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We study the forced oscillations of a cantilevered flat shell of constant curvature. 

These movements are excited by a kinematic periodic embedding motion. To de-

scribe geometrically non-linear deformation, the non-linear theory of Donel 

shells is used. To build a non-linear dynamic system with a finite number of de-

grees of freedom, the method of specified forms is used. Since the eigen frequen-

cies of longitudinal and torsional oscillations are much higher than bending 

ones, the inertial forces in the longitudinal and torsional directions are not taken 

into account. Therefore, the generalized coordinates of longitudinal and torsional 

oscillations are expressed in terms of bending ones. As a result, a non-linear dy-

namic system with respect to bending generalized coordinates is obtained. To 

calculate the eigen forms of linear oscillations, by using which the non-linear 

dynamic problem decomposes, the Rayleigh-Ritz method is used. Then only kine-

matic boundary conditions are satisfied. When the solution converges, the force 

boundary conditions are automatically satisfied. To study the convergence of 

eigen frequencies, calculations were performed with a different number of basis 

functions, which are B-splines. A comparison is made with the experimental data 

on the analysis of eigen frequencies, with the data published in authors' previous 

article. To numerically analyze the non-linear periodic oscillations, a two-point 

boundary value problem is solved for ordinary differential equations by the 

shooting method. The stability of periodic motions and their bifurcations are es-

timated using multipliers. To study the bifurcations of periodic oscillations, the 

parameter continuation method is applied. In the region of the main resonance, 

saddle-node bifurcations, period-doubling bifurcations, and Neimark-Sacker 

bifurcations are found. To study the steady-state almost periodic and chaotic 

oscillations, Poincaré sections, spectra of Lyapunov characteristic exponents, 

and spectral densities are calculated, with the stroboscopic phase portrait used 

as Poincaré sections. The properties of steady-state oscillations are investigated 

with a quasistatic change in the frequency of the disturbing action. 

Keywords: non-linear periodic oscillations of a flat shell, stability of oscilla-

tions, almost periodic oscillations, chaotic oscillations. 

Introduction 
Shell designs are widely used in aerospace engineering, power engineering, mechanical engineering, 

construction, and nanotechnology. These structures have high rigidity with a relatively small mass, which is 

important for engineers. A lot of research is devoted to the oscillations of such structures. A detailed review 

of the work carried out in this area is presented in [1–3]. 

In this article, a non-linear model of the forced oscillations of a kinematically excited flat shell during 

geometrically non-linear deformation is constructed. To study resonant forced oscillations, a numerical ap-

proach is developed. The approach includes a solution to the two-point boundary value problem for non-linear 

ordinary differential equations and a method of continuation of solutions. With this approach, the bifurcation 

behavior of resonant oscillations is investigated, as well as saddle-nodal bifurcations, period-doubling bifurca-

tions, and Neymark-Sacker bifurcations are discovered. It is shown that, as a result of some of these bifurca-

tions, chaotic oscillations are formed, which are studied numerically. Order-chaos transitions are discovered. 

Problem Statement and Basis Equations 
We investigate the forced oscillations of a cantilever cylindrical panel (flat shell) (Fig. 1). The radius of 

curvature of the shell middle surface is constant. We associate the shell with a curvilinear coordinate system x, 

θ, z. The axis x  is directed along the generating shell perpendicular to its embedment; the axis θ is directed in 

the circumferential direction of the shell; the axis z is perpendicular to the middle surface of the shell. The side  
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0=x  is clamped, and all the other sides are free. The forced oscil-

lations of the shell are excited by a kinematic embedding motion. 

The clamped side moves like this: 

( ) tcos0 ωηη =t ,                                   (1) 

where η0 is the amplitude of embedment oscillations, ω is the fre-

quency of these oscillations. We denote the projections of middle 

surface displacements along the x, θ, z axes by u(x, θ, t), v (x, θ, t), 

w(x, θ, t). These displacement projections are the main unknowns of 

the problem. If the amplitude of the kinematic excitation of the em-

bedment η0 is small, then the oscillations of the shell will be linear. 

