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UDC 539.3 A refined mathematical model of gas turbine engine rotors using three-dimensional

finite elements of a curvilinear form is developed. All the calculations were per-

USE OF REFINED formed for rot.ors, which are widely used in power machl‘ne building anc.l shipbuild-

ing. The fact is that such components have a constructive heterogeneity that can

FINITE ELEMENT hardly be correctly explained using well-known finite elements and their shape

MODELS FOR functions. On the other hand, the mathematical model should be as simple as pos-

SOLVING sible with a view to its wide use in the process of designing a rotor. Therefore, a

new refined finite-element mathematical model was developed, consisting of three-

THE CONTACT dimensional curvilinear hexahedral finite elements. It was used to calculate the

THERMOALASTICITY dzsp.lacen.wnt field caused by the c?mplex action of the. heat ﬂux and contgct load at

the junction of rotor elements. This approach makes it possible to describe the en-

PROBLEM OF GAS tire rotor as a superposition of the developed curvilinear finite element models and

TURBINE ROTORS make the calcu.lation process more co.rrect a‘nd compact. To solve this problem, a

system of matrix equations was compiled. It is based on the use of energy balance

. dependences in the mechanical contact interaction of rotor elements, as well as the

Aleksey Kairov heat balance under the influence of non-stationary heat flow. When creating a nu-

Sergey Morgun, merical algorithm for solving the problem, the direct decomposition of Cholesky
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Introduction

The working process of gas turbine rotors that are used in modern turbines is constantly influenced by
various high intensity mechanical and thermal effects. This causes changes in the stress-deformed state of the
entire motor as well as its components, such as the disk, shaft, and blades due to their mechanical contact and
the heat flow passing through their contacting surfaces. This correlation is especially important for gas turbine
engine components due to their extremely complex working process.

It should be noticed that the main conditions of contact between rotor components are not always identi-
cal even when one-type parts contact. [1]. Firstly, the shaft and rotor are mounted before the start of the working
process. This means that each pair of contacting surfaces has its own definite conjugation conditions. But during
the working process the conjugation conditions can rapidly change. This fact causes the changes of the mechani-
cal contact pressure. Therefore, changes of heat flow parameters can also be observed on the shaft and blade row
contact surfaces [2]. Therefore, the mathematical model used for solving a gas turbine engine rotor thermoelastic-
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ity problem needs to take into consideration all these mechanical and temperature changes on the contacting sur-
faces of gas turbine engine rotor components.

Two main approaches are used for solving contact problems of deformable solid mechanics by the fi-
nite element method (FEM). The main idea of the first approach consists in using a contact layer of definite
thermal conductivity, that is located among between the surfaces of contacting solids. The finite element model
of the contact layer is based on the finite elements similar to those of solids. But the thermo conductivity fea-
tures of the layer elements are different from those of solids. [1]. Such an approach is rather useful, but its ap-
plication to thermoelasticity problems for studying real assembly constructions is inconvenient, because it is
extremely difficult to calculate the layer deformation caused by the thermal gradient on contacting surfaces.
The second main approach consists in using a definite function, that distinctly determines the dependences be-
tween the heat flux and displacements of the finite element nodes located on contacting surfaces [3—6]. The
above-mentioned solution to problems could only be obtained in the case of fulfilling several conditions. The
first one is the condition of the contacting components non-penetrating each other; the second one is the condi-
tion of equality of normal and tangential forces for each node pair of contacting finite elements [4—6].

The main aim of this article is to develop a more correct mathematical model based on three dimen-
sional finite elements, that could be used for solving gas turbine engine rotor thermoelasticity problems.

