM Mamu y ODB-
NpEJCTaBICHHI, Xo04Ya MOXYTh HaOyBatu

CYTTEBO HEJIOKAJILHOTO SIBHOTO BUTJISY.

JUis MOBHOTH pO3IJISAY BIAMITUMO, IO
MOXJIMBI iHINI KOMOIHamii i3 eJleMEHTIB
0asucHuUX po3B’s3kiB piBHAHHA DB (11), sxi
BUSIBJISIIOTBCSL  TIOB’SI3aHUMHU 13 TTOBHUMH
HabopamMu  OO30HHMX  KBAaHTOBOMEXaHIYHUX
¢13uuHuX BenuuuH. [Ipo MOXIMBY HasBHICTh
0030HHHMX acmekTiB y piBHgHHI DB (11)
3ragyeTrbest 1me 'y pobori JI. Donmi [9], a
Oe3nocepenHs 0030HHA peajizallis Ta Biamo-
BiJlHa 0030HHA 1HTepHpeTalis piBHSIHHS Jlipaka
3aificHeHa y Hammx poborax [10-12], mpasna,
nutre i Bumaaky m=0.

2.2. Ilpo po36é’a3sku KOMRNIEKCHO20
pienanna /lipaxka — Keitnepa. Ty, sk 1 BUILE,
npu  posrnsanl  piBHAHHA  [lipaka, wMu
0o0MeXyeMoCh JulIe (EpPMIOHHUM acleKTOM
piBasHHs K/IK (1). bo3onHa ¢opma piBHSHHS
KJIK y 6030HHOMY TIpeCTaBICHHI MAaTPUIh ¥
anre6bpu Kmipdopna — Jlipaka HaBenena y
Hamiit pooori [4]. Ockinbku TOpPKAEMOCH JIUIIIE
depmionnux acnekTiB piBHAHHA KK, TO
3aJy4aeMo Jiie 4dotupu (came (epmioHHI)
¢dbyHIaMeHTallbH1 0a3MCHI PO3B’SI3KU. YHITapHe
neperBopeHHs tuny ®B s piBHsHEs KK
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(1), sixe miaronanmizye raminpToHiaH H, 1boro

P1BHAHHSA, MAa€ BUTIIA]

Vo Ol w s oovw
= ~ | — = ,

0o Vv (30)
ne V. =° %V_, a omeparopu V, 3agaHo y

(10). Ile nmepeTBOpeHHSI MEPEBOIUTH PIBHSIHHS
KJIK (1) y 8-xkommonentae piBHsHHS KJIK y
®B-mipeacTaBiIeHHI, a came

(i6, - @)D =0,
31
® =column(&™, &7, ,nY), ey
e 2-KOMIIOHEHTHI Bektopu & , 7177 — 1Ie

KBaHTOBOMEXaHIYHI XBUJIbOBI (YHKIII JBOX
YaCTMHOK MacM M Ta cmHa S$=1/2, a 2-
& ue
KOMILJIEKCHO CIpsDKEH1 110 KBaHTOBO-
MEXaHIYHUX XBUJIBOBHUX (DYHKIIH BiAMOBIIHUX
JBOX AQHTHUYACTUHOK XBWJIBBI (YHKIII THX
caMHX MacH Ta CIIiHa.

Buxoasun 3 TOro, mo 8-KOMIIOHEHTHE
¢depmionne mnose y piBHgHHI KK (1) €
MPSIMOIO0 CYMOIO BIJMOBITHUX 4-KOMITOHEHTHUX
JpaKiBCbKHX MOJIiB nap YacTHHKa-
AHTUYACTHMHKA, TOBHHM Habip  cmocTepe-
KyBaHux s moist d(X) MoxkHa BUOpath y