 

Fig. 1. Flat shell 

If we increase 0η , we can achieve such a value of this parameter that the radial displacements w (x, θ, t) are 

comparable with the shell thickness h. Then a geometrically non-linear deformation will be observed. In this 

case, the deformations are small, and the movements are moderate. Since the deformations are small, then 

the components of stress and strain tensors satisfy Hooke's law. 

To describe geometrically non-linear deformation, we use the non-linear theory of Donella shells [3] 
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where 122211 ,, εεε  are the elements of the strain tensor of the shell middle surface; 321 ,, kkk  are the changes 

in the middle surface curvature. The potential energy of the shell is represented as [3]: 

 ( ) +dxdk+kk+k+k
D

dxd+++
Eh

=

a ba b

θ
2

µ1
2µ

2
θ

2

1
µ2

µ12
0 0

2
321

2
2

2
1

0 0

2
122211

2
22

2
112 ∫ ∫∫ ∫ 






 −

+








ε
µ−

εεεε
−

Π  (3) 

dxdk+k+k+k+k
R

D
a b

θε
2

µ1
µεµεεε

0 0

312122211222111∫ ∫ 





 −

+ , 

where ( )2µ12 −

Eh
=D ; E, µ – are Young's modulus and Poisson’s ratio; a, b are the side lengths of the flat shell. 

We write the kinetic energy of the shell in the form 

 ( )( )∫ ∫
a b

dxdv+u++w
ρh

=T

0 0

222
θη

2
&&&& , (4) 

where ρ is the density of the shell material. 

To find the eigen frequencies and forms of the linear oscillations of the shell, we will use the 

Rayleigh-Ritz method, which requires satisfying only the kinematic boundary conditions. In this case, when 

the solution converges, the force boundary conditions are automatically satisfied [2]. When the Rayleigh-

Ritz method is used, on the three free sides, only the ignorable force boundary conditions are set. The geo-

metric boundary conditions on the clamped side of the shell take the following form: 

 00;0;∂∂0;
00

0
0

=v=u=
x

w
w

xx
x

x ==
=

=
= .   (5) 

Model of Non-linear Oscillations 

Consider the shell oscillations during geometrically non-linear deformation. Then the projections of 

displacements can be represented as expansions in their eigenforms of oscillations as follows: 
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where 321* N+N+N=N  is the number of degrees of freedom of the structure; ]...,,[
*

1 N= ξξξ  is the vector 

of the generalized coordinates of the structure; ( )kkk VUW ,,  is the eigenform of linear oscillations. To calcu-

late the eigenforms of linear oscillations, the Rayleigh-Ritz method is used. Therefore, with a good approxi-

mation of solutions, the eigenforms included in expansion (6) satisfy both geometric and force boundary 

conditions. Decompositions (6) are introduced into kinetic energy (4). As a result, with (2) taken into ac-

count, the kinetic energy takes a quadratic form with respect to generalized velocities and η&  in the form (1): 

)η,...,,(
*

1
&&&

NT=T ξξ . We will introduce decompositions (6) into potential energy (3). Then the potential en-

ergy contains quadratic, cubic, and fourth-degree terms with respect to the generalized coordinates. The po-

tential energy is represented as: ( )N= ξξ ...,,∏∏ 1 . Now we work out the Lagrange equations of motion for 

the construction. In matrix form, these equations will take the following form: 
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 are the submatrices of 

the mass of the structure; ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )wqC,wqC,vqC,uqC,wqC 3,42,41,61,51,4  are the matrix func-

tions whose elements are the linear functions of the corresponding generalized coordinates; ( ) ( ) ( )( )w1,7 q,wqC  

is the matrix function whose elements are the quadratic form of the generalized coordinates. 

For thin shells, the frequencies of longitudinal and torsional oscillations are much higher than those 

of bending ones. Therefore, in the second and third matrix equations of system (7), we neglect the inertial 

terms. Then the second and third matrix equations of system (7) can be rewritten as: 

 ( ) ( ) ( ) ( ) ( )( ) ( )ww1w1u qqβ+qα=q ;    ( ) ( ) ( ) ( ) ( )( ) ( )ww2w2v qqβ+qα=q ,   (8) 

where ( ) ( )21 αα ,  are constant matrices; ( ) ( )( ) ( ) ( )( )w2w1 qβqβ ,  are the matrices whose elements are the linear func-

tions of the generalized coordinates. Equation (8) is introduced into the first matrix equation of system (7). 