Formulation of the problem
The gas turbine engine rotor under consideration is located in the right rectangular Cartesian coordinate sys-
tem x y z with the beginning at the shaft end centre O. z axis is normal to the shaft axis of rotation; x matches the
shaft axis of rotation. The whole coordinate system is rotating with constant angular velocity together with the rotor.
OL=0 )
L=11-W
where L — the Lagrangian function; /7 — potential deformation energy of a mechanical system; W — the work
of external forces.
The potential deformation energy can be found as follows:

m=1 j e’odV, 2)
2V

where V — the investigated model volume; € — the elastic deformation vector; ¢ — the stress vector.
After the FEM approximation, to determine the potential deformation the relation (2) can be trans-
formed as follows:

= % (6" ks), 3)

where K — the global stiffness matrix of a finite element model; & — the vector generalized displacements of
the model nodes.
Consequently, the energy balance equation of a mechanical system (1), taking into consideration the
dependency (3), can be transformed to
Ko =F, “)

where F — the vector of external forces [7].
The temperature state of a the solid under the stationary heat flow can be described by the dependency [5] as

9T 9°T 9T
7\' 2 + 2 + 2
ox> dy° oz
where 7" — the temperature of a solid under consideration, 9K; A — the thermal conductivity coefficient

W/m*K; x, y, z — the Cartesian coordinates of the solid; Q — the internal sources of heat.
To solve the dependency (5), it is necessary to introduce the following boundary conditions
A a—T1X+a—le+a—le +MT-T,)+q=0, (6)
ox dy 0z

J+Q=0, &)
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where 7, — ambient temperature. K 1, ly, I, — direction cosines of the normal vector to the surface; g — heat
flow density, W/m.

The dependences (5) and (6) form the functional (7). Its minimization makes it possible to solve the
thermal conductivity problem

¢=lf A (B_TJZJ, ar 2+[8—Tj2—2QT dV+J[qT+lh(T—T)2}dS %
2 ox dy 0z ‘ 2 ?

Vv

After the FEM approximation of (7), the equation for the gas turbine engine rotor heat balance can be obtained:
K,T=Q, (®)

where Ky — the global thermal conductivity matrix of a finite element; T — the temperature vector located in
the finite element nodes; Q — the vector of external heat loads.

Therefore, in order to solve a gas turbine engine rotor thermoelasticity problem, a system of matrix
equations, obtained on the basis of the dependences (4) and (8), must be first solved.

Problem solution

For a refined solution of the given problem, a special three-
dimensional hexahedral finite element was designed (Fig. 1). It has
eight nodes with five degrees of freedom in each node. Such type of
finite elements makes it possible to provide the FEM approximation
of solids that form the turbine rotor since their form corresponds to
those of the rotor components. That is why, using a mathematical
model formed on the basis of such finite elements makes it possible
to more correctly solve the thermoelasticity contact problem of gas
turbine rotors [7].

Transition from the global Cartesian coordinate system x y z
to the finite element local coordinate system { 1 & can be described
by the following dependences

Fig. 1. Three-dimensional hexahedral
finite element

X Y1 2
1A R R S VA R R S (A 4 Rl S (S T ) )
Xg Vs 23

where (x, y, z) — the global Cartesian coordinates of a finite element; (X;,X2,....,X8} Y1,¥25- - 5Y8) 215225+ +-+5Z28) —
the Cartesian coordinates of the finite element nodes; NV; — the finite element shape functions.

The shape functions of the finite element under consideration in the local curvilinear coordinate sys-
tem (-1<E<1; -1<(<1; -1<n<1) are presented by the dependences

M= l-nl-gN-0): N, = e E)i-L):
N =gl 81-0: V=S en)i-8)-0); (10)
No=Sl-mi-giet) Ny = l-mi+EieL):
LR (B2 (S FRP V. (R, (23 (P4

The displacement of finite element nodes towards the x y z axes can be obtained by solution of the
dependencies (9) and (10). Thus
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where 8¢ — the vector of the e-st finite element generalized displacements; 3, 812 , 813 — the generalized displace-

ments of the finite element node / towards the x y z axes respectively; n — the quantity of the finite element nodes

taken into consideration.

The temperature vector (7°) for the e-st three-dimensional finite element can be obtained by means

of the dependences

T“=) NT,,(i=12...9), (12)
i=1

where T; — the temperatures in the finite ele-
ment nodes.

It should also be noticed noted that for
the solution to the systems of equations (8 —
11) the numerical method of Kholetsky direct
expansion is used. To make global matrixes
more compact, a procedure of matrix reorder-
ing is also used. To reduce the computer RAM,
necessary for solving the set problem, the
Sherman compact scheme is used.