KOMIIOHEHTHI ~ BEKTOPHU

BUTJISLIL
T, =—
1 91 fg ) 8 =10 (32
200 5| ©
a s BUNAIKY 3aps/UKCHUX Iap YacTHHKa-
aHTUYaCTUHKA OIepaTopu 3apsAgoBOI TIpyNu
1HBap1aHTHOCTI PIBHSHHSA KK 31)
(reHepatopu §-MIpHOTO 300pa)X€HHS TIpyNU
SU ) MaioTh BUIJIs

r, O

rl
0 r,

Té = y I = 11 21 31 (33)

e Matpumi X 3azai B (12), a 7, — B (13).
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[ToBuuit  Habip  dyHIAMEHTATBHUX
dbepMioHHUX pO3B’s3KiB mis piBHAHHS (31),
KM € BIACHUM JUIS ONEpaTOpiB IOBHOTO
Habopy (32), Mae BUTIISA

0
D-

r

+
1e+ikx [Z)r e

i |Dr ok +ikx

ol (34)

D

a 3aranbHUN po3B’s30K piBHAHHA (31) Mae
BUTJISA

D(x) = —5 [d°x (e™ & (b,
(27[)5 ) n" (k)D;
+ (LA (35)
e S (li)Dr ),
n" (k)Dy

V dopmyri (35) kx=at—Kkx, @=vK?+m?,

4-xomnoneHTHi Bektopu D,, (r=1,2) 3anani B

(17), & (K), n"(k), &"(k), 7™ (k) — Bimmo-
BiJIHI HE3AJICXKHI KBaHTOBOMEXaHI4HI
IMITYJIbCHO-CIIIHOB1  aMIUTITyJM YacTHHOK Ta
AHTUYaCTUHOK (xBapTeTy 3 TaHUMHA

3HAYEHHAMU IMIyJIbCY k, CIIIHY
S, =F1/2, (r=12)) ta 3HaKy 3apsiy &==.

3a nomomoror obepHeHoro 10 (30)
MIEPETBOPEHHS V7*is BUpa3y (35) 3HaxoauMo
3aranbHUN po3B’sa30k piBHsAHHA KK (1) y IT1-
Ipe/CTaBJIeHH1

¥(x) =V D(X)

— 1 - Idsk (e—ikx é:r_(ii)vr_(ii) (36)
(272.)5 7" (K)v, (k)
o |§7 ()Y (K)
+e ~ ~ 1)
n" (K, (k)

ne Gasmcmi Bextopu Vo (k), v/(K) samami y
Bupazax (15) i3 [1].

AHaJOrIYHO 3amuCcyloThed  (EepMiOHHI
po3B’s3ku piBHsAHHA KK, noB’s3aHi 3 iHIIUMU
(GbepMiOHHUMU TIOBHMMM  Habopamu  (Ha-
MPUKIIAJ, IMITYJIbCHO-CIIPAJIbHUM).
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Hust (ppnn) -mynpTHIIETY  ( P,N—
MPOTOH, HEUTpOH, P,M — iX aHTHUYACTUHKH)
OIepaTop 3HaKy 3apsay Ma€ BUIJIIAL

|
7z, O
TEIS = ) | :1, 2,3, (37)
0 0

Ax 6aunmo piBusHas KJK (1), (31) MOoXyTh
OyTH 3aCTOCOBaHi JI0 OIUCY PENISATUBICTCHKUX
KBapTETIB EJIEMEHTapHUX YacTHHOK, 30KpeMa
PENSATUBICTCHKOTO 1y0IeTy MPOTOH-HEHUTPOH.

B mneBHiii ananorii 3 THM, SK PiBHSHHS
Jlipaka onucye pensiTUBICTCHKHI aTOM BOIHIO,
piBusuaa KK (1), (31) y HaBegeHoMy TyT
depmionHOMY  BapiaHTi iX  iHTepmperamii
MOXXYTh OYTH 3alydeHi J0 PEelSITUBICTCHKOTO
OIUCY TAKOTO SAPA, K JIEHTPOH.

3. IIpo HoBi ¢izuuHO Ba:xKIUBI cuMeTpii
piBHsiHHA /lipaka 3 HEHYJIbOBOIO MACOI0 Ta
KoMILIeKkcHOTro piBHsiHHA [lipaka — Keiinepa

HaBenmemMo TyT KOpPOTKO pe3yjbTaTh
HaIIUX JTOCITIKCHB po nooya0By
MaKCUMaJIbHOI ~ MaTpU4HOi  ajareOpu  iHBa-

plaHTHOCTI 4-KOMIOHEHTHOTrO piBHAHHSA [lipaka
y ®B-npencrasnensi (11) Ta npo HOBI pi3U4HO
BAXJIMBl CHMETpPIl CTAHJAPTHOTO pIBHAHHSA
Hipaka (3+).