Then, as a result, we get 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) ( ) 0=ηF+qq,qK+qqK+qK+qR+qM 1www3ww2w1ww1
&&&&& ,   (9) 

where ( ) ( )11 KRM ,,  are constant matrices; ( ) ( )( )w2 qK  is the matrix whose elements are the linear functions 

of the generalized coordinates. 

In the future, we will introduce a vector of dimensionless variables and parameters 
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iN 11
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where ω1 is the first eigen frequency of linear oscillations. Dynamic system (9) with respect to dimensionless 

variables and parameters (10) will take the following form: 

 ( ) ( ) ( )( ) ( )( ) ( ) ( )τωωη ˆcosˆˆˆˆˆˆˆˆ 2
0

1321'''1 F=yyy,K+yyK+yK+yR+yM ,   (11) 
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Suppose that periodic oscillations are found in system (11), which are represented as: ( ) ( )T+=t τyy , 

where 
ω

π2
=T  is the oscillation period. We study the stability of the periodic motions found. To analyze the 

stability of periodic oscillations, we rewrite dynamic system (9) with respect to the phase coordinates 

( )yy,=p &  in vector form as follows: 

 ( )tp,f=p& .  (12) 

Now, near the periodic motion ( ) ( )*** p;p=p &t , we introduce a vector of small perturbations ξ(t). 

Then the vector ξ(t) satisfies the following system of equations in variations [4]: 

 ( )( )ξpDf=ξ t,t*
& ,   (13) 

where ( )( )t,t*pDf  is the Jacobi matrix of the vector function ( )( )t,t*pf . From the solutions to equations (13), 

a quadratic fundamental matrix ( )tΦ  is constructed. This matrix satisfies the following matrix initial condi-

tion: ( ) EΦ =t , where E is the identity matrix. The matrix ( )TΦ is called a monodromy matrix, and its ei-

genvalues are called multipliers ρ [4] 

( )[ ] 0.=ρTDet EΦ −  

Using the multiplier values, we estimate the stability of a periodic motion and its bifurcation. 

When constructing non-linear dynamical system (9), we use the eigenforms of linear oscillations, 

which are represented in decomposition (6). To calculate them, the Rayleigh-Ritz method [5] is used. We 

represent the linear oscillations of the shell in the form 

 ( ) ( ) ( ) ( ) ( ) ( )tx,W=wtx,V=vtx,U=u ωθωθωθ cos;cos;cos ,  (14) 

where ( ) ( ) ( )θθθ x,Wx,Vx,U ,,  are the functions to be defined. They are decomposed into basis functions as 

follows: 
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where ( ) ( ) ( )θθθ x,wx,vx,u kkk ,,  are the basis functions satisfying geometric boundary conditions (5); 

NAA ...,,1  are the constants to be calculated; 321 N+N+N=N . Decompositions (15) are introduced in (14). 

B-splines are used as basis functions [6, 7]. The effectiveness of this approach is shown in [6]. Then decom-

position (15) can be represented as 
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M1+3 is the number of splines in the θ direction; M2+3 is the number of splines in the x direction; ( )φ3B  is 

the third order Schönberg spline. We represent the unknown parameters of decomposition (16) as 

( ) ( ) ( ) ( ) ( )N
vu

M

w
aa=aa

w
+M+

aa=a ...,,...,...,,,
33,

...,, 11,11,1
21

1,1 





 . These parameters describe the forms of eigen oscil-

lations, which are found from the eigenvalue problem ( ) 0T2
=aMK ω− , where K, M are the mass and stiff-

ness matrices. 

Numerical Analysis of Forced Periodic Oscillations 

We study the shell made of grade 10 steel. The shell parameters were taken as follows: 

E=2,06·10
11

 Pa; ρ=7,856·10
3
 kg/м

3
; a=0,2 m; b=0,24 m; µ=0,3; h=3·10

-3
 m; R=0,26 m.  