Main results and their analysis

In order to evaluate the adequacy of
the developed mathematical model and cal-
culation algorithm the temperature and dis-
placement fields of gas turbine engine rotor
components are calculated. All the calcula-
tions are realized using a special program
complex. In the assembly unit under consid-
eration the shaft diameter d=120h7 mm; the
shaft material is the 20X3HM®A heat-
resistant steel. The shaft rotation frequency
is 1000 revolutions per minute. The thermal
conductivity coefficient A=500 W/m*K.

The frontal surfaces of the two com-
ponents forming the assembly unit are axially
fixed. Between the shaft and disk radial sur-
faces there is an interference, whose value is
0.01 mm. On the front surfaces of the two com-
ponents the boundary conditions of the first
kind used for the thermal problem are given. In
the initial state, both parts of the assembly unit
have the temperature of 100 C. Then the shaft
front surface is heated up to 1000 C.

56

Fig. 2. Displacement fields of a gas turbine engine rotor
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Fig. 3. Temperature fields of a gas turbine engine rotor
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Figures 2 and 3 show the displacement and temperature fields in the area of the rotor shaft and disk.

According to figure 2, it should be taken into consideration that on the shaft and disk front surfaces the
conjugation conditions were changed from clearance to interference. Such changes could be explained by the in-
fluence of the heat flow, that causes heat extension of the contacting surfaces. These processes are described by
Fick’s law [5].

The temperature field in the gas turbine shaft and disk rotor is shown in figure 3. It could be observed that
it is practically homogeneous and has no sharp gradients. This fact could be explained by the change of conjuga-
tion conditions from the mounting clearance to the interference, caused by the influence of thermal deformation of
contact surfaces. Thus, the absence of an air clearance between the shaft and disk front surfaces caused the ab-
sence of sharp temperature gradients in the places of their conjugation.

Conclusion

A refined mathematical model that could be used for solving thermoelasticity problems of gas turbine
engine rotors has been created. This model is based on using three-dimensional hexagonal finite elements. The
displacement and temperature fields of on the surfaces of contacting components have also been obtained. It
has also been established that the conjugation conditions in such type of assembly units change from clearance
to interference due to the heat extension of material. On the basis of this mathematical model the thermal stress-
strained state of such rotors, widely used in marine propulsion engineering, could also be investigated.
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BukopucTtanHsi yTOUHEHUX CKiHUeHHOEeJIeMEeHTHUX MojIeei 1J1s1 po3B’si3aHHs 3a1a4i TePMONPYKHOCTI
poTOpiB TypOOMAIINH

Kaipos O. C., Moprys C. O.

HanionansHuii yHiBepcuTeT kopabieOymnyBaHHs iMeHi anmipana Makaposa,
54025, Ykpaina, M. Muxonais, nip. ['epoiB Ykpainu, 9