B sxocti 16 Hesanexuux (ind) enemeHTiB
cranfaptHoi anreOpu Kiiddpopaa — [lipaka
(CD) Bubepemo marpuiti

0y = o v /v | V“// = 01 ’
_ 2av 4[7/4 7/v:| H , (38)
78) E}/,u - §5ﬁ’
SIK1 3aJ0BOIBHSIIOTH KOMYTaIliiHUM
CIIBBITHOIIIEHHSIM
Sao S5 | =~ — U085
(39)

g\/O'A,up - géﬁ§ﬁl7
i, OTXKe, € MEPBICHUMH T'eHepaTopaMu aireOpu
SO(1,5) noBopoTiB y mpoctopi MiHKOBCEKOTO
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M (1,5), acoliiioBaHUMH 3 MIHACHUMU
napamerpamu @ = —w" .
Crapryroun 3 anreopu CD, mopomxy-

BaHOI reHeparopamu (38), BBEEMO B PO3IJIS
po3mupeny niicHy anredopy Krmiddopma —
Hipaka (ERCD - extended real Clifford
Dirac), 64 nHesanexHi €IEMEHTH SKOI MaroTh
BUTJIST

ind CD, i-ind CD, C-ind CD,

Lo (40)
iC-ind CD

e C — OIepaTop KOMIUIEKCHOTO CHPSDKCHHS Y

mHOXuHI {#} po3B’s3kiB piBasHHI DB (11).

Takum uwmHom, anrebpa ERCD

JIHINHI CyIepmno3uiii  BCiX

BKJIIO4Yae€e
MOXINBUX

KOMIIO3HUIIIH y -MaTpuib, onepatopa C komn-
JIEKCHOTO CIIPSDKCHHS Ta YSBHOI OJWHHMII |,
TOOTO € MOBHUM HAOOPOM €JIEMEHTIB, YacTUHA
SKUX BHKOpPHUCTOBYBaiach y anrebpi [laymi —
['opmri — I6parimoBa (mmpo 8-BUMIipHY, KOJH
m=0, ta 4-BUMIpHY, KOJIM Maca HEHYIbOBA,
anmre6py Ilaymi — Tropmi - I6parimoBa
iHBapiaHTHOCTI  piBHsAHHsA  [lipaka  1uB.,
Hanpukian, y [10] ta B opuriHanbHUX poboTax
BKa3aHHUX aBTOpiB). XapaKTepHOI 0COOIH-
BicTio anreOpu ERCD € te, mo ii enemeHTH (sK
i1 ememeHtd  cranaaptHoi  CD-anrebpu)
KOMYTYIOTh a00 aHTUKOMYTYIOTh MIX COO0OIO.
Cepen HezanexxHux enemeHti anredpu ERCD
€ 36 epMiTOBUX 1 28 aHTUEPMITOBUX €JIEMEHTIB,

OCTaHHI  YTBOPIOIOTH anredopy  SO(8)
(mimanre6py ERCD-anreopn).
Ha ocHoBi 64 eneMeHTIB MaTpU4HOI

anre6pu ERCD (40) nerko BCTaHOBUTH IUPOKI
Ta (I3UYHO BAXKIUBI CHUMETpii  CIOYATKY
piBusHHa @B (11), a mortim (3a1MCHUBIIN
BIMMOBIAHAI nepexiy 3a JIOTIOMOT' OO
oneparopa ®B V, (10)) — i cranmapTHOro
piBHsaHHA [lipaka (3+). Taxi anreOpu cumetpii
Oynyts miganreopamu ERCD-anre6pu (40).
MakcuManpbHOIO ~ YHCTO  MAaTPUYHOKO
anreOporo iHBapiaHTHOCTI piBHAHHA [lipaka y
npencrasiendi @B (11) e 32-sumipna anrebpa