The linear oscillations of this shell were studied experimentally. The methodology of the experiment 

and the results of the analysis of the linear oscillations are presented in article [8]. 

To study the oscillations of the flat shell, we use the Rayleigh-Ritz method. Consider the conver-

gence of eigen frequencies. To do this, we will perform calculations for a different number of basis functions 

in decomposition (15). The results of the analysis of the eigen frequencies are presented in Table 1. The 

heading of the table shows the number of terms in decomposition (15), for which the eigen frequencies were 

calculated. The numbers of the first ten eigen frequencies are given in the first column. In the second, third, 

and fourth ones, the eigen frequencies are shown at 5321 =N=N=N ; 7321 =N=N=N  and 

8321 =N=N=N , respectively. The calculation results obtained by using the ANSYS software package are 

presented in the fifth column of the table. So, there is a convergence of the results obtained, that is, the re-

sults obtained by the Rayleigh-Ritz method and the data obtained by using the ANSYS software package are 

close. The sixth column of the table shows the first five eigen frequencies obtained experimentally, the sev-

enth one, the relative difference of the eigen frequencies, δ, obtained both experimentally and by using the 

ANSYS software package. The relative difference of the eigen frequencies, δ, is valid. 

Table 1. Eigen frequencies of shell oscillations  

Eigen frequencies N1=N2=N3=5 N1=N2=N3=7 N1=N2=N3=8 ANSYS Experiment δ 

ω1, Hz 154.76 152.83 152.76 152.38 140.00 0.08 

ω2, Hz 246.47 242.67 242.56 246.49 231.00 0.06 

ω3, Hz  528.60 499.24 498.82 487.61 445.00 0.09 

ω4, Hz 624.48 602.42 600.93 600.76 545.00 0.1 

ω5, Hz 750.96 719.35 718.80 714.15 714.00 2.1·10
-4

 

ω6, Hz 1345.94 1209.47 1178.90 1153.30 −  −  

ω7, Hz 1386.65 1298.25 1287.23 1281.90 −  −  

ω8, Hz 1457.81 1303.60 1303.03 1295.60 −  −  

ω9, Hz 1728.89 1429.28 1428.60 1419.80 −  −  

ω10, Hz 2047.07 1659.62 1616.69 1584.30 −  −  

As follows from Table 1, the shell under consideration is extremely rich in internal resonances that 

satisfy the following relations: 
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The internal resonances significantly affect the non-linear deformation of the structure [9]. 

Consider the non-linear oscillations of the flat cantilever shell under the conditions of the kinematic 

excitation of the embedment. In the numerical calculations of the non-linear oscillations, the amplitudes of 

the disturbing action were taken as follows: 0,01ˆ
0 =η . The matrix R̂  in (11) was reduced to the form: 

( )ααα ,…,,diag=R̂ ; 0.01α= . Later, the forced non-linear steady-state oscillations near the second funda-

mental resonance were studied numerically ,+= αωω 2  where α – is the detuning parameter, which is a small 

value. In decomposition (6), we take into account the first five eigen modes of oscillations.  

To study the resonant periodic oscillations, two-point boundary value problem (12) was solved for a 

system of ordinary differential equations by the shooting method. To calculate the periodic oscillations in a 

wide range of the perturbation frequency, ω̂ , we used the parameter continuation method. The combined use 

of the shooting method and the parameter continuation method to study periodic non-linear oscillations are 

presented in monograph [9]. To analyze the stability of periodic oscillations, multipliers were calculated. 

In the numerical analysis of the steady-state oscillations near the second main resonance, it was 

found that the generalized coordinates y1 and y4 are passive coordinates, and have practically no effect on the 

system dynamics. The passive coordinates are understood as generalized coordinates with small amplitudes 

that have little effect on the system dynamics [9]. Therefore, the non-linear dynamics of the system with 

three degrees of freedom y2, y3, y5 will be investigated further. The amplitude-frequency characteristic of 

resonant periodic oscillations is shown in Fig. 2. Here, the scale of the generalized coordinate y2 is plotted 

along the ordinate axis, which is indicated by A , and the frequency of the disturbing action ω̂  is plotted 

along the abscissa. The solid line shows steady-state oscillations, while the dotted line shows unsteady ones. 