Po3spobnena ymounena mamemamuyna mooensb pomopia 2a30mypoOiHHUX 08USYHIE 3 BUKOPUCTHAHHAM MPUSUMIDHUX
CKIHYEHHUX eleMeHmi6 KpUBOIHIlHOI hopmu. Bci po3paxynxu 6uKoHami 015k pomopis, wo Oylice NOWUPeHi 6 eHepeemuyHo-
My MAWUHO-Ma CyoHoOYOyeauHi. Jlemani maxkoeo muny mMaioms KOHCMPYKMUGHY HEOOHOPIOHICMb, SKY HABPSAO YU MOJICHA
6y10 6 NPABUTLHO NOACHUMNU, BUKOPUCOBYIOHU 000pe BI00MI CKiHYeHHT elemenmu ma ixui Qynkyii hopmu. 3 inuwioco 60Ky,
MamemamuyHa Mooeib NOBUHHA OYMU MAKCUMATBHO NPOCHOIO 3 MEMOIO il WUPOKO20 BUKOPUCTHAHHS 8 NPOYeCi NPOeKmy-
sanus pomopa. Tomy 6yaa po3pobiena HO8a YMOUHEHA CKIHUEeHHOeNIeMEeHMHA MAMeMAmUuiHa MoOelb, W0 CKIAOAEMbCA 3
MPUBUMIDHUX KPUBOTHIHUX CKIHYEHHUX eleMeHmie muny 2excaeop. Bona euxopucmogysanace 0is po3paxyHKy nojis ne-
pemiujeHsb, BUKTUKAHO20 KOMNIEKCHUM 6HAUBOM MENI08020 NOMOKY, i KOHMAKIMHO20 HABAHMANCEHHA 8 MICYAX 3'€OHAHHA
enemenmie pomopa. Taxuil nioxio 0ac MONCIUBICIb ONUCAMU 8€Cb POMOP K CYREPNO3UYII0 PO3POONIEHUX KPUBOTIHILIHUX
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MoOenell CKIHUeHHUX eleMeHmi6 i 3p00umu npoyec po3pPaxyHKy Oilbul NPpasuibHuM i KOMnakmuum. /st eupiulentss nocma-
871€HO20 3a80aHHA OYA CKIAOEHA CUCMEMA MAMPUYHUX DiGHAHb. Bona 2pyHmyemvCs Ha GUKOPUCTAHHI 3A1eHCHOCTEN eHe-
Ppeemuuno2o 6anancy nio 4ac MexaHiuHoi KOHMAaKmuoi 63acMo0ii eneMeHmie pomopa, a maKodic menio6o2o 6aiaucy y pasi
BNIUBY HECTAYIOHAPHO20 MENI06020 NOMOKY. I1i0 uac cmeopenHs YucenbHo20 anzopummy po3e si3aHHs NOCMAGIEeHOT 3a-
0ayi 8UKOPUCMO8YBANOCA npsme posKiadanhs Xoaeyvkoeo. /st 000ans po3e’sa3Ky 6inbuiol KOMIAKMHOCHI 3ACMOco8y6a-
nacs cxema Lllepmana. Bei pospaxynku nonieé nepemiwens i memnepamyp npogedeti 0Jisi 060X WUPOKO NOUWUPEHUX MUNIE
3'€OHamb, K GUKOPUCOBYIOMbCS OISl CMEOPEHHS MAKUX POMOpIB, a came: 3'€0HAHb 3 3a30POM Md HAMALOM.

Knrouosi cnosa: mpusumipui cKiHUeHHI eleMenmu, pomopu 2a3o8ux mypOiH, nojsi nepemiujenv i memnepa-
myp, 3a0aua KOHMAKMHOL MePMONPYI’CHOCI, 3A30D, HAMSLe.
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UDC 624.04 This paper is a continuation of research in the field of optimal design of
structures under a combined approach to the measurement of corrosion

STEPWISE OPTIMIZATION and anticorrosion protective properties of coatings. As noted earlier, such

coatings are barrier layers that impede the penetration of aggressive me-

OF I-SECTION FLEXIBLE dia to the surface of a structure and delay the onset of the process of in-
ELEM ENTS UNDER A tense corrosion. In this case, it is important to take into account not only
FUZZY APPROACH TO the corrosive effect on the structure, but also be able to estimate the pe-

riod of time for which the anticorrosive coating loses its protective proper-

TAKING INTO ACCOUNT ties. Since structural elements with damaged protective coatings are able
CORROSION AND to continue to be subjected to current loads over a considerable period of

time, their accelerated corrosion wear is to be taken into account in the

PROTECTIVE PROPERTIES damaged areas of coatings. Consequently, the work of the structures pro-

OF ANTICORROSIVE {ectedhl?yhco}latings ‘con;ists of two p.eriods: witl? a prfltectlilve coa;tingd(der}-l
ing which the coating loses protective properties and collapses) and wit
COATING

a damaged protective coating (When there is a severe corrosion wear of

unprotected structural areas). The model proposed in the previous study

Mark Fridman, (and implemented on the example of optimization of the flexible elements
mark17 @i.ua of a rectangular beam) allows taking into account the smooth transition of

o . . the work of structures with protective coatings and the time when the pro-
Kryvyi Rih Metallurgical Institute tective properties of anticorrosive coatings practically do not work. This
of the National Metallurgical paper considers a solution to a more complicated (due to its multi-
Academy of Ukraine extremity) problem of optimization (finding the optimal form) of I-section

5 Stephana Tilhy St., Kryvyi Rih, 5006, Ukraine (double-T) flexible structural elements under a fuzzy approach to taking
’ ’ ’ into account corrosion and anticorrosive coating protective propetrties.

Keywords: corrosion, anticorrosive coatings, optimization.
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