A,, =SO(6)De-SO(6)DPe, mia saxoi 16
AHTHEPMITOBHX €JEMEHTIB  S,g, € MaloTh
BUTJIA
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1 A_B 1a
§AB:§7/7 =—Sa, AB=1
, (41)
< o .5_.1.3~ .6 _: 1 3~
e=s7, r=ryC, yr=iryc
1 3aJIOBOJILHSIIOTH CTAaHAAPTHUM KOMYTaI[iHHUM
cmiBBimHOmIEeHHsM  anreopu  SO(6) s
aHTHEPMITOBHUX T€HEPATOPiB
[§AB'§CD] = OacSep T OceSpa + FepSac 42)
+3oaScsr [Sasr€]=0, A, B, C, D=1,6,
a 16 epmitoBux reneparopiB S,; MaroTh
BUTJISI
& _i.0
Sag =17 Sas (43)
1 3aJ0BOJBHAIOTH  HacTynHuUM  &-SO(6)

KOMYTalLlIiHUM CITiBB1IHOIIEHHSIM

~ ~ -0 ~ ~
[§AB , §CD] =1y (5AC§BD +6ceSoa

< « (44)
+5BD§AC + 5DA§CB)'

Anrebpa A, =SO(6) ®SO(B6)DPe €

MaKCHUMAaJIbHOI0 YHCTO MAaTPHYHOKO CHMETPI€I0
piBHsaHHA [lipaka y npexacraBienHi ©B (11),

YacTMHA TEHepaTopiB KO Mae BUIIIA]
oneparopiB Ilaymi — Ttopmi — I6parimoBa.
OOpazamu  €JIEMEHTIB A, y  IA-

MIpPE/ICTaBIeHH], TOOTO CHUMETpISIMU CTaHAAPT-
Horo piBHAHHA [lipaka (3+) 3 HEHYJIBOBOIO

g’ SAB)V+
3amani y (10)). [leBHa wactuHa

Macoro, 6yayTh onepatopd V, (S,

-1
(me V,, V,
enemMeHTiB A,, y IlJI-mpexncraBieHH] Bke He

YUCTO MATPUYHI, a HEJOKaIbHI (TICEeBIOAM-
(epeH1IialbH1) OMepaTopu.

diznyHO Ba)KJIUBUMU HaCJIIKaMU
3actocyBaHHs ERCD-anre6pu g0 anamizy
cumetpiil piBHsHb [lipaka Ta ®B € onepxkani
HamMHu 300pakeHHs cmiHy 1 T1a 3/2 rpyn
Jlopenma ta Ilyankape (a Takoxx 6arato 1HITHUX
CHUMETpiii), BITHOCHO  SKMX  I1HBapiaHTHE
piBHsAHHA [lipaka (3+) 3 HEHYJIbOBOIO Macol0.

B skocti mepmmx (i3UYHO BaKIMBHX
cumetpiil piBHsHHA @B (11) Bkaxemo Ha ABi
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pi3Hi peamizarii 300paxenns (1/2,0)® (0,1/2)
anrebpu SO(1,3) rpynu JlopeHua, BigHOCHO

SKUX 1HBapiaHTHe piBHsAHHA [lipaka vy
npencrasieani OB (11):
| | I k. 4 1
Sw =Loe =577 Sm =577}
(45)
0,12, 3
v =r
2 1 2~ 1] 1 0
Sy _{S C S, =—77C, §03:_§71

. . (46)
§1|£:2’ A31_577/Cv ,23 57 }/ZC},

iy® — crinbHMIT IS IUX TeHepaTOPiB OIEpaTop
Kazimipa. Jlerko BCTaHOBUTH, IO T€HEPATOPH
KOXKHOTO 3 HaOopiB, sk (45), Tak (46),
3aJIOBOJILHSIOTh ~ KOMYTAIlIMHUM  CITIBBIIHO-
meHHsaM (39). Kpim Toro, emementu 3 (45)
KOMYTYIOTh 3 ycimMa enemeHtamu (46), mo
JIO3BOJIAE 3pOOUTH HACTYIHE TBEPKCHHS.
PiBussnns ®B (11) Takoxx € iHBapiaHTHHM
BITHOCHO JBOX PI3HUX 300pakK€Hb TEH30PHO-

ckaigpaoro  (L,0)®(0,0) Ta HE3BiAHOTO
Bektopuoro  (1/2,1/2)  rpynu  SO(1,3),
noOynoBanux 3 TeHepartopiB (45), (46)
HACTYITHUM YHHOM
TS [ [