Now consider the bifurcation behavior of periodic oscillations, which is shown in Fig. 2. Here are 

observed saddle-node bifurcations, period-doubling bifurcations, and Neymark-Sacker bifurcations, which 

are denoted by SN, PD and NS, respectively. The significance of these bifurcations for the occurrence of 

subharmonic, almost periodic, and chaotic oscillations are highlighted in monograph [9]. 

At the points of period-doubling bifurcations, second-order subharmonic oscillations arise. Such os-

cillations are indicated in Figure 3 by bold lines. The steady-state subharmonic oscillations are indicated by 

the solid line, and the unsteady ones, by the dashed line. 

 

Fig. 2. Amplitude-frequency characteristic of resonant oscillations  
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a 

 
b 

Fig. 3. Amplitude-frequency characteristic of subharmonic oscillations:  

a – ω[1.0; 1.46]; b – ω[1.46; 3.1] 

Numerical Simulation of Chaotic Oscillations 

As follows from Fig. 2, in the region of the main resonance [ ]1.721.41;ˆ ∈ω , there are no steady peri-

odic oscillations. Therefore, in this frequency range we will investigate other types of steady-state motions. 

To do this, we integrate the system of equations (12) for different values of the frequency of the disturbing 

action ω̂  by the Runge-Kutta method with a variable pitch. As the initial conditions for the numerical inte-

gration, we use the initial conditions for non-steady-state periodic oscillations, which are shown in Fig. 2. 

The results of the numerical integration in the time interval [ ]T10000;∈τ  are considered as a transition 

process, and are not taken into account in the analysis. Analyzed are the results of the numerical integration 

at T>1000τ . 
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a        b 

   

c      d      e 

Fig.4. Poincaré sections of steady-state oscillations at the following frequencies of the disturbing action: 

a – ω̂ =1.38070; b – ω̂ =1.4476; c – ω̂ =1.4525; d – ω̂ =1.50018; e – ω̂ =1.66095 

To study the steady-state oscillations, Poincaré sections, spectra of Lyapunov characteristic expo-

nents, and spectral densities were analyzed, with the stroboscopic phase portrait used as Poincaré sections. 

The numerical methods for calculating the above three characteristics are covered in monograph [7]. 

The results of the calculation of the spectrum of Lyapunov characteristic indicators …=ii 2,1,;λ  at 

different frequencies of the disturbing load are presented in Table 2. Now we study the properties of steady-

state oscillations with a quasistatic change in the frequency of the disturbing action ω̂ . 

Table 2. Spectrum of characteristic Lyapunov indicators  

ω λ1 λ2 λ3 λ4 

1.4476 -4.1095·10
-2

 -5.9160·10
-2

 -5.9180·10
-2

 -0.2110 

1.4525 1.0280·10
-2

 -5.8000·10
-2

 -3.2750·10
-2

 -0.1560 

1.4727 2.8590·10
-2

 -7.0614·10
-2

 -7.5651·10
-2

 -0.1299 

1.5000 2.3270·10
-2

 -1.6240·10
-3

 -2.2050·10
-2

 -0.1622 

1.5600 2.6240·10
-2

 1.5800·10
-3

 -2.7470·10
-2

 -0.1512 

1.6600 1.0280·10
-4

 -3.1860·10
-3

 -3.2350·10
-3

 -3.328·10
-3

 

As follows from the numerical simulation results, at ω̂ =1.38070, almost periodic oscillations are ob-

served in the dynamic system. The Poincaré sections of these movements are shown in Fig. 4. In these and sub-

sequent figures, 4000 points will be shown in Poincaré sections. Fig. 4, a shows the section of an invariant to-

rus. With an increase in the frequency of the disturbing action, the system exhibits a synchronization phenome-

non on the invariant torus, that is, on this torus, in the phase space, there are high-order subharmonic oscilla-

tions. Fig. 4, b shows Poincaré sections of subharmonic oscillations of the 17th order. In this case, the maxi-

mum characteristic index is negative (Table 2). With a further increase in the frequency of the disturbing effect, 