Sy {SOk = Sox + Sokr S = S +§mn}l( )

47

% TS
_{SOk ~Soc +Soks S = Sma -

Hns piBusnusa [ipaka (3+) reHeparopamu

BIIMOBIAHUX  CUMETpid  OyayTb  obOpasu
V+’1S;f\/+, V, lS:,/VV+ omnepatopis (47).

Ha ocnoBi (47) 3naxomumo Ilyankape-
cumerpii cminy 1 piBusHHa ®B (11), nus.,
Hanpukian, [13].

Jlerko nepekoHaTuCh, 1110 TeHEPaTOpU

ﬁo :_i70(7ﬁ+m):_iHD’ pn :an’

Jlnlea _Xa +§Jn+§Jn1 (48)
: S01%n€uin
Jok = %00k — X Po + Sox += :
ok = Xo 0 F 20T T
ne omeparopu S, Ta S, =V's)V, — obpasu
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reneparopis S, (46) y IJl-npencrasnenni —

MarOTb BUTJIA

S, = i[nm] S, ={8,, = —|7

- 1,2 . o7 P+m Hp
Spy=—=yC, Sy=—y —/=——",
02 27/ 903 4 oo 20 (49)
~ I —_ IH 2 H ~

=—, § 7°C, §,,=—2»°C}.
Si 5 931 = 2@ Sy = 2&)7/ }

BoHu KOMyTylOTH 3 ONEpaTopoM piBHSIHHSI
(3+), 3am0BOJIBHAIOTH TAOJHMIII KOMYTAIIHHUX
CHIBBiTHOIIIEHb TeHepaTopiB rpymnu [lyankape i
peanizytotb boze-300paxkennss cminy 1 1iei
rpynu, ToOTO 3amatoth I[lyaHkape-cuMeTpiro
crainy | piBusuua dipaka (3+).

[ami peamizamii boze-300pakeHHst CHiHY
1 rpynu Ilyankape, BITHOCHO SIKUX iHBapiaHTHE
piBHSAHHS (3+) CITiJ MIyKAaTH y BUTIISI

P i —x 2 P So T Sox
p/l_ o J,uv_xy V_XV /.1+ §mn+§mn ’(50)
abo
P, =04 uw=%X0,—X0,+s, +V s, V.. (51)

3 BUKOPUCTaHHSIM 000X CIIHOBUX JIOJAHKIB (i
(50), 1 (51)) nna piBHsaHHA [lipaka MOXIJIHMBO
Takox goBectu Ilyankape-cumerpii criny 3/2.

4. BucHoBKH

PiBusaas KJIIK (8-koMIOHEHTHE), sKe

Oyno BBEIEHO B pO3risij y Hamniid poOorti [4],
3amucaHo y mpexacraBieHdi @®B. 3nHaiineHo
SBHUM BUTIISAJ YHITQPHOTO OIepaTopa, SKHiA
nepesoauth piBHgHHA KK (1) i3 IIH-
npeAcTaBieHHs y KaHoHiyHe @B-mpencras-
neHHs.  OpjepkaHo — 3arayibHI  pO3B’SI3KH
piBasHEs KK y 000X IMX MpeacTaBIeHHSX,
SKI ~ ONUCYIOTh  OKTeTH  (EepMioHIB 3
HEHYJIBOBOIO MacCOIO.

Opnepxxano Ilyankape-cumerpii criny 1
CTaH/JapTHOTO, 4-KOMIIOHEHTHOTO PIBHSHHS
ipaka 3 HeHyn1bOBOIO Macoro (i BiAMOBIAHI
cumetpii piBsHHs OB). Cumerpii, Bmepiie
onepkani Hamu B [10-12] mis BUmagKy, KOJIH
mMaca M=0, Temep AOBEeNEHO M BUNAAKY
JOBUIBHOT MacH. 3a paxyHOK OUIBIIOro 4ucia
KoMmroHeHT cumetpii piBHsHHS KK 3HauHO
Oararmii 3a cumetpii piBHsAHB [ipaka Ta @B, sk
€ TMPOJEMOHCTPOBAHO HA PO3TISHYTHUX Y
poboti [4] mpukmamax. JlogatkoBi cumerpii
piBHsHHA KJIK oTpumyroTecs He Jsume 3
cuMeTpiii piBHsSHHA Jlipaka, NMB., HAIPHUKIA,
nporeaypy B [4].

HaBegenuit Buine po3risg — HAOYHO
nemMoHcTpye, o piBHgHES KIAK  (micns
BBCJICHHS B HHOT'O BIJIMOBITHUX B3a€EMOJIiH) Ma€e
I[IKaBy MEPCICKTUBY IIUPOKOTO BHKOPHUCTAHHS
y SIKOCTI pEeJSATUBICTCBKOTO PpIBHSHHS JJIS
onucy GpepMiOHHHX Ta 0030HHUX MYJIbTHUILIETIB
€JIEMEHTAapPHUX YaCTHHOK 1 CyNMepCUMETPUYHHUX
MYJIBTUIUIETIB.
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ON THE SOLUTIONS AND SYMMETRIES OF THE DIRAC

AND THE COMPLEX DIRAC - KAHLER EQUATIONS IN
THE FOLDY - WOUTHUYSEN REPRESENTATION

V.M. Simulik, 1.Yu. Krivsky

Institute of Electron Physics of the National Academy of Sciences of Ukraine
Department of the Theory of Elementary Interactions
88000, Uzhhorod, 21 Universitetska Str.
e-mail: sim@iep.uzhgorod.ua

The canonical form of the complex Dirac — Kahler equation in the Foldy — Wouthuysen
representation is found. The general solutions of this equation are obtained both in the Pauli —
Dirac and Foldy — Wouthuysen representations. The physical meaning of the different solutions,
related to the different complete sets of observables, for the Dirac and complex Dirac — Kahler
equations is analyzed. Having the important physical meaning new symmetries of the Dirac

equation with nonzero mass are found.
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O PEHIEHUAX U CUMMETPUSAX YPABHEHUA TUPAKA
1 KOMILIEKCHOI'O YPABHEHUS JTUPAKA — KEHJIEPA
B ITIPEJICTABJIEHUU ®OJI/IN - BOTXOU3EHA

B.M. Cumyank, U.10. KpuBckuii

Huctutyt snextponHoit pusnkn HAH Ykpaunsl, 0Ten TEOpUH 31€MEHTapHBIX B3aMMOICHCTBHMA
88000, Yxropon, yi. YauBepcurerckas, 21
e-mail: sim@iep.uzhgorod.ua

Haiinena xaHoHMueckass ¢opma KOMIUIEKCHOTo ypaBHeHus Jlupaka — Keitnepa B
npeactasnennn Ponaun — Botxoizena. [lomydeHsl oOmme pemieHns 3TOro ypaBHEHHS Kak B
npeactasnennu [laymu — Jlupaka, Tak 1 B KaHOHHYECKOM TpencTaBieHnn Ponnu — BoTxoiisena.
[IpoanammsupoBan (QU3MUECKUI CMBICI pAa3NAYHBIX peIIeHWH ypaBHeHWH J[lupaka w
KOMIUIEKCHOTO ypaBHeHHs [lupaka — Kelinepa, cBI3aHHBIX C pa3lMYHBIMH ITOJHBIMH HabOpamMu
HaOmonaeMbIX BenMuuH. HalineHsl HOBbIe (U3HYECKN BaXKHbIE CHMMETPHH ypaBHeHHs Jlnpaka c
HEHYJIEBOI MacCcou.
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