chaotic oscillations are observed. The formation of chaotic oscillations after the synchronization on the invari-

ant torus is called the order-chaos transition, which is described in monograph [9]. The Poincaré sections of 
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chaotic oscillations at ω̂ =1.4525; ω̂ =1.50018; ω̂ =1.66095 are shown in Figs. 4, c, d, and e. The results of the 

calculation of the spectrum of Lyapunov characteristic indicators of such oscillations are shown in Table 2. As 

follows from this table, the maximum characteristic indicators are positive, which indicates the chaotic nature 

of oscillations. Fig. 5 shows the spectral densities of chaotic oscillations at ω̂ =1.50018. As follows from the 

calculation results, the spectral densities contain three delta amplitudes. A continuous spectrum is observed 

near one of these amplitudes (majorant), which indicates the chaotic nature of steady-state oscillations. 

 

Fig.5. Spectral density of chaotic oscillations at ω̂ =1.50018 

Conclusions 

A model of forced non-linear oscillations of kinematically excited flat shells during geometrically 

non-linear deformation is obtained. In this paper, a non-linear dynamic system with three degrees of freedom 

is obtained using the method of given forms. The system describes the second fundamental resonance of 

forced oscillations. In the area of the main second resonance, saddle-node bifurcations, period- doubling bi-

furcations, and Neimark-Sacker bifurcations are observed, which lead to the formation of almost periodic 

and chaotic oscillations. The almost periodic and chaotic oscillations observed in the region of the second 

main resonance are investigated. An order-chaos transition has been detected with a quasi-static change in 

the frequency of the disturbing action. 
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Хаотичні коливання кінематично збуреної пологої оболонки при геометрично нелінійному 

деформуванні 

К. В. Аврамов, К. Ф. Чешко, О. Ф. Поліщук 

Інститут проблем машинобудування ім. А. М. Підгорного НАН України,  
61046, Україна, м. Харків, вул. Пожарського, 2/10 

Досліджуються вимушені коливання консольної пологої оболонки постійної кривизни. Ці рухи збуджу-

ються кінематичним періодичним рухом защемлення. Для опису геометрично нелінійного деформування викорис-

товується нелінійна теорія оболонок Донелла. Для побудови нелінійної динамічної системи зі скінченним числом 

ступенів свободи застосовується метод заданих форм. Оскільки власні частоти поздовжніх і крутильних коли-

вань значно вище згинальних, то інерційні сили в поздовжньому і крутильному напрямах не враховуються. Тому 

узагальнені координати поздовжніх і крутильних коливань виражаються через згинальні. Отже, отримана нелі-

нійна динамічна система щодо згинальних узагальнених координат. Для розрахунку власних форм лінійних коли-

вань, за якими розкладається нелінійна динамічна задача, використовується метод Релея-Рітца. Тоді задоволь-

няються лише кінематичні граничні умови. За збіжності розв’язку силові граничні умови виконуються автома-

тично. Для дослідження збіжності власних частот проводилися розрахунки з різним числом базисних функцій. Як 

базисні функції використані B-сплайни. Проведено порівняння з експериментальними даними аналізу власних час-

тот, опублікованими авторами раніше. Для числового аналізу нелінійних періодичних коливань розв’язана двото-

чкова крайова задача для звичайних диференціальних рівнянь методом пристрілки. Стійкість періодичних рухів і 

їх біфуркації оцінено за величинами мультиплікаторів. Для дослідження біфуркацій періодичних коливань засто-

совано метод продовження розв’язку по параметру. В області основного резонансу виявлено сідло-вузлові біфур-

кації, біфуркації подвоєння періоду та біфуркації Неймарка-Сакера. Для дослідження сталих майже періодичних 

і хаотичних коливань розраховано перетини Пуанкаре, спектри характеристичних показників Ляпунова і спект-

ральні щільності. Як перетини Пуанкаре використано стробоскопічний фазовий портрет. Досліджено властиво-

сті сталих коливань за квазістатичної зміни частоти збуджуючої дії. 

Ключові слова: нелінійні періодичні коливання пологої оболонки, стійкість коливань, майже періодичні  ко-

ливання, хаотичні коливання.  